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ABSTRACT The general problem of determining the electrodynamic characteristics of a circular loop
antenna located coaxially on the surface of a metamaterial cylinder is studied using the integral equation
method. The antenna has the form of a perfectly conducting, infinitesimally thin, narrow strip coiled into a
ring and is excited by a given time-harmonic voltage. The cylinder is assumed to be filled with a uniaxial
metamaterial and surrounded by an isotropic magnetodielectric. Integral equations for azimuthal harmonics
of the antenna current are derived and solved in the cases where the normal waves of the metamaterial inside
the cylinder have either hyperbolic or nonhyperbolic dispersion. Based on the solutions of these equations,
the current distribution and input impedance of the antenna are found in closed form. The behavior of the
antenna characteristics as functions of the metamaterial parameters is discussed.

INDEX TERMS Current distribution, input impedance, integral equations, loop antenna, uniaxial
metamaterial.

I. INTRODUCTION
Electromagnetic phenomena occurring in the presence of
metamaterials have attracted much interest over the past
decades (see, e.g., [1], [2], [3], [4], [5], and references
therein). In particular, a great deal of attention has been paid
to various guiding systems based on metamaterials, including
the excitation and propagation of electromagnetic waves in
such systems [5], [6], [7], [8], [9], [10]. For these applications,
both volume metamaterial structures and metasurfaces have
extensively been considered [11], [12]. The interest in the
subject has largely been stimulated by the progress in cre-
ating new artificial media whose material parameters differ
significantly from those of conventional media. The unusual
properties demonstrated by metamaterials may lead to some
unexpected behaviors of the characteristics of electromag-
netic sources operated in the vicinity or on the surface of
metamaterials [13], [14], [15], [16], [17], [18], [19], [20],
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[21], [22], [23]. In this respect, the use of metamaterial sub-
strates in antenna devices becomes especially attractive.

In most works dealing with antennas located on meta-
material substrates, current distributions in the antennas are
assumed given. This assumption, which is common for anten-
nas that are electrically sufficiently small, cannot be used
if electromagnetic sources are located on the surface of or
inside a hyperbolic metamaterial. In such a material, poten-
tial (electrostatic or magnetostatic) propagating waves with
infinitesimally short wavelengths are known to exist [4], [5],
[18], in terms of which even a physically small antenna
appears to be electrically large and, similarly, the antenna
wire, no matter how thin it is, becomes indefinitely thick.
Since most metamaterials, including the hyperbolic ones, are
anisotropic, the methods available for antennas located on the
surface of conventional anisotropic media can be applied in
this case, with appropriate extension to hyperbolic dispersion
when required [24], [25], [26], [27].

The antenna analyses which are referred to in the above
have primarily focused on strip antennas located at a plane
interface between anisotropic and isotropic media. Of no less
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interest is the case where strip antennas are placed on the
cylinder filled with an anisotropic metamaterial. Depending
on the metamaterial parameters, such a cylinder can support
eigenmodes of various types, and this circumstance may sig-
nificantly affect the performance of antennas. Thus, accurate
characterization and design of such antenna devices must
account for this effect.

Note that the current distribution and input impedance of
a loop antenna placed at a cylindrical interface between an
anisotropic plasma and an isotropic medium have already
been considered in [28] and [29]. At the same time there has
been little effort in this direction for antennas located on a
cylinder filled with an anisotropic metamaterial. In the cases
where the anisotropic material of the cylinder is described
by the dielectric permittivity or magnetic permeability tensor,
this problem has separately been considered in [30] and [31].
However, for metamaterials that simultaneously possess both
dielectric and magnetic anisotropy, the earlier obtained solu-
tions require a corresponding generalization. Although such
an attempt has recently been made in our preliminary study
for one particular combination of the metamaterial parame-
ters [32], the problem is still far from complete.

The present article thus treats the problem of the current
distribution and input impedance of a circular loop antenna
located coaxially on the surface of a cylinder filled with a
uniaxial anisotropic metamaterial whose dielectric permit-
tivity and magnetic permeability are described by diagonal
tensors. We will consider all possible cases that can occur
when using such tensors, assuming that the outer medium
outside the cylinder is an isotropic magnetodielectric with
scalar permittivity and permeability. The emphasis here is
placed on employing the analytical approach as fully as
possible, although some comparison of the analytical and
numerical solutions will also be given. This is explained by
not only obvious advantages of closed-form analytical results
over purely numerical ones but also the desire to reveal the
physical factors determining the antenna characteristics as
functions of the problem parameters.

To obtain the antenna characteristics, one should first
derive a formal representation of the electromagnetic field
excited by the antenna. Since no closed-form expressions
of the Green’s functions exist for the cylindrical geometry
discussed herein, we will employ the Fourier transform tech-
nique to describe the antenna field. While it is possible to
deal with the field representation yielded by this approach,
it turns out that it is actually simpler to pass from the Fourier
transforms of the fields to their eigenfunction expansions in
the resultant integral equation formulation. It is done below
to find a closed-form solution for the antenna current distri-
bution.

Our article is organized as follows. In Section II, we for-
mulate the problem and describe the theoretical model.
Section III deals with the derivation of integral equations for
the azimuthal harmonics of the antenna current. The kernels
of the integral equations are analyzed in Section IV. Section V
presents an analytical solution for the current distribution of

FIGURE 1. Geometry of the problem.

the antenna, its input impedance, and the numerical results
for these characteristics. The conclusions following from
the performed analysis are summarized in Section VI. Some
auxiliary mathematical derivations and certain properties of
eigenmodes supported by the metamaterial cylinder are dis-
cussed in the appendixes.

II. THEORETICAL MODEL AND BASIC EQUATIONS
Consider an antenna in the form of a perfectly conducting,
infinitesimally thin, narrow strip of half-width d , which is
coiled into a circular loop of radius a such that a � d . The
antenna is located coaxially on the surface of an infinitely
long cylinder which is aligned with the z-axis of a cylindrical
coordinate system (ρ, φ, z) and surrounded by a homoge-
neous magnetodielectric medium with the dielectric permit-
tivity ε̃ = ε0ε and the magnetic permeability µ̃ = µ0µ

(see Fig. 1). Here, ε0 and µ0 are the permittivity and per-
meability of free space, respectively, and ε and µ are certain
constants. The medium inside the cylinder is assumed homo-
geneous and describable by the permittivity tensor

ε = ε0

 ε⊥ 0 0
0 ε⊥ 0
0 0 ε‖

 (1)

and the permeability tensor

µ = µ0

µ⊥ 0 0
0 µ⊥ 0
0 0 µ‖

 . (2)

The anisotropy axis of the metamaterial is thus parallel to the
z-axis. The elements of the tensors in (1) and (2) depend on a
particular type of metamaterial [33]. Throughout this article,
all media are considered lossless.

Assuming a suppressed exp(+jωt) harmonic time depen-
dence of an external voltage supplied to a narrow excitation
gap |φ−φ0| ≤ 1� π of the antenna, an electric field with a
single nonzero component Eextφ at ρ = a and |z| < d , which
corresponds to this voltage, can be written in the form

Eextφ (a, φ, z) =
V0
2a1

[U (φ − φ0 +1)− U (φ − φ0 −1)]

× [U (z+ d)− U (z− d)] . (3)

Here, V0 is the amplitude of the voltage supplied to the
excitation gap centered at φ = φ0,1 is the angular half-width
of this gap, and U is the Heaviside function. The distribution
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of Eextφ for |z| < d can be represented as

Eextφ =
∞∑

m=−∞

Em exp(−jmφ) (4)

where m is the azimuthal index (m = 0,±1,±2, . . .) and

Em =
V0
2πa

sin(m1)
m1

exp(jmφ0). (5)

The density J of the electric current, which is excited in the
antenna by the external field (3), can be sought in the form

J(ρ, φ, z) = φ̂0I (φ, z)δ(ρ − a) (6)

where φ̂0 is a unit azimuthal vector, I (φ, z) is the surface
density of the current, δ(ρ) is the Dirac function, and |z| < d .
The unknown surface current density I (φ, z) also admits the
representation

I (φ, z) =
∞∑

m=−∞

Im(z) exp(−jmφ) (7)

where the azimuthal harmonics Im(z) of the antenna current
are the desired functions of the coordinate z across the strip.
Since the antenna current is zero for ρ < a and ρ > a, the

electromagnetic fields in these regions are described by the
source-free Maxwell equations. It can be shown from them
that the longitudinal components of the electromagnetic field
inside the cylinder satisfy the equations [27], [34], [35]

∇
2
⊥
Ez +

ε‖

ε⊥

∂2Ez
∂z2
+ k20ε‖µ⊥Ez = 0 (8)

∇
2
⊥
Hz +

µ‖

µ⊥

∂2Hz
∂z2
+ k20ε⊥µ‖Hz = 0 (9)

where ∇2
⊥
is the transverse (with respect to the z-axis) part of

the Laplace operator and k0 is the wavenumber in free space.
It is evident that the field equations (8) and (9) correspond to
the E and H waves, respectively. The other field components
can be found from Ez and Hz.
Recall that the metamaterial is called hyperbolic if at least

one of the following conditions is fulfilled for the elements
of the tensors in (1) and (2):

sgn ε⊥ 6= sgn ε‖ (10)

sgnµ⊥ 6= sgnµ‖. (11)

Then the refractive index surface of one of the normal waves,
namely, of the E wave in the case (10) and the H wave in the
case (11), has the shape of a one- or two-sheeted hyperboloid
of revolution [4], [5]. If the inequalities in (10) and (11) are
satisfied simultaneously, the refractive index surfaces of both
normal waves have such a shape, and the metamaterial may
be called doubly hyperbolic [27]. For the metamaterial with
nonhyperbolic dispersion, the conditions

sgn ε⊥ = sgn ε‖ (12)

sgnµ⊥ = sgnµ‖ (13)

are satisfied simultaneously.

