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ABSTRACT As a code-domain non-orthogonal multiple access technique, sparse code multiple access
(SCMA) is considered as a promising technique for future wireless Internet of Things (IoT) networks. The
minimumEuclidean distance (MED) andminimum product distance (MPD) have been highlighted as the key
performance indicators of the codebooks in additive gaussian white noise (AWGN) and downlink Rayleigh
channels respectively. In this paper, based on the mother codebook, a novel codebook design scheme is
proposed to achieve better error performance in both AWGN and downlink Rayleigh channel. The problem
of constructing the mother codebook is considered as the quadratic assignment problem (QAP), where
the Tabu searching algorithm is employed to reduce the complexity of searching for the best permutation
result. Then, the rotation matrix is adopted to find the best degrees for the generation of the constellation
group, and two algorithms are proposed to assign the obtained constellation in factor graph matrix. Taking
the degree optimization and the constellation assignment into joint consideration, an improved unified
optimization is further explored to maximize the MED of each user. Besides, a novel polarized modulation
scheme is proposed, which places the symbols in the three dimensional (3D) stokes parameters to improve
the performance of the system. Finally, simulation results are provided to show the performance of the
proposed codebooks, and the comparisons of symbol error performance (SER) in different codebooks are
also discussed in detail.
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INDEX TERMS Sparse code multiple access (SCMA), codebook design, minimum Euclidean distance
(MED), minimum product distance (MPD), three dimensional SCMA codebooks.

I. INTRODUCTION19

The integration of 5G terrestrial networks with low earth20

orbit (LEO) satellites can provide nearly-global coverage and21

support for the Internet of Things (IoT) [1]. However, with22

the rapidly growing number of intelligent devices and ser-23

vices, massive devices inevitably cause profound inference,24

which leads to sharp degradation of system performance [2],25

[3]. Therefore, traditional orthogonal multiple access (OMA)26

schemes are not applicable for future communication [3].27

In order to meet the demand of IoT communication with a28

higher spectrum efficiency, non-orthogonal multiple access29

(NOMA) scheme is viewed as one of the most promising30

strategies in embracing the future multiple access technology.31

Existing NOMA schemes can be divided into power-domain32

The associate editor coordinating the review of this manuscript and
approving it for publication was Zilong Liu.

NOMA and code-domain NOMA [4], [5]. As a code-domain 33

NOMA scheme, sparse code multiple access (SCMA) has 34

been studied extensively in recent years since its high robust- 35

ness and capacity [6]. 36

A. LITERATURE AND MOTIVATION 37

Presently, research on SCMA focus on three aspects: code- 38

book design [7], [8], [9], [10]; low complexity decoding 39

algorithm [11], [12], [13] and the applications of SCMA tech- 40

nology [14], [15], [16]. While the key factor that affects the 41

error performance of the SCMA lies on the codebook design 42

[17]. The design criteria are important factors that direct 43

how to formulate codebooks with better error performance. 44

In the additive gaussian white noise (AWGN) channel, the 45

minimum Euclidian distance (MED) is widely considered as 46

the key factor affecting the symbol error rate (SER) perfor- 47

mance [18], [19], [20], [21]. In contrast, theminimumproduct 48
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distance (MPD) of the superimposed codewords is viewed as49

