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ABSTRACT This work presents a transmission line model for simulating electromagnetic transients directly
in the time domain. For this purpose, the exact equivalent π -circuit is used, which represents the line taking
into account its distributed and frequency-dependent parameters. The admittances that constitute the exact
equivalent π -circuit are approximated by rational functions using the vector fitting technique. Then, for each
admittance, an electrical circuit is synthesized, consisting of an association of discrete elements (resistors,
inductors, and capacitors) aiming at modeling the transmission line, thus allowing its use in any circuit
simulation software and the eventual connection of nonlinear elements. From the simulation results, it is
reasonable to state that the proposed model is a feasible representation, which aggregates the same features
of the exact equivalent π -circuit directly in the time domain, not only in steady state, but mainly during
transients and also without the need for using convolutions, as well as inverse Laplace or Fourier transforms.

INDEX TERMS Electromagnetic transients, transmission line model, time-domain analysis, vector fitting.

I. INTRODUCTION
Transmission line (TL) models used in the simulation of
electromagnetic transients have better accuracy when taking
into account the frequency-dependent effects, that is, when
the calculation of the longitudinal parameters of the line
is obtained considering the skin effect and soil influence
on the conductors. Such parameters must be considered as
distributed along the line length, which make the currents
and voltages to behave like waves and, in such case, they
can be obtained from the solution of the line hyperbolic
equations [1]. Thus, such equations allow considering the
distributed nature of the line parameters and their dependence
on the frequency. The exact equivalent π-circuit of the TL
directly represents the line hyperbolic equations and, for this
reason, the term ‘‘exact’’ is used to name this model because
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it performs such a representation without the use of approxi-
mations [2].

In the literature, the exact equivalent π -model is widely
used for the analysis of transients in the frequency domain [3].
However, in [4] it is evident that in the time domain it is only
possible to use it in a steady state, whereas the solution is
obtained for a single frequency, both at the fundamental and
harmonic frequencies. This restriction makes its use unfeasi-
ble for the simulation of electromagnetic transients because
the line response covers a wide frequency range during this
such a period [5].

In [6], it is shown that when considering short or medium
length lines, the exact equivalent π -circuit tends to the so-
called ‘‘nominal π -circuit’’ of the transmission line, which
can be implemented using lumped elements (resistors, induc-
tors, and capacitors), therefore allowing the time-domain
transient analysis. In this case, for longer lines, a large number
of cascaded nominal π -circuits are employed to accurately
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calculate the transient responses, whose frequency ranges are
on the order of kilohertz. Although this method is attractive
and easy to implement, its disadvantage is the inclusion of
erroneous peaks that distort transient responses, especially
around their peak values, called ‘‘spurious oscillations’’ [7].
These oscillations are caused by the nominal π-circuit cas-
cade that represents the TL, but they do not represent the
real value of the electromagnetic transients. To reduce the
spurious oscillations, in [8] damping resistances are added in
parallel with the longitudinal impedance of each section of
the nominalπ -circuit. Later on in [9] and [10], amethodology
was presented to better adjust the damping resistance values
in order to reduce the transient response distortion.

Since the nominal π -circuit in its original form does not
take into account the frequency effect, in order to improve the
accuracy of the results using this model, the authors in [11]
present a proposal that includes the frequency dependence
on the longitudinal parameters of the line. This procedure is
performed from the rational approximation of such param-
eters that are synthesized by an equivalent electric circuit.
Despite the improvements introduced in this model, it still
uses a relevant approximation, as it considers that a small
line segment is represented by discrete parameters. Therefore,
it does not consider that the line parameters are distributed
along its length [12].

A technique that allows the time-domain transient analysis,
using the exact equivalent π -circuit of the TL, is based on
the frequency-to-time transformation using inverse Laplace
or Fourier transforms [13]. Currently, the numerical Laplace
transform (NLT) method with the implementation described
in [14] is the most used scheme because it is highly efficient
and accurate. The technique consists of calculating the line
voltages and currents in the frequency domain and transform-
ing them into the time domain using NLT. Although such a
model offers excellent accuracy in obtaining the frequency
domain transient response, it often prevents the connection
of nonlinear and time-variable elements, especially in the
simulation of events that trigger sudden changes in network
configurations, such as faults or circuit breaker switching, for
instance [15]. Some models include nonlinear conditions in
the frequency domain, e.g., the technique based on the super-
position principle developed in [16]. However, they do not
cover all the variety of elements that can be connected to the
line terminals when compared with the transient simulation
performed directly in the time domain [17].

