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ABSTRACT The implementation of risk hedging instruments against the inherent volatile nature of
locational marginal prices (LMPs) requires the decomposition of such economic signals into specific compo-
nents. These components are dependent on the active energy reference selection in optimal power flow (OPF)
models that govern the LMP decomposition. Active power distributed slack bus models are commonly used
to set the active energy reference in LMP decomposition frameworks to satisfy the financial interests of
electricity market participants more equitably. However, in recent years, some important energy-related
organizations have shown interest in incorporating reactive power into market-oriented OPF models. This
scenario highlights the need for research efforts focused on the formulation of distributed slack bus models
that address active and reactive powers. In this context, this paper proposes an LMP decomposition model
based on an OPF framework with a fully distributed slack bus formulation. The harmful financial impacts
of conventional reactive energy reference specification strategies in the calculation of LMP components are
explained from the perspective of market participants. In the proposed decomposition model, to overcome
such impacts, active and reactive power mismatches are compensated through the conventional active power
distributed slack bus and the proposed reactive power distributed slack bus, respectively. Thus, the double
selection of energy reference conceives a new source of negotiation between market participants in the
formulation of risk hedging instruments. Numerical simulations on the IEEE 30-bus test system show that
differences between LMP congestion components can change by 8.1300% for feasible variations in the
reactive energy reference specification.

INDEX TERMS Electricity markets, LMP decomposition, locational marginal price (LMP), optimal power
flow (OPF), reactive energy reference, reactive power distributed slack bus.

NOMENCLATURE
F (·) Total operating cost function.
I i i× i identity matrix.
n, npv, nb, ng Total number of buses, PV buses,

branches, and generators.
p, q Vectors of net active and reactive power

injections at all buses, i.e., p = pg − pd
and q = qg − qd .

pd , qd Vectors of active and reactive power
loads at all buses.

The associate editor coordinating the review of this manuscript and
approving it for publication was Behnam Mohammadi-Ivatloo.

pds, qds Active and reactive power injections
at the corresponding distributed slack
buses.

pf , qf Vectors of active and reactive power
flow functions at all buses.

pg, qg Vectors of active and reactive power
injections at all buses.

sfl Vector of apparent power flows at all
branches.

α, β Vectors of active and reactive power par-
ticipation factors.

ηp, ηp
, ηq, ηq

Vectors of Lagrange multipliers.
λp,λq Vectors of active and reactive power

LMPs at all buses.
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λpds , λqds Active and reactive power LMPs at the
corresponding distributed slack buses.

λep,λ
pl
p ,λ

c
p Vectors of active energy, active power

loss, and congestion components of
active power LMPs.

λ
ql
p ,λ

x
p Vectors of reactive power loss and state

constraint components of active power
LMPs.

µ,ϕ,ϕ Vectors of Lagrange multipliers explic-
itly used in the calculation of LMP
components.

0i,1i i×1 vectors fully composed of zeros and
ones.

I. INTRODUCTION
A. BACKGROUND AND MOTIVATION
Over the last few decades, aiming to propagate economic
efficiency through the different instances of the electric power
industry, locational marginal prices (LMPs) have emerged
as the basis of modern electricity market designs. The con-
ceptual and mathematical genesis of LMPs comes from
the propositions in [1], which provided short-term finan-
cial directives for promoting economic efficiency in the use
of electric power system (EPS) resources. This locational
approach concerning electricity pricing was expanded in [2]
to encompass practical applications. However, owing to the
unavoidable uncertainties inherent in EPS operations, LMPs
typically exhibit significant spatiotemporal volatility. This
monetary variability poses a substantial risk to the financial
goals of many electricity market participants. Therefore, risk
hedging instruments need to be adopted to mitigate the harm-
ful impacts associated with the aforementioned economic
risk. The formulation of risk hedging instruments is based
on specificmarginal components computed using appropriate
LMP decomposition models. The most widespread and con-
solidated risk hedging instruments in the current electricity
market scenario governed by LMPs are the financial trans-
mission rights (FTRs), originally proposed in [2] and [3].
FTRs are hedging tools used to mitigate the financial risks
related to transmission congestion via a payment scheme
based on LMP congestion components.