the key performance indicator in downlink Rayleigh fading50

channel, [17], [22], [23]. [24]. However, research has shown51

that the codebook designed by maximizing the MED can also52

achieve preferable performance in downlink Rayleigh fading53

channel [18], [24], [25], and it can also be proved by average54

inequality that maximizing the MED is the upper bound of55

the minimum product distance [25]. Therefore, maximizing56

the MED will also help improving the error performance in57

downlink Rayleigh fading channel.58

On the aspect of codebook design, following the initial59

codebook proposed byNikopour et al [26], extensive research60

has been conducted to construct the SCMA codebook [17],61

[18], [19], [23], [25], [27], [28], [29], [30], [31]. Among62

which, the mother codebook based method has been widely63

adopted in some approaches [17], [23], [27], [32]. Besides,64

there are other methods to construct SCMA codebooks, such65

as the quadratic programming based codebook design [20],66

and uniquely decomposable constellation group based code-67

book design [25]. Though numerous methods have been pro-68

posed to construct the codebooks, the optimal codebook is69

still an open problem, and it is unknown how close the current70

SCMA codebooks are to the optimal ones [33]. Besides,71

since the design criteria in AWGN channel is different from72

that in downlink Rayleigh channel, the codebook with better73

performance in AWGN channel does not achieve satisfactory74

error performance in downlink Rayleigh channel. Therefore,75

based on the maximum MED, exploring codebooks with76

better performance in downlink Rayleigh fading channel is77

still a promising task. Among existing approaches for the78

construction of the SCMA codebook, the implements of the79

mother codebook based method is an attractive scheme since80

its flexible and simpleness.81

For uplink Rayleigh fading channel, the construction of the82

mother codebook is the key procedure [17], [34], and a good83

mother codebook can obtainmuch diversity gains [35]. So far,84

a lot researches have been conducted to design mother code-85

book with higher symbol mapping diversity. For example,86

the interleaving method reported in [10] and [25]. Though87

the complexity of this approach is low, it cannot guarantee the88

best diversity gains. Besides, the binary switching algorithm89

(BSA) [36], symbol exchange algorithm (SEA) [17] and90

dimensional permutation switching algorithm (DPSA) [29]91

are also proposed to improve the mapping diversity of the92

mother codebook. While, the symbol mapping problem in93

the mother codebook can also be viewed as the quadratic94

assignment problem (QAP) to maximize the diversity gain95

[35], which provides another aspect to solve the problem,96

such as Lagrangian relaxation algorithm [37], genetic algo-97

rithm [38] et al. Among which, Tabu searching algorithm is98

a metaheuristics method depending on both theoretical and99

experimental factors and has a moderate computational com-100

plexity than metaheuristics algorithms [39]. Besides, similar101

to SEA algorithm, Tabu searching algorithm further adopted102

Tabu table to avoid falling into local optimal solutions.103

Therefore, Tabu algorithm will be adopted to construct the 104

mother codebook. 105

Different from the uplink Rayleigh channel, the MED of 106

the superimposed codewords (MED-SC) should be maxi- 107

mized to reduce interference between users. Since the rotation 108

procedure does not change the Euclidean distance between 109

the codewords, which has beenwidely adopted to generate the 110

multiuser codebooks [10], [27], [32], [40]. However, search- 111

ing the optimal rotation angles is time-consuming. Although 112

some researchers directly obtained the rotation angle based 113

on the colliding users over each frequency [10], [40], the 114

results show that the optimized rotation angles can achieve 115

better error rate performance. Thus, the rotation matrix is 116

adopted in this paper to reduce the interference between users 117

and increase the MED-SC. 118

Besides, the limited freedom degree in 2D space blocks 119

the Euclidean distance improvements. Thus, constructing 120

SCMAcodebookswith high dimensional freedom can further 121

improve the system’s performance. Therefore, based on the 122

proposed scheme, constructing the 3D SCMA codebook is 123

also a promising topic. 124

B. CONTRIBUTION 125

As mentioned in above part, SCMA codebook design has 126

been investigated for a long time, and the mother codebook 127

based approaches have been widely deployed in the construc- 128

tion of SCMA codebooks. In this paper, a modified mother 129

codebook based approach is proposed to construct SCMA 130

codebooks. And the proposed design scheme can also be 131

applied in the construction of the 3D SCMA codebook to 132

further improve the error performancewithout requiring addi- 133

tional energy. However, building 3D constellation requires 134

additional orthogonal parameters, such as frequency [41], 135

polarization [42] et al. In this paper, the polarization dimen- 136

sion is firstly adopted to increase the available dimensional 137

information. The main contribution of this work can be sum- 138

marized as follows. 139

• Based on themother codebook, a novel codebook design 140

approach is introduced in this paper. Rather than the 141

permutation method, the symbol mapping diversity in 142

the mother codebook is considered as QAP, where the 143

Tabu searching algorithm is employed. Similar to the 144

SEA algorithm, but with a list of forbidden moves, 145

Tabu searching algorithm can prevent being trapped into 146

local optimal. Then, the rotation matrix is introduced to 147

reduce interference among users. And two assignment 148

algorithms are proposed to assign the optimized con- 149

stellation sets. Furthermore, a modified optimization is 150

proposed to improve the performance of the codebook 151

in both AWGN and downlink Rayleigh channels. And 152

the detailed reasons are also discussed. 153

• In order to further improve the system performance of 154

SCMA, the 3D SCMAmodulation scheme is firstly pro- 155

posed where the 3D symbols are mapped into the stokes 156

parameters to increase the MED of each user. And the 157
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detailed system model and the construction procedures158

of the 3D SCMA codebook are presented. Finally, sim-159

ulation results are provided showing the promising error160

performance of the 3D SCMA codebook, especially161

in high codebook size and downlink Rayleigh fading162

channel.163

The rest of the paper is organized as follows. In Section II,164

the system model of SCMA and the design criteria are165

introduced. In Section III, the new proposed approach is166

introduced in detail. In Section IV, a brief introduction of167

3D polarized modulation scheme in SCMA model is firstly168

presented, followed by the construction of the 3D SCMA169

codebook. Section V is the simulation results and we con-170

clude the paper in Section VI.171

II. SYSTEM DESCRIPTION OF SCMA172

A. SYSTEM MODEL OF SCMA173

In this paper, we consider downlink SCMA system in174

Rayleigh fading channel where a base station transmits175

signals to L users with K frequency resources, and the176

overloading factor is set as ζ = L
/
K > 1 to improve177

the spectrum efficiency. The factor graph matrix determined178

the relationship between users and resources, which can be179

written as180

F =


1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

 . (1)181

In factor graph matrix F , the row denotes the frequency182

resources and the column is the serviced users. The nonzero183

elements in the F represent the adopted frequencies in differ-184

ent user. Here, we only consider the matrix with regular form185

that the degree of the user nodes is dv and the resources nodes186

is df .187

In SCMA encoder, the transmitted bits data are directly188

mapped into multidimensional constellation with the189

pre-assigned codebooks190

fl : Blog2M×1→ X l i.e., xl = fl (bl) , (2)191

where bl ∈ Blog2M×1 denotes the bits data of the l-th user,192

M represents the codebook size, and xl =
[
x1,l, · · · , xK ,l

]T
193

is the transmitted codewords in the l-th user from the194

codebook Xl .195

The received signal at base station is the product of the196

channel coefficients and superimposed codewords, which can197

be written as198

y = Hl

L∑
l=1

xl + z, (3)199

where y = [y1, y1, · · · , yK ]T is the received signal in the200

employed frequency resources, Hl = diag(h1,l, h2,l, · · · ,201

hK ,l) is the channel coefficients that has i.i.d Rayleigh distri-202

bution among users and resources and z = [z1, z1, · · · , zK ]T203

denotes the noise vector and the variance is N0.204

At the receiver, the message passing algorithm (MPA) is 205

adopted as the detection algorithm, wheremessage exchanges 206

in user and resource nodes 207

Ik→l (xl) =
∑

xi:i∈(Nl/l)
P (y| x,H)

