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ABSTRACT The lever analogy method (LAM) is a translational system representation for the rotating
components and is widely used for the kinematic analysis of PGSs/EGSs. However, it includes only the
sun gear, ring gear, and carrier, and ignores the kinematic information of the planet gear. The planet gear
kinematic information is vital for its bearing life prediction, and speed sequence, power flow, and efficiency
analysis of dual-input PGSs/EGSs. The traditional LAM doesn’t work when involving the planet gear
kinematic information, because the kinematic information of planet gear is eliminated during the process of
merging similar items. In this paper, an augmented lever analogy method (ALAM) is proposed to make up
for the lack of traditional LAM in analyzing planet gear kinematic information, and analyze the kinematic
relationship between planet gear to other components for the dual-input PGSs/EGSs. In this method, the
new nodes and lever lengths representing the planet gear are added to the LAM by analyzing peripheral
velocity relationships at the meshing points of PGSs/EGSs. In addition, not all the dual-input compound
PGSs/EGSs (e.g. the compound PGSs/EGSs with planet gears in series, etc.) can be analyzed by the
traditional LAM. The proposed method can easily establish the augmented lever models for all of them
and derive the corresponding kinematic expressions. The results show that the proposed ALAM has good
visibility and greater versatility, and can accurately and efficiently calculate the rotating speed of planet gears
for calculating the speed sequence, power flow, and efficiency of PGSs/EGSs, which can cover all kinds of
the PGSs/EGSs, and greatly reduce the technical threshold and time for their kinematic analysis.

18 INDEX TERMS Planetary gear set, planet gear, speed sequence, lever analogy method, dual-input.

NOMENCLATURE19

PGSs/EGSs Planetary/Epicyclic gear sets
LAM Lever analogy method
ALAM Augmented lever analogy method
ωRatio The ratio between the rotating speed
EVT Electrical variable transmission
SPGS Simple planetary gear set

20

The associate editor coordinating the review of this manuscript and
approving it for publication was Gongbo Zhou.

DPGS Double-planet planetary gear set
PGS-i First PGS (Front), i = 1; Second PGS

(Rear), i = 2.
Zj The teeth number of component j, j = S,

R, P.
K The characteristic parameter of PGS,

K = ZR/ZS .
Tk The load torque of component k , k = S,

R, P, C .
ωk The rotating speed of component k , k =

S, R, P, C .
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21 Lq The lever length of planet gear q, q = P
(SPGS); q = P1, P2 (DPGS); q = b
(rolling bearing)

S+S A 2PGS arrangement with its first (PGS-1)
and second (PGS-2) gear set both being
SPGS

S+D A 2PGS arrangement with its first (PGS-1)
and second (PGS-2) gear set being SPGS
and DPGS respectively

D+S A 2PGS arrangement with its first (PGS-1)
and second (PGS-2) gear set being DPGS
and SPGS respectively

D+D A 2PGS arrangement with its first (PGS-1)
and second (PGS-2) gear set both being
DPGS

Rki,j The speed ratio between components i and
j relative to the component k .