A significant portion of the optimal power flow (OPF)
models that govern the current LMP decomposition frame-
works use distributed slack strategies to offset mismatches
between active power generation, demand, and losses. How-
ever, in the context of power flow formulations typically
included in OPF constraints, the compensation schemes for
dealing with mismatches between reactive power genera-
tion, load, and losses have remained essentially the same
throughout the literature on LMP decomposition. Such reac-
tive power compensation approaches are generally based on
two modelling approaches. The first considers that reactive
power counterbalances are integrally performed on a single
energy reference bus, as assumed in [4]. This single energy
reference bus is simultaneously an active energy reference

bus and a reactive energy reference bus. The second approach
assumes a set of simplifying conditions that makes it possible
to disregard the variables associated with reactive power. This
methodology corresponds to that adopted in most proposals
presented in the LMP decomposition literature, as considered
in [5], [6], [7], and [8]. In this work, power compensations
always refer to those used in the post-optimization energy
reference (distributed slack) specifications of OPF models
that govern LMP decomposition schemes. In simplified LMP
decomposition models that neglect the constraints related to
reactive power variables, the reactive power loss components
of the LMPs are not computed. On the other hand, in LMP
decomposition approaches in which reactive power offsets
are performed on a single reactive energy reference bus, the
reactive power loss components of LMPs may or may not
be calculated depending on the OPF framework constraints.
If computed, the reactive power loss component of the LMP
associated with a given bus represents the marginal cost of
reactive power losses when the source of the active power
increment is located at this bus, and reactive power com-
pensation is performed on the single energy reference bus.
Therefore, using this class of reactive power compensation
strategies may adversely affect the financial goals of certain
electricity market participants. This harmful impact is sim-
ilar to that discussed in [5] regarding the active power loss
components of LMPs derived from decomposition models in
which active power compensation is performed on a single
active energy reference bus.

In the context of current technical-economic practices,
market settlements are usually performed by independent
system operators (ISOs) based on solving direct current opti-
mal power flow (DCOPF) models. Generation scheduling
and electricity price calculations usually satisfy the time
requirements for electricity market operations due to solution
approaches typically applied in DCOPF frameworks. How-
ever, the use of DCOPF models implies many operational
and financial adversities highlighted in current market expe-
riences and research findings. The modelling oversimplifica-
tion used in the DCOPF formulations requires constant ISO
intervention in real-time, intraday, and day-aheadmarkets [9].
Furthermore, the mismatch between the LMPs calculated
based on DCOPF approaches and the true EPSmarginal costs
requires the implementation of uplift payment schemes [9].
LMP derivations are not fully available in ISO manuals and
tariff reports [10], which adds a lack of transparency to an
environment governed by prices that often do not correspond
to real-world market operations. In the AC feasibility assur-
ance process associated with DCOPF frameworks, ISOs usu-
ally employ nomogram constraints to represent the voltage
limits and reactive power requirements [11]. Thus, different
model specifications that represent the same EPS constraints
can result in different spatiotemporal LMP patterns [11]. For
example, significantly different LMP profiles resulting from
the imposition of different nomogram constraints to represent
the same voltage constraints were shown in [12]. In the
context of practical applications, the Midwest ISO (MISO)
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has observed that nomograms do not perform satisfactorily
under voltage constraints [11]. California ISO (CAISO) has
reported that difficulties in meeting reactive power demand
have been the main source of voltage instability, a prob-
lem that has worsened with increasing active power transfer
in the electrical grid [11], [13]. Given these shortcomings,
a report produced by the Federal Energy Regulatory Com-
mission (FERC) [14] shows that there is significant interest in
employing alternating current optimal power flow (ACOPF)
models in real-world applications. The study carried out
in [15] and supported by the United States Department of
Energy (DOE) recommends intensifying efforts to improve
nonlinear, non-convex optimization algorithms dedicated to
solving ACOPF problems for market applications. A DOE
report addressed to the United States Congress [16] pointed
out the need for more accurate investigations into the tech-
nical quality of algorithms, software, data, and hypotheses
considered in current economic dispatch practices, which
could improve the reliability and viability of the national
energy supply.

Thus, there are two main reasons that justify the propo-
sition of a new reactive power compensation scheme to be
incorporated into OPF frameworks that govern LMP decom-
position models. The first corresponds to the aforementioned
possible harmful impacts on the financial interests of market
participants concerning the use of traditional reactive power
compensation schemes in conventional LMP decomposition
models. The second refers to the growing interest of impor-
tant state entities, the research community, and relevant mar-
ket participants in the incorporation of reactive power into
dispatch models that govern the market settlement process.

B. LITERATURE REVIEW
An enlightening investigation of LMP decomposition into
three components was conducted in [17]. An LMP decom-
position model based on a decoupled OPF formulation con-
sisting of independent active and reactive power optimization
instances was proposed in [18]. In [19], an approach for
disaggregating active and reactive power spot prices into
two components was presented. In such a scheme, one com-
ponent is related to operational constraints and the other
simultaneously reflects generation and losses. In the pricing
methodology proposed in [4], spot prices are decomposed
into four components: system marginal cost, security cost,
loss compensation cost, and loss cost associated with the
coupling between active and reactive powers. A nodal price
decomposition schemewas conceived in [20], in which prices
were fragmented into a wide range of components associated
with various descriptive aspects of an EPS. In [21], a strategy
for measuring the contributions of different electricity market
participants to the composition of congestion components of
nodal prices was introduced.