Several models are developed to obtain the voltages and
currents at the line ends directly in the time domain. Among
them, JMarti’s model [18] and the universal line model
(ULM) [19] stand out. They are mainly characterized by
the rational approximation of the characteristic admittance
Yc and the propagation function H . The adjustment of Yc is
generally simple, but the adjustment of H is more complex,
as it is also requires the association with a time delay τ .
JMarti’s model is implemented in Electromagnetic Tran-

sient (EMT) programs, such as the ATP-EMTP software,
where Yc andH are approximated by rational functions using

FIGURE 1. Single-phase overhead TL in the frequency domain.

Bode’s method. In [20], the authors present a proposal to
improve the accuracy of the model, replacing Bode’s method
with the vector fitting technique [21]. The ULM circumvents
some limitations of JMarti’s model because the solution is
directly in the phase domain. This model is also available
in Electromagnetic Transient (EMT) programs, and recently
in [22] the authors present a technique that allows the imple-
mentation of ULM in ATP-EMTP. Although they are quite
accurate, both JMarti’s model and ULM depend mainly on
the previous calculation of the time delay τ , which is per-
formed numerically and can affect the quality of the rational
approximation [23].

In this context, this work describes a new transmission
line model for the simulation of electromagnetic transients
represented directly in the time domain. The proposed model
constitutes the synthesis of the exact equivalent π -circuit of
the transmission line from an electric circuit composed of
the association of discrete elements (resistors, inductors, and
capacitors). Thus, one can model the TL under study using
typical passive elements and a single π -circuit for any line
length. This novel model can be used in electromagnetic
transients simulation software such as ATP, EMTP-RV or
PSCAD. Since it consists only of circuit elements, it can be
implemented in any other electric circuit simulation software.
In summary, the introduced modeling aggregates the ben-
efits of the exact equivalent π -model, which considers the
distributed and frequency-dependent parameters. The main
advantage of this approach is that it allows the simulations
of electromagnetic transient phenomena directly in the time
domain, without requiring the previous calculation of the
travel time τ and, above all, not using the inverse Laplace
or Fourier transforms.

This article is organized as follows. Section II presents the
exact equivalent π -circuit and the expressions for the calcula-
tion of their respective admittances in the frequency domain.
The synthesis of the π-circuit by means of circuit elements is
presented in Section III. Section IV validates the proposed
model, whereas the simulation results are presented in the
time and frequency domain. A thorough comparison with the
reference model based on the NLT [14]. Finally, Section V
presents the conclusions, summarizing themain contributions
and proposals for future works.
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II. EXACT EQUIVALENT π-CIRCUIT OF TLs
For the analysis of electromagnetic transients in the fre-
quency domain, we initially consider the representation of a
generic single-phase TL as shown in Figure 1. The sender
and receiver are represented by A and B, respectively. The
components IA and IB are the longitudinal currents and the
terminal voltages are VA and VB. Expressions (1) and (2),
known as line hyperbolic equations, describe the behavior of
voltage and current at any point of the line, respectively [1].

VA(ω) = VB(ω) cosh(γ (ω) d)− IB(ω)Zc(ω)sinh(γ (ω) d)

(1)

IA(ω) = VB(ω)
1

Zc(ω)
sinh(γ (ω) d)− IB(ω) cosh(γ (ω) d)

(2)

The terms Zc(ω) and γ (ω) are the propagation constant and
the characteristic impedance, given by (3) and (4), respec-
tively [18]:

Zc(ω) =

√
Z (ω)
Y (ω)

(3)

γ (ω) =
√
Z (ω)Y (ω) (4)

The variables Z (ω) and Y (ω) are the longitudinal
impedance and the transverse admittance of the line per unit
length, respectively, where ω=2π f is the angular frequency
in [rad/s] and f is the frequency [Hz]. It is observed in (5)
and (6) that the longitudinal parameters (R(ω) and L(ω)) are
represented as a function of (ω), and therefore they take into
account the frequency effect, i.e., they consider the skin effect
and soil influence on the conductor.