S, R, P, C Sun gear, Ring gear, Planet gear and
Carrier

R-C Ring gear and carrier dual-input working
condition

22

I. INTRODUCTION23

Planetary/Epicyclic gear sets (PGSs/EGSs) have the advan-24

tages of high transmission ratios, large torque-weight ratios25

and compactness in comparison with ordinary gear trains,26

which make them widely used in fields like automotive,27

aerospace, marine, wind turbines, and machine tools applica-28

tions [1], [2], [3]. Currently, a lot of methods have been pro-29

posed for the design and kinematic analysis of PGSs/EGSs,30

such as the component analysis synthesis method, the line31

graph synthesis method, the combination solution method,32

the rod system conversion [4], and the lever analogy method33

(LAM) [5], etc. The component analysis synthesis method34

and the combined solution method are traditional methods of35

analyzing PGSs/EGSs. However, a large number of kinematic36

equations need to be established when applying these meth-37

ods which makes them cumbersome and lacks universality.38

The line graph synthesis method, the rod system conversion,39

and the LAM are graph-based methods. Applying the graph40

theory to the kinematic analysis of PGSs/EGSs, a simple and41

practical LAM was first proposed by Benford and Leising42

[5], which considers the PGS as an equivalent vertical lever43

based on appropriate assumption and simplification to posi-44

tion PGS. The vertical lever equivalent substitution reflects45

the characteristics so that the position relationship of PGS46

rotating members can be reflected faithfully. This makes the47

analysis of complex planetary transmission mechanisms easy48

and general [6].49

Due to the advantages of the LAM, it is widely used to50

facilitate the transmission analysis of complex PGS mecha-51

nisms, especially for automotive automatic transmission, e.g.52

electrical variable transmissions (EVTs). Ahn et al. [7] used53

the LAM to analyze the maximum speed for the performance54

investigation of a dual-mode EVT. The torque and speed of55

the powertrain elements and power split ratio were analyzed 56

using the LAM by Wang et al. [8] and Kim et al. [9]. 57

Barhoumi et al. [10], Barhoumi et al. [11], Kim andKum[12], 58

and Kang et al. [13] used the LAM to explore fuel econ- 59

omy and acceleration performance metrics, of compound 60

split hybrid configurations. Yang et al. [14] analyzed the 61

configurations and upshift/downshift process kinematics of 62

the dual-input compound power-split mechanism (DICPSM). 63

Liu et al. [15] proposed a systematic design method to syn- 64

thesize the configuration scheme for multi-row and multi- 65

speed AT based on the LAM. Xie et al. [16] analyzed the 66

speed ratio of components by using the lever analogy method 67

to derive the two-PGS PGTs with a high reduction speed 68

ratio. Zhang et al. [17] obtained eight schemes with a high 69

reduction speed ratio based on the LAM. Liao and Chen 70

[1] presented an improved lever analogy method to simplify 71

the analysis for determining the speed ratios for automatic 72

transmissions based on the LAM. The LAM is used to analyze 73

the speed of the components of PGSs/EGSs in the above 74

research. Additionally, the other properties researches of 75

PGSs/EGSs transmissions, such as the power flow, torque, 76

and configuration, are using the LAM to analyze the compo- 77

nents’ speed. Chao et al. [18] and Hong et al. [19] studied the 78

power flow of series-split EVT for a plug-in hybrid vehicle 79

by using the LAM. Zhu et al. [20] used the LAM to analyze 80

the transient torques with different power sources for a multi- 81

mode transmission with a single electric machine. Ho and 82

Hwang [21] applied the graph theory and the LAM to analyze 83

the power flow, kinematic, and configurations of PGSs/EGSs. 84

Ross and Route [22] established compound levers consist- 85

ing of multiple levers in parallel connection by considering 86

the number and magnitude of the required ratios. Liu et al. 87

[23] proposed a systematic analysis methodology to design 88

suitable three-mode configurations based on the lever model. 89

Based on a deduction method and composite lever analogy, 90

Peng et al. [24] developed an efficient synthesis method for 91

the PGS with two operating DOFs. 92

The above research analyzed the rotating speed of ring 93

gear, carrier, and sun gear based on the LAM, but that of 94

planet gear cannot be obtained since traditional LAM ignores 95

the kinematic information of planet gear. However, the rotat- 96

ing speed and other kinematic information of planet gear are 97

necessary in cases, such as the power flow and efficiency 98

analysis for dual-input PGSs/EGSs [25], [26], mesh phas- 99

ing relationships analysis [2], [27], entrainment velocity of 100

ball bearings and PGSs/EGSs [28], [29], [30], [31] and the 101

limit speed and life span of bearing ball and planet gear as 102

the design limitation factors [32]. Therefore, based on the 103

advantages of the LAM, an innovativemethod, which exceeds 104

the research limitation of the traditional LAM, is urgently 105

needed to establish the general lever model for all kinds of 106

PGSs/EGSs and analyze their kinematic information. In this 107

paper, an extended lever analogy method (ALAM) contain- 108

ing the kinematic information of planet gears is proposed. 109

In this method, the three instantaneous centers theorem is 110

used to establish the kinematic equations among components 111
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of PGSs/EGSs, which can create the new lever relationships112