An LMP decomposition scheme based on loss allocation
via a distributed slack framework constituting a DCOPF was
described in [22]. In the LMP decomposition approach pro-
posed in [5], inadequate market conditions concerning OPF

single slack bus models are overcome through a distributed
slack bus formulation. To overcome the reference depen-
dency, an energy reference bus independent LMP decom-
position model was proposed in [23]. A methodology for
accurately measuring market participant impacts in comput-
ing nodal price loss components during congestion scenar-
ios was presented in [24]. A DCOPF framework governed
by a fictitious nodal demand model was proposed in [25]
for the LMP calculation and decomposition. A fourth LMP
component, called the future limit risk price, is derived in
the continuous LMP model described in [26]. The broad
formulation conceived in [6] encompasses different LMP
decomposition models and highlights the leading role of
marginal generator buses. In [27], a decomposition model
that measures the impact of various factors on the expected
value and standard deviation of LMPs was presented. A con-
ciliatory methodology for resolving disputes concerning the
energy reference specification to provide an adequate LMP
decomposition policy for FTR implementation was presented
in [7]. In [28], the formulation of a new LMP component,
called the marginal security component, was proposed to
quantify the implications of the generator contingency con-
straints. An LMP decomposition scheme that measures the
impact of binding transmission and voltage constraints was
formulated in [29]. A decomposition methodology anchored
in the structural fragmentation of LMPs and power generation
for the investigation of collusion in electricity markets was
conceived in [30]. To examine the impacts of renewable
generation on LMPs, a decomposition model was introduced
in [31] to assess the effects of the strategic behavior of
generation companies and the EPS structure on LMPs. More
recently, themarket modellingmerits provided by LMPs have
penetrated the scope of distribution systems in the form of dis-
tribution LMPs (DLMPs). DLMPdecomposition frameworks
were proposed in [32], [33], [34], and [35].

C. CONTRIBUTIONS
This paper proposes an LMP decomposition model derived
from an OPF formulation that, in addition to incorporat-
ing the conventional active power distributed slack strategy,
encompasses a new reactive power distributed slack scheme.
The main contributions of this work can be summarized as
follows:

1) The impact of the proposed reactive power distributed
compensation framework on the active power-based
market settlement process is demonstrated. Such a
decomposition approach shows that the effects of
energy reference selection on the computation of LMP
components are not restricted to the active energy ref-
erence specification conventionally employed in LMP
decomposition strategies but also encompasses reactive
energy reference selection.

2) Since FTRs are the risk hedging instruments mostly
used in LMP-based markets, special attention is given
to the impacts of the proposed decomposition frame-
work on the financialmagnitude of the LMP congestion

VOLUME 10, 2022 84915



F. O. S. Saraiva, V. L. Paucar: Locational Marginal Price Decomposition Using a Fully Distributed Slack Bus Model

components. In the proposed fully distributed slack
model, the computation of the LMP congestion com-
ponents now depends on the specification of active
and reactive energy references, which allows FTRs to
be settled under terms that more accurately reflect the
interests of market participants.

3) The independence of LMP decomposition approaches
with respect to the adoption of different power sensitiv-
ity classes is demonstrated, whereas the reactive power
distributed compensation scheme used in conventional
power flow formulations is proven to be inadequate for
such decomposition models.

D. PAPER ORGANIZATION
The remainder of this paper is organized as follows.
In Section II, optimality-based formulations and some impor-
tant caveats of conventional LMP decomposition models are
presented. The proposed LMP decomposition framework,
based on an OPF model governed by a fully distributed
compensation scheme, is derived in Section III. The market
impacts of the proposed decomposition scheme on the finan-
cial breadth associated with hedging mechanisms, such as
FTRs, are evaluated through numerical simulations presented
in Section IV. The contributions of this paper are summarized
in Section V.

II. CORNERSTONE AND REMARKS OF LMP
DECOMPOSITION MODELS
In this section, the LMP decomposition model governed by
the conventional active power distributed slack scheme is
formulated and discussed. Additionally, alternative decom-
position approaches are presented to highlight some caveats
concerning the LMP breakdown.