Z (ω) = R(ω)+ jωL(ω) (5)

Y (ω) = G(ω)+ jωC(ω) (6)

To obtain the new model that represents the TL in the time
domain, let us consider that the π-circuit in Figure 2 is the
equivalent circuit of a TL with length d . It is characterized by
a series admittance Yzπ and a shunt admittance Yπ between
terminals A and B.

FIGURE 2. Exact equivalent π-circuit of the TL.

Equations (7) and (8) describe the behavior of voltages
and currents at terminals A and B of the equivalent π-circuit,

respectively.

VA(ω) = (1+
Yπ (ω)
Yzπ (ω)

)VB +
1

Yzπ (ω)
IB (7)

IA(ω) = (2Yπ (ω)+
Yπ (ω)

2

Yzπ (ω)
)VB + (1+

Yπ (ω)
Yzπ (ω)

)IB (8)

Comparing the coefficients of VB and IB in (1) and (7), one
can obtain (9) and (10), which correspond to the admittances
Yzπ and Yπ of the equivalent π -circuit shown in Figure 2.

Yzπ (ω) =
1

Zc(ω)sinh(γ (ω)d)
(9)

Yπ (ω) =
cosh(γ (ω)d)− 1
Zc(ω)sinh(γ (ω)d)

(10)

Thismodel exactlymatches the hyperbolic equations of the
line for any values assumed by the length and frequency. So,
a single π -circuit can be used to represent a TL with a generic
length, as its parameters are considered distributed per unit
length and also take into account the frequency effect. This
model is widely used in the literature and often referred to as
exact equivalent π -circuit [2], [4]. Another term use to define
it is ‘‘ long π ’’, because it represents a long-distance TL using
a single π -circuit [24], or simply equivalent π -circuit of the
TL [25], [26].

In addition to the explicit frequency dependency in (9)
and (10), the longitudinal parameters R(ω) and L(ω) in (5)
that are inserted in the calculation of the propagation function
γ (ω) and the characteristic impedance of the line Zc(ω), are
also dependent functions frequency. Owing to this two-fold
frequency dependence, the exact equivalent π-circuit does
not have its direct representation in the time domain [4].

III. EXACT EQUIVALENT π-CIRCUIT OF A TL FORMED BY
CIRCUIT ELEMENTS
The proposed model is obtained from the representation
of the TL equivalent π-circuit (from Figure 2) by circuit
elements (resistors, inductors, and capacitors). Initially, the
admittance curves Yzπ and Yπ in the frequency domain
are approximated by rational functions using the VF algo-
rithm [21], [27], [28]. To use the algorithm, has considered
that the generic rational function F(s) (11) can represent the
admittance Yzπ or the admittance Yπ in the domain [29], [30]
frequency.

F(s) =
Np∑
k=1

(
rk

s− pk

)
+ d + e s (11)

Parameters rk and pk in (11) correspond to the kth residue
and kth pole, respectively, whereas the index Np is the num-
ber of pole/residues of the rational function. The term s is
the complex angular frequency and the terms D and E are
real coefficients, these being considered zero in this work.
The residues and poles can be formed by real or complex
numbers, and therefore, the partial fractions that constitute
the generic expression (11) result from two types of functions.
The function formed by real numbers is given by Yr (s) in (12),
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being represented by a RL series circuit as in Figure 3. The
other partial fraction is formed by a pair of complex conjugate
number as Yc(s) in (13) while the corresponding electrical
circuit is shown in Figure 3b [30].

Yr (s) =
rk

s− pk
(12)

Yc(s) =
rm

s− pm
+

r∗m
s− p∗m

(13)

FIGURE 3. Equivalent RLC circuits: (a) real pole; (b) complex poles.

Equations (14) and (15) are used to calculate the ele-
ments R (resistance) and L (inductance) of the equivalent
RL circuit show in Figure 3a from their respective real
poles/residues [31].