of planet gear to other components. This method can form113

the 4-node and 5-node lever models for the simple plane-114

tary gear set (SPGS) and double-planet planetary gear set115

(DPGS), respectively, without rederiving the complex kine-116

matic equation set. Therefore, based on the proposed ALAM,117

the compound lever models for all kinds of the PGSs/EGSs118

mechanisms including compound PGSs/EGSs with planet119

gears in series can be established by including the planet gear120

to intuitively and efficiently calculate the rotating speed of the121

planet gears, and to derive the kinematic relationship expres-122

sions for all components of the PGSs/EGSs. This makes up123

for the lack in analyzing kinematic of planet gear and the124

compound PGSs/EGSs with planet gears in series of the125

traditional LAM as it eliminates the kinematic information of126

planet gear during the process of merging similar items. Thus,127

the proposed ALAM is an efficient and universal method for128

the kinematic analysis of the PGSs/EGSs mechanisms.129

The rest of this paper is organized as follows. In Section 2,130

the theoretical mechanism of the traditional LAM and the131

ALAM are derived by utilizing the three instantaneous cen-132

ters theorem. In Section 3, the proposed ALAM is verified133

by taking an example of compound PGSs/EGSs with planet134

gears in series. In Section 4, the analysis models of dual-135

input for PGSs/EGSs are established based on the new lever136

models of the proposed method. In Section 5, the speed ratio137

relationships and speed sequence regions of all components138

in PGSs/EGSs under different working modes are calcu-139

lated and discussed. Finally, conclusions are summarized in140

Section 6.141

II. THE PROPOSED EXTENDED LEVER ANALOGY METHOD142

A. THE TRADITIONAL LEVER ANALOGY METHOD143

In order to reveal the reason for the lack of kinematics144

analysis of planet gear and the compound PGSs/EGSs with145

planet gears in series, and to provide a theoretical basis146

for the derivation of ALAM, the theoretical mechanisms of147

traditional LAM for the SPGS and DPGS are derived in this148

Section.149

The structure type of PGSs includes the DPGS and the150

SPGS, which are widely used in the transmission system of151

the vehicle industry, such as the Ravigneaux planetary gear152

set. Their elementary lever models [17], [24] are shown in153

Fig. 1.154

The LAM uses the vertical lever equivalent substitution155

to reflect the kinematic characteristics of PGSs/EGSs so that156

the position relationship of PGSs/EGSs rotatingmembers can157

be reflected faithfully. This makes the analysis of complex158

PGSs/EGSs transmission mechanisms easy and general [5],159

[6]. However, the theoretical mechanism of the traditional160

LAM has not been revealed and the kinematic information161

of planet gear can not be analyzed by the LAM.162

In this paper, the traditional lever model of the PGSs/EGSs163

is derived based on the Aronhold-Kennedy theorem of three164

instantaneous centers [34], which reveals the theoretical165

mechanism of LAM, and provides a theoretical basis for the166

FIGURE 1. Mechanism diagrams and lever models of PGSs: (a) SPGS;
(b) DPGS [12], [33].

FIGURE 2. Kinematic model of a planetary gear set: (a) SPGS; (b) DPGS.

derivation of ALAM including the kinematic information of 167

planet gear. 168

The kinematic models of SPGS and DPGS shown in 169

Fig. 2 are used to analyze the kinematic relationships among 170

three components, i.e. the sun gear, the ring gear, and the 171

carrier. In Fig. 2 (a), RP and ωP represent the base circle 172

radius and the rotating speed of the planet gear. Here, points 173

A andB denote themeshing points of the ring-planet gear pair 174

and the sun-planet gear pair of SPGS, respectively. Similarly, 175

in Fig. 2 (b), RP1 and RP2 represent the base circle radius 176

of planet gear #1 and planet gear #2, respectively. ωP1 and 177

ωP2 represent the rotating speed of planet gear #1 and planet 178

gear #2, respectively. Meanwhile, points A’ and B’ denote the 179

meshing points of the ring-planet gear pair and the sun-planet 180

gear pair of DPGS, respectively. 181

In Fig. 2 (a), the sun gear, the ring gear, and the carrier are 182

rotating in the same direction, and the planet gear is rotating 183

in the opposite direction. Therefore, the kinematic equations 184

of the model in Fig. 2 (a) can be described as follows: 185
VPA = ωCRR − ωPRP
VRA = ωRRR
VPB = ωCRS + ωPRP
VSB = ωSRS

(1) 186
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where, VPB, VSB represent the peripheral velocity at point B187