To obtain the field equations for an isotropic magnetodi-
electric medium outside the cylinder, one should make the
replacements

ε⊥,‖→ ε, µ⊥,‖→ µ (14)

in (8) and (9).
The solutions of the field equations must be regular on

the axis ρ = 0, satisfy the radiation condition at infinity,
and ensure the fulfillment of the boundary conditions for the
tangential field components on the cylinder surface ρ = a.
In addition, the field should satisfy the boundary conditions

Eφ + Eextφ = 0 (15)

Ez = 0 (16)

on the antenna surface, i.e., at ρ = a and |z| < d .

III. INTEGRAL EQUATIONS FOR THE ANTENNA CURRENT
To obtain a formal representation of the electromagnetic
field due to the unknown current (7), we employ the Fourier
transform technique. The longitudinal field components are
related to their Fourier transforms by the integrals[
Ez(ρ, φ, z)
Hz(ρ, φ, z)

]
=

∞∑
m=−∞

k0
2π

∫
∞

−∞

[
Ez;m(ρ, p)
Hz;m(ρ, p)

]
× exp(−jmφ − jk0pz)dp (17)

where p is the longitudinal wavenumber normalized to k0.
Equations for the quantities Ez;m(ρ, p) and Hz;m(ρ, p) in the
region ρ < a are obtained from (8) and (9) as

L̂mEz;m + k20

(
ε‖µ⊥ −

ε‖

ε⊥
p2
)
Ez;m = 0 (18)

L̂mHz;m + k20

(
ε⊥µ‖ −

µ‖

µ⊥
p2
)
Hz;m = 0 (19)

where

L̂m =
∂2

∂ρ2
+

1
ρ

∂

∂ρ
−
m2

ρ2
.

The Fourier transforms of the transverse field components
are readily related to Ez;m(ρ, p) and Hz;m(ρ, p) by suitable
differentiations [34], [35]. Performing the replacements (14),
we can specialize (18) and (19) to the isotropic outer region
of the cylinder (ρ > a).

Solving equations (18) and (19) and making use of some
algebra, we can write the Fourier transforms of the field
components as follows.

1) For ρ < a

Eρ;m(ρ, p) =
p
ε⊥
J ′m(k0q1ρ)Am + m

Jm(k0q2ρ)
k0q2ρ

Bm

Eφ;m(ρ, p) = −j
[
p
ε⊥
m
Jm(k0q1ρ)
k0q1ρ

Am + J ′m(k0q2ρ)Bm

]
Ez;m(ρ, p) = j

q1
ε‖
Jm(k0q1ρ)Am

Hρ;m(ρ, p) = jZ−10

[
m
Jm(k0q1ρ)
k0q1ρ

Am
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+
p
µ⊥

J ′m(k0q2ρ)Bm

]
Hφ;m(ρ, p) = Z−10

[
J ′m(k0q1ρ)Am

+
p
µ⊥

m
Jm(k0q2ρ)
k0q2ρ

Bm

]
Hz;m(ρ, p) = −Z

−1
0

q2
µ‖

Jm(k0q2ρ)Bm. (20)

2) For ρ > a

Eρ;m(ρ, p) =
p
ε
H (2)
m
′
(k0qρ)Cm + m

H (2)
m (k0qρ)
k0qρ

Dm

Eφ;m(ρ, p) = −j
[
p
ε
m
H (2)
m (k0qρ)
k0qρ

Cm

+H (2)
m
′
(k0qρ)Dm

]
Ez;m(ρ, p) = j

q
ε
H (2)
m (k0qρ)Cm

Hρ;m(ρ, p) = jZ−10

[
m
H (2)
m (k0qρ)
k0qρ

Cm

+
p
µ
H (2)
m
′
(k0qρ)Dm

]
Hφ;m(ρ, p) = Z−10

[
H (2)
m
′
(k0qρ)Cm

+
p
µ
m
H (2)
m (k0qρ)
k0qρ

Dm

]
Hz;m(ρ, p) = −Z

−1
0

q
µ
H (2)
m (k0qρ)Dm. (21)

Hereafter, Jm and H (l)
m stand for the mth-order Bessel func-

tion of the first kind and Hankel function of the lth kind
(l = 1, 2), respectively, J ′m and H (l)

m
′

are the derivatives of
these functions with respect to the argument, Z0 = (µ0/ε0)1/2

is the impedance of free space, Am, Bm, Cm, and Dm are
constants to be determined, and

q1 =
(
ε‖µ⊥ −

ε‖

ε⊥
p2
)1/2

, q2 =
(
ε⊥µ‖ −

µ‖

µ⊥
p2
)1/2

q = (εµ− p2)1/2. (22)

In the above, q1 and q2 are the normalized (to k0) trans-
verse wavenumbers of the E and H waves in a uniaxial
metamaterial, respectively, and q is the analogous transverse
wavenumber in the isotropic medium surrounding the meta-
material cylinder. The field components in (20) are regular on
the z-axis, as required. To ensure the radiation condition at
infinity for the solution comprising the second-kind Hankel
functions in (21), the branch of q as a function of p in (22)
must satisfy the inequality

Im q < 0. (23)

If the imaginary part of q vanishes, one should introduce a
minor loss in the surrounding medium when choosing the
required branch according to (23) and then go over to the lim-
iting case of a loss-free medium in the resultant expressions.

The coefficients Am, Bm, Cm, and Dm are determined from
the boundary conditions at the cylindrical interface ρ = a.
According to the boundary conditions, the azimuthal field
components and the longitudinal electric-field component
are continuous at this interface, whereas the longitudinal
magnetic-field component is continuous at ρ = a for |z| > d
and undergoes a jump corresponding to the surface current (7)
for |z| < d . Then

H (−)
z;m − H

(+)
z;m = Im(p). (24)

Here, H (−)
z;m and H (+)

z;m denote the values of Hz;m(ρ, p) on the
inner (ρ < a) and outer (ρ > a) sides of the interface ρ = a,
respectively. The quantity Im(p), which determines the jump
of Hz;m(ρ, p) in (24), is the Fourier transform of Im(z) with
respect to the longitudinal coordinate, so that

Im(p) =
∫ d

−d
Im(z′) exp(jk0pz′)dz′. (25)

When writing (25), use was made of the fact that the antenna
current is zero for |z| > d . Hence, the function Im(p) vanishes
as its argument p tends to infinity. It can also be inferred from
the symmetry of antenna excitation that Im(z) and Im(p) are
even functions of their arguments.
Since the azimuthal and longitudinal components of the

electric field, which will be needed in what follows, are con-
tinuous at the interface of two media, either the coefficients
Am and Bm or the coefficients Cm and Dm can be taken when
deriving the expressions for these components on the surface
ρ = a. We will employ the coefficients Am and Bm, which are
found to be

Am = −Z0k0a
ε‖

ε

p
Q2

mIm(p)Ã(2)m
Q1Jm(Q1)1

(2)
m

Bm = Z0k0aµ‖
Im(p)B̃(2)m

Q2Jm(Q2)1
(2)
m
. (26)

Here and in what follows, we use the notations

Ã(l)m = 1
(l)
H ,m +

(
1−

ε‖

ε⊥

Q2

Q2
1

)
H(l)
m

B̃(l)m = 1
(l)
E,mH

(l)
m +

m2

εµ

p2

Q4

(
1−

ε‖

ε⊥

Q2

Q2
1

)

1(l)
m = 1

(l)
E,m1

(l)
H ,m −

m2

εµ

p2

Q4

(
1−

ε‖

ε⊥

Q2

Q2
1

)2

(27)

where

1
(l)
E,m =

ε‖

ε
J (1)
m −H(l)

m , 1
(l)
H ,m =

µ‖

µ
J (2)
m −H(l)

m

J (l)
m =

Jm+1(Ql)
QlJm(Ql)

−
m

Q2
l

, H(l)
m =

H (l)
m+1(Q)

QH (l)
m (Q)

−
m
Q2

Q = k0aq, Ql = k0aql, l = 1, 2. (28)

Substituting (26) into (20) and allowing for (25), we can
write the azimuthal and longitudinal components of the
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antenna electric field at ρ = a as

Eφ(a, φ, z)=
∞∑

m=−∞

exp(−jmφ)
∫ d

−d
Km(z−z′)Im(z′)dz′ (29)

Ez(a, φ, z)=
∞∑

m=−∞

exp(−jmφ)
∫ d

−d
km(z−z′)Im(z′)dz′. (30)

In these representations, the kernels Km(ζ ) and km(ζ ), with
the argument ζ = z− z′, are given by

Km(ζ ) = jZ0
k20a

2π

∫
∞

−∞

1

1
(2)
m

(
m2

ε

ε‖

ε⊥

p2

Q2Q2
1

Ã(2)m

+µ‖J (2)
m B̃(2)m

)
exp(−jk0pζ )dp (31)

km(ζ ) = −jZ0
k0
2πε

m lim
ρ→a−0

∫
∞

−∞

1

1
(2)
m

pJm(Q1ρ/a)
Q2Jm(Q1)

× Ã(2)m exp(−jk0pζ )dp. (32)

Since the solution obtained for the field in the inner region of
the cylinder was used in deriving (31) and (32), the limiting
transition ρ → a−0 should be performed after evaluating the
singular integral in (32). In (31), such a transition turns out to
be possible under the integral sign without loss of accuracy.