R =
pk
rk

(14)

L =
1
rk

(15)

Equations (16) to (19) are used to calculate the elements
R (resistance), L (inductance), and C (capacitance) of the
equivalent circuit shown in Figure 3b from their respective
complex poles/residues [31].

Lm =
1

rm + r∗m
(16)

Rm1 = −
pmrm + p∗mr

∗
m

2rm2 (17)

Cm =
(rm + r∗m)

2

rmr∗m(pm − p∗m)2
(18)

Rm2 =
rm + r∗m

C(pmr∗m + rmp∗m)
(19)

For each partial fraction that constitutes (11), a branch of
an electrical circuit equivalent to it is obtained. The number
of branches will depend on the number of poles/residues.
Such branches are connected in parallel according to
Figure 4, which presents the arrangement formed by RL and
RLC branches that compose the generic admittance repre-
senting the rational function F(s).

From a circuit theory point of view, the following condi-
tions must be satisfied in order to achieve a passive circuit,

rk ≥

{
rmp∗m + r

∗
mpm ≤ 0

rmpm − r∗mp
∗
m ≤ 0

(20)

that is, the values of all circuit elements of Yr (s) and Yc(s)
must be positive. Although ‘‘passivity’’ can be applied using
vector fitting (VF), sometimes this condition may not be
satisfied and a passivity violation problem may be intro-
duced. The reason is that VF is a method of mathematical
approximation that cannot guarantee ‘‘passivity’’. In order
to solve this problem, passivity is forced for the admittances
obtained after using VF by applying the Fast Modal Pertur-
bation (FMP) [32]. A detailed description of this procedure
can be found in [32], in which the passivity of each admit-
tance can be assured. Using FMP, an equivalent circuit can
be obtained and simulated in ATP software with its built-in
R, L, and C components.

FIGURE 4. Representative circuit for a generic admittance.

Figure 5 shows the connections of terminals u and v of
their corresponding admittances so that they represent the
equivalent π -circuit of the TL.

FIGURE 5. Equivalent π-circuit of a TL formed by circuit elements.

IV. VALIDATION OF THE PROPOSED MODEL
To validate the model, the single-phase TL shown in
Figure 1 is adopted. It consists of four Grosbeak-type
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conductors, in which each subconductor has a radius of
0.0153 m and a spacing of 0.4 m as shown in Figure 6. The
soil resistivity ρsoil is considered to be constant and equal to
1000 �.m.

FIGURE 6. Geometry of a single-phase TL.

The longitudinal parameters of the TL shown in Figure 6
were calculated taking into account the frequency effect,
that is, considering the soil and skin effect influence for the
range of frequencies between 0.1 Hz and 100 kHz [33]. The
transversal capacitance was considered constant and its cal-
culated value is 6.89 nF/km, whereas the conductance was
neglected [34]. Results were then obtained using MATLAB
software.

A. RATIONAL APPROXIMATION OF THE ADMITTANCES
Yzπ E Yπ
The approximation of the admittance curves Yzπ and Yπ
were obtained for a TL with a length of 100 km. Figure 7
shows the magnitude and phase of the exact admittance Yzπ
(obtained directly from the line parameters) and the curves of
its approximate functions with 15, 25, and 60 poles/residues.
Figure 8 presents the magnitude and phase curves of the exact
admittance Yπ and their approximations with 15, 25, and
60 poles/residues. Such poles/residues were obtained using
the VF algorithm.

For both admittance curves (Yzπ and Yπ ) the maximum
frequencies of adjustments were defined as being after the
end of the resonance peaks. It can be seen in Figures 7 and 8
that the magnitudes and phases of the curves were very
precisely approximated, considering each number of poles
used. In both cases, it is observed that when the number of
poles/residues increases, the approximated curves overlap the
exact curve up to higher frequencies, especially the approxi-
mate curve with 60 poles, which is identical to the exact curve
until the end of the resonance peaks.

The proposed model has the characteristic of using the
same number of poles to adjust the curves of Yzπ and Yπ
for any line length, taking into account that the adjustment is

FIGURE 7. Admittance Yzπ : (a) Magnitude; (b) Phase.

