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ABSTRACT In this paper, a novel inverse model is designed for multivariable disturbance observer-
based (MDOB) control system. A new interaction measure, generalized relative input disturbance gain
(GRIDG), is proposed to quantify the disturbance rejection capabilities of different inverse model structures.
Consequently, an inverse model with partially coupled structure can be determined for better disturbance
rejection performance. Besides, by defining a relative input disturbance gain array (RIDGA), the values of
GRIDG under different input-output pairings and structures can be derived in an intuitive manner, which
greatly facilitates the structure selection of the inverse model. And then, to overcome the difficulty of
implementing the partially coupled inverse model, a V canonical structure is used without introducing
model approximation. It also has the advantage of simple calculation and being easy to generalize to high-
dimensional systems. Finally, simulation examples of several multivariable industrial processes are given to
illustrate the design procedure and demonstrate the effectiveness of the proposed strategy.

INDEX TERMS Multivariable disturbance observer, partially coupled inverse model, generalized relative
input disturbance gain, relative input disturbance gain array.

I. INTRODUCTION this, we may improve the disturbance rejection performance

Disturbances are widespread in industrial production and
the suppression of disturbances has always been a primary
problem. In process control, the systems commonly encoun-
tered are essentially multivariable systems with complex cou-
plings, which are difficult to analyze and control since each
system output is affected by the other loops. And therefore,
disturbance rejection for multivariable systems is far from a
simple problem. The directionality of multivariable system
means that there are two possibilities for the effect of coupling
on disturbance rejection — detrimental or beneficial. Given
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by making good use of couplings. For this purpose, two main
issues need to be considered: (1) how to determine the effect
of couplings on disturbance rejection, and (2) how to deal
with the couplings.

There have been some discussions about the above prob-
lems under the framework of unit negative feedback control.
Some interaction indices are proposed for coupling analysis
from the perspective of disturbance rejection, e.g., Relative
Disturbance Gain (RDG) [1], Disturbance Condition Num-
ber (DCN) [2], Closed Loop Disturbance Gain (CLDG) [3]
and Relative Load Gain (RLG) [4]. With these indices, the
influence of other loops’ couplings can be quantified, and the
multivariable controller utilizing couplings for disturbance
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rejection can be designed. Two of the most widely studied
controller design methods for this situation are the partially
decentralized control [5], [6] (or sparse control [7]) and
the partial decoupling control [8], [9]. The former aims to
improve the disturbance rejection performance by specifying
a particular controller structure, while the latter realizes dif-
ferent treatment of couplings by introducing a partial decou-
pler. Generally, these methods achieve better disturbance
rejection performance than the typical decentralized and fully
decoupled control.

Although in many cases the unit negative feedback control
can eventually suppress disturbances by feeding back the
error signals, the disturbance responses are relatively slow
and the control system design is somewhat conservative.
Thus, more effective disturbance rejection strategies should
be researched and developed.

Disturbance observer-based (DOB) technique, first pro-
posed by Ohnishi and his colleagues [10], [11], is a good
attempt at this. DOB is a control strategy derived from
practice and essentially a feedforward control. An estima-
tion action is performed for disturbances based on the pro-
cess input and output signals, and the estimates are used to
counteract the effects of disturbances. Therefore, DOB can
be applied to situations where disturbances are difficult or
expensive to measure. Besides, the advantages of fast dis-
turbance rejection speed, maintaining nominal performance
in the absence of disturbance and easy implementation make
DOB popular in various fields, such as motion control [12],
process control [13], electrical engineering [14] and net-
worked control system [15], etc.

At present, the research on DOB focuses on single-input-
single-output (SISO) systems. In addition to the minimum
phase (MP) plant [16], DOB design for plants with time
delays [17], right-half-plane (RHP) zeros [18] and poles
[19] are also discussed in detail. Improved DOB control
structures in terms of time delay [17], non-minimum phase
(NMP) dynamic [20] and noise [21] are putted forward.
Analysis of the relationship between system robustness and
bandwidth are carried out for NMP process [22] and system
with real parameter uncertainty [23]. Besides, comprehensive
optimization index [24] and data-driven algorithm [25] are
utilized to further improve the DOB control system design.

Compared with the rich achievements of DOB in SISO
system, the research on multivariable disturbance observer
(MDOB) is still in the exploratory stage. The main difficulty
lies in the design and implementation of the inverse model
when couplings exist. Similar to the idea of decentralized
control, a simple and intuitive way is to construct a diagonal
inverse model based on the main channel transfer functions
of the process, ignoring the couplings [26], [27]. It is a
good solution for moderate interaction situations, but may
cause performance deterioration when interactions are severe,
since the neglected dynamics will burden the DOB for dis-
turbance estimation and suppression. In view of this, another
way for better performance is to obtain a relatively accu-
rate and implementable inverse model by means of matrix
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manipulation and model approximation techniques [28], [29],
[30]. The inverse model obtained in this way usually has a full
element structure.

These are the two typical ways we currently design inverse
models. Evidently, the diagonal and full element above
are two of the most extreme structures for MDOB inverse
models. Inspired by the partially decentralized controller in
feedback control scheme, inverse model with other possible
structures should also be explored for further performance
improvements. Unfortunately, the authors did not find much
research in this area. Last year, we did some tentative work.
An interaction measure named relative input disturbance gain
(RIDG) is proposed for evaluation of the disturbance rejec-
tion capabilities of MDOB under the two typical inverse
model structures. A partially coupled inverse model with
some rows identical to the full element inverse model and
other rows identical to the diagonal inverse is then derived.
Better disturbance responses have indeed achieved by the
designed inverse model. Relevant results can be found in [31].
Nevertheless, we should realize that the above inverse model
still does not have a general structure and the RIDG index
is limited to evaluating the two extreme cases. More efforts
should be made in this regard.