Evaluation of the integrals in (31) and (32) is sufficiently
simplified if the quantity q defined in (22) is chosen as
a new integration variable and the integration path in the
complex p plane is distorted so as to enclose all poles and
branch singularities of the integrands. The integrands of (31)
and (32) have the branch points p = ±(εµ)1/2, from which
the corresponding branch cuts go along the lines Im q = 0 in
the complex p plane. In addition, these integrands may have
poles at some points p = pm,n and p = pm,−n = −pm,n,
where Im pm,n < 0. These poles are solutions of the equation

1(2)
m = 0 (33)

and give the normalized propagation constants of the modes
supported by the cylinder. In the above, n is the radial index
of the mode (n = 1, 2, . . .). The mode fields are also denoted
by the subscripts m and n, and the functions Em,n(ρ) =
Em(ρ, pm,n) and Hm,n(ρ) = Hm(ρ, pm,n), which describe the
dependence of these fields on ρ, can be obtained from (20)
and (21) by making the replacements of the coefficients Am,
Bm, Cm, and Dm with the coefficients Am,n, Bm,n, Cm,n, and
Dm,n, respectively. Expressions for the mode coefficients
Am,n, Bm,n, Cm,n, and Dm,n can be found from the continuity
condition for the tangential components of the mode fields at
ρ = a. This leads to the requirement that the determinant of a
system of homogeneous equations for the mode coefficients
should be zero. It is this condition that is represented by (33).
One of these coefficients may be chosen arbitrarily. To sim-
plify relations between the fields of modes with the indicesm
and n and the indices −m and −n, we put Am,n = (−1)m in
rigorous expressions for these fields.

The location of the above-mentioned singularities is shown
qualitatively in Fig. 2 in the case where ε > 0 and µ > 0.

FIGURE 2. Singularities and paths of integration in the complex p plane
for ζ > 0. The black circles denote the branch points. The crosses and the
light circles denote the location of the poles referring to propagating and
complex modes, respectively.

Under these conditions, the branch cuts lie in the second and
fourth quadrants of the p plane. The sheet of the complex p
plane in Fig. 2 is specified by the inequality (23). Fig. 2 also
depicts the distorted integration path enclosing the singulari-
ties located in the lower half of the complex p plane for ζ > 0.
Since the contribution of the semicircle 0∞ at infinity to the
integrals in (31) and (32) is zero if ζ > 0, they are determined
by the sign-reversed residues at the poles p = pm,n, which
refer to the eigenmodes of the cylinder, and an integration
around the branch cut, i.e., along the path 0. In addition to
the poles referring to the propagating modes, for which the
quantities pm,n are purely real in the case of loss-free media,
there may also be poles referring to complex modes. The
complex modes always exist in pairs [36] such that if pm,n
is a complex-valued solution of (33), then −p∗m,n is also a
solution, provided the losses are absent. Here, the asterisk
denotes complex conjugation. For ζ < 0, the integration path
should be distorted to go in the upper half of the p plane.

We note that the branch points, the branch cuts, and the
poles corresponding to the propagating modes are slightly
displaced off the axes in Fig. 2 due to a minor loss introduced
to the outer region ρ > a. This makes it possible to clarify
the mutual location of the integration paths and all the sin-
gularities of the integrands in the complex p plane. However,
in the resulting expressions, the loss is put equal to zero. In the
case ε < 0 and µ < 0, the branch points and the branch
cuts, in contrast to Fig. 2, lie in the first and third quadrants
of the p plane. If εµ < 0, the branch points have purely
imaginary values, and the branch cuts go from these points to
infinity along the positive and negative imaginary semiaxes
in the p plane. In all the above cases, it can be shown that
Re q > 0 in the first and third quadrants, whereas Re q < 0 in
the second and fourth quadrants of this plane.

In the above calculations, the quantity q runs all real values
during the integration along 0. Passing to integration over
only the positive real q values allows one to represent the
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kernels (31) and (32) as the eigenfunction expansions [37]

Km(ζ ) = jZ0
k20a

2π

2∑
l=1

∫
∞

0

(−1)l

1
(l)
m

[
m2

ε

ε‖

ε⊥

p2(q)

Q2Q2
1

Ã(l)m

+µ‖J (2)
m B̃(l)m

]
q
p(q)

exp[−jk0p(q)|ζ |]dq

+

∑
n

2πa
Nm,n

E2
φ;m,n(a) exp(−jk0pm,n|ζ |) (34)

km(ζ ) = sgn ζ
[
− jZ0

m
2πk0a2ε

2∑
l=1

∫
∞

0

(−1)l

q1(l)
m
Ã(l)m

× exp[−jk0p(q)|ζ |]dq+
∑
n

2πa
Nm,n

Eφ;m,n(a)

×Ez;m,n(a) exp(−jk0pm,n|ζ |)
]
. (35)

The quantities entering the integrands of (34) and (35) are
given by the same expressions as in (27) and (28) if one puts
p = p(q), where

p(q) = (εµ− q2)1/2 (36)

with Im p(q) < 0, at least in the limit of vanishing losses.
This means that the quantities q1 and q2, which are defined
in (22), are now regarded as functions of q such that

q1 =
[
ε‖

ε⊥
(ε⊥µ⊥ − εµ+ q2)

]1/2
q2 =

[
µ‖

µ⊥
(ε⊥µ⊥ − εµ+ q2)

]1/2
. (37)

The quantity Nm,n in (34) and (35) has the meaning of the
norm of an eigenmode with the indices m and n and is given
by the expression [29]

Nm,n = 4π
∫
∞

0

[
Eρ;m,n(ρ)Hφ;m,n(ρ)

+Eφ;m,n(ρ)Hρ;m,n(ρ)
]
ρ dρ. (38)

In deriving the norm Nm,n and the terms summed over n
in (34) and (35), use was made of the fact that under the
simultaneous replacementsm→−m and n→−n, the radial
electric- andmagnetic-field components of the modes reverse
their signs, whereas the signs of the other components remain
intact, provided that the coefficients Am,n, Bm,n, Cm,n, and
Dm,n for themodes of the cylinder are introduced as described
above. The proof that the contributions due to the poles at
p = pm,n are reduced to the terms summed over n, as is
indicated in (34) and (35), can be found in [37] and [38].

It is evident that the kernels (34) and (35) comprise the con-
tributions due to the cylinder eigenmodes, i.e., the discrete-
spectrumwaves, and the contributions in the form of integrals
over the continuous-spectrumwaves, which correspond to the
continuous spectrum of the positive real q values [36], [37],
[38]. Such a spectral representation of the kernels turns out to
be most convenient for the forthcoming analysis.

Using the boundary conditions (15) and (16) for the
tangential components of the electric field on the antenna
surface and bearing in mind formulas (4), (29), and (30),
we can obtain integral equations for the quantities Im(z).
With allowance for the angular orthogonality of azimuthal
harmonics, it follows from (15) that∫ d

−d
Km(z− z′)Im(z′)dz′ = −Em (39)

whereas (16) gives∫ d

−d
km(z− z′)Im(z′)dz′ = 0. (40)

In integral equations (39) and (40), m = 0,±1,±2, . . . and
|z| < d .