FIGURE 8. Admittance Yπ : (a) Magnitude; (b) Phase.

made until the end of the resonance peaks. This is because the
number of poles/residues needed for the adjustment strongly
depends on the number of resonance peaks [21]. With the
variation in the length of the line, there is a displacement
of the region of the resonance peaks along the frequency
spectrum. However, the number of resonance peaks changes
little as seen in Figure 9. The plot shows the resonance region
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FIGURE 9. Magnitudes of admittance curves Yzπ for different line lengths.

of the exact curves of Yzπ for three different line lengths,
according to the legend. It is worth noting that the curve
Yzπ of the TL with a length of 100 km (the same shown in
Figure 7) is in the center, while the curve of the TL with
25 km is on the right side, with resonance peaks ending close
to 160 kHz. The curve Yzπ of the 400-km TL is within a lower
frequency range and its resonance peaks end around 8 kHz.
The admittance curves Yπ follow the same characteristic as
Yzπ , i.e., they follow the same rule for the variation of the line
length.

B. FREQUENCY DOMAIN ANALYSIS
The behavior of the novel model can be analytically evaluated
in the frequency domain from the voltage ratio between the
sending and receiving ends. Considering that the circuit rep-
resenting the TL in Figure 2 has its receiver open, the voltage
ratio is obtained as in (21).

VB
VA
=

Yzπ (ω)
Yzπ (ω)+ Yπ (ω)

(21)

Figure 10 shows the magnitude and phase of the exact
relationship VB/VA and the results obtained considering the
approximate Yzπ and Yπ admittances using 15, 25, and
60 poles, for a frequency range between 10 Hz and 100 kHz.
It is observed that 60 poles are enough for the curve to be
precisely fitted for frequencies higher than the end of the
resonance peaks. This result validates the performance of
the model in the frequency domain considering the asso-
ciation of the admittances that constitute the equivalent
π -circuit.

C. TIME-DOMAIN ANALYSIS
To analyze the results in the time domain, the exact equiv-
alent π -circuit of the TL formed by circuit elements was
implemented, whereas simulation results were obtained with
ATPDraw software.

Using the admittances Yzπ and Yπ obtained in
section IV-A, three equivalent π -circuits synthesized with
15, 25, and 60 poles were formed for the 100 km TL. Such
circuits were implemented in ATPDraw using the LIB com-
ponent according to Figure 11 [35].

The simulation results of the three circuits are compared
with the values of the reference model, which in this case

FIGURE 10. Transfer function VB/VA: (a) Magnitude; (b) Phase.

FIGURE 11. Implementation of the proposed model.

uses the voltages and currents obtained with the hyperbolic
equations of the line in the frequency domain and converted
to the time domain using the NLT [14].
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FIGURE 12. DC voltage source: (a) open-circuit test; (b) short-circuit test.

FIGURE 13. Open-circuit voltage at the receiving end (DC voltage source):
(a) transient up to t = 10ms; (b) first reflection wave.

1) LOW FREQUENCIES ANALYSIS
In order to validate the proposed model for transients com-
posed of low frequencies, a DC voltage source of 1 p.u.
is applied in the sending end, considering that the switch is
closed at t=0, while two simulations are performed. In the
first one, the receiving end of the line is open as shown in
Figure 12. In the second one, the receiving end is
short-circuited as shown in Figure 12b.

FIGURE 14. Current transient at the short-circuited receiving end of the
line: (a) transient up to t = 10ms; (b) first reflection wave.

FIGURE 15. TL with an AC source voltage and a nonlinear load.

The results obtained with the receiving end open are shown
in Figure 13, where the voltage at the receiving end calcu-
lated with NLT is compared with the corresponding volt-
age obtained with the simulation of the proposed model in
ATPDraw environment. It is observed in Figure 13b that,
at the beginning of the transient, the voltage curves of VB(t)
with 15 and 25 poles present a small distortion when com-
pared with the reference value. However, they overlap after
the first reflected wave, thus denoting that the novel model
presents results very close to the reference model even with
the curve fitted with fewer poles (25 poles). When check-
ing the curve fitted with 60 poles, it is observed that it over-
laps the reference value from the beginning of the transient.
It is noticed that when the admittances Yzπ and Yπ are fitted
until the end of the respective resonance peaks, the result
in the time domain has no oscillations and its response is
the same as that obtained with NLT. Figure 14 shows the
current IB flowing through the short-circuited receiving end.
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FIGURE 16. Voltage (VB(t)) at the receiving end of the TL connected to a
nonlinear load: (a) time < 40ms; (b) time < 3ms.