In this paper, coupling analysis is carried out for mul-
tivariable disturbance observer-based control system and a
systematic inverse model design procedure is given. The main
contributions of this paper are as follows:

1) Relationship between the disturbance rejection capa-
bility of MDOB and different inverse model structures
is explored, and a new interaction measure, GRIDG,
is proposed for performance evaluation and inverse
model structure selection.

2) GRIDG is dependent on input-output pairing and the
specific structure of the inverse model. By defining an
interaction matrix RIDGA, the values of GRIDG under
different input-output pairings and structures can be
derived in an intuitive manner, which greatly facilitates
the structure selection of the inverse model.

3) Based on the RIDGA-GRIDG results, an inverse model
with partially coupled structure can be determined
for better disturbance rejection performance. To our
knowledge, this is the first inverse model with a general
structure, which is different from any existing inverse
model

4) A V canonical structure is used to implement the
inverse model, without involving complicated calcula-
tions and model approximations.

This paper is organized as follows. In Section II, some pre-
liminaries and analysis of MDOB inverse model are detailed.
In Section III, the main points of this paper are elaborated,
where the interaction measures, GRIDG and RIDGA, are
proposed. Based on the evaluation results in Section III,
design and implementation of the DOB filter are discussed in
Section I'V. Simulation studies are provided in Section V for
two typical industrial processes. Finally, concluding remarks
and future work are drawn in Section VI.
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FIGURE 1. Basic MDOB control structure.

do D(s)

FIGURE 2. Improved MDOB structure in terms of time delays.

Il. CONTROL STRUCTURE AND INVERSE MODEL
ANALYSIS
A. MULTIVARIABLE DISTURBANCE OBSERVER-BASED
(MDOB) CONTROL
The basic block diagram of MDOB control is shown in Fig. 1,
where r, uc, u, y, d and d are the vectors of reference inputs,
controller outputs, manipulated variables, system outputs,
external and estimated disturbances, respectively; Gy(s) is
the process transfer function matrix; C(s) is the multivariable
feedback controller; G,,jl(s) and Q(s) are the inverse model
and disturbance filter respectively, which are the components
of the DOB structure and also the focus of our discussion.
In process control, the model G,,(s) identified from real
process usually contains multiple time delays, which bring
difficulties to the design and analysis of the system. To reduce
the influence of time delays, here, G,,(s) is factorized as

Gn(s) = Gu(5)E(s) ey

where E(s) is a pure delay matrix and Gm(s) with
smaller time delays is used for the inverse model design.
Mathematically, G,(s), Gm(s) and E(s) are expressed as
Gum(s) = [gij(s)]nxm Gu(s) = [gt](s)]nxn and E(s) =
diagle ", 7% ... e~ ™%}, respectively, where 17; =
min{tyj, T2j, - -+ , Tyj} is the minimum time delay of the jth
column of G,,(s). In this case, the control structure is modified
to Fig. 2.

In Fig. 2, the delay matrix E(s) is placed in the left input
channel of DOB for synchronization and Q(s) is multiplied
together with the inverse model (_},;1 (s) for realizability. The
closed-loop transfer function matrices from r and dy to y are
derived as

; = G,(I — QE + CG, + 0G;;'G,)~'C ®)

dl = G,(I — QE + CG, + 0G;,'G,) (I = QE)D ~ (3)
0
where the disturbance is expressed as a product of a

disturbance transfer function vector D and a normalized
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disturbance dy, i.e., d = Ddp, and the Laplace variable s is
omitted for simplicity hereafter. It is evident from (2) and (3)
that setpoint tracking and disturbance rejection are related to
both C and Q, which undoubtedly complicates our design.
Given this, an independent design structure is adopted here,
as shown in Fig. 3. And the input-output relationships become

Y = G, - QE + 0G;'G,) "\ + CG)~'C (&)
-
= Gl —0E +0G,\Gy ' u — 0D )

At this point, the disturbance response only depends on fil-
ter O (see (5)). And therefore, a two-step design strategy can
be used. Design Q first from the perspective of disturbance
rejection. Substitute it into (4) and C is derived for setpoint
tracking then.

In Fig. 3, it should be noted that the model mismatch
is equivalently considered an internal disturbance d;, (=
(G,;1 G, — I)(u+ d)) here. Since modest uncertainties can be
suppressed by DOB in a similar way to external disturbances,
the discussion carried out following will focus on the external
disturbance rejection problem in the nominal case.

B. INVERSE MODEL OF MDOB

As seen from (5), the inverse model C_};ll has an impact on
disturbance response through (I — QF + Q(_},;le)_l. Let
G;! denote an arbitrary stable inverse model. It is obvious
that different G ! results in different disturbance responses.
In other words, the disturbance rejection capabilities provided
by different (_;;1 are not the same. It is, however, very difficult
to analyze the relationship between the inverse model and
system output directly (see (5)). An intermediate variable, the
estimated disturbance d, is used to simplify the analysis here.
This is feasible because d is related to both the inverse model
and the disturbance estimate error ey = d — d , and the latter
has an impact on system output.