IV. ANALYSIS OF THE KERNELS OF THE INTEGRAL
EQUATIONS
A. SINGULAR AND REGULAR PARTS OF THE KERNELS
The kernels (34) and (35) of integral equations (39) and (40)
can be represented as the sums of singular and regular parts

Km(ζ ) = K (s)
m (ζ )+ K (r)

m (ζ )

km(ζ ) = k (s)m (ζ )+ k (r)m (ζ ). (41)

The singular parts K (s)
m (ζ ) and k (s)m (ζ ) comprise terms that

tend to infinity for ζ → 0, whereas the regular parts K (r)
m (ζ )

and k (r)m (ζ ) are finite in this limit. It turns out that in some
cases, the singular parts of the kernels can be contributed by
not only the continuous-spectrumwaves but also the discrete-
spectrum waves. Under such conditions, these quantities can
be written as

K (s)
m (ζ ) = K (s,cs)

m (ζ )+ K (s,ds)
m (ζ )

k (s)m (ζ ) = k (s,cs)m (ζ )+ k (s,ds)m (ζ ) (42)

where the additional superscripts ‘‘cs’’ and ‘‘ds’’ denote the
contributions corresponding to the continuous- and discrete-
spectrum waves, respectively. It is not difficult to verify that
the singular quantities K (s,cs)

m (ζ ) and k (s,cs)m (ζ ) are yielded by
taking the limit q → ∞ in the integrands of (34) and (35),
respectively. In this limit, the following relations take place:

p(q)=−jq, q21= (ε‖/ε⊥)q
2, q22 = (µ‖/µ⊥)q2

1(l)
m =1

(l)
E,m1

(l)
H ,m, Ã(l)m = 1

(l)
H ,m, B̃

(l)
m =1

(l)
E,mH

(l)
m . (43)

Making use of (43), one obtains

K (s,cs)
m (ζ ) = Z0

k20a

2π

2∑
l=1

∫
∞

0
(−1)l

[
m2

(k0a)4ε
1

q21(l)
E,m

−µ‖
J (2)
m H(l)

m

1
(l)
H ,m

]
exp(−k0|ζ |q)dq (44)

k (s,cs)m (ζ ) = −jZ0
m sgn ζ
2πk0a2ε

2∑
l=1

∫
∞

0

(−1)l

q1(l)
E,m

× exp(−k0|ζ |q)dq. (45)
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It is seen that the integrand of (44) is determined by the
additive terms corresponding to the E and H waves of the
metamaterial, whereas the integrand of (45), by only the
E-wave term.
The singular terms K (s,ds)

m (ζ ) and k (s,ds)m (ζ ) appear only if
the metamaterial cylinder is capable of supporting an infinite
set of eigenmodes with the propagation constants satisfying
the condition |pm,n| → ∞ at n → ∞. Then the quantities
K (s,ds)
m (ζ ) and k (s,ds)m (ζ ) are given by infinite series whose

terms are contributions of the eigenmodes, i.e., the discrete-
spectrum waves, which are taken in the limit |pm,n| → ∞.
Otherwise the discrete-spectrum waves do not contribute to
the singular parts of the kernels.

The regular parts of the kernels are also deter-
mined by the contributions related to the continuous-
and discrete-spectrum waves. The contributions of the
continuous-spectrum waves to K (r)

m (ζ ) and k (r)m (ζ ) are
obtained by replacing the integrands in (34) and (35) with
the differences of the respective integrands and their limits at
q→∞. Similarly, the contributions of the discrete-spectrum
waves to K (r)

m (ζ ) and k (r)m (ζ ) are yielded by replacing the
terms summed over n in (34) and (35) with the differences of
these terms and their limits at |pm,n| → ∞. Clearly, the latter
procedure is required only if the termsK (s,ds)

m (ζ ) and k (s,ds)m (ζ )
arise in the analysis. We will not present here cumbersome
expressions for K (r)

m (ζ ) and k (r)m (ζ ), which can be evaluated
only numerically, and focus on obtaining closed-form results
for the singular parts of the kernels.With such results, integral
equations (39) and (40) can be solved analytically if the strip
conductor is sufficiently narrow such that

d � aγ1, d � aγ2
(k0d)2max{|ε⊥,‖|, |µ⊥,‖|, |ε|, |µ|} � 1 (46)

where γ1 = |ε‖/ε⊥|1/2 and γ2 = |µ‖/µ⊥|1/2.
In what follows, the singular parts of the kernels will be

analyzed separately in the cases where both normal waves of
the metamaterial simultaneously have hyperbolic or nonhy-
perbolic dispersion, or where these waves are characterized
by different types of dispersion.

B. DOUBLY HYPERBOLIC METAMATERIAL
In the case of a doubly hyperbolic metamaterial, where the
inequalities (10) and (11) are satisfied simultaneously, both
normal waves of the metamaterial in the cylinder have hyper-
bolic dispersion. In this case, it is convenient to introduce the
following notations:

εu = −j|ε⊥ε‖|1/2, µu = −j|µ⊥µ‖|1/2. (47)

Then, making use of the fact that q1,2 = jγ1,2q at q → ∞
for such a metamaterial and taking (43) into account, we can
replace the cylindrical functions in (43)–(45) by the large-
argument approximations. For K (s,cs)

m (ζ ), this yields

K (s,cs)
m (ζ ) = j

Z0
πk0a2

[
m2 ε

|εu|2
Ĩ (1)m − (k0a)2µĨ (2)m

]
(48)

where the first and second terms correspond to the respective
terms in the integrand of (44) and are written as

Ĩ (1)m =

∫
∞

0

I2m(k0aγ1q) exp(−k0|ζ |q)

q[I2m+1(k0aγ1q)+ α
2
1I

2
m(k0aγ1q)]

dq (49)

Ĩ (2)m =

∫
∞

0

I2m+1(k0aγ2q) exp(−k0|ζ |q)

q[I2m+1(k0aγ2q)+ α
2
2I

2
m(k0aγ2q)]

dq. (50)

Hereafter, α1 = |ε/εu|, α2 = |µ/µu|, and Im is the modified
Bessel function of the first kind of order m. Note that the
integral in (49) is considered only for m 6= 0 in view of
the fact that the first term in the brackets of (48) is zero for
m = 0. Since (49) and (50) were derived in the limit q→∞,
we can equate Im+1 to Im in the numerator of (50) and replace
the denominators of (49) and (50) by the large-argument
approximations. Then we arrive at the table integral [39]

Ĩ (1,2)m =
2πk0aγ1,2
1+ α21,2

∫
∞

0
I2
|m|(k0aγ1,2q)

× exp[−k0(2aγ1,2 + |ζ |)q]dq

=
2

1+ α21,2
Q
|m|− 1

2

(
1+

2|ζ |
aγ1,2

+
ζ 2

2a2γ 2
1,2

)
(51)

where Qν(z) is the Legendre function of the second kind.
By virtue of the first two inequalities in (46), the argument of
the Legendre function in (51) differs only slightly from unity.
In this case, the Legendre function can be approximated using
the logarithmic function of ζ [40]. As a result, with allowance
for (47), the quantity (48) reduces to

K (s,cs)
m (ζ ) = −j

Z0
πk0a2

{[
m2ε

ε2 − ε2u
+

(k0a)2µµ2
u

µ2 − µ2
u

]
ln
|ζ |

2a

+
m2ε

ε2 − ε2u
r (1)m +

(k0a)2µµ2
u

µ2 − µ2
u
r (2)m

}
(52)

where

r (1,2)m = 2γ + ln(2/γ1,2)+ 2ψ (|m| + 1/2) . (53)

Here, γ = 0.5772 . . . is Euler’s constant and ψ(z) =
d ln0(z)/dz is the logarithmic derivative of the gamma func-
tion0(z). Note that the asymptotic representation for the Leg-
endre function, which was used to obtain (52) and (53), needs
to be corrected for very large values of |m|. However, under
the condition M = [1−1] � 1, where the square brackets
denote the integer part of the number, most contributions to
the surface current density (7) of the antenna come from the
termswith |m| < M because of the properties of quantities (5)
that will enter the resulting expression for Im. It can be shown
that the requirement for formulas (52) and (53) to be valid for
approximating the quantities K (s,cs)

m (ζ ) for |m| < M reduces
to the conditions

d � 2aγ11, d � 2aγ21 (54)

which are assumed to be fulfilled.
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The contribution of the discrete-spectrum waves to the
singular part of the considered kernel is written as

K (s,ds)
m (ζ )=−j

2Z0
πk0a2

[
m2εu

ε2 − ε2u
S̃(1)m +

(k0a)2µ2µu

µ2 − µ2
u
S̃(2)m

]
(55)

where

S̃(1,2)m =

∞∑
n=1

exp[−jσ1,2χ1,2(2n+ |m| + 1/2)]
2n+ |m| + 1/2

. (56)

Here, σ1 = sgn ε⊥, σ2 = sgnµ⊥, and χ1,2 = π |ζ |/(2aγ1,2).
The derivation of (55) and (56) is given in Appendix A.