∏
i∈(Nl/l)

Ii→k (xi), (4) 208

Il→k (xl) = p (xl)
∏

m∈(Nk/k)
(Im→l (xl)), (5) 209

where P (y| x,H) denotes the conditional probability density 210

function (PDF) of the received signal. p (xl) is the probability 211

of the symbol distribution for the l-th user, Nl
/
l and Nk

/
k 212

represents the neighboring node of user l and frequency k 213

respectively. 214

B. DESIGN CRITERIA FOR SCMA CODEBOOKS 215

In this subsection, the pairwise error probability (PEP) of 216

each user is analyzed to introduce the codebook design 217

criteria. 218

Using the Chernoff boundary, the conditional PEP of the 219

received signal is closer to el than xl under the channel 220

coefficient hl is given by [43] 221

P (xl → el |hl) ≤
1
2
exp

(
Es
4N0
‖diag (hl) (xl − el)‖2

)
, 222

(6) 223

where hl =
[
h1,l, · · · , hk,l

]T is the channel vector for the 224

l-th user, Es is the power of the transmitted power, and the 225

Euclidean distance of each user can be written as 226

‖diag (hl) (xl − el)‖2 =
K∑
k=1

∣∣∣∣∣∣hk,l
L∑

l=1,Fk,l 6=0

1xk,l

∣∣∣∣∣∣
2

, (7) 227

where 1xk,l = xk,l − x̃k,l denotes the Euclidean distance of 228

the wrongly decoded symbols. Since the channel coefficient 229

hk,l is a circular complex gaussian random variable (RV), 230

the probability density function (PDF) of the magnitude is 231

Rayleigh distribution [44], which is given by 232

p
(∣∣hk,l ∣∣) = ∣∣hk,l ∣∣

σ 2 exp

(
−

∣∣hk,l ∣∣2
2σ 2

)
, (8) 233

where σ 2 is the variance of the Rayleigh fading channel. 234

Thus, we can obtain the unconditional PEP of (6) through a 235

simple mathematical integral 236

P (xl → el |h) ≤
1
2

K∏
k=1

1+
σ 2Es
2N0

∣∣∣∣∣∣
L∑

l=1,Fk,l 6=0

1xk,l

∣∣∣∣∣∣
2

−1

. 237

(9) 238

It can be observed that maximizing the product distance of 239

the superimposed codewords dominates the PEP under high 240

signal to noise ratio (SNR). While in low SNR, maximizing 241

theMED in each frequency resource is an important factor for 242
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improving the error performance. Furthermore, in high SNR,243

according to the average inequality [25]244

K∑
k=1

∣∣xk,l − x̃k,l ∣∣2
K

≥
K

√√√√ K∏
k=1

∣∣xk,l − x̃k,l ∣∣2, (10)245

It can be obtained that the MED-SC is the upper bound246

of the MPD. Thus, maximizing the MED-SC will also help247

improve the performance in downlink Rayleigh channel.248

III. IMPLEMENTS FOR DESIGNING THE SCMA249

CODEBOOK250

A. CONSTRUCTION OF THE MOTHER CODEBOOK251

The mother codebook based approach has been investigated252

for a long time [45]. The brief idea of the method is to max-253

imize the frequency diversity of the mother codebook, then254

the rotation operation is adopted to generate the multiuser255

codebooks.256

In the first step, we intend to adopt existing benchmark257

constellations. The remaining procedures focus on optimiz-258

ing the mapping rules in the mother codebook. The permu-259

tation method has been widely applied in constructing the260

mother codebook [17], [29]. For small constellation size, the261

optimal solution can be found by extensive search, while as262

the constellation size grows, exhaustive searching is com-263

putationally expensive, which needs (M !)K−1 permutations264

to reach the optimal results. While the symbol mapping265

problem in the mother codebook can also be viewed as the266

quadratic assignment problem (QAP) to maximize the diver-267

sity gain [35]. Mathematically, the construction of the mother268

codebook can be written as269

XMC = arg max
πk∈9

M∑
i=1

M∑
j = 1
i 6= j

 K∑
k=1
Fk,l 6=0

|1xk |2

270

s.t.


1xk = x ik − x

j
k

x jk = πk
(
x i1
)

i.e. πk : {1, 2, · · · ,M}

→ {M , 2, · · · , 1} ,

(11)271

where ψ is the set of all possible permutation combinations,272

πk is the permutation operation for the k-th constellation and273

x ik is the i-th transmitted codeword in the k-th constellation274

sets. The optimization problem (11) aims to maximize the275

product Euclidean distance of the mother codebook, which276

can be solved from the aspect of QAP. Among which, Tabu277

searching algorithm is a metaheuristics method depending on278

both theoretical and experimental factors and has a moder-279

ate computational complexity than metaheuristics algorithms280

[39]. Similar to SEA algorithm, Tabu searching algorithm281

further adopted Tabu table to avoid falling into local opti-282

mal solutions. Thus, Tabu searching algorithm is adopted283

for the generation of the k-th constellation. Besides, differ-284

ent initial values are utilized to obtain better optimization285

result. The detailed Tabu searching algorithm is summarized 286

in Algorithm 1. 287

Algorithm 1 Tabu Searching Algorithm in Constructing the
Mother Codebook
1: Input: Labelling the first constellation of the mother code-
book in order. The maximum iteration N . The Tabu table 3
and Tabu length T.
2: for i = 1 : N
3: for m = 1 : M
4: for j = m+ 1 : M
5: check the Tabu table
6: if symbol switching is allowed 3(m, j) = 0
7: exchange the m-th symbol with j-th symbol

and calculate the cost function (11).
8: else
9: skip the symbol switching.
10: end if
11: if the cost function (11) is maximum through

symbol switching
12: retain the switch combination
13: end if
14: end for j
15: end for m
16: for m = 1 : M
17: for j = m+ 1 : M
18: if the switch combination achieves maximum

cost function
19: update Tabu table 3(m, j) = T.
20: else
21: update Tabu table3(m, j) = max (3 (m, j)− 1, 0).
22: end if
23: end for j
24: end for m
25: end for i
26:find the best permutation result that has the maximum
cost function.