According to the structural characteristics of (_?; !, the
existing MDOB inverse model can be divided into two cate-
gories: (1) diagonal inverse model, whose elements obtained
directly from the main channel elements of the process
model; (2) full element inverse model derived from matrix
manipulation, which usually involves model approximation.
Their specific expressions are shown in (6) and (7), where
giio and e %S are the delay-free part and time delay of gj;,
respectively; the subscripts d and f represent the types of
inverse model, i.e., diagonal or full element.

G;'(5) = [g70 ()lnxcns Eals) = diagle™ )
i=1,2,---,n (6)
Gl =G,'(s), ij=12--,n @)

In the case of (_;JZ 1, the estimated disturbance in Fig. 3 is
obtained as d = QFEd. Since Q and E are both diagonal
matrices, from the perspective of coupling, we may think that
GJT ! realizes a complete decoupling from d to d. As aresult,
the disturbance estimates avoid being affected by the inherent
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FIGURE 3. Modified MDOB control structure for independent design.

couplings of multivariable process and a relatively accurate
d is obtained. On the contrary, G;! ;s designed without any
consideration or treatment of couplings. And the resulting d
contains “full” coupling information. Obviously, the above
two inverse models provide two extreme ways to deal with
couplings, at least from the d standpoint. Therefore, an intu-
itive idea is: is there a more general inverse model be designed
to selectively preserve the couplings in d, so as to achieve bet-
ter disturbance rejection performance? That is, the combined
effect of the couplings in e; and the process itself results in a
smaller disturbance response y (= Gy,(eg + u.)). And this is
the starting point of our work for the partially coupled inverse
model. In addition, note that the inverse model structure has a
one-to-one correspondence with its coupling treatment for d,
the improved MDOB strategy will be developed around the
structure design of the inverse model.

IIl. DISTURBANCE ANALYSIS INDICES

To find an inverse model structure that provides better distur-
bance rejection performance, an appropriate evaluation index
should be discussed first. In this section, a generalized relative
input disturbance gain (GRIDG) is proposed specifically for
MDOB control scheme to quantify the disturbance rejection
capabilities of inverse model with different structures. It is
actually a generalized version of RIDG that we have defined
earlier [31]. In addition, the matrix form of RIDG in terms of
different loop pairings, relative input disturbance gain array
(RIDGA), is putted forward for easy calculation of GRIDG.

A. RELATIVE INPUT DISTURBANCE GAIN (RIDG)
RIDG is defined as the ratio of disturbance response changes
under two typical inverse models. From (5)-(7), we have

(ﬂ) = Gl — QEq + 0G,'G,)~'U — QE4)D
ady/ (G, Ep ¢
®

(2 | =Gt —0ED ©)
ddo/ (G .E)

where the subscripts represent the cases of MDOB with
diagonal and full element inverse models, respectively. Thus,
RIDG is derived as

B = [Bilax1 = [Gu — QE4 + 0G;'G,)™' D] © (G,uD)
(10)
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where © denotes the element-by-element division and §; is
the ith element of RIDG. Terms (I — QE;) and (I — QF)
in (8) and (9) can be viewed as the parts of integral action
E) = E;(0) = Q(0) = I and are omitted in the expression
of RIDG. RIDG given in (10) contains the undetermined filter
0, and therefore the steady-state version is more commonly
used, as shown in (11).

B©0) =[], = (Ga(0)D(0)) © (Gu(0)D(0)) (1)

According to the definition of RIDG, the size of | ,3?|
relative to 1 can be used to determine which of the two typical
inverse models is recommended for loop i in terms of dis-
turbance rejection. Thus, the RIDG-based structure selection
rules are given as follows: (1) if | ﬁ? | > 1, the couplings
amplify the disturbance response and the full element inverse
model C_?f_ Uis preferable; (2) if | ﬂ?| < 1, the disturbance
response is suppressed by the couplings and therefore the
diagonal inverse model G;l is recommended.

B. GENERALIZED RELATIVE INPUT DISTURBANCE GAIN
(GRIDG)

RIDG above only give evaluation for the two typical MDOB
inverse models. In this part, a more general index named
GRIDG is proposed. Different from RIDG, GRIDG mea-
sures the disturbance rejection capability provided by a stable
inverse model with arbitrary structure relative to the full
element inverse model. The ith element of GRIDG is defined
as

/ (%)(G;‘ E)
Bi = o (12)
(%)(G—‘ E)

and the vector forms are

B = [B/lux1 = [Gu — QE + QG 'G,)"' D1 © (G,D)
(13)
[8°1nx1 = (G+(0)D(0)) @ (G(0)D(0)) (14)

Compare (10) and (13) we found that RIDG isa spe01al
case of GRIDG when G_ is taken as Gd (or Gy = Gy).
Similar to RIDG, the value of |/3’0| can be used to determine
the structure of G, . To be specific, the structure giving
smaller | ,Bl | value is better as there is a quantitative relation-
ship between B'(0) and the integrated error (IE) under certain
conditions.

B(0) =
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Remark 1: If the DOB filter is Q = diag{Q1, Q2, ..., On}
with Q; = 1/(A;s + 1), and the values of A;n; are the same
for all of the n loops, we have

IE; © IEr = (G+(0)D(0)) ® (G,n(0)D(0)) = B'(0)

Remark 2: In this paper, the selection of the inverse model
structure is mainly based on the steady-state indices, which
may sometimes lead to inaccurate results. Our next work is
to try to improve the accuracy of the evaluation results by
introducing some available dynamic information.