A. LMP DECOMPOSITION MODEL BASED ON
A CONVENTIONAL DISTRIBUTED
SLACK FRAMEWORK
Before proceeding, it is important to clarify that, as high-
lighted in [23], the concept of a conventional slack bus is
different from the definition of an active power distributed
slack bus and an active energy reference bus. In the context
of traditional power flow formulations, it is well known that
a slack bus defines the angular reference of an EPS and has a
fixed voltage magnitude and angle. In optimization environ-
ments, such as those in OPF frameworks, the specification
of the slack bus represents an excessive requirement, as it
can overly constrain optimization problems [36]. In power
flow formulations, an active power distributed slack bus is
a fictitious bus whose active power injection is distributed
across all buses based on preset participation factors. The
active power distributed slack bus is used to balance the
mismatch between active power generation, demand, and
losses. However, in the context of OPF frameworks, the use
of active power distributed slack bus makes sense only for
post-optimization LMP decomposition purposes. Therefore,
in this work, OPF models governing LMP decomposition

schemes always refer to models used in the post-optimization
mathematical derivation of LMP components. The active
power distributed slack bus defines the active energy refer-
ence bus. Thus, in OPF approaches, active power distributed
slack and active energy reference buses can be mentioned
interchangeably. The slack bus can coincide with the active
power distributed slack bus (active energy reference bus),
although this is not common practice [23]. This coincidence is
verified when the participation factors of all EPS buses in an
active power distributed slack bus approach are zero, except
that related to the slack bus, which is equal to one.

In the OPF frameworks that govern most LMP decompo-
sition approaches, power mismatch compensation method-
ologies are based either on traditional power flow equations
or on the incorporation of distributed slack bus to handle
only active power in the context of power flow formula-
tions. Here, the conventional LMP decomposition approach is
based on an OPF formulation with an active power distributed
slack bus model. This OPF formulation aims to minimize
the total operating cost without violating a predefined set of
EPS constraints. The main challenge associated with mod-
elling the decomposition approach based on the present OPF
framework is the implementation of the post-optimization
sensitivity vectors used in the LMP decomposition equations.
Following the assumptions made in [5], [6], and [7], the
current OPF model considers that there is sufficient reactive
power availability to maintain EPS bus voltage magnitudes
of one per unit. Thus, the OPF framework is defined as:

min F
(
pgb
)
=

ng∑
i=1

Ci
(
pgb,i

)
(1)

s.t. pds = 0 (2)

− pg − αpds + pd + pf = 0n (3)

sfl − smaxfl ≤ 02nb (4)

pgb − p
max
gb ≤ 0ng (5)

− pgb + p
min
gb ≤ 0ng (6)

where Ci
(
pgb,i

)
denotes the bid function submitted by the

ith generator. The superscripts (·)max and (·)min represent the
upper and lower limits of the quantities associated with these
notations, respectively. The vector pgb is formed by the active
power injections at generation buses, and is given by:

pgb = Agpg (7)

where Ag is an ng × n matrix whose generic element Ag,ij is
equal to one if the ith generator is connected to the jth bus or
is equal to zero otherwise. The scalar pgb,i is the ith element
of the vector pgb. In the present OPF approach, the active
power injection in the active power distributed slack bus must
be zero, which is represented by constraint (2). Equation (3)
encompasses the active power balance constraints for all
buses. Inequality (4) is composed of transmission capacity
constraints. To make the current model compatible with the
OPF formulations presented later, the transmission capacity
constraints in (4) are expressed in terms of apparent power

84916 VOLUME 10, 2022



F. O. S. Saraiva, V. L. Paucar: Locational Marginal Price Decomposition Using a Fully Distributed Slack Bus Model

flows. Inequalities (5) and (6) represent the upper and lower
limits of active power generation, respectively.

The Lagrange function of the OPF problem formulated
in (1)–(6) can be written as follows:

L = F
(
pgb
)
+ pdsλpds +

[
sfl − smaxfl

]T
µ

+
[
−pg − αpds + pd + pf

]T
λp

+

[
pgb − p

max
gb

]T
ηp +

[
−pgb + p

min
gb

]T
η
p
. (8)

TheKarush–Kuhn–Tucker (KKT) necessary conditions for
optimality of the OPF solution are derived as:

∂L
∂pgb

=
∂F
∂pgb
− λpgb + ηp − ηp

= 0ng (9)

∂L
∂θ
=

(
∂pf
∂θ

)T
λp +

(
∂sfl
∂θ

)T
µ = 0n−1 (10)

∂L
∂pds

= λpds − α
Tλp = 0 (11)

where θ is the vector containing the voltage angles at all buses
except the EPS slack bus. The vector λpgb is formed by the
LMPs at the generation buses and is obtained as follows:

λpgb = Agλp. (12)