As the labelling result is obtained, the mother codebook 288

can be written as 289

XMC =
[
A1 A2

]T
, (12) 290

where Ai is the i-th sub-constellation set. 291

B. GENERATION OF THE CONSTELLATION GROUP 292

When discarding the null dimensional sparse codebooks in 293

each dv frequency resources, the remained codebook formed 294

into a constellation group with df sub-constellation sets in 295

each frequency resource. And the constellation group can also 296

be used to calculate the MED of users (MED-U). For exam- 297

ple, if the first two frequency resources in (1) are adopted, 298

we can obtain the MED of user 1. 299

Therefore, in this subsection, we aim to generate a constel- 300

lation group with maximized minimum Euclidean distance. 301

Then, the constellations will be assigned in the factor graph 302
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matrix to generate the SCMA codebook. Here, the rotation303

matrices are introduced to increase the minimum Euclidean304

distance of the constellation group.305 [
I1
I2

]
=

[
A1R (θ1) A1R (θ2) A1R (θ3)
A2R (θ1) A2R (θ2) A2R (θ3)

]
, (13)306

where R (θi) is the rotation matrix, and the corresponding307

rotation angle is θi308

R (θi) =
[
cos θi − sin θi
sin θi cos θi

]
. (14)309

And the best rotation angle can be found by solving310

θ1, θ2, · · · , θdf = arg max
0≤θ1,··· ,θdf <π

(
min

dv∑
k=1

∣∣∣dk − d̃k ∣∣∣2)311

s.t.


dk =

df∑
i=1

xk,iR (θi)∣∣xk,i∣∣2 ≤ Es,
(15)312

where d̃k is the mis-detected superimposed codewords in the313

k-th frequency and the transmitted symbols are modulated in314

limited energy Es. The optimization problem can be solved315

by ‘fmincon’ in MATLAB using the interior point method.316

Meanwhile, we obtain a constellation group with maximized317

MED. For codebook sizeM = 4, the maximized MED of the318

constellation group can achieve 1.40.319

C. ASSIGN CONSTELLATIONS IN THE FACTOR320

GRAPH MATRIX321

The factor graph matrix maps the relationship between users322

and frequency resources. In order to achieve the maximum323

MED-U for all users in SCMA system, the structure of the324

factor graph matrix should be consistent with (13) that each325

two frequency resources should employ three users. How-326

ever, this approach omits the effect of the MPA on the error327

performance. Since the MPA decoding algorithm is based328

on tree graph, which assumes the transmitted messages are329

statistically independent [46]. And the small girth in the factor330

graph matrix should be avoided [47]. Referring to the meth-331

ods in LDPC codes, we adopted the progressive edge growth332

algorithm (PEG) to design the factor graph matrix [48].333

F =


0 1 1 0 1 0
0 1 0 1 0 1
1 0 1 0 0 1
1 0 0 1 1 0

 . (16)334

Supposing the obtained factor graph matrix is shown335

as (16), the constellation group (13) needed to be assigned336

in (16) to formulate the SCMA codebook. However, it can be337

noticed that more than df users are transmitted in each two338

frequency resources. Thus, the MED-U may not be the max-339

imum when assigned in factor graph matrix (16). Therefore,340

two algorithms are proposed to assign the constellation group341

in the factor graph matrix in order to maximize the MED-U342

and diversity gains.343

In Algorithm 2, the frequency diversity of each user is 344

maximized at the cost of the maximum MED-U. While in 345

Algorithm 3, we intend to maximize the MED-U of the 346

most users while the frequency diversity gains are not the 347

maximum. The generated codebooks are showed in (17) 348

and (18), as shown at the bottom of the next page, respec- 349

tively. And we refer the codebook generated by Algorithm 2 350

and Algorithm 3 as ‘‘codebook 2’’ and ‘‘codebook 3’’ 351

respectively. 352

Algorithm 2 Assigning Codebooks in Factor Graph Matrix
With Maximum Frequency Diversity Gains
1: Input:the constellation group and the factor graph matrix.
2: Assign the codebook sets I1 to the first frequency
resources.
3: for k = 2 : K
4: n = 1.
5: for l = 1 : L
6: if F (k, l) = 1
7: if sum (F (1 : k − 1, l)) = 0
8: X (k, l) = I1 (n).
9: elseif sum (F (1 : k − 1, l)) = 1
10: X (k, l) = I2 (n).
11: end if
12: n = n+ 1.
13: end if
14: end for l
15: end for k
16: output: the generated SCMA codebook with maximum

frequency diversity gains in each user.

Algorithm 3 Assigning Codebooks in Factor Graph Matrix
With Maximum MED-U for the Most Users
1: Input: the constellation group and the factor graph matrix.
2: Assign the codebook sets I1 to the first frequency
resources.
3: for k = 2 : K
4: find the employed users index = find (F (k, :) = 1),

check the codebooks X (1 : k − 1, index), and compare
the number of used codebooks sets |I1| and |I2|.