C. RELATIVE INPUT DISTURBANCE GAIN ARRAY (RIDGA)
GRIDG is dependent on input-output pairing and the specific
structure of G !. However, it is not an easy work to find
the optimal structure by traversing all possible inverse model
structures under certain pairings. In view of this, a matrix
form of RIDG, relative input disturbance gain array (RIDGA)
derived for different pairings, is first defined here. Besides,
to facilitate analysis, the structure selection of G, is discussed
instead that of G; 1 asthereisa correspondence between their
structures.

With the definition of RIDG (shown in (10)), the ith ele-
ment of RIDG for the case of y; — u; pairing, denoted as Bj;,
is obtained as

8iD;
Bi= = (15)
Y gD
at low frequencies (E(jw) ~ I, Q(jw) ~ I). And its matrix

form, which is derived for different input-output pairings,
is defined as

By 2 [Bijluxn = G ® [ce(dg(D))] & [re(ldg(GD)]™h)]

(16)

The second equation in (16) can be used to calculate
RIDGA, where dg(-) is an operator that converts a vector into
a diagonal matrix with the elements at diagonal positions;
ce(-) and re(-) expand a diagonal matrix into a full element
matrix whose ith column and row elements are all equal to
the corresponding diagonal elements, respectively.

At this point, it is time to discuss the relationship between
GRIDG, RIDGA and inverse model structures. First, to char-
acterize the structure of (_?x, a structure selection matrix I' =
[«ijlnxn is defined, where «;; is a bool variable. Two cases,
kjj = 0 and k;; = 1, indicate the ijth entry of G, is picked
up or ignored, respectively. By this, Gy of a specific structure
can be taken as

Gpe = Gn®T (17)

where @ is the Hadamard product. The corresponding inverse
model G;cl obtained in this way is referred to as the partially
coupled inverse model in this paper. And then deduced from

(13), the ith element of GRIDG for Gpc (or G, ) is obtained as
> k=1 8ikkik Dx . _ 8uDr
Bl =" = Bikkik
bbe > =1 &uDi kZ; S gD Z o
(18)
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at low frequencies. Simple calculations performed in (18)
shows that g; i pe is numerically equal to the ith row sum of
matrix By ® I' (= [Bijkijluxn). In this case, the GRIDG of
an inverse model with any possible structure can be easily
calculated by RIDGA. Some rules for G, structure selection
are summarized as follows:

1) Calculate RIDGA by (16) and GRIDG of a specific

structure can be derived directly (row sum).

2) The selected structure should has GRIDG elements

closest to 0.

3) GRIDG elements ,3{3) . greater than 1 or less than —1

should be avoided.

Remark 3: To simplify the design and ensure the
non-singularity of the inverse model, all diagonal elements
are picked up for Gpc in this work, i.e, k;; = 1,i=1,--- , n.

To illustrate the above design procedure, a four-room Heat-
ing Ventilation and Air Conditioning (HVAC) system [32] is
discussed here, as shown in (19), at the bottom of the next
page.

The system is assumed to be disturbed by a unit
step normalized disturbance dy = 1/s with D =
[-1 0.5 0.6 0.8]7. Substituting G,,(0), G4(0) and D
into (11), the steady-state RIDG is calculated as B(0) =
[1.6897 2.3958 0.7321 0.8789]”. Similarly, based on (16),
we have

1.6897 —0.3103 —0.1448 —0.2345
By — —2.2396  2.3958 0.3437 0.5000
—0.1435  0.0957 0.7321 0.3158
—0.1322  0.0763 0.1770 0.8789

And as expected, the elements of B(0) are equal to the diago-
nal elements of Byy.

With By, the structure giving smaller values of row sums
is specified as

1111
1 1 0 0
=110 1 o
1 0 0 1

and accordingly, the partially coupled model is determined as
g1 812 813 84
- - g1 &2 0 0
Gpe =G, I'=1| 2 -
pem g 0 g3 0

gn 0 0 gu

(20)

Here, to verify the relationship between GRIDG and
RIDGA, B'(0) derived from By and I is [1 0.1562 0.5886
0.7467]", which is consistent with that of B'(0) calculated
directly from (14). It is clear that the structure selection of
G,,C can be easily carried out by the RIDGA-GRIDG method
presented above.

IV. DESIGN OF THE INVERSE MODEL AND FILTER

The partially coupled inverse model is usually difficult to cal-
culate and implement. In this paper, a V canonical structure
is utilized to describe C[jcl. It has the advantage of simple
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calculation and being easy to generalize to high-dimensional
systems.

A. PARTIALLY COUPLED INVERSE MODEL

Generally, the matrix inversion and model approximation
techniques can be used to derive (_};Cl. These methods, how-
ever, involve complex calculation and the resulting error
increases with the system size, which inevitably deteriorate
the system performance. Fortunately, the V canonical struc-
ture is an effective solution for this problem. In Fig. 4, 0G!
is replaced equivalently by the structure in the dotted box,
where the V canonical structure is implemented by matrix
D in the direct path and D; in the feedback path. One may
note that a new filter Q" is used here instead of Q, which
allows for more flexibility in designing matrices D1 and D;.