of the planet gear and the sun gear of SPGS, respectively.VPA,188

VRA represent the peripheral velocity at point A of the planet189

gear and the ring gear of SPGS, respectively. Based on the190

identities VPA = VRA, VPB = VSB, so the equality of VPA +191

VPB = VRA + VSB is established, and the following equation192

can be obtained:193

ωSRS + ωRRR = ωC (RR + RS) (2)194

By dividing both sides of Eq. (2) by RS , the expression can195

be rewritten as follows:196

ωS + ωRK = ωC (K + 1) (3)197

where K is the gear ratio of the ring gear to the sun gear,198

From Eqs. (1) ∼ (3), it can be found that the model in199

Fig. 2 (a) can form the traditional lever model of SPGS as the200

kinematic relationship among the sun gear, the carrier, and201

the ring gear can be described completely by Eq. (3). But, the202

kinematic information of planet gear cannot be represented203

in the traditional lever model since the terms related to the204

kinematic information of planet gear are eliminated during205

the process of merging similar items.206

In Fig. 2 (b), the sun gear and carrier are rotating in207

different directions. Planet gear #1 is rotating in the opposite208

direction from the sun gear, and planet gear #2 is rotating in209

the same direction as the sun gear and ring gear. Therefore,210

the kinematic equations of the model in Fig. 2 (b) can be211

described as follows:212 

VPA′ = ωCRR − ωP2RP2
VRA′ = ωRRR
VPB′ = ωCRS − ωP1RP1
VSB′ = ωSRS
VPC ′ = ωP1RP1 = ωP2RP2

(4)213

where VPA′ and VRA′ represent the peripheral velocity at point214

A’ of the planet gear and the ring gear of DPGS, respectively.215

VPB′ and VSB′ represent the peripheral velocity at point B’ of216

the planet gear and the sun gear of DPGS, respectively. VPC ′217

represents the peripheral velocity at point C’ of planet gear #1218

and planet gear #2. Similar expressions can be obtained as219

follows:220

ωRRR − ωSRS = ωC (RR − RS) (5)221

ωRK − ωS = ωC (K − 1) (6)222

B. THE PROPOSED EXTENDED LEVER ANALOGY METHOD223

The traditional LAM ignores the relationship between the224

planet gear and the lever model by eliminating the kinematic225

information of planet gear during the process of merging226

similar items. When the carrier is fixed and the sun gear is227

the driving component, the kinematic models are shown in228

Fig. 3 (a) and (b) for SPGS and DPGS respectively.229

The kinematic relationship between planet gear, sun gear,230

and ring gear are established by eliminating the terms con-231

taining carrier speed, i.e.ωC = 0. In Fig. 3 (a), the planet gear232

FIGURE 3. Kinematic model of the planetary gear set with the fixed
carrier: (a) SPGS; (b) DPGS.

and the ring gear are rotating in the same direction, and the 233

sun gear is rotating in the opposite direction. The black arrows 234

represent the translation of peripheral velocity at meshing 235

points A and B. The deriving process of ALAM for SPGS 236

can be written as follow: 237{
ωSRS = −ωPRP
ωPRP = ωRRR

, ωC = 0 (7) 238

where the expression containing the planet gear information 239

is obtained: 240

ωRRR − ωSRS = 2ωPRP (8) 241

The assembly conditions of SPGS can be written as: 242

RP =
RR − RS

2
(9) 243

By substituting Eq. (9) into Eq. (8) and dividing both sides 244

of Eq. (8) by RS , the expression can be rewritten as follows: 245

ωRK/(K − 1)− ωS/(K − 1) = ωP (10) 246

From Fig. 3 and Eq. (10), the kinematic relationship of the 247

ALAM can be obtained. 248

In Fig. 3 (b), the sun gear, planet gear #2, and the ring 249

gear are rotating in the same direction, but planet gear #1 is 250

rotating in the opposite direction. The kinematic equations 251

are different from that of the first method as follows: 252
ωRRR = ωP2RP2
ωP2RP2 = −ωP1RP1
ωSRS = −ωP1RP1

(11) 253

The above equations can be simplified as follows by apply- 254

ing the motion inversion to the carrier: 255{
ωRRR = ωP2RP2
ωSRS = −ωP1RP1

, ωC = 0 (12) 256

The point location of planet gear in the ALAM can be 257

determined by considering the relationship between rotating 258

speeds and directions of SPGS components. 259

In Fig. 4, the white levers and nodes are the traditional 260

LAM, and the black levers and orange nodes are the extended 261

parts of the ALAM relative to the LAM (shown in Fig. 1). 262
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FIGURE 4. Initially extended lever model: (a) SPGS; (b) DPGS.

In terms of SPGS, the node of planet gear is located on263

the upper outside of the lever model of LAM, as shown in264

Fig. 4 (a). But, in terms of DPGS, the nodes of planet gears #1265

and #2 are located on the upper and lower outsides of the lever266

model of LAM, respectively, as shown in Fig. 4 (b). It can be267

seen that the new nodes of planet gears exceed the research268

limitation of the traditional lever model of LAM and extend269

the LAM to the ALAM.270

According to Eq. (10) and Fig. 4 (a), the lever model271

containing the information on the planet gear of SPGS can272

be written as follows:273 
ωP

ωR
=
LP + K + 1
K + 1

=
K

K − 1
ωP

ωS
=

LP
K + 1

=
1

K − 1

(13)274

Furthermore, the expression of the length for the new lever275

LP of SPGS can be described as follows:276

LP =
K + 1
K − 1

(14)277

The new lever length of the planet gear in the ALAM is in278

good agreement with that of Reference [35].279

Combining Eqs. (6), (11), and (12), the lever model con-280

taining the information of planet gears of DPGS can be281

written as follows:282 

ωR

ωP2
=
RP2
RR

ωS

ωP1
= −

RP1
RS

ωP1

ωP2
= −

RP2
RP1

, ωC = 0 (15)283

Similarly, the expression of the length for the new lever LPi284

of DPGS can be described as follows:285 
LP1 = (K + 1)

(
RS
RP1

)
LP2 =

(
RR
RP2

)
− (K + 1)

(16)286

The extended lever model can be obtained by substituting287

equations (14) and (16) into Fig. 4 (a) and (b), respectively,288

and describing the corresponding unknown lever length.289

TABLE 1. Comparisons among the LAM and ALAM.

FIGURE 5. Significant difference between LAM and ALAM.