5: if |I1| ≤ |I2|
6: X (k, index) = I1.
7: elseif |I1| > |I2|
8: X (k, index) = I2.
9: end if
10: end for k
11: output: the generated SCMA codebook with maximum

MED-U for the most users.

It can be observed that from (17), the SCMA codebook 353

generated by Algorithm 2 can guarantee the diversity gains 354

of each user, and for the SCMA codebook generated by 355

Algorithm 3, the diversity gains and the MED-U of the most 356

users are maximized at the expense of the error performance 357

of user 5 and 6 in codebook (18). 358
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D. THE IMPROVED OPTIMIZATION METHOD359

A codebook with larger MED-U and diversity gain has been360

obtained through above procedures, while the maximum361

MED-SC does not provide the maximum product distance362

(MPD) certainly, which means the error performance of the363

codebook is different between AWGN and Rayleigh channel364

in some cases. Besides, the procedure of assignment does not365

guarantee the maximumMED-U for each user. Therefore, an366

improved method is explored in this section.367

The average inequality (10) indicates the MED-SC is the368

upper bound of the MPD [25], and the equality holds only369

when the Euclidean distance in each frequency is the same370 ∣∣x1,l − x̃1,l ∣∣2 = · · · = ∣∣xk,l − x̃k,l ∣∣2 , (19)371

Thus, theminimized Euclidean distance in one-dimensional372

frequency resource should also be increased to maximize373

the MPD. Besides, the procedures of generating the code-374

book group and assigning constellations in factor graph are375

separated, causing the loss of the maximum MED-U. Thus,376

a jointly designed method is proposed and the optimization377

problem can be written as378

θi = arg max
0≤θi<π

(min (L1,L2, · · · ,LL))379

s.t. dk =
L∑
l=1

Fk,l 6=0

xk,lR (θi) , i = 1, 2, 3380

Ll =
∑
k∈4l

∣∣∣dk − d̃k ∣∣∣2381 ∣∣∣dk − d̃k ∣∣∣ ≥ ε382 ∣∣xk,l ∣∣2 ≤ Es, (20)383

where4l is the adopted frequency resources for the l-th user.384

For the first user in (17),41 = 3, 4. And ε is the lower bound385

of the ED in each frequency resource, which aims guarantee386

the MED in each frequency resource. And the optimization387

can be solved in several times to obtain better results.388

For Algorithm 2, the modified optimization improves389

the loss of MED-U when assigning the constellation sets.390

While for Algorithm 3, the improved optimization fur-391

ther increases the minimized Euclidean distance in one-392

dimensional resource, as well as the MPD. However, the393

MED-U of the most users is decreased when the MED-394

U of the worst users is increased and the diversity gains395

are not maximum. Therefore, the improved optimization 396

with Algorithm 2 has better error performance and will be 397

employed to construct the 3D SCMA codebook. 398

IV. CONSTRUCTION OF THE 3D CODEBOOK 399

Although the improved method can achieve better error 400

performance, the traditional In-phase/quadrature (I/Q) mod- 401

ulation scheme only provide limited Euclidean distance 402

under the same modulation power. Therefore, exploring high 403

dimensional modulation is important to improve the perfor- 404

mance of SCMA system. 405

The modulation of 3D constellation requires additional 406

orthogonal parameters, such as frequency [41], polarization 407

[42] et al. In this paper, the polarization dimension is firstly 408

adopted to increase the available dimensional information. 409

And the 3D symbols are placed on the stokes parameters to 410

increase the MED-U. 411

A. PRELIMINARIES ON ELECTROMAGNETIC WAVES 412

The electromagnetic wave can be decomposed into two 413

orthogonal components 414

E =
(
Ex
Ey

)
=

(
E0xejϕx

E0yejϕy

)
, (21) 415

where E0x , E0y represent the amplitude of each component, 416

and ϕx , ϕy the corresponding phases. Besides, the electromag- 417

netic wave can also be described by stokes parameters 418

S =


S0
S1
S2
S3

 =


E2
0x + E

2
0y

E2
0x − E

2
0y

2E0xE0y cos δ
2E0xE0y sin δ

 , (22) 419

where δ = ϕx − ϕy, and the degree of the polarization can be 420

calculated 421

P =

√
S21 + S

2
2 + S

2
3

S0
,

0 ≤ P ≤ 1
S20 ≥ S

2
1 + S

2
2 + S

2
3 .

(23) 422

The stokes parameters S1, S2 and S3 constitute a three- 423

dimensional polarization space, where the transmitted infor- 424

mation will be mapped. However, stokes parameters only 425

measure the intensities of the polarized wave, while the Jones 426

vector involves the magnitude and the phase of the electro- 427

magnetic, which can better describe the propagation of the 428

X =


0 A1R (θ1) A1R (θ2) 0 A1R (θ3) 0
0 A2R (θ1) 0 A1R (θ2) 0 A1R (θ3)

A1R (θ1) 0 A2R (θ2) 0 0 A2R (θ3)
A2R (θ1) 0 0 A2R (θ2) A2R (θ3) 0

 , (17)

X =


0 A1R (θ1) A1R (θ2) 0 A1R (θ3) 0
0 A2R (θ1) 0 A2R (θ2) 0 A2R (θ3)

A2R (θ1) 0 A2R (θ2) 0 0 A2R (θ3)
A1R (θ1) 0 0 A1R (θ2) A1R (θ3) 0

 , (18)
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FIGURE 1. The SER performance of codebooks with codebook size M=4.