Based on Fig. 4, for disturbance rejection, it requires

QE = Q'Di(I — D2D1) " 'Gp, (21)

Take the inverse of both sides of (21) and perform simple
operations, we have

D' - Dy =G0 (22)

Equation (22) can be used to determine matrices D and
D». To simplify the design and for the convenience of cal-
culation, D is selected as D1 = diag{d;, 82, ..., 6,} and
D» is a matrix with zero elements at diagonal positions, i.e.,
D> = [pijluxn, pii = 0. Filters O and Q' are expressed as

Q = diag{Q1, @2, ..., Qn} and Q' = diag{Q}, 0}, ..., Q,},
respectively. Thus by (22), §; and p;; can be derived as
1 .
5=l0
&ii z/. ij=1,2,---,n (23)
- Joo. .
Pij = —8ij = L # ]
! 7o

where g;; is the ijth elements of G. Define fi = 0i/ Q:., (23)
simplifies to

5i=f—i

giigij ij=1,2,---,n (24)
pij=——,iF#]
! Ji

In (24), f; appears in both the numerator of §; and the denom-
inator of p;;. To guarantee the realizability of §; and p;;, some
requirements should be satisfied by f;. Specifically, the time

delay, relative order and multiplicity of RHP zero of f; should
satisfy (25)-(27) respectively, where 6(x) represents the time
delay of a transfer function x, deg(x) and nk (x) denote the
relative degree and multiplicity of the kth RHP zero of x,
respectively.

0(gj) < 0(f)) < Tgi;)@(gij) (25)
deg(gjj) < deg(fj) < lggl deg(gij) (26)
1% &) < n* () < min (i) 27)

Sometimes, not all the conditions given by (25)-(27) can
be satisfied. In this case, a diagonal compensator N =
diag{N1, N2, ..., N,} needs to be introduced. A general form
of N; is shown below.

k
1 - i\ i
=G G
(,Bis-l-l)’j=1 s+

(28)

There are three parts of N;: a low-pass term 1/(B;s + 1)
for properness, an all-pass term ]_[j]-;l [((=s +z)/(s + z]ik)]fij
for stability and an additional time delay e~ ™:* for causality.
In this way, the compensated process model becomes G =
NG, and a new matrix G factorized from G (= GNE’)
is used instead to design the inverse model. Accordingly, the
elements of D and D, are modified to

Si=x
gﬁ,g/\’ l9_]= 1725 5n (29)
(7 .
Pij = ——1 7&]
g

where g{.}’ is the ijth element of G

One should note that the pure time delay matrix E’ here
may not equal to the original E, and equation (_;% = NGp,
does not hold. The reason is that the introduction of N may
change the size of the common delay of each column. In view
of this, a tactic for compensator introduction and inverse
model design is given below.

The requirements shown in (25)-(27) can be used for
pre-checking of compensator introduction by replacing g;;
with g;; and omitting the inequalities about f;. This is feasible
because the separation of E from G, will not affect the
relative size of the ith column elements in terms of the time
delay, relative order or multiplicity of the RHP zeros. Thus,

M —0.098¢~ 17 —0.036¢=%7
1225 4+ 1 149s + 1
—0.043¢=25  —0.092¢~ 165
147s 4+ 1 130s + 1
—0.012¢7315  —0.016e73%
1535 + 1 151s + 1
—0.013¢73%  —0.015¢731s
L 1565+ 1 159s + 1
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—0.014¢73%  —0.017¢305 7

158s + 1 155s + 1
—0.011e=3%  —0.012¢73%

1565 + 1 157s + 1 (19)
—0.102¢7165  —0.033¢726¢

118s + 1 1465 + 1
—0.029¢7%%  —0.108¢~18¢

1445 + 1 1285 +1 -
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FIGURE 4. Modified MDOB based on the V canonical structure.

for a given process G,,, we may first check whether the
constraints given by (25)-(27) are satisfied. If not, introduce
the compensator N. Then, the factorization of time delay,
design of the inverse model and filter are performed based
on the compensated G . In this way, some repetitive design
procedures can be omitted.

From (29), N; and f; should be specified to obtain §; and
pij.- Let us focus on the design of N; first. Based on the above
derivation, N; actually compensates all the ith row elements
of G;,. Therefore, parameters of N;, i.e., r;, t;j and ty;, should
be tuned to satisfy (25)-(27) for every jG = 1,2,---,n).
Besides, additional dynamics should be introduced as little
as possible for design complexity and performance reasons,
namely, smaller values of r;, #;; and Ty, are preferable. Thus,
the issue of determining the parameters of N; can be for-
mulated as a linear programming problem shown in (30),
where x; represents r;, tj or wn;, i,j = 1,2, ,n;x =
[x1,x0, -~ ,x,,]T is the parameter vector to be solved; A and
b are the coefficient matrix and vector, respectively. The
modified MDOB structure with a compensator is depicted in
Fig. 5.

n
min in s.t.Ax > b, x; > 0 (30)
i=1
As for f;, a simple but not unique way is to take f; = g{.}’ .
In this case, D reduces to a unit matrix and the elements of
D, are
=N

)

pij=—g—]<,,i#j, Lj=12-,n 31)
Jj

Remark 4: The V canonical structure cannot be applied to
the case where the determinant of (_?,,C contains RHP zeros
because this would cause system stability problems. Never-
theless, this method can be applied to a special case where
the RHP zero appears in the same row of Gpc.

B. MDOB FILTER
After obtaining the inverse model, the design of the MDOB
filters, Q and (', are studied in this part. According to equa-
tions f; = Q;/Q; and f; = g, Q! can be derived as
/o % _ Oi

Q.

= = — 32

90394

That is, Q; is determined by a given Q;. A simple and
commonly used low-pass filter form is adopted for Q; here,
as shown in (33), where n; is the order of Q; and should satisfy
the requirement given by (34) to ensure the properness of Q’;
A is the undetermined filter constant, which will be discussed
in detail next.