C. THE SUPERIORITY OF THE EXTENDED LEVER ANALOGY 290

METHOD 291

It is well known that the traditional method (analysis method) 292

is inefficient and cumbersome for analyzing the PGSs/EGSs 293

by analyzing the kinematic of PGSs/EGSs in terms of 294

torque and speed calculations. In addition, the abstraction 295

of the equations and the complexity involved make many 296

engineers unfamiliar with the specific functions and kine- 297

matic characteristics of complex PGSs/EGSs [36]. The LAM 298

substitutes the torque and rotational speed relationship of 299

the PGSs/EGSs components with the horizontal force and 300

speed relationship of the lever node analogy. The kine- 301

matic functions of PGSs/EGSs are clearly visualized with- 302

out entirely having a good command of the intricacies of 303

PGSs/EGSs [5], [37]. 304

Since the proposed ALAM is derived based on the LAM, 305

the merits of LAM are also reflected in ALAM. The planet 306

gear kinematic information needs to be considered for ana- 307

lyzing the planet gear life and the transmission efficiency 308

of dual-input PGSs/EGSs. However, the traditional LAM 309

cannot involves the kinematic information of planet gear. 310

So the ALAM, in which the kinematic information of planet 311

gear is included, becomes more significant. In addition, the 312

unified equations and corresponding intuitively lever models 313

are obtained readily by the proposed ALAM. Comparisons 314

among the LAM and the ALAM for kinematic analysis of 315

PGSs/EGSs in terms of containing components, operability, 316

and visualization are shown in TABLE 1 and Fig. 5. 317
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FIGURE 6. Schematic diagrams of the configurations which are beyond
the analysis scope of LAM. Note: S+S, S+D, D+S, and D+D represent a
transmission device that includes two PGSs/EGSs (SPGS and DPGS) and
their distributions.

FIGURE 7. Derived 2K-H configurations of Fig 5: (a), (b), (c): S+S;
(d), (e), (f), (g): S+D/D+S; (h), (i), (j), (k): D+D.

The compound PGSs/EGSs with planet gears in series are318

shown in Fig. 6, which are beyond the analysis scope of319

traditional LAM. Lots of the derived 2K-H configurations of320

Fig. 6 are obtained, which are shown in Fig. 7.321

However, to establish the corresponding lever model, and322

analyze the speed ratio relationships and transmission effi-323

ciency under different schemes, it is necessary to solve and324

FIGURE 8. Schematic of epicyclic gear set proposed by NASA [41].

FIGURE 9. Mechanism and lever model for Fig. 8.

analyze the speed relationship between the planet gear and 325

other components of PGSs/EGSs [2], [27], [38], [39], [40]. 326

III. VALIDATION OF THE PROPOSED AUGMENTED LEVER 327

ANALOGY METHOD 328

Figure 8 shows NASA’s EGS mechanism [38], [41], [42], 329

[43], namely the configuration of Fig. 7 (b), in which there 330

are three links where the motor can be the input or the 331

output. During the integration, the lever length between the 332

planet gear and the ring gear is essential due to the specific 333

structure of this mechanism. To analyze the kinematics of 334

this mechanism conveniently based on the ALAM, the virtual 335

PGSs/EGSs, and the corresponding extended lever models 336

are established, as shown in Fig. 9 (a) and (b). According to 337

Figs. 4 and 6, the mechanism diagram and virtual extended 338

lever model can be integrated into a compound lever model, 339

as shown in Fig. 9 (c) and (d) respectively, by using the 340

improved lever analogy method proposed in Reference [33]. 341

The teeth of the gears are as follows: ZS1 = 28, ZP1 = 36, 342

ZS2 = 36, and ZP2 = 28. The speed ratio ωRatio between the 343

components can be calculated by assuming that the virtual 344

teeth of ring gear [44] are ZR1 = ZS1 + 2ZP1, ZR2 = ZS2 + 345

2ZP2. 346

RC1C2S1,S2 =
ωS1

ωS2
=
K2 − 1
K1 − 1

=

92
36 − 1
100
28 − 1

=
49
81

(17) 347

RS1S2,C1C2 =
ωS2

ωC1C2
=
K1 − K2

K1 − 1
=

100
28 −

92
36

100
28 − 1

=
32
81

(18) 348
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FIGURE 10. Schematic diagrams of the configurations beyond the
analysis scope of LAM. Note: S+S, S+D, D+S, and D+D represent a
transmission device that includes two PGSs/EGSs (SPGS and DPGS) and
their distributions.