electromagnetic wave. Therefore, we will express the Jones429

vector from the stokes parameters [42]430

E =


√
E cos

ϑ

2
e−j

φ
2

√
E sin

ϑ

2
ej
φ
2

 , (24)431

where E = S21 + S22 + S23 is the transmitted energy of the432

symbol, and the thetas can be obtained by the transformation433

from cartesian coordinate into sphere coordinate434

S1 = E cosϑ435

S2 = E sinϑ cosφ436

S3 = E sinϑ sinφ. (25)437

Since the initial phase of the electromagnetic wave does438

not affect the computation of stokes parameters [42]. For sim-439

plicity, the transmitted symbols in polarized electromagnetic440

wave can be expressed as441

w =
(
E0xejϕx

E0yejϕy

)
=


√
E cos

ϑ

2
e−j

φ
2

√
E sin

ϑ

2
ej
φ
2

 . (26)442

B. SYSTEM MODEL OF 3D SCMA443

The systemmodel of 3D SCMA transmission model is shown444

in Fig. 1, where the transmitted vector is the 3D superimposed445

codewords, which can be calculated as446

dk =
L∑
l=1

Fk,l 6=0

xk,l,
(
dk , xk,l

)
∈ R3. (27)447

FIGURE 2. The adopted 3D constellation in stokes parameters.

The transmitted codewords dk can be expressed in Jones 448

vector, which is written as 449

wk = G (dk) , wk ∈ R2, (28) 450

where G (·) is the mapping function from the stokes vector to 451

Jones vector and wk denotes the polarized electromagnetic 452

wave in the k-th frequency. The polarized electromagnetic 453

transmission can be viewed as 2 × 2 multiple input multiple 454

output (MIMO). Thus, the received signal of the l-th user in 455

the k-th frequency rk,l can be written as 456

rk,l = Hk,lwk + zk , (29) 457

where we have the following definition 458

• rk,l =
(
r1k,l r2k,l

)T
is the 2×1 received signal vector in 459

two receive antenna. 460

• Hk,l =

[
h1,1k,l h1,2k,l
h2,1k,l h2,2k,l

]
is the 2× 2 channel fading matrix. 461

• wk =
(
Ekxejϕk,x ,Ekyejϕk,y

)T represents the Jones vec- 462

tor of the superimposed codewords in two orthogonal 463

components. 464
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TABLE 1. The MED-U and MED-SC in various codebooks.

• zk,l =
(
z1k,l z2k,l

)T
denotes the 2×1 i.i.d. gaussian noise465

vector with noise variance N0.466

While at the receiver of the 3D polarized system, we have the467

likelihood function of the received signal r, conditioned on468

the user’s transmitted 3D symbols, formulating as469

p (r|H, x) ∝ exp

− 1
N0

K∑
k=1

∥∥∥∥∥rk,l −Hk,lG
(

L∑
l=1

xk,l

)∥∥∥∥∥
2 .470

(30)471

And the message update rules are the same with the tra-472

ditional MPA algorithm, passing belief messages between473

nodes.474

C. CONSTRUCTION OF THE 3D SCMA CODEBOOKS475

In reference to the design procedures in above section, the476

3D SCMA codebooks can also be obtained. Firstly, two477

completely polarized P = 1 benchmark constellations are478

adopted in this paper, which are shown in Fig. 2. For code-479

book size M = 4, the constellation has the equal Euclidean480

distance between any two points. As for high codebook size481

M = 8, the cube constellation is adopted.482

Based on the provided 3D benchmark constellations, the483

3D mother codebook can be constructed using the Tabu484

searching algorithm.While in the procedure of generating the485

constellation group, the optimization of the rotation degree486

is more complicated than traditional 2D codebooks since 3D487

rotation matrix introduces more degrees.488

RS2
(
θS2
)
=

 1 0 0
0 cos θS2 − sin θS2
0 sin θS2 cos θS2

489

RS3
(
θS3
)
=

 cos θS3 0 sin θS3
0 1 0

− sin θS3 0 cos θS3

490

RS1
(
θS1
)
=

 cos θS1 − sin θS1 0
sin θS1 cos θS1 0

0 0 1

 . (31)491

Meanwhile, the joint optimization (20) in 3D SCMA sys-492

tem can be further written as493

(θ1, θ2, θ3) = arg max
0≤θi,si<2π

(min (L1,L2, · · · ,LL))494

FIGURE 3. The SER performance of the codebooks in AWGN channel
where codebook size M=4.

s.t. dk =
L∑
l=1

Fk,l 6=0

xk,lR
(
θi,s2

)
R
(
θi,s3

)
R
(
θi,s1

)
, 495

i = 1, 2, 3 496

θ i =
(
θi,s2 , θi,s3 , θi,s1

)
497

Ll =
∑
k∈4l

∣∣∣dk − d̃k ∣∣∣2 498∣∣∣dk − d̃k ∣∣∣ ≥ ε 499∣∣xk,l ∣∣2 ≤ Es. (32) 500

Different from 2D rotation procedures, the best angles in 501

3DSCMAcodebook are searched in [0, 2π). And the rotation 502

procedures consist of three dimensions. Thus, searching the 503

3D best angles are more time-consuming than that in 2D 504

codebooks. Here, we only generate the 3D SCMA codebooks 505

with respect to Algorithm 2. 506

V. SIMULATION RESULTS 507

In this section, the simulation results are provided to show the 508

performance of the proposed codebooks in AWGNand down- 509

link Rayliegh fading channel respectively, and the iteration 510

number of MPA is set as 10 times. Besides, Table 1 compares 511

the MED-U and MED-SC in different codebooks where we 512
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FIGURE 4. The SER performance of the codebooks in downlink rayleigh
channel where codebook size M=4.