1
O Garir o
ni > deg(gh) —r; (34)

Considering that robustness and performance have always
been two major issues in control system design, and they
usually have opposite requirements for the filter parameters,
the selection of A; should give a good trade-off between these
two aspects. Here, for robustness, the multiplicative input
and output uncertainties, Gf, = G, + Ay) and Gg =
(I + Ap)Gy,, are considered. The control system shown in
Fig. 5 is transformed into the M — A structure for analysis,
as illustrated in Fig 6. According to the small gain theorem,
the necessary and sufficient condition for robust stability is

5 (M, (jow)) < e=1,0,Yo (35

1
5 (Ae(jo))’
where matrices M; and M are derived as (36). The negative
signs are omitted, as they would not affect the stability con-
dition.
M; = [I — QE + Q'Di(I — D2D1)"'NG,,]™!
-Q'Di(I — D2D1)”' NGy,
Mo = Gyull — QE + @'Di(I — D,D1)~'NG,, 1™
-0'Di(I — D2D)™'N (36)
In terms of performance, the sensitivity function is
known as a good measure and is obtained as (37), based
on (5) and (21).
S =1 — QE + 0'Di(I — D2D1)"'NG,1~'(I — QE)  (37)
At last, the concrete value of A; can be determined by
solving the optimization problem shown below.

min  A;
oM:(jw)) < ————=,e=1,0

st 0 (B¢(jw)) Vo (38)
7O = G WG
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FIGURE 5. Modified MDOB structure with a compensator.

Continue with the previous HVAC example, we now con-
sider the implementation of the partially coupled inverse
model and compare the system disturbance rejection perfor-
mance under different inverse model structures. The design
procedures are given below.

1) Determine whether a compensator needs to be intro-
duced. The elements of G, (see (19)) are checked
for the requirements given by (25)-(27). And it is
found that there is no need to introduce a compensator,
namely, N = 1.

2) Determine the structure and concrete expression of GPC.
G, is written as

Gn = G,E

g0 groe ' gr30e1% gigpe!?

g10e™% gm0 gaoe ' goaoe 1%
T | g310e7 ga0eT!E g330  gasee™™

841071 gar0e™1 gaz0e™  gaso
e—l7s 0 0 0

0 efl6s 0 0

0 0 o165 0 (39)

0 0 0 e—18s

and the C_;pc with selected structure, which is shown in
(20), can be derived accordingly.

3) The V canonical structure is used to implement Gljcl.
Letf; = gii, i = 1,2,---,4, based on (29), matrices
Dy and D, are determined as

Dy =1,
0 p2 p13 pu
e O 0 0
Dr=1loy 0 0 o “40)
ps1 O 0 0

where the expressions of p;js are collected in Table 1.

4) Filter Q = diag{l/(Ajs + 1}, i=1,2,---,4,is used
and Q' is obtained accordingly, as shown in (41). Filter
parameters here are specified the same as reference [32]
for simplicity, i.e., A; =45,i=1,2,--- ,4.

O — diag —(122s+1) —(130s+ 1)
0.098(A1s + 1) 0.092(Azs + 1)
—(118s + 1)

—(128s + 1) @
0.102(A3s + 1) 0.108(Ass + 1)

VOLUME 10, 2022

TABLE 1. Elements of D, for HVAC.

P12 = 0.092(1495+1)
_ —0.017(128s+1)e 128
P14 = 0.108(1555+1)
—0.012(122s41)e 143
p31 = —0.0120192s e _ 7

0.098(1535+1)

—0.036(130s+1)e 118

—0.014(118s+1)e10°

P13 = 0.102(1585+1)
— =0.043(122s 4 1)e "5
P21 = —0.008(147s+1)
—0.013(122s+1)e 153
pa1 = —0.015022s 1 L)e _ 7

0.098(1565+1)

TABLE 2. IE values and disturbance evaluation indices for HVAC.

Gl Structure TE4 1E; 1E5 IE,

Diagonal 6.060 2.790 3735 5.439
Full 3.612 -1.147 -5.137 -6.151
Partial 3.612 -0.144 -2.991 -4.635
B'(0) 1.0000 0.1563 0.5885 0.7467

Fig. 7 depicts the disturbance responses provided by the
diagonal, full element and the proposed partially coupled
inverse model structures. Evidently, C_;;Cl achieves better per-
formance than the other two types. The IE and GRIDG values
are collected in Table 2. And the quantitative relationship
between them has been confirmed in this specific case.

V. SIMULATION RESULTS

In this section, two examples are performed to illustrate the
design procedure and effectiveness of the proposed strategy.
The output response is evaluated by two commonly used
metrics: the integrated absolute error (IAE) and total variation
(TV). And the robustness index y [33] is used to quantify the
system robustness. Their definitions are shown below.

n o0
JAE = ZIAEi, IAE; = / lei(2)]dt
0

i=1

n n
TV =Y TVi TVi=Y |uitk+1)— k)l
i=1 i=1

y = min(l/||[M(jo)l]), Vo (42)

A. SIMULATION RESULTS OF VINANTE AND LUYBEN
COLUMN

Consider the Vinante and Luyben (VL) column [34] (the time
scale is in minutes):

—2.2¢° 1.3¢70-3s
Gm(s) = —27.582__}'85 4?},2:’6%55 (43)
9.5s+1 9.2s + 1
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FIGURE 6. M-Delta structure of the modified MDOB.