For simplicity, the complementary slackness conditions are
not presented in this paper. Furthermore, in the notational
definitions used in this work, LMP and active power LMP
can be used interchangeably. By rearranging (10) and (11),
the following equality can be obtained:(∂pf∂θ

)T
λp

−αTλp


=

−(∂sfl∂θ
)T

µ

−λpds


H⇒

(∂pf∂θ
)T

−αT

λp =
−(∂sfl∂θ

)T
µ

−λpds


H⇒ λp =

[[
∂pf
∂θ

−α

]−1]T −(∂sfl∂θ
)T

µ

−λpds

.
(13)

By differentiating (3) with respect to p, the Jacobian matrix
of the power flow equations in (3) can be derived as follows:

−
∂
(
pg − pd

)
∂p

− α

(
∂pds
∂p

)T
+
∂pf
∂p
= 0n×n

H⇒ −
∂p
∂p
− α

(
∂pds
∂p

)T
+
∂pf
∂θ

∂θ

∂p
= 0n×n

H⇒

[
∂pf
∂θ

−α

]
∂θ

∂p(
∂pds
∂p

)T
 = In

H⇒

[
∂pf
∂θ

−α

]
=


∂θ

∂p(
∂pds
∂p

)T

−1

(14)

where 0i×i is a i× i matrix fully composed of zeros.
Now, substituting (14) into (13) gives

λp =

[(
∂θ

∂p

)T
∂pds
∂p

]−(∂sfl∂θ
)T

µ

−λpds


= −

∂pds
∂p

λpds −

(
∂θ

∂p

)T (∂sfl
∂θ

)T
µ. (15)

The network active power losses are calculated as follows:

pl = 1Tn p+ pds. (16)

Thus, by differentiating (16) with respect to p, the vector
relation containing the loss sensitivity factors is computed as
follows:

∂pds
∂p
= −1n +

∂pl
∂p
. (17)

Finally, substituting (17) into (15) results in:

λp = 1nλpds︸ ︷︷ ︸
λep

−
∂pl
∂p
λpds︸ ︷︷ ︸
λ
pl
p

−

(
∂sfl
∂p

)T
µ︸ ︷︷ ︸

λcp

. (18)

Equation (18) provides the three classical LMP compo-
nents derived from the decomposition model based on the
conventional distributed slack approach.

B. DECOMPOSITION APPROACH BASED ON A
CENTRALIZED REACTIVE SLACK SCHEME
In this section, the impact of including a conventional reac-
tive power mismatch compensation scheme in the context
of LMP decomposition models is derived. For this purpose,
in the OPF model that underpins the LMP decomposition
scheme considered here, the active power counterbalance
follows the strategy formulated in Section II-A and the
reactive power compensation follows the scheme adopted
in [4]. The inclusion of the conventional reactive power
compensation approach imposes an additional modelling
hurdle, as it increases the complexity of implementing the
post-optimization sensitivity vectors that form the LMP
decomposition equations. In this centralized reactive power
compensation model, the offset of mismatches between reac-
tive power generation, load, and losses is performed exclu-
sively on a reactive energy reference bus. It is important to
note that despite being conceptually different, slack, active
energy reference, and reactive energy reference buses can
alternatively coincide. For example, it is possible for the slack
bus to coincide with only the active energy reference bus,
only the reactive energy reference bus, both energy reference
buses, or none of the energy reference buses. In this context,
the OPF problem is formulated as follows:

min F
(
pgb
)

(19)
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s.t. − qg,r + qd,r + qf ,r = 0 (20)

− qg,r + qd,r + qf ,r = 0n−1 (21)

qgb − q
max
gb ≤ 0ng (22)

− qgb + q
min
gb ≤ 0ng (23)

x− xmax ≤ 02n−2 (24)

− x+ xmin ≤ 02n−2 (25)

(2)–(6)

where qg,r , qd,r , and qf ,r denote the elements associated
with the reactive energy reference bus in vectors qg, qd ,
and qf , respectively. Similarly, qg,r , qd,r , and qf ,r are vectors
containing only the elements associated with buses that are
not the reactive energy reference bus in vectors qg, qd , and
qf , respectively. The vector qgb is formed by reactive power
injections at generation buses. Specifically, these relation-
ships can be defined as follows:[

qg,r qd,r qf ,r
qg,r qd,r qf ,r

]
=

[
aTr
Ar

] [
qg qd qf

]
(26)

qgb = Agqg (27)

where ar is the n × 1 vector whose generic element ar,i is
equal to one if the ith bus is the reactive energy reference
bus or is equal to zero otherwise. Assuming that the ith bus
is the reactive energy reference bus, the (n− 1) × n matrix
Ar results from an n × n identity matrix In whose ith row
is eliminated. The vector of state variables x contains the
voltage angles and magnitudes at all buses except those at
the EPS slack bus. Equation (20) is the reactive power bal-
ance constraint at the reactive energy reference bus, and (21)
represents the reactive power balance constraints at buses
that are not the reactive energy reference bus. Inequalities
(22) and (23) encompass the upper and lower limits of reac-
tive power generation, respectively. Inequalities (24) and (25)
comprise the upper and lower bounds of the state variables,
respectively.