FIGURE 17. Current (IB(t)) at the receiving end of the TL connected to a
nonlinear load: (a) time < 40ms; (b) time < 5ms.

For the simulation results of Figures 13 and 14, a time step of
1t = 1µs was used.

To obtain simulation results involving the proposedmethod
applied to alternating current (AC), the TL is excited at t = 0s
by a 60 Hz sinusoidal voltage source with an amplitude of
1 p.u. A diode is connected to the receiving end in series with
a resistor to represent a nonlinear load as in Figure 15.

FIGURE 18. Open-circuited TL with an atmospheric impulse applied at
the sending end.

FIGURE 19. Open-circuit voltage at the receiving end (atmospheric
impulse): (a) transient up to t = 5 ms; (b) first reflection wave.

In this simulation, JMarti’s model was used as a refer-
ence available in ATP-EMTP program, as it allows simula-
tions involving nonlinear loads and a fair comparison with
the proposed model. Figures 16 and 17 show, respectively,
the voltages and currents at the receiving end obtained with
JMarti’s and the proposed model. As for simulations both
in steady-state and transient regimes,it is observed that the
proposed model is quite accurate at low frequencies.

2) HIGH FREQUENCIES ANALYSIS
The validation of the proposed model for higher frequencies
is carried out by means of an atmospheric impulse applied at
the sending end of the line, with the receiving end open as in
Figure 18. This input signal is modeled by a current source
equivalent to a double exponential function 1.20/50 µs (front
time/tail time) and amplitude of 1 kA [36]

Figure 19 shows the voltage curves VB calculated with
the reference model (NLT) and the simulation results of the
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proposedmodel fitted with 15, 25, and 60 poles. It is observed
in Figure 19a that the oscillations at the beginning of the
transient using the 15-pole model are greater when compared
with the line excitation at low frequencies. Figure 19b shows
that, in the first wave reflection at the receiving end, themodel
fitted with 60 poles does not have voltage oscillations and its
curve overlaps the reference value.

According to Figure 10, the 60-pole model has its max-
imum adjustment frequency after the end of the reso-
nance peaks. In this case, the time-domain simulations
showed excellent results both for the line energization and
high-frequency lightning strikes. Thus, one can state that it
is not necessary to adjust the ratio curve corresponding to
Figure (10) to implement themodel at frequencies higher than
those of the resonance peaks, which for the 100-km line occur
at 33 kHz.

V. CONCLUSION
This work has presented a novel model for representing
single-phase TLs directly in the time domain, which was
developed from the synthesis of the exact equivalent π -circuit
by on an association of discrete elements (R, L, and C). The
model considers the parameters as distributed along the line
length, and also takes into account the frequency-dependent
effects, that is, the calculation of the longitudinal parameters
of the line is obtained considering the skin effect and soil
influence on the conductors, and in this case, constant soil
parameters can be used, but also, the novel model allows
including the frequency dependence of the soil electrical
parameters.

Themain disadvantage of the proposedmodel is that it uses
a high number of poles to obtain the rational function, which
requires a higher number of circuit elements for the synthesis
of the equivalent π -circuit. Even so, the required simulation
time interval in ATPDraw is not long and does not exceed
three seconds.

The proposed model was validated in a steady state and
especially for electromagnetic transients composed of a wide
range of frequencies with accurate results. Because it is made
up only of circuit elements, the introduced model can be
used in any electric circuit simulation software. This allows
the inclusion of nonlinear and time-varying elements, also
avoiding the use of convolution integrals or even inverse
transforms, that is, Laplace or Fourier ones.

Future work includes the possible extension of the pro-
posed model to three-phase TLs using modal transforma-
tion. The technique consists of transforming a line with n
phases into n independent single-phase lines called propaga-
tion modes. Each propagation mode can be modeled as an
exact equivalent π -circuit formed by circuit elements.
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