Assume the disturbances occurring at the input are unit step
signals with D(s) = [1  0.3].
First of all, based on (16), RIDGA is calculated as

By = [ 1.2155

—0.2155
1.8543

—0.8543

and the structure I' = {(1, 1), (0, 1)} giving small values in
GRIDG is selected. The requirements shown in (25)-(27) are
checked and we find that g7, does not satisfy the time delay
condition. Therefore, a compensator N (s) = diag{e= 0% 1}
is introduced. Design of the inverse model will be carried out
based on this compensated G .

Next, as stated, G],X is factorized as

—2.2 1.3
- 7 1 7 1
G =Gh@E®) = | _)sFdsse %
9.5s+1 925 +1
—1.05s
e 0
: [ 0 e—0.35s] (44)

and accordingly, C_}I}YC for deriving the partially coupled inverse
model is determined as

-2.2 1.3
9.2s +1

For ease of calculation and implementation, let f;(s) = g?{ (),
we have Dy = I and p1a(s) = —g15(s)/855(s) = —0.3(9.2s+
1)/(7s + 1) based on (31).
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FIGURE 7. Disturbance responses under different inverse model
structures.

Finally, filter Q(s) = {1/(A1s+1), 1/(A254 1)} is used and
0'(s) is

Ts + 1 0
O e R
43(ks+ 1)

By solving the optimization problem shown in (38), parame-
ters A;, i = 1,2 are obtained as A; = 0.7 and A, = 1 under
the following multiplicative uncertainties and performance
matrices:

s+02 s+0.3
As(s) = di ,
() ’ag{1.2s+2 1.2s—|—2}
s+03 s4+0.1
Ao(s) = diag| — —
os) = diag| 25+ 1 2s+1}
10s +7
1% - .
P = 35,1 0.03
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FIGURE 9. Control signals for Example 1.

TABLE 3. Performance and robustness indices for Example 1.

Methods TAE; TAE, IAE TV YI YO
Proposed  3.352 1.994 5.346 2.121 0.8936  0.8758
Chen 3.734 3.135 6.869 2.071 0.8733  0.7707

Zhang 2.753 2.662 5.415 2.422 0.5491 0.4152

Since the improved design of MDOB and disturbance
rejection are the main objectives of this paper, the above
method is compared with other two typical MDOB control
strategies given by Chen et al. [26] and Zhang et al. [29].
The disturbance responses and control signals are plotted in
Figs. 8 and 9, respectively. Note from Fig. 8 that satisfac-
tory dynamics are provided by our scheme, especially for
the second loop. And a slightly aggressive control signal
for loop 2 is observed in Fig. 9. This is acceptable, since
the smallest IAE values are obtained and the TV value of
the proposed strategy is moderate (listed in Table 3). Apart
from performance, the robust stability regions provided by

Input Uncertainty Output Uncertainty

|[—Proposed (Partial) |
----- Chen (Diagonal)
|| —==Zhang (Full)

=)

=)

Inv Max Singular Value

Inv Max Singular Value

o
©

10°
Frequency (w)

10° 10°
Frequency (w)

FIGURE 10. Robust stability bounds for Example 1.

in Table 3. Obviously, our control strategy gives the largest y
values for both input and output uncertainties, indicating the
strongest stability robustness among them.

B. SIMULATION RESULTS OF OGUNNAIKE AND RAY
PROCESS
Consider the Ogunnaike and Ray (OR) process given in
reference [35], (47), as shown at the bottom of the page.

The input disturbance vector is assumed to be D(s) =
[0.5 0.2 —2.5]7. Similar to the above design procedure
for VL, the main design steps are as follows:

1) GRIDG-RIDGA based structure selection.

By (16), RIDGA is obtained as

1.4983 —0.5539 0.0556
By =] 5.1380 —4.3704 0.2315
1.6876 —0.8993 0.2117

An appropriate structure giving smaller GRIDG values,
ie., B'(0) = [0.9444 0.7685 0.2117]7, is deter-
mined as I' = {(1, 1, 0), (1, 1, 0), (0, 0, 1)}.

2) Analysis and introduction of the compensator.
By checking the conditions in (25)-(27), there is no
need to introduce a compensator, that is, N(s) = 1.

3) Inverse model implementation based on the V canoni-
cal structure.
As before, the process model G,,(s) is factorized as a
time delay part E(s) pre-multiplies a remaining matrix
G(s). For OR column, it is

G(s) = Gu()E(s)

these methods are depicted in Fig. 10. The minimums of g110 gnoe_o'ss £130
these curves, which indicate the maximum magnitudes of the = g210e_3'9s gzzoe_3s g230e_0'zs
uncertainties that the system can tolerate, are also collected g310¢ 0% g3p0e 04 8330
0.66¢=%65 —0.61e73 —0.0049¢~*
6.7s + 1 8.64s5 + 1 9.06s + 1
1.11e76s —2.36e —0.01e 1%
G(s) = 0 (@7)
3.25s+ 1 Ss+1 7.09s + 1
—34.68¢79%  46.2e79% 0.87(11.61s + 1)e™*
8.15s+ 1 10.9s + 1 (3.895 + 1)(18.8s + 1)
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e 00

0 e 0

0 0 e’
The partially coupled model Gpc(s) is then determined
by G,,(s) and I':

Gpe(s) = Gu(s) ® T
g110 groe ¥ 0
= | ga0e ™ gaoe™ 0 (48)
0 0 £330

To implement G;cl (5), fi(s) = gii(s) is selected as usual.
And in this case, D; = I and the elements of D, are
calculated as

—0.61(5s + 1)e0-3

812
= e T T 2360864+ 1)
=g —L11(6.7s+ 1)e >
P T T T 0663255+ 1)

4) Filter parameters tuning.
At last, the diagonal weights for uncertainties and per-
formance are specified as

s+03 s4+02 s+0.2

s+25" s+25  5s+25

Aj(s) = diag{

Ao(s) = di s+ 0.2 s+ 0.3 s+ 0.3

O\ = Q08 1 7 8e 120" 85+20° 85+ 20
/2.2 4 0.04

Wps) = L2007,

PO = 5015

respectively. Q(s) has the same form as that of Example
1 and the parameters are tuned as A; = 3.1, A, = 3.1,
A3 = 3.2 to satisfy the robust stability and performance
requirements above.