The Lagrangian function of the OPF problem is given by:

L = F
(
pgb
)
+ pdsλpds +

[
sfl − smaxfl

]T
µ

+
[
−pg − αpds + pd + pf

]T
λp

+
[
−qg,r + qd,r + qf ,r

]
λq,r

+
[
−qg,r + qd,r + qf ,r

]T
λq,r

+

[
pgb − p

max
gb

]T
ηp +

[
−pgb + p

min
gb

]T
η
p

+

[
qgb − q

max
gb

]T
ηq +

[
−qgb + q

min
gb

]T
η
q

+
[
x− xmax

]T
ϕ +

[
−x+ xmin

]T
ϕ (28)

where the scalar λq,r corresponds to the element associated
with the reactive energy reference bus in vector λq. The vector
λq,r contains only the elements related to the buses that are
not the reactive energy reference bus in vector λq. These
relationships can be written as follows:[

λq,r
λq,r

]
=

[
aTr
Ar

]
λq. (29)

The KKT necessary conditions for optimality of the OPF
solution are composed of (9) and (11), and the following
relations:

∂L
∂qgb

= −λqgb + ηq − ηq
= 0ng (30)

∂L
∂x
=

(
∂pf
∂x

)T
λp +

(
∂qf ,r
∂x

)T
λq,r +

∂qf ,r
∂x

λq,r

+

(
∂sfl
∂x

)T
µ+ ϕ − ϕ = 02n−2 (31)

where λqgb is the vector containing the reactive power LMPs
at the generation buses, and is obtained as follows:

λqgb = Agλq. (32)

By rearranging (11) and (31), it is possible to formulate the
matrix relation defined in (33), as shown at the bottom of the
page.

Let qr = qg,r − qd,r be the vector containing the net
reactive power injections at buses that are not the reactive
energy reference bus. To obtain the Jacobian matrix of the
power flow equations (3) and (21), relations (3) and (21) are
differentiated with respect to p and qr as follows:

−
∂
(
pg − pd

)
∂p

− α

(
∂pds
∂p

)T
+
∂pf
∂p
= 0n×n

(∂pf∂x
)T

λp +

(
∂qf ,r
∂x

)T
λq,r

−αTλp

 =
−∂qf ,r∂x

λq,r −

(
∂sfl
∂x

)T
µ− ϕ + ϕ

−λpds


H⇒

(∂pf∂x
)T (

∂qf ,r
∂x

)T
−αT 0Tn−1

[ λp
λq,r

]
=

−∂qf ,r∂x
λq,r −

(
∂sfl
∂x

)T
µ− ϕ + ϕ

−λpds



H⇒

[
λp
λq,r

]
=



∂pf
∂x

−α

∂qf ,r
∂x

0n−1


−1

T −∂qf ,r∂x

λq,r −

(
∂sfl
∂x

)T
µ− ϕ + ϕ

−λpds

.
(33)
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H⇒ −
∂p
∂p
− α

(
∂pds
∂p

)T
+
∂pf
∂x

∂x
∂p
= 0n×n

H⇒

[
∂pf
∂x

−α

]
∂x
∂p(
∂pds
∂p

)T
 = In (34)

−α

(
∂pds
∂qr

)T
+
∂pf
∂qr
= 0n×(n−1)

H⇒ −α

(
∂pds
∂qr

)T
+
∂pf
∂x

∂x
∂qr
= 0n×(n−1)

H⇒

[
∂pf
∂x

−α

]
∂x
∂qr(
∂pds
∂qr

)T
 = 0n×(n−1)

(35)
∂qf ,r
∂p

= 0(n−1)×n H⇒
∂qf ,r
∂x

∂x
∂p
= 0(n−1)×n (36)

−
∂
(
qg,r − qd,r

)
∂qr

+
∂qf ,r
∂qr
= 0(n−1)×(n−1)

H⇒ −
∂qr
∂qr
+
∂qf ,r
∂x

∂x
∂qr
= 0(n−1)×(n−1)

H⇒
∂qf ,r
∂x

∂x
∂qr
= In−1. (37)

Equations (34)–(37) can be combined to form the Jacobian
matrix, as follows:


∂pf
∂x

−α

∂qf ,r
∂x

0n−1

 =


∂x
∂p

∂x
∂qr(

∂pds
∂p

)T (
∂pds
∂qr

)T

−1

.