The conditions (54) enable us to rewrite the series (56) as

S̃(1,2)m =

∞∑
n=1

exp
[
−jσ1,2χ1,2(2n− 1)

]
2n− 1

−8m (57)

where

8m = (|m| + 3/2)
∞∑
n=1

1
(2n− 1)(2n+ |m| + 1/2)

. (58)

When writing (58), we put ζ = 0 since the series yielding8m
is convergent for ζ → 0. The series in (57) can be represented
in closed form [41]:
∞∑
n=1

exp[−jσ1,2χ1,2(2n− 1)]
2n− 1

=
1
2
ln cot

χ1,2

2
−j
πσ1,2

4
. (59)

Making use of the fact that cot(χ1,2/2) → 2χ−11,2 at ζ → 0,
we find

S̃(1,2)m = −
1
2

[
ln
|ζ |

2a
+ s(1,2)m

]
(60)

where

s(1,2)m = ln
π

2γ1,2
+ 28m + j

πσ1,2

2
. (61)

Finally, allowing for (52) and substituting (60) into (55),
we obtain

Km(ζ ) = −jZ0
k0

2πβm
ln
|ζ |

2a
+ K (r)

6,m (62)

so that the integral equation (39) takes the form∫ d

−d
Im(z′) ln

|z− z′|
2a

dz′

= −j
2πβm
Z0k0

[
Em + K (r)

6,m

∫ d

−d
Im(z′)dz′

]
. (63)

Here,

βm =
(k0a)2εeff

m2 − (k0a)2εeffµeff
(64)

where the quantities εeff and µeff are defined by the relations

εeff =
ε + εu

2
, µeff =

2µµu
µ+ µu

(65)

and K (r)
6,m is the total regular part, which comprises all partial

regular parts of Km(ζ ), including those that appeared during

the derivation of (52) and (60). Then, the quantity K (r)
6,m

in (63) is written as

K (r)
6,m = K (r)

m (0)− j
Z0k0
π

[
m2(εr (1)m − εus

(1)
m )

(k0a)2(ε2 − ε2u)

+
µµu(µur

(2)
m − µs

(2)
m )

µ2 − µ2
u

]
(66)

where we put ζ = 0 in the regular term K (r)
m (ζ ), which is

possible by virtue of the last inequality in (46).
In turn, the quantity k (s)m (ζ ), with application of (45),

is reduced to the form

k (s)m (ζ ) = sgn ζ
Z0
k0a2

m
ε2 − ε2u

×

{
k0aε
π

∫
∞

0
exp(−k0|ζ |q)dq

− ε⊥ lim
ν→0

∞∑
n=1

exp [−χ1(jσ1 + ν)

× (2n+ |m| + 1/2)]
}
. (67)

The details of the derivation of the sum in (67) are discussed
in Appendix A. Making use of the first inequality in (54),
we can neglect |m|+1/2 in (67). Then, for ζ → 0, one obtains

k (s)m (ζ ) = Z0
m

2πk0aεeff

1
ζ
. (68)

Allowing for (68) and replacing the regular part of km(ζ ) by
k (r)m (0), which is found to be zero through careful examina-
tion, one has from (40) that∫ d

−d
m
Im(z′)
z− z′

dz′ = 0 (69)

where the integral is taken in the sense of the Cauchy principal
value.

Thus, it is seen that the problem reduces to solving integral
equations (63) and (69) for Im(z). As is known from the
theory of singular integral equations [42], the exact solution
of the equation (63) with a logarithmic kernel automatically
satisfies the equation (69) with Cauchy’s kernel. This enables
us to consider only the integral equation (63) in what follows.

C. NONHYPERBOLIC METAMATERIAL
We now proceed to the case of a nonhyperbolic metamaterial,
for which conditions (12) and (13) are satisfied simultane-
ously. In this case, instead of (47), we will use the following
notations:

εu = (ε⊥ε‖)1/2σ1, µu = (µ⊥µ‖)1/2σ2. (70)

For both normal waves with nonhyperbolic dispersion in the
metamaterial, one has q1,2 = γ1,2q at q → ∞. In this limit,
the quantity K (s,cs)

m (ζ ) coincides in form with (48), where the
integrals Ĩ (1)m and Ĩ (2)m should be taken as

Ĩ (1)m =

∫
∞

0

J2m(k0aγ1q) exp(−k0|ζ |q)

q[J2m+1(k0aγ1q)+ α
2
1J

2
m(k0aγ1q)]

dq (71)
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FIGURE 3. Singularities and paths of integration in the complex q plane
showing the sheet in which Im p̃(q) < 0. In this sheet, Re p̃(q) > 0 in the
first and third quadrants, and Re p̃(q) < 0 in the second and fourth
quadrants.

Ĩ (2)m =

∫
∞

0

J2m+1(k0aγ2q) exp(−k0|ζ |q)

q[J2m+1(k0aγ2q)+ α
2
2J

2
m(k0aγ2q)]

dq. (72)

Here, α1 and α2 have the same meaning as in (49) and (50).
Integrals (71) and (72) are readily evaluated and reduced

to the Legendre functions of the second kind if α1,2 = 1 [39].
For α1,2 6= 1, a more involved procedure is required to
evaluate these integrals. To do this, we introduce an auxiliary
function p̃(q) = (−q2)1/2 and choose its branch so as to
ensure the condition Im p̃(q) < 0. This function has a branch
point q = 0 and two branch cuts going from this point
along the positive and negative imaginary semiaxes in the
complex q plane, as is shown in Fig. 3. Performing analytic
continuation of the integrands of (71) and (72) to the complex
q plane, one can transform the corresponding integrals as

Ĩ (1)m =
1

2α1

∫
∞

−∞

1
p̃(q)

[
Jm+1(k0aγ1q)
Jm(k0aγ1q)

+ jα1

]−1
× exp[−jk0|ζ |p̃(q)]dq (73)

Ĩ (2)m =
1
2j

∫
∞

−∞

1
p̃(q)

[
Jm+1(k0aγ2q)
Jm(k0aγ2q)

+ jα2

]−1
×
Jm+1(k0aγ2q)
Jm(k0aγ2q)

exp[−jk0|ζ |p̃(q)]dq. (74)

The integrands of (73) and (74) have poles in the lower half
of the complex q plane but do not have them in the upper
half. Therefore, it is convenient to deform the integration path
to a semicircle at infinity in the upper half-plane. Since this
semicircle does not contribute anything to the integrals, there
will be a contribution due only to an integration around the
branch cut going along the positive imaginary semiaxis in the
q plane. Passing to the new integration variable p̃, which takes
purely real values on the sides of this branch cut, and then to
integration over the positive values of p̃, one obtains

Ĩ (1)m =
1
α1

∫
∞

0

Im(k0aγ1p̃) cos(k0ζ p̃)
p̃[Im+1(k0aγ1p̃)+ α1Im(k0aγ1p̃)]

dp̃ (75)

Ĩ (2)m =

∫
∞

0

Im+1(k0aγ2p̃) cos(k0ζ p̃)
p̃[Im+1(k0aγ2p̃)+ α2Im(k0aγ2p̃)]

dp̃. (76)

It is shown in Appendix B that these integrals are reduced to

Ĩ (1)m = −
1

α1(1+ α1)

(
ln
|ζ |

2a
+ r (1)m

)
+ δĨ (1)m (77)

Ĩ (2)m = −
1

1+ α2

(
ln
|ζ |

2a
+ r (2)m

)
+ δĨ (2)m (78)

where r (1)m and r (2)m are defined by (53), and δĨ (1)m and δĨ (2)m
are regular terms introduced in formulas (111) and (112) of
Appendix B. Bearing in mind that, according to (48), Ĩ (1)m and
Ĩ (2)m are multiplied by ε/|εu|2 and µ, respectively, during the
derivation of K (s,cs)

m (ζ ), we will employ the relations

ε

|εu|2

1
α1(1+ α1)

=


1

ε + εu
for sgn ε = sgn εu

1
ε − εu

for sgn ε 6= sgn εu
(79)

µ

1+ α2
=


µµu

µ+ µu
for sgnµ = sgnµu

µµu

µu − µ
for sgnµ 6= sgnµu.

(80)

A close examination shows that the discrete-spectrum
waves do not contribute to the singular parts of the kernels of
the integral equations for the antenna current if the conditions
sgn ε = sgn εu and sgnµ = sgnµu are satisfied simul-
taneously. In this case, substituting (77) and (78) into (48),
with allowance for (79) and (80), yields the previously
obtained integral equation (63) with the already introduced
notations (64) and (65). But now the quantities εu and µu are
defined by expressions (70), and the total regular part K (r)

6,m
should be calculated anew for each m. Hereafter, we will
not write down the cumbersome expressions for K (r)

6,m since
they can readily be obtained from the derivations described
above.