Figs. 11 and 12 depict the system outputs and disturbance
estimates under different inverse model structure cases. The
corresponding TAE values are collected in Table 4. Obviously,
form Fig. 11 and Table 4, the partially coupled inverse model
we designed provides the best disturbance responses for all
of the three loops in terms of the magnitudes, convergence
speed and the error integral indices. Part of the reason is
revealed in Fig.12 that almost the same disturbance estimates
are produced by G;ll and (_;;Cl for loops 1 and 2, while a poor
disturbance estimates is deliberately obtained by C_};Cl for loop
3. The purpose of this action is to preserve the couplings that
are beneficial to disturbance rejection. Besides, the simula-
tion results verify that the RIDGA-GRIDG rule provides a
simple and correct instruction for C_?;Cl structure selection.

The proposed strategy is compared with other multivari-
able control methods, i.e., the MDOB based decoupling con-
trol [29], enhanced decentralized control with DOB [13],
sparse control [36] and centralized control [37]. The distur-
bance responses and control signals are plotted in Figs. 13 and
14, respectively. Table 5 lists the performance indices of
these strategies. It is observed from Fig. 13 that the smallest
overshoots of loops 1 and 2 and a moderate magnitude of loop
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FIGURE 11. Disturbance responses under different inverse model
structures for Example 2.
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FIGURE 12. Disturbance estimates under different inverse model
structures for Example 2.

TABLE 4. Performance indices for Example 2 under different structures.

Gm® Structure  TAE, IAE, IAE3 IAE
Diagonal 1.869 3.447 36.12 41.436
Full 1.194 1.720 52.79 55.704
Partial 1.138 1.592 28.28 31.010
TABLE 5. Performance indices for Example 2.
Methods TAE; TAE, TAE;S TAE TV
Proposed 1.138 1.592 28.28 31.010 16.4125
Decoupling 1.172 1.761 50.17 53.103 3.2803
Sparse 2.550 3.697 15.34 21.587 53.8062
Decentralized 2.045 3.331 28.32 33.696 29.1544
Centralized 1.080 2.383 51.39 54.853 31.3236

3 are obtained by our method. Besides, relatively fast conver-
gence speed also indicates the superior dynamic responses
of the proposed strategy. It should be noticed that the sparse
control gives much better dynamic performance and indices
(shown in Table 5) than other methods for loop 3, but almost
the worst disturbance responses for loops 1 and 2. That is, the
sparse control cannot provide a good balance between control
loops for this case. As for the control signals, Fig. 14 and
Table 5 show that our strategy provides smoother inputs and
smaller TV value than other methods except the decoupling
control. It is, however, observed from Fig. 13 that the decou-
pling control approach suffer from a major disadvantage that
the disturbance response presents poor dynamics and the IAE
values are relatively large.

Fig. 15 depicts the robust stability regions of the above
methods, and values of the robustness index y are listed in
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FIGURE 15. Robust stability bounds for Example 2.

TABLE 6. Robustness indices for Example 2.

Methods Input uncertainty (yr) Output uncertainty (7o)
Proposed 0.0259 0.0235
Decoupling 0.6716 0.0234
Sparse 0.0078 0.1416
Decentralized 0.0118 0.0264
Centralized 0.0139 0.0235

Table 6. A relatively large y, which is larger than that of
other strategies except the decoupling control, is obtained by
our approach. And for the output uncertainties, the proposed
method also provides a moderate yp.

VI. CONCLUSION
In this paper, a modified inverse model design method is
proposed for DOB strategy in cases of stable multivariable

VOLUME 10, 2022

systems with time delays. Two main issues: the structure
selection and implementation of the inverse model, are dis-
cussed in detail. Specifically, relationship between the dis-
turbance rejection capability of MDOB and different inverse
model structures is investigated. An interaction measure
GRIDG is proposed for performance evaluation and inverse
model structure selection. To facilitate the calculation of
GRIDG, RIDGA is developed. As a result, GRIDG of differ-
ent inverse model structures can be derived by calculating the
corresponding row sums of RIDGA. Based on the RIDGA-
GRIDG indices, rules for structure selection of the inverse
model are provided. And a partially coupled inverse model
can be determined for better disturbance rejection perfor-
mance. This modified inverse model is implemented by a
V canonical structure, which has the advantage of simple
calculation and being easy to generalize to high-dimensional
systems. Design of matrices D; and D; are discussed and a
compensator will be introduced if necessary. Finally, filter
parameters are tuned to satisfy both the performance and
robustness requirements. The effectiveness and superiority of
the proposed strategy is verified by simulation results.

The structure selection rules for MDOB inverse model
proposed in this paper are mainly based on the steady-state
forms of GRIDG and RIDGA. In future work, some available
dynamic information will be introduced into the metrics to
improve the accuracy of the evaluation results. Besides, other
effective indices and inverse model design methods of MDOB
systems are also our next step to study.
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