FIGURE 5. The SER performance of each user in various codebooks where
codebook size M=4.

suppose the transmitted codeword pairs in each two resources513

consists of three mother codebooks.514

In Fig. 3, both codebook 2 and 3 achieve better SER515

performance in low SNR, while as the increase of SNR,516

the performance of these two codebooks become worse,517

which is because of the loss of MED-U and diversity gains518

when assigning the constellation sets in algorithm 2 and519

algorithm 3. Thus, the improved optimization is proposed520

to increase the MED-U of the worst user (from 0.49 to521

0.84 in codebook 2 and 0.56 to 0.81 in codebook 3) and522

the diversity gains. Therefore, significant error performance523

improvement can be achieved after the improved optimiza-524

tion. And in Table 1, it can be observed that the joint opti-525

mization method enlarges the MED-SC of codebook 2, while526

decreases the MED-SC of codebook 3. Therefore, we can527

find that the improved codebook 2 has better error perfor-528

mance than the improved codebook 3. Besides, it can be529

noticed that the improved codebook 2 achieves the best error530

performance in the provided codebook though the MED-SC531

is not larger than Huang’s codebook (1.08 to 1.30), And we532

believe that SCMA system can achieve better error perfor-533

mance if the MED-U is maximized to increase the belief534

FIGURE 6. The SER performance of the modified mother codebooks in
downlink rayleigh channel where codebook size M=8.

FIGURE 7. The SER performance of the proposed 3D SCMA codebooks.

of each node since the MPA also affect the performance of 535

the system through the messages circles in the factor graph 536

matrix. 537

Fig. 4 shows the SER comparison of the proposed code- 538

books in downlink Rayleigh fading channel. We can observe 539

that the improved codebook generated by Algorithm 2 has 540

nearly the same error performance with codebook [17]. And 541

compared with previous codebook 2, a gain of 2dB can be 542

observed at a SER of 10−4 in the improved codebook 2. 543

As for codebook 3, the constellation sets distribution algo- 544

rithm ensure the MED in one-dimensional resources, and 545

codebook 3 has a larger MPD than codebook 2 (0.28 com- 546

pared to 0). Thus, codebook 3 outperforms codebook 2 in 547

downlink Rayleigh fading channels. Besides, although the 548

average MED-U of all users in improved codebook 3 is 549

decreased by the modified optimization, it further increases 550

the MED in one-dimensional resources (from 0.28 to 0.40). 551

Therefore, a slight error improvement can be noticed in down- 552

link Rayleigh channel. 553

Besides, observing from Fig. 3 and Fig. 4, we can find 554

that the improved codebook 2 has better performance in both 555

AWGN and Rayleigh fading channels. Thus, this codebook 556
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design scheme and resources assignments method will be557

further employed in high codebook size. And the improved558

codebook 2 is provided in Appendix I.559

In Fig. 5, we provided the performance of each user in the560

AWGN channel. In Table 1, the MED-U is not maximized561

for all users in codebook 2, thus, we can find that the fairness562

of the error performance among users cannot be guaranteed,563

and the same condition also occurred in Deka’s codebook.564

Thus, improving the MED-U is important for improving the 565

performance of each user. As for Huang’s codebook, it can 566

be noticed that the MED-SC is the largest in the provided 567

codebook, while the MED-U varies among different users. 568

And the users with small MED-U influence the nodes’ beliefs 569

and error performance of each user. Thus, we can observe that 570

Hunag’s codebook does not achieve the best error rate when 571

compared with improved codebook 2. 572

X1 =

 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i
0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i
0.7071+ 0.7071i 0.7071− 0.7071i −0.7071+ 0.7071i −0.7071− 0.7071i
−0.7071− 0.7071i −0.7071+ 0.7071i 0.7071+ 0.7071i 0.7071− 0.7071i



X2 =

 0.7071+ 0.7071i 0.7071− 0.7071i −0.7071+ 0.7071i −0.7071− 0.7071i
−0.7071− 0.7071i −0.7071+ 0.7071i 0.7071+ 0.7071i 0.7071− 0.7071i
0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i
0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i



X3 =

 0.4384+ 0.8988i −0.8988+ 0.4384i −0.4384− 0.8988i 0.8988− 0.4384i
0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i
0.8988− 0.4384i −0.4384− 0.8988i 0.4384+ 0.8988i −0.8988+ 0.4384i
0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i



X4 =

 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i
0.4384+ 0.8988i −0.8988+ 0.4384i −0.4384− 0.8988i 0.8988− 0.4384i
0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i
0.8988− 0.4384i −0.4384− 0.8988i 0.4384+ 0.8988i −0.8988+ 0.4384i



X5 =

−0.9877+ 0.1564i −0.1564− 0.9877i 0.9877− 0.1564i 0.1564+ 0.9877i
0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i
0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i
0.1564+ 0.9877i 0.9877− 0.1564i −0.9877+ 0.1564i −0.1564− 0.9877i



X6 =

 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i
−0.9877+ 0.1564i −0.1564− 0.9877i 0.9877− 0.1564i 0.1564+ 0.9877i
0.1564+ 0.9877i 0.9877− 0.1564i −0.9877+ 0.1564i −0.1564− 0.9877i
0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i 0.0000+ 0.0000i