ωS2 =
49ωS1
81
+

32ωC1C2
81

(19)349

RfS1,S2 =
ωS1

ωS2
=

49
81
+

32ωC
81ωS1

(20)350

The results of the speed ratios of the mechanism in351

Fig. 8, i.e. Eqs. (17) and (20), are in good agreement with352

those of Reference [45], which verifies the accuracy of the353

ALAM. Compared to the traditional analysis method in Ref-354

erences [41], [42], [43], [45], the kinematic equations of355

ALAM are easily visualized and understood without entirely356

having a good command of the intricacies of PGSs/EGSs.357

In addition, the example verifies the feasibility of the ALAM358

for the kinematic analysis of differential gear trains. The359

corresponding lever models of the configurations in Fig. 6 are360

shown in Fig. 10. The lever models of the configurations in361

Fig. 7 can be obtained by deleting the corresponding nodes362

of the lever models in Fig. 10.363

IV. DUAL-INPUT ROTATING SPEED RELATION MODELING364

A. SPGS MODELING EXAMPLE365

Since all components in the dual-input working modes366

are rotating, the rotating speed relationship of the three367

components will affect the determination of the driv-368

ing/driven part, and the direction of power flow in the system.369

Therefore, further discussion is required on a case-by-case370

basis. In the paper, the dual-input PGSs/EGSs are taken as a371

reduction device, and the working conditions are determined.372

In Fig. 11 (a), the red dotted arrows indicate the absolute373

rotating speed and direction of corresponding components.374

The blue dotted arrows indicate the output rotating speed and375

direction, which is relative to the carrier. During an upshift,376

ωC rises and approaches ωR. Here, ωS -ωC is a negative value,377

andωR-ωC is a positive value. At this time, min(K/(1+K )) <378

ωC /ωR < 1 and the transmission ratioK ∈ [1.2, 4] [16] of the379

planetary gear mechanism should be considered as variables380

to solve the speed relationship of each component under this381

FIGURE 11. Extended lever model: (a) R-C dual-input of SPGS; (b) I-O
dual-input of rolling bearing.

condition. The proposed method can also be applied to mech- 382

anisms with similar structures and kinematic characteristics, 383

such as rolling bearings, etc, as shown in Fig. 11 (b). B, O, 384

C, and I represent the balls, the outer race, the cage, and 385

the inner race of the rolling bearing, respectively. Lb and 386

Ko/i respectively represent the lever length corresponding to 387

the balls and the radii ratio of the outer race and inner race 388

in rolling bearing. It is worth noting that there is only one 389

dual-input working mode for rolling bearings (intermediate 390

bearing), that is, the inner and outer races are the input parts, 391

and the cage is the output part. Due to the limitation of space, 392

this paper will not analyze the dual-input case of rolling 393

bearings. 394

In Fig. 11 (a), the rotating speed of planet gear was calcu- 395

lated according to the two input rotating speeds, i.e. rotating 396

speed of the ring gear and the carrier. Based on the ALAM, 397

the speed ratios of the planet gear to the other three compo- 398

nents can be written as Eq. (21) ∼ Eq. (24). 399

ωP = (ωS − ωC ) (1+ LP)
1
K

(21) 400

ωP

ωC
=

(
ωR

ωC
− 1

)
(1+ LP) (22) 401

ωP

ωR
=

(
1−

ωC

ωR

)
(1+ LP) (23) 402

ωP

ωS
=

1
1(

ωR
ωC
−1
)
(1+LP)

−
1

1+LP

(24) 403

B. DPGS MODELING EXAMPLE WITH PLANET GEAR #1 404

AND #2 HAVING THE SAME TOOTH NUMBER 405

1) R-C DUAL-INPUT DPGS MODELING 406

Figure 12 shows the extended lever model of DPGS, and the 407

input components are the same as that in Fig. 12. Based on 408

the ALAM, the speed ratios model of planet gears to the other 409

three components can be expressed as Eq. (25) ∼ Eq. (29) 410

while ZP1 = ZP2. 411

ωP1 = − (ωC − ωS)
LP1
K + 1

(25) 412

ωP1

ωC
=

(
1−

ωR

ωC

)
KLP1
K + 1

(26) 413
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FIGURE 12. R-C dual-input extended lever model of the DPGS.

FIGURE 13. S-C dual-input extended lever model of the DPGS: (a) ωC < 0;
ωP1 < 0; (b) ωC > 0; ωP1 < 0.

ωP1

ωR
=

(
ωC

ωR
− 1

)
KLP1
K + 1

(27)414

ωP1

ωS
=

1
1(

1− ωR
ωC

)
KLP1
K+1

+
K+1
KLP1

(28)415

ωP1

ωP2
= −

ZP2
ZP1

(29)416

2) S-C DUAL-INPUT DPGS MODELING417

Another extended lever model of DPGS with the input com-418

ponents being the carrier and the sun gear is shown in Fig. 13.419

Similarly, the speed ratios models of planet gears to the other420

three components can be expressed as Eq. (30) ∼ Eq. (33)421

based on the Eq. (6) and Eq. (16) while ZP1 = ZP2. In this422

case, the rotating directions of the two inputs are in opposite423

directions, i.e. ωC is negative and ωS is positive, as shown424

in Fig. 13 (a). In the reverse operation of motors, ωC is425

positive and increases from 0 to ωS during upshift, as shown426

in Fig. 13 (b).427

ωP1 = (ωC − ωR)LP1 (30)428

ωP1

ωC
= −

(
1−

ωS

ωC

)
LP1
K

(31)429

ωP1

ωS
=

(
ωC

ωS
− 1

)
LP1
K

(32)430

ωP1

ωR
=

1
1

−

(
1− ωS

ωC

)
LP1
K

−
1
LP1

(33)431

FIGURE 14. Speed ratios ωP /ωS , ωP /ωC and ωP /ωR : (a) The
3 dimension (D) view; (b) The 2D view of speed ratios ωP /ωC and ωP /ωR
with changing ωR/ωC ; (c) The top view while ωRatio ∈ [0, 1].