(38)

Substituting (38) into (33) gives (39), as shown at the
bottom of the page.

The active power transmission losses can be computed
using (16), and the reactive power transmission losses are

calculated as follows:

ql = 1Tn−1qr + qg,r − qd,r . (40)

Differentiating (16) with respect to qr and differentiat-
ing (40) with respect to p and qr yields

∂pl
∂qr
=
∂pds
∂qr

(41)

∂ql
∂p
=
∂qg,r
∂p
=
∂
(
qd,r + qf ,r

)
∂p

=
∂qf ,r
∂p

(42)

∂ql
∂qr
= 1n−1 +

∂qg,r
∂qr
= 1n−1 +

∂
(
qd,r + qf ,r

)
∂qr

= 1n−1 +
∂qf ,r
∂qr

. (43)

By grouping (17) and (41)–(43), the matrix containing the
active and reactive power loss sensitivity factors is obtained
as:

∂pds
∂p

∂qf ,r
∂p

∂pds
∂qr

∂qf ,r
∂qr

 =
−1n +

∂pl
∂p

∂ql
∂p

∂pl
∂qr

−1n−1 +
∂ql
∂qr

.
(44)

Substituting (44) into (39) gives

[
λp
λq,r

]
=

1n −
∂pl
∂p

−
∂ql
∂p

−
∂pl
∂qr

1n−1 −
∂ql
∂qr

[ λpds
λq,r

]

−


(
∂sfl
∂p

)T
(
∂sfl
∂qr

)T
µ−


(
∂x
∂p

)T
(
∂x
∂qr

)T
[ϕ − ϕ].

(45)

In current LMP-based market practices, financial set-
tlements are mostly carried out through active power
LMPs. Thus, based on (45), the active power LMPs can

[
λp
λq,r

]
=


(
∂x
∂p

)T
∂pds
∂p(

∂x
∂qr

)T
∂pds
∂qr


−∂qf ,r∂x

λq,r −

(
∂sfl
∂x

)T
µ− ϕ + ϕ

−λpds



= −


∂pds
∂p

(
∂x
∂p

)T ∂qf ,r
∂x

∂pds
∂qr

(
∂x
∂qr

)T ∂qf ,r
∂x

[ λpdsλq,r

]
+


(
∂x
∂p

)T
(
∂x
∂qr

)T

[
−

(
∂sfl
∂x

)T
µ− ϕ + ϕ

]

= −


∂pds
∂p

∂qf ,r
∂p

∂pds
∂qr

∂qf ,r
∂qr

[ λpds
λq,r

]
+

−
(
∂sfl
∂p

)T
−

(
∂sfl
∂qr

)T
µ+


(
∂x
∂p

)T
(
∂x
∂qr

)T
[−ϕ + ϕ]. (39)
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be written as:

λp = 1nλpds︸ ︷︷ ︸
λep

−
∂pl
∂p
λpds︸ ︷︷ ︸

λ
pl
p

−
∂ql
∂p
λq,r︸ ︷︷ ︸

λ
ql
p

−

(
∂sfl
∂p

)T
µ︸ ︷︷ ︸

λcp

−

(
∂x
∂p

)T [
φ − φ

]
︸ ︷︷ ︸

λxp

. (46)

In this way, (46) gives the five LMP components from
the decomposition approach based on the conventional active
power distributed slack scheme and the traditional single bus
reactive power slack model.

C. CAVEATS
There is a lack of homogeneity in the literature regarding the
definition of the power class (injection or demand) used in
the differentiation of the power flow equations that govern
the computation of the LMP components. For example, the
decomposition model described in [23] is based on sensitivi-
ties with respect to the power demand, whereas the approach
proposed in [6] is governed by sensitivities with respect to
the power injection. In the current paper, all decomposition
models are based on a broader sensitivity approach, which
considers the differentiation of power flow equations with
respect to net power injections.