X1 =

0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j
0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j
0.0000+ 0.0000i+ 1.0000j 0.9428+ 0.0000i− 0.3333j −0.4714− 0.8165i− 0.3333j −0.4714+ 0.8165i− 0.3333j
0.9428+ 0.0000i− 0.3333j 0.0000+ 0.0000i+ 1.000j −0.4714+ 0.8165i− 0.3333j −0.4714− 0.8165i− 0.3333j



X2 =

0.0000+ 0.0000i+ 1.0000j 0.9428+ 0.0000i− 0.3333j −0.4714− 0.8165i− 0.3333j −0.4714+ 0.8165i− 0.3333j
0.9428+ 0.0000i− 0.3333j 0.0000+ 0.0000i+ 1.000j −0.4714+ 0.8165i− 0.3333j −0.4714− 0.8165i− 0.3333j
0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j
0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j



X3 =

0.0668+ 0.6727i+ 0.7369j 0.8411− 0.5396i− 0.0360j −0.7774− 0.6054i+ 0.1708j −0.1305+ 0.4723i− 0.8717j
0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j
0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j
0.8411− 0.5396i− 0.0360j 0.0668+ 0.6727i+ 0.7369j −0.1305+ 0.4723i− 0.8717j −0.7774− 0.6054i+ 0.1708j



X5 =

0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j
0.0668+ 0.6727i+ 0.7369j 0.8411− 0.5396i− 0.0360j −0.7774− 0.6054i+ 0.1708j −0.1305+ 0.4723i− 0.8717j
0.8411− 0.5396i− 0.0360j 0.0668+ 0.6727i+ 0.7369j −0.1305+ 0.4723i− 0.8717j −0.7774− 0.6054i+ 0.1708j
0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j



X4 =

−0.4852+ 0.8097i+ 0.3301j 0.5524− 0.3825i+ 0.7406j −0.6623− 0.6827i− 0.3087j 0.5951+ 0.2555i− 0.7620j
0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j
0.5524− 0.3825i+ 0.7406j −0.4852+ 0.8097i+ 0.3301j 0.5951+ 0.2555i− 0.7620j −0.6623− 0.6827i− 0.3087j
0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j



X6 =

 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j
−0.4852+ 0.8097i+ 0.3301j 0.5524− 0.3825i+ 0.7406j −0.6623− 0.6827i− 0.3087j 0.5951+ 0.2555i− 0.7620j
0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j 0.0000+ 0.0000i+ 0.0000j
0.5524− 0.3825i+ 0.7406j −0.4852+ 0.8097i+ 0.3301j 0.5951+ 0.2555i− 0.7620j −0.6623− 0.6827i− 0.3087j


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Besides, the proposed scheme has preferable flexibility573

which can generate codebooks for the downlink Rayleigh574

channel from the previous mother codebooks by optimizing575

(20). Since the uplink Rayleigh codebook omits the procedure576

of rotation and only provides the mother codebooks. Thus,577

we can generate the downlink Rayleigh codebook based on578

the existing uplink Rayleigh codebooks. In Fig. 6, the SER579

performance is provided. We can notice that the modified580

codebooks have better performance than Chen’s codebook581

[17], especially in lower SNR.582

In addition to applying the proposed scheme in high code-583

book sizes, it can also be introduced in constructing the584

3D SCMA codebook with the aid of 3D rotation matrix.585

We firstly provided the performance of the 3D SCMA code-586

books under the same stokes modulation scheme. The 3D587

codebook is generated through algorithm 2 and the average588

MED-U achieves 1.48. In the AWGN channel, as shown in589

the left hand of Fig. 7, we can find that in low SNR, the 3D590

codebook has worse error performance due to the extra noise591

is introduced in Jones’s vector when compared with 2D I/Q592

transmission scheme. However, with the increase of SNR,593

we can observe that the 3D SCMA codebook outperforms594

improved codebook 2, providing a 1.2dB gains and 3.8dB595

gains at SER=10−5 when codebook size M = 4 and M =596

8 respectively.597

In downlink Rayleigh fading channel, the MED-SC deter-598

mines the slope of the error probability plots of the system599

[44], and it can be found that the curve of the 3D code-600

book drops steeply than that of 2D codebook. Besides, the601

introduce of the space diversity in the polarized antenna also602

improve the SER performance, and a gain of around 3.2dB603

and 7.6dB can be achieved over M = 4 and M = 8 respec-604

tively at SER=10−4 in comparison with 2D codebooks.605

VI. CONCLUSION606

In this paper, we proposed a novel codebook design scheme607

that achieves better error performance in AWGN and down-608

link Rayleigh channel. Rather thanmaximizing theMED-SC,609

more indicator factors are employed to construct the code-610

book. Besides, we show the flexibility and compatibility of611

the proposed scheme. The approach can be well applied in612

high codebook size with existing mother codebooks and for613

the construction of 3D SCMA codebook. Finally, simula-614

tion results are provided to illustrate the performance of the615

codebooks. And the codebook generated by Algorithm 2 is616

discussed in detail, the results show that the codebook can617

guarantee the SER of each user and achieve better perfor-618

mance. Besides, significant SER gains can be observed in619

3D codebooks, which is also a promising scheme for the620

development of codebook design.621

APPENDIX I622

THE IMPROVED CODEBOOK OBTAINED BY ALGORITHM 2623

X1–X6, as shown in the equation at the bottom of the previous624

page.625

APPENDIX II 626

THE 3D SCMA CODEBOOK GENERATED BY ALGORITHM 2 627

X1–X6, as shown in the equation at the bottom of the previous 628

page. 629
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