V. RESULTS AND DISCUSSION 432

In this section, the speed sequences between the components 433

of the system with the different structures and input condi- 434

tions are discussed. 435

A. SPGS R-C DUAL-INPUT 436

The relative rotating speed relationships between the planet 437

gear and other components for SPGS are obtained by replac- 438

ing Eq. (14) with Eqs. (21) ∼ (24), as illustrated in Fig. 14. 439

Given parameters K and ωR/ωC , the speed ratios ωP/ωS , 440

ωP/ωC , and ωP/ωR can be calculated readily, as shown in 441

Fig. 14 (a). It can be found that the three speed ratios are 442

increasing with K , but decreasing with ωR/ωC . To further 443

describe the speed ratio relationship between ωP and ωS , ωC 444

andωR in Fig. 14 (a), the difference between two ratiosωP/ωC 445

and ωP/ωR with K = 2.2, are demonstrated in Fig. 14 (b). 446

Since the values of ωP/ωC and the ωP/ωR are distributed 447

on the upper and lower sides of ωRatio = 1 respectively, like 448

the region between two vertical lines shown in Fig. 14 (b) in 449

which the values of ωP/ωC are larger than ωRatio = 1, and 450
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TABLE 2. Rotating speed relationships and speed sequence of R-C
dual-input SPGS.

the values of ωP/ωR are less than ωRatio = 1. Therefore,451

Fig. 14 (a) is divided into two parts, i.e. part I and part II.452

To analyze the relationship between ωP and ωS , ωC and ωR,453

the sectional top view of Fig. 14 (a) with ωRatio = [0, 1], i.e.454

part II, is shown in Fig. 14 (c) in which ¬: 0 < ωP/ωR < 1,455

ωP/ωC > 1,ωP/ωS > 1;: 0 < ωP/ωR < 1, 0 < ωP/ωC <456

1, ωP/ωS > 1; ®: 0 < ωP/ωR < 1, 0 < ωP/ωC < 1,457

0 < ωP/ωS < 1.458

In Fig. 14 (c), part II is divided into three subparts and459

the speed sequences of the dual-input with the ring gear and460

carrier of SPGS are listed in TABLE 2.461

B. DPGS R-C DUAL-INPUT462

Based on the Eq. (16) and Eqs. (25) ∼ (29), the rel-463

ative rotating speed relationship between the planet gear464

and other components for DPGS is illustrated in Fig. 15.465

The relationship between speed ratios ωP1/ωR, ωP1/ωC , and466

ωP1/ωS , which take ωC /ωR and ZS /ZP1 as the variables,467

are shown in Fig. 15 (a). It can be found that the three468

speed ratios are increasing with both ωC /ωR and ZS /ZP1.469

The speed ratios ωP1/ωR, ωP1/ωC , and ωP1/ωS are illustrated470

in Fig. 15 (b) to (d), respectively. The different values of K471

affect the range and changing trend of the speed ratio. The472

maximum and minimum values occur at K = 4 and K = 1.2,473

respectively.474

Similar to Fig. 14, Fig. 15 (a) is divided into four subparts.475

Part I and II are shown in 15 (a). The other parts, the sectional476

top view of Fig. 15 (a) with ωRatio = [0, 1], namely part II,477

are demonstrated in Fig. 15 (e) and (f) in which ¬: 0 <478

ωP1/ωC < 1, ωP1/ωR > 1, ωP1/ωS > 1; : 0 < ωP1/ωC <479

1, 0 < ωP1/ωR < 1, ωP1/ωS > 1; ®: 0 < ωP1/ωC < 1,480

0 < ωP1/ωR < 1, 0 < ωP1/ωS < 1. Three regions are481

changing between the limits with K ∈ [1.2, 4].482

Based on Fig. 15, the speed sequences of dual-input with483

the ring gear and the carrier of DPGS are listed in Table 3.484

C. DPGS S-C DUAL-INPUT485

Similarly, the relative rotating speed relationships for DPGS486

with the sun gear and the carrier as the input components can487

be obtained by substituting Eq. (16) into Eqs. (30) ∼ (33),488

as illustrated in Fig. 16. The relationship between speed ratios489

ωP1/ωR, ωP1/ωC , and ωP1/ωS , which take ωC /ωS and ZS /ZP1490

as the variables withK from 1.2 to 4., are shown in Fig. 16 (a)491

that is a general view. There are different changing trends492

of speed ratios with ωC /ωS and ZS /ZP1. The speed ratios493

TABLE 3. Rotating speed relationships and speed sequence of R-C
dual-input DPGS.