Throughout the mathematical derivation of the decom-
position approach in Section II-B, the equalities (3), (16),
(21), and (40) were differentiated with respect to p and qr .
However, if (3), (16), (21), and (40) are differentiated with
respect to pd and qd,r , it is possible to obtain the following
LMP decomposition:

λp = 1nλpds +
∂pl
∂pd

λpds +
∂ql
∂pd

λq,r +

(
∂sfl
∂pd

)T
µ

+

(
∂x
∂pd

)T [
ϕ − ϕ

]
. (47)

However, observing that
∂x
∂p

∂x
∂qr(

∂pds
∂p

)T (
∂pds
∂qr

)T


= −


∂x
∂pd

∂x
∂qd,r(

∂pds
∂pd

)T (
∂pds
∂qd,r

)T
 (48)

it can be concluded that the LMP components of the decom-
position models in (46) and (47) are identical. If the same
procedures used to derive (47) and (48) are adopted in the
scope of the sensitivities with respect to pg and qg,r , the
same equivalence will be identified. Thus, decomposition
models based on the proposed sensitivities with respect to
net power injection, and on the conventional sensitivities with

respect to power injection or demand, provide the same LMP
components.

This paper proposes a decomposition scheme based on
the incorporation of a new reactive power distributed slack
model. However, traditional power flow formulations are
already based on a distributed reactive power slack scheme in
which mismatches between reactive power generation, load,
and losses are counterbalanced in conventional slack and
PV buses. In OPF frameworks, bus categorization represents
an excessive modelling practice that limits the feasible pos-
sibilities for OPF problem formulation and solutions [36].
Despite the possibility of incorporating the reactive power
distributed compensation scheme based on slack and PV
buses in the OPF formulations, it is impossible to design LMP
decomposition models corresponding to such formulations
considering current market practices. To demonstrate this
impossibility, it is now considered that the compensation of
reactive power mismatches is no longer performed solely
on a reactive energy reference bus (the approach used in
Section II-B), but on slack and PV buses. Thus, the slack
and PV buses can be considered as a type of reactive power
distributed slack bus and can be assumed to be the reac-
tive energy reference bus. In this context, the OPF model
is given by:

min F
(
pgb
)

(49)

s.t. − qg,s + qd,s + qf ,s = 0 (50)

− qg,pv + qd,pv + qf ,pv = 0npv (51)

− qg,spv + qd,spv + qf ,spv = 0n−1−npv (52)

xspv − xmaxspv ≤ 02n−2−npv (53)

− xspv + xminspv ≤ 02n−2−npv (54)

(2)–(6) and (22)–(25)

where qg,s, qd,s, and qf ,s represent only the elements associ-
ated with the slack bus in vectors qg, qd , and qf , respectively.
The vectors qg,pv, qd,pv, and qf ,pv contain only the elements
associated with the PV buses in vectors qg, qd , and qf ,
respectively. The vectors qg,spv, qd,spv, and qf ,spv contain only
the elements associated with buses that are not slack or PV
buses in vectors qg, qd , and qf , respectively. Therefore, these
relations can be written as: qg,s qd,s qf ,s

qg,pv qd,pv qf ,pv
qg,spv qd,spv qf ,spv

 =
 aTs
Apv
Aspv

[ qg qd qf
]
(55)

where as is the n × 1 vector whose generic element as,i is
equal to one if the ith bus is the slack bus, and is equal to zero
otherwise. Assuming that � is the set containing the indices
of those buses that are not PV buses, the npv × n matrix Apv
is the one resulting from an n × n identity matrix In whose
ith rows are eliminated ∀i ∈ �. Similarly, assuming that ϒ
is the set of slack and PV bus indices, the

(
n− npv − 1

)
× n

matrix Aspv is the one resulting from a n × n identity matrix
In whose ith rows are eliminated ∀i ∈ ϒ . The vector of state
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variables xspv contains the voltage angles at all buses, except
the slack bus, and the voltage magnitudes at all buses, except
the slack and PV buses. Equations (50) and (51) represent the
reactive power balance constraints at the slack and PV buses,
respectively. Equation (52) encompasses the reactive power
balance constraints at buses that are not slack or PV buses.

Let qspv = qg,spv − qd,spv be the vector containing the
net reactive power injections at buses that are not slack or
PV buses. Following procedures analogous to those used in
the formulation of (38), by differentiating (3) and (52) with
respect to p and qspv, the Jacobian matrix of the power flow
equations (3) and (52) can be derived as:

∂pf
∂xspv

−α

∂qf ,spv
∂xspv

0n−1−npv

 =


∂xspv
∂p

∂xspv
∂qspv(

∂pds
∂p

)T (
∂pds
∂qspv

)T

−1

.

(56)

The active power transmission losses are calculated using
(16), and the reactive power transmission losses are computed
as:

ql = 1Tn−1−npvqspv + qg,s − qd,s + 1Tnpvqg,pv

−1Tnpvqd,pv. (57)

Following steps similar to those employed in the derivation
of (44), by differentiating (16) and (57) with respect to p
and qspv, the matrix containing the active and reactive power
loss