If the conditions sgn ε = sgn εu and sgnµ = sgnµu,
or either of them, are not satisfied, the complex eigenmodes
of a cylindrical nonhyperbolic metamaterial turn out to exist
and contribute to the singular parts of the kernels. The con-
tribution of such discrete-spectrum waves is again described
by (55), where S̃(1)m 6= 0 if sgn ε 6= sgn εu, and S̃

(2)
m 6= 0 if

sgnµ 6= sgnµu. For nonzero S̃
(1,2)
m , instead of (56), we now

have

S̃(1,2)m =

∞∑
n=1

2∑
k=1

exp[−χ1,2(2n+ |m| + 1/2)]

2n+ |m| + 1/2+ j2π−1ξ (1,2)k

. (81)

Here, χ1,2 has the same meaning as in (56) and

ξ
(1,2)
k =

{
(−1)k artanhα1,2 for α1,2 < 1
(−1)k artanhα−11,2 − jπ/2 for α1,2 > 1

(82)

where k = 1, 2. Expression (81), the derivation of which is
discussed in Appendix C, is valid under the conditions

d |ξ (1)k | � aγ1, d |ξ (2)k | � aγ2. (83)
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Assuming again the fulfillment of (54), one can rewrite (81)
by analogy with (57) as

S̃(1,2)m =

∞∑
n=1

exp(−2χ1,2n)
n

−9(1,2)
m (84)

where

9(1,2)
m =

∞∑
n=1

2∑
k=1

|m| + 1/2+ j2π−1ξ (1,2)k

2n(2n+ |m| + 1/2+ j2π−1ξ (1,2)k )
. (85)

The series in (84) is found to be [41]
∞∑
n=1

exp(−2χ1,2n)
n

= − ln[1− exp(−2χ1,2)]. (86)

Making use of the fact that 1 − exp(−2χ1,2) → 2χ1,2 at
ζ → 0, we find

S̃(1,2)m = − ln
|ζ |

2a
− ln

2π
γ1,2
−9(1,2)

m . (87)

Combining (48), (55), (77)–(80), and (87) in the casewhere
the complex modes contribute to the singular part of the
kernel Km(ζ ), we again arrive at (63)–(65) with an appro-
priately calculated regular term K (r)

6,m and the quantities εu
and µu, which are given by (70). The corresponding analysis
for the kernel km(ζ ) yields the previously obtained integral
equation (69).

To avoid misunderstanding, it should be noted that the
above analysis, performed for (81) in the case of a nonhyper-
bolic metamaterial cylinder, ceases to be valid if εu → −ε
or µu → −µ. Then α1 → 1 or α2 → 1, which results
in violation of (83). However, it will be demonstrated below
that such a situation, when εeff→ 0 or µeff→∞, is of little
interest to antenna applications and, therefore, need not be
considered.

D. SINGLY HYPERBOLIC METAMATERIAL
By ‘‘singly’’ hyperbolic metamaterial, we mean a metamate-
rial in which only one normal wave has hyperbolic dispersion,
while the other is characterized by the usual nonhyperbolic
dispersion. Clearly, in this case the analysis is reduced to
combining the results of the preceding sections.

Thus, under the conditions (10) and (13), the E-wave con-
tribution to the kernels of the integral equations is considered
as that for a doubly hyperbolic metamaterial, whereas the
H -wave contribution, as that for a nonhyperbolic metamate-
rial. This leads to the integral equations derived above with
the quantity εu given in (47) and the quantityµu given in (70).
On the contrary, under the conditions (11) and (12), the
E-wave contribution to the kernels of the integral equations is
considered as that for a nonhyperbolic metamaterial, whereas
the H -wave contribution, as that for a doubly hyperbolic
metamaterial. Then the integral equations will contain the
quantity εu given in (70) and the quantity µu given in (47).
The regular terms K (r)

6,m for different indices m should be
calculated individually in each of the abovementioned special
cases.

V. CURRENT DISTRIBUTION AND INPUT IMPEDANCE OF
A LOOP ANTENNA
A. DERIVATION OF THE CURRENT DISTRIBUTION AND
THE INPUT IMPEDANCE
It follows from the analysis performed that determining the
current distribution of the considered antenna reduces to
solving the integral equation∫ d

−d
Im(z′) ln

|z− z′|
2a

dz′=−j
2πβm
Z0k0

Em−Sm
∫ d

−d
Im(z′)dz′

(88)

where

Sm = j2πβm(Z0k0)−1K
(r)
6,m. (89)

In all the special cases discussed above, the factor βm is deter-
mined by the expression (64), which contains the effective
parameters εeff and µeff defined by (65). Summarizing the
results of the preceding sections, we can write the quantities
εu and µu, which enter the parameters (65), as follows:

εu =

{
−j|ε⊥ε‖|1/2 for sgn ε⊥ 6= sgn ε‖
(ε⊥ε‖)1/2sgn ε⊥ for sgn ε⊥ = sgn ε‖

(90)

µu =

{
−j|µ⊥µ‖|1/2 for sgnµ⊥ 6= sgnµ‖
(µ⊥µ‖)1/2sgnµ⊥ for sgnµ⊥ = sgnµ‖.

(91)

The exact solution of the integral equation (88) can be
obtained as described in [42] and has the form

Im(z) =
2j

Z0k0
√
d2 − z2

βmEm
ln(4a/d)− Sm

. (92)

The total current I6(φ) in the cross section φ = const of the
antenna conductor is obtained by substituting (92) into (7)
and integrating the quantity I (φ, z) over z between−d and d :

I6(φ) =
∫ d

−d
I (φ, z)dz = j

V0
Z0k0a

∞∑
m=−∞

sin (m1)
m1

×
βm exp[−jm(φ − φ0)]

ln(4a/d)− Sm
. (93)

Note that the total current (93) is finite despite the diver-
gent behavior of (92) at |z| → d , which corresponds to
the Meixner edge condition [43]. The representation (93) is
somewhat simplified by making use of the fact that βm =
β−m and Sm = S−m. This gives

I6(φ) = j
V0

Z0k0a

∞∑
m=0

(2− δm,0)
sin (m1)
m1

×
βm cos[m(φ − φ0)]
ln(4a/d)− Sm

(94)

where δm,n is the Kronecker delta.
In the case of a rather narrow strip where ln(4a/d) �
|Sm| for 0 ≤ m ≤ M , one can neglect the terms Sm,
put sin(m1)/(m1) ' 1 for such m, and proceed to the
summation over m from 0 to M in the series of (94). Since
M � 1, the summation of the approximated terms of this
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series can be extended to all values of m from 0 to ∞. The
resulting series is summable [41] and reduces to

I6(φ) = −j
V0πk0εeff
Z0h ln(4a/d)

cos[(π + φ0 − φ)ha]
sin(πha)

(95)

where h = k0(εeffµeff)1/2, ha 6= m, and 0 ≤ φ − φ0 ≤ 2π .
Although the branch of h can be chosen arbitrarily, we require
for definiteness that Im h < 0 in the case where the imaginary
part of h is nonzero. It is important to emphasize that the
obtained distribution constant h of the loop-antenna current
exactly coincides with that for a linear strip antenna located
at a plane interface of the same media perpendicular to the
anisotropy axis of the metamaterial [27]. Hence, for such
an orientation of a sufficiently narrow strip conductor of the
antenna, the quantity h, which governs the current shape,
is independent, in a first approximation, of the curvature of
the interface.

It is also worth noting that the limiting cases εeff → 0 and
µeff→∞, which were supposed to be of little interest, corre-
spond to the vanishing antenna current, as follows from (95).
Therefore, a special analysis of these two cases need not be
given.

Using (95), it is possible to obtain a simple expression for
the input impedance Z = V0/I6(φ0) of the antenna:

Z = jZ0
h

πk0εeff
ln(4a/d) tan(πha). (96)

It is evident that this quantity coincides with the input
impedance of a short-circuited transmission line of length
πa. Thus, it can be concluded that the approximate results
of (95) and (96) correspond to the transmission-line theory for
the antenna considered. Interestingly, the current distribution
constant h is complex-valued in the case of a hyperbolic
metamaterial where the input impedance of the antenna has
both the real and imaginary parts within the framework of this
theory. In fact, the real part of (96) describes the resonance
excitation of waves with hyperbolic dispersion in the limit
of vanishing wavelengths. For a nonhyperbolic metamaterial
inside the cylinder, the real part of the input impedance can
be obtained only if the exact antenna current (94) is used to
calculate Z .
If h has a nonzero imaginary part, the input impedance is

significantly simplified in the case of an electrically large
loop antenna where π |Im h|a � 1. Under this condition,
we get

Z = Z0
h

πk0εeff
ln(4a/d). (97)

This result corresponds to the current distribution which
decays with distance from the excitation gap along the strip
conductor at a length |Im h|−1 that is much shorter than the
antenna radius.

In the opposite case of an electrically small loop where
π |h|a� 1, the impedance (96) becomes

Z = jZ0k0aµeff

[
1+

π2

3
(k0a)2εeffµeff

]
ln(4a/d). (98)

Note that neglecting the small second term in the brackets
of (98) is equivalent to taking into account only the uniform
part of the current (94) of the loop antenna with a logarithmi-
cally narrow strip conductor. If we do this in the case where
both normal waves of the metamaterial inside the cylinder
have hyperbolic dispersion, the input impedance (98) reduces
to

Z=Z0k0a
2µ|µ⊥µ‖|1/2

µ2 + |µ⊥µ‖|

(
µ+ j|µ⊥µ‖|1/2

)
ln(4a/d). (99)

In this case, the real part of the impedance (99) is determined
by the excitation of waves of the H type, whereas the excita-
tion of waves of the E type gives a negligible contribution
to this impedance. If only the H wave of the metamate-
rial has hyperbolic dispersion, the impedance (99) remains
unchanged. However, if only the E wave of the metamaterial
has such dispersion, one needs to allow for the imaginary part
of the second term in the brackets of (98) to obtain the real
part of Z . This leads to

Z=Z0

[
π2

6
(k0a)3|ε⊥ε‖|1/2µ2

eff+jk0aµeff

]
ln(4a/d). (100)

The real part of the input impedance (100) is now determined
by the contribution of waves of the E type.