FIGURE 15. 3D view of speed ratios: (a) ωP1/ωS , ωP1/ωC and ωP1/ωR
while K = 1.2; (b) ωP1/ωR ; (c) ωP1/ωC ; (d) ωP1/ωS . The top view of speed
ratios ωP1/ωS , ωP1/ωC and ωP1/ωR while ωRatio ∈[0,1]: (e) K = 4;
(f) K = 1.2.

TABLE 4. Rotating speed relationships and speed sequence of S-C
dual-input DPGS.

ωP1/ωR, ωP1/ωC , and ωP1/ωS with K = 4 and K = 1.2 are 494

illustrated in Fig. 16 (b). Fig. 16 (a) and (b) are divided 495
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FIGURE 16. 3D view of speed ratios: (a) ωP1/ωS , ωP1/ωC , and ωP1/ωR ;
(b) rear view while K = 1.2 and K = 4; (c) ωRatio ∈ [−1, 0] ∩ [0, 1];
(d) ωRatio ≥ 0; (e) ωRatio ≤ 0. (f) The top view of speed ratios ωP1/ωS ,
ωP1/ωC and ωP1/ωR with ωRatio ∈ R while K = 4. The bottom view of
speed ratios ωP1/ωS , ωP1/ωC and ωP1/ωR with ωRatio ∈ [−1, 0] ∩ [0, 1]:
(g) K = 4; (h) K = 1.2.

into eight parts. Firstly, they are divided into two parts by496

the plane of ωRatio = 0. Then, they are individually further497

divided into two subparts by planes of ωRatio = 1 and498

ωRatio = −1, respectively, as shown in Fig. 16 (c) to (e).499

Finally, the sectional top views of Fig. 16 (a) with ωRatio =500

[0, 1]∩ [−1, 0] are demonstrated in Fig.16 (f) to (h) in which501

i: −1 < ωP1/ωC < 0, ωP1/ωR > 1, ωP1/ωS > 1;502

ii: 0 < ωP1/ωC < 1, 0 < ωP1/ωR < 1, ωP1/ωS > 1;503

iii: 0 < ωP1/ωC < 1, 0 < ωP1/ωR < 1, 0 < ωP1/ωS < 1.504

Since ωP1/ωR and ωP1/ωC are larger than 1 when K = 1.2,505

and the values of ωP1/ωR and ωP1/ωC follow hyperbolic506

function, so the other regions in Fig. 16 (f) are I¬+II¬,507

I¬+II, I¬+II and I+II with K = 4.508

The three regions in Fig.16 (g) and (h) are changing 509

between the limits with K ∈ [1.2, 4], respectively. Based 510

on Fig. 16, the speed sequences of S-C dual-input DPGS are 511

listed in TABLE 4. 512

VI. CONCLUSION 513

In this paper, an augmented lever analogy method containing 514

the kinematic information of the planet gear was proposed. 515

The lever node and length models of planet gear in plan- 516

etary gear sets (PGSs/EGSs) were established by using the 517

three instantaneous centers theorem to analyze the peripheral 518

velocity of meshing points andmake up for the lack in analyz- 519

ing kinematic of planet gear and the compound PGSs/EGSs 520

with planet gears in series of the traditional LAM caused by 521

eliminating the kinematic information of planet gear during 522

the process of merging similar items. The different dual-input 523

working modes for PGSs/EGSs were carried out, and the 524

rotating speed relationships and speed sequence between all 525

components of SPGS (Simple planetary gear set) and DPGS 526

(Double-planet planetary gear set) including the planet gears 527

were obtained and discussed by divided regions. The main 528

conclusion points of this study are drawn as follows: 529

1) The augmented lever analogy method (ALAM) was 530

proposed by adding the nodes on the LAM to represent 531

the planet gears, which can establish the lever model 532

for all kinds of the PGSs/EGSs, and create new lever 533

relationships of the planet gear to other components. 534

2) The proposed ALAM method has more significantly 535

comprehensive merits including the newly unified 536

kinematic expressions and intuitive and efficient anal- 537

ysis of all the components including the planet gears 538

when compared to the traditional lever analogy method 539

(LAM) while analyzing the kinematic information for 540

the dual-input PGSs/EGSs. 541

3) The rotating speed relationships between components 542

of PGSs/EGSs were divided into several regions within 543

the variables range by taking the planes of ωRatio equal 544

to 1 or −1. The corresponding regions and speed 545

sequence can be found rapidly for PGSs/EGSs working 546

at different modes. 547

4) It is worth noting that the mechanisms with simi- 548

lar structures and kinematic characteristics (e.g. com- 549

pound PGSs/EGSs with planet gears in series, etc.) and 550

planet-like mechanisms, (e.g. the rolling bearing), can 551

also be analyzed by the proposed ALAM. Therefore, 552

the proposed method is more general. 553
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