B. NUMERICAL RESULTS FOR THE CURRENT
DISTRIBUTION AND THE INPUT IMPEDANCE
The principal difficulty encountered in discussing the numer-
ical calculations is that there are many possible combinations
of the metamaterial parameters and to give full results for
even a few values of each would take up much space. There-
fore, we will focus on the behavior of the current distribution
and input impedance of the antenna in the most interesting
case of a doubly hyperbolic metamaterial inside the cylinder.
For our calculations, we took free space as the outer medium
(ε = µ = 1) and chose parameters of the metamaterial so as
to satisfy simultaneously the conditions (10) and (11). It was
assumed that the angular frequency ω = 8.04× 109 s−1, the
midpoint of the excitation gap has the azimuthal coordinate
φ0 = 0, 1 = 0.05 rad, and d = 0.02a. For calculations of
the current distribution, the antenna radius a coinciding with
the cylinder radius was taken equal to 5 cm.

Fig. 4 shows the normalized (to maximum value) mag-
nitude |I6(φ)| of the antenna current and its phase angle
θ (φ) = arctan[Im I6(φ)/Re I6(φ)] as functions of the
azimuthal angle φ for the following values of the tensor
elements: ε⊥ = −ε‖ = 0.1 and µ⊥ = −µ‖ = 0.1. In this
case, the current distribution constant h is complex-valued
such that ha = (1− j)0.3. In Fig. 4 and onwards, the solid and
dashed lines correspond to the rigorously derived representa-
tion (94) and the approximate formula (95) for the antenna
current, respectively. We present the current distribution only
for the angular interval 0 < φ < π since the function I6(φ)
is symmetric about the point φ = φ0 = 0.

It is seen in Fig. 4 that the current undergoes spatial oscil-
lations decaying with distance from the antenna input. This
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FIGURE 4. (a) Magnitude and (b) phase of the current in an antenna with
radius a = 5 cm at the frequency ω = 8.04× 109 s−1 for
ε⊥ = −ε‖ = 0.1 and µ⊥ = −µ‖ = 0.1 when ha = (1− j )0.3.

feature of the current behavior, which corresponds to the
complex value of the quantity h, is related to the resonance
excitation of the potential waves in the hyperbolic metamate-
rial cylinder.

Note that the above-mentioned decay of the current mag-
nitude becomes more pronounced if the metamaterial param-
eters are changed in such a way that the imaginary part of h
increases in absolute value. This is illustrated by Fig. 5, which
shows the current distribution for ε⊥ = −ε‖ = 0.5, µ⊥ =
0.1, µ‖ = −0.3, and the previous values of other parameters.
In this case, ha = 0.35− j0.47 and, as a result, a more rapid
decay of the current with distance from the excitation gap is
observed. However, the dependences in Fig. 5 remain similar
to those in Fig. 4.

If the metamaterial parameters are changed to ensure that
the real part of h notably exceeds the imaginary part of
this quantity in absolute value, then the current magnitude
exhibits an oscillatory behavior along the antenna conductor.
This is illustrated by Fig. 6 for the same values of ε⊥ and ε‖ as
in Fig. 4 andµ⊥ = −µ‖ = 2. In this case, ha = 1.22− j0.35,
and the current attenuation with distance from the excitation
gap is less pronounced.

It also follows from comparison of the rigorous and
approximate results for the current distributions in Figs. 4–6
that the simple approximate formula (95) adequately
describes the general features of the current distribution.
This takes place despite the fact that the logarithm ln(4a/d)
is greater than |Sm| with a moderate margin for the used
parameters. Although the solid and dashed curves in these
figures could be made closer by increasing ln(4a/d), this
would result in such a small width of the antenna strip
conductor that seems not applicable for realistic values of

FIGURE 5. Same as in Fig. 4 but for ε⊥ = −ε‖ = 0.5, µ⊥ = 0.1, and
µ‖ = −0.3 when ha = 0.35− j0.47. (a) Current magnitude. (b) Current
phase.

FIGURE 6. Same as in Fig. 4 but with µ⊥ and µ‖ replaced by
µ⊥ = −µ‖ = 2 when ha = 1.22− j0.35. (a) Current magnitude. (b) Current
phase.

a and d . Nevertheless, knowing the value of the quantity h,
we can always predict qualitatively the shape of the current
distribution. Thus, for a purely real h, we will have an oscil-
latory current distribution coinciding with that for the same
antenna immersed in a conventional isotropic medium with
the refractive index

√
εeffµeff. For a purely imaginary h, the

current magnitude will exponentially decay near the excita-
tion gap with distance from it. Since the current distributions
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FIGURE 7. Real (R) and imaginary (X ) parts of the input impedance as
functions of the antenna radius a. Same values of other parameters as in
Fig. 4.

are rather evident in these two cases, we do not present here
the corresponding numerical results for the sake of brevity.

As for the antenna input impedance Z = R + jX , its real
and imaginary parts are shown in Fig. 7 as functions of the
antenna radius a for the same values of other parameters as
in Fig. 4. The solid and dashed lines in Fig. 7 correspond to
the rigorous result for Z and the approximate formula (96),
respectively. Fig. 7 demonstrates an interesting feature that
in the case of a thin-wire antenna with moderate radius,
the quantity R can be higher than the input reactance X in
absolute value. This is explained by the efficient excitation
of the potential waves with hyperbolic dispersion inside the
cylinder. Due to this fact, the curves in Fig. 7 do not demon-
strate any resonance features. We do not present here the
frequency dependences for the antenna impedance, which
would require consideration of the dispersive properties of
particular metamaterials. Such analysis will be performed
elsewhere.

VI. CONCLUSION
In this article, we have analyzed the problem of the current
distribution and input impedance of a loop antenna located
on the surface of a uniaxial metamaterial cylinder surrounded
by an isotropic magnetodielectric. Using a full-wave formu-
lation, we have derived and solved integral equations for
azimuthal harmonics of the antenna current in all possible
cases that can be encountered for the material parameters of
the considered media. For the corresponding integral equa-
tions, we have rigorously calculated the singular parts of the
kernels and approximated their regular parts in the case of
a sufficiently narrow strip conductor of the antenna. Then
the resulting integral equations have been solved exactly, and
the closed-form representations for the antenna characteris-
tics have been obtained. It has been demonstrated that these
characteristics are determined by some effective dielectric
and magnetic parameters, which admit relatively simple rep-
resentations. In view of this, there is a reason to believe that
our approach can be used in treating similar problems with
more complicated material parameters.

Although the results of the presented analysis can be used
for determining other characteristics of the discussed antenna,

including the radiation pattern in the surrounding medium
and the field distribution inside the metamaterial cylinder,
these topics fall beyond the scope of this article and will be
considered elsewhere. Since our consideration has been made
for a very narrow strip, future work should also be focused on
the determination of the conditions under which the devel-
oped theory can be suitable for wider strips. An effort toward
such an analysis, which requires direct numerical simulations
based on rather complicated computational techniques [44],
[45], can provide a more general appraisal of this theory.

APPENDIX A
PROPAGATING MODES OF THE HYPERBOLIC
METAMATERIAL CYLINDER
It can be shown that under conditions (10) and (11), the
metamaterial cylinder supports an infinitely large number of
eigenmodes of the E and H types. The propagation constants
pm,n of these modes are determined by the dispersion rela-
tion (33) and tend to infinity with increasing n. It can be
verified that the left-hand side of this relation is independent
of the sign of m. With allowance for this fact, it follows that,
in the limit |pm,n| → ∞, (33) splits into the separate relations
for the E and H modes:

J|m|+1(k0aq1)
J|m|(k0aq1)

=
εσ1

|ε⊥ε‖|1/2
(101)

J|m|+1(k0aq2)
J|m|(k0aq2)

=
µσ2

|µ⊥µ‖|1/2
. (102)

Here, q1 = γ1σ1p
(1)
m,n and q2 = γ2σ2p

(2)
m,n, where the

quantities p(1)m,n and p
(2)
m,n denote the propagation constants of

the E and H modes and are found from (101) and (102),
respectively. Other notations in (101) and (102) are the same
as in (56). We denote the transverse wavenumber q in the
outer region of the cylinder as q(1) and q(2) for the E and
H modes, respectively. Then, in the limiting case considered
here, it can be shown that q(1,2) = −jσ1,2p

(1,2)
m,n . In the interests

of brevity, when writing the transverse wavenumbers for the
inner and outer regions of the metamaterial cylinder, we omit
the subscripts m and n.

Since the propagation constants are assumed relatively
large in magnitude such that k0a|q1,2| � 1, one can use
the large-argument approximation for the Bessel functions
in (101) and (102) to arrive at

p(1,2)m,n =
1

k0aγ1,2

[
τ1,2 +

πσ1,2

2
(2n+ |m| + 1/2)

]
(103)

where

τ1 = arctan
ε

|ε⊥ε‖|1/2
, τ2 = arctan

µ

|µ⊥µ‖|1/2

and n is a sufficiently large positive integer. Note that the
positive and negative values of p(1,2)m,n for n > 0 refer to the
forward and backward modes, respectively.

For |p(1)m,n| → ∞, the fields of the E modes are described to
a good approximation by the formulas which can be obtained
from the rigorous expressions by putting Bm,n = 0 and
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Dm,n = 0. Then, we can obtain from (20) the following
approximate expressions for the dominant field components
of these modes in the region ρ < a:

Eρ;m,n(ρ) = −
p(1)m,n
ε⊥

Jm+1(k0q1ρ)Am,n

Ez;m,n(ρ) = j
q1
ε‖
Jm(k0q1ρ)Am,n

Hφ;m,n(ρ) = −Z
−1
0 Jm+1(k0q1ρ)Am,n. (104)

In this limiting case, the azimuthal electric field of the
E modes is written as

Eφ;m,n(ρ) = −j
p(1)m,n
ε⊥

m
Jm(k0q1ρ)
k0q1ρ

Am,n. (105)

The corresponding field expressions for the region ρ > a
are obtained from (104) and (105) by taking the second-kind
Hankel functions instead of the Bessel functions [see (21)]
and making the replacements Am,n → Cm,n, q1 → q(1),
and ε⊥,‖ → ε. The relation between the mode coefficients
Am,n and Cm,n is determined from the continuity condition
for the longitudinal component of the electric field at ρ = a.
It can be verified that the electric field of the considered E
modes is expressible as Em,n = −∇ϕ

(e)
m,n, where ϕ

(e)
m,n is the

electric scalar potential. Hence, such modes may be called
electrostatic. Then it can be found that the norms N (1)

m,n of
the electrostatic E modes are determined by integration of
the term Eρ;m,nHφ;m,n, which is predominant in the integrand
of (38). Moreover, a close examination shows that it is suf-
ficient to integrate this term between the limits ρ = 0 and
ρ = a since the integration over the region ρ > a gives a
negligible contribution to N (1)

m,n. Thus, we get

N (1)
m,n =

4π
Z0

p(1)m,n
ε⊥

A2
m,n

∫ a

0
J2m+1(k0q1ρ)ρdρ. (106)

Evaluating the integral in (106) in the limit |p(1)m,n| → ∞ [39]
and taking into account the relation (101), we obtain

N (1)
m,n =

2π
Z0

p(1)m,n
ε⊥

ε2u − ε
2

ε2u
A2
m,na

2J2m(k0aq1). (107)

Let us now proceed to the H modes. In the case |p(2)m,n| →
∞, their fields are approximately described by putting
Am,n = 0 and Cm,n = 0, and the dominant field components
of these modes for ρ < a are written as

Eφ;m,n(ρ) = jJm+1(k0q2ρ)Bm,n

Hρ;m,n(ρ) = −jZ
−1
0

p(2)m,n
µ⊥

Jm+1(k0q2ρ)Bm,n

Hz;m,n(ρ) = −Z
−1
0

q2
µ‖

Jm(k0q2ρ)Bm,n. (108)

The field components of the H modes in the region ρ > a
are obtained from (108) similarly to the E modes, but
now, along with the use of the Hankel functions instead
of the Bessel functions, one should make the replacements
Bm,n → Dm,n, q2 → q(2), and µ⊥,‖ → µ. The relation

between the coefficients Bm,n and Dm,n is determined from
the continuity condition for the longitudinal component of
the magnetic field at ρ = a. Here, by analogy with the
E modes, the H modes may be called magnetostatic since
their magnetic field is expressible via the magnetic scalar
potential ϕ(m)m,n as Hm,n = −∇ϕ

(m)
m,n. It can also be found that

the norms N (2)
m,n of the magnetostaticH modes are determined

by integration of the term Eφ;m,nHρ;m,n between the limits
ρ = 0 and ρ = a. This gives

N (2)
m,n =

4π
Z0

p(2)m,n
µ⊥

B2
m,n

∫ a

0
J2m+1(k0q2ρ)ρdρ. (109)

Evaluating the integral in (109) at |p(2)m,n| → ∞ and making
use of (102), we get

N (2)
m,n =

2π
Z0

p(2)m,n
µ⊥

µ2
u − µ

2

µ2
u

B2
m,na

2J2m(k0aq2). (110)

Calculating the field component Eφ;m,n of the E and H
modes and allowing for (107) and (110), we arrive at (55)
with the series defined by (56). When doing this, we neglect
the bounded terms τ1,2, which are present in (103). In the
exponential function of (56), this can be made by virtue of
the first two conditions in (46).

The series in (67) is derived using the Eφ;m,n and Ez;m,n
components of the E modes in a similar way, but with
allowance for a small collisional loss in the metamaterial by
inserting an infinitesimal term ν in the exponential function
of the series in (67). This ensures convergence of this series,
with further passage to the weak limit ν → 0.

APPENDIX B
EVALUATION OF SOME SINGULAR INTEGRALS
Using the large-argument asymptotics for the modified
Bessel functions, we can rewrite the singular integrals (75)
and (76) as

Ĩ (1)m =
2πk0aγ1
α1(1+ α1)

Î (1)m + δĨ
(1)
m (111)

Ĩ (2)m =
2πk0aγ2
1+ α2

Î (2)m + δĨ
(2)
m (112)

where

Î (1,2)m =

∫
∞

0
I2
|m|(k0aγ1,2p̃) cos(k0ζ p̃) exp(−2k0aγ1,2p̃)dp̃

(113)

and δĨ (1)m and δĨ (2)m are the regular quantities. These quantities,
which may be taken at ζ = 0, account for the difference
between (75) and (76), on the one hand, and their respective
approximations given by the first terms in (111) and (112),
on the other hand. Each of the integrals in (113) can be
evaluated in closed form as the following limit with an
infinitesimal λ [39]:

Î (1,2)m =Re lim
λ→0

∫
∞

0
I2
|m|(k0aγ1,2p̃)

× exp[−(λ+ 2k0aγ1,2+jk0|ζ |)p̃]dp̃
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=
1

πk0aγ1,2
Re lim

λ→0
Q
|m|−1

2

(
32

2(k0aγ1,2)2
− 1
)

(114)

where 3 = λ+ 2k0aγ1,2 + jk0|ζ |. Since the argument of the
Legendre function in (114) is close to unity, we can approx-
imate this function as described in [40]. This approximation
leads to (77) and (78).

APPENDIX C
COMPLEX MODES OF THE NONHYPERBOLIC
METAMATERIAL CYLINDER
As was noted above, the E and H complex eigenmodes
are supported by the nonhyperbolic metamaterial cylinder
under the conditions sgn ε 6= sgn εu and sgnµ 6= sgnµu,
respectively. For sufficiently largemagnitudes of the complex
propagation constants of suchmodes, their dispersion relation
takes the form

J|m|+1(k0aq1,2)
J|m|(k0aq1,2)

= −jα1,2. (115)

As previously, the subscripts 1 and 2 in (115) refer to the
complex modes of the E and H types with the propagation
constants p(1)m,n and p

(2)
m,n, respectively. For the complex modes

of both types, the transverse wavenumbers in the inner and
outer regions of the metamaterial cylinder are related as
q1,2 = γ1,2q(1,2) in the limit |p(1,2)m,n | → ∞. Moreover, for
each type, two families of the complex modes exist. This is
related to the fact that if the propagation constant p(1,2)m,n , which
corresponds to the transverse wavenumber q(1,2) in the outer
region, is a complex-valued solution of (115), then−(p(1,2)m,n )∗,
which corresponds to −(q(1,2))∗, is also a solution. A careful
examination of (115) in the large-argument approximation for
cylindrical functions shows that, in the limit |p(1,2)m,n | → ∞,
one obtains q(1,2) = jp(1,2)m,n for the first family of the complex
modes, with

p(1,2)m,n =
1

k0aγ1,2

[
ξ
(1,2)
k − j

π

2
(2n+ |m| + 1/2)

]
(116)

where k = 1 and the definition of ξ (1,2)k is given by (82). For
the second family of the complex modes, we have q(1,2) =
−jp(1,2)m,n , where p(1,2)m,n is again given by (116), but with k = 2.
Interestingly, the complex modes of the E type turn

out to be electrostatic in the considered limiting case.
It can be verified by straightforward manipulation that
expressions (104)–(107) remain formally valid for the com-
plex modes of this type if one takes the propagation constants
p(1)m,n given by (116) for the first or second family of the
corresponding mode solutions. Similarly, the complex modes
of the H type turn out to be magnetostatic. For them, expres-
sions (108)–(110) may be used if the propagation constants
p(2)m,n of (116) for the first or second family of these modes are
taken.

Thus, the calculation of the contribution from the complex
modes to the kernels of the integral equations is similar to
that for the propagatingmodes discussed in Appendix A, with
the only significant difference consisting in the necessity to

take into account two families of the complex modes, which
is provided by the summation over k in (81) and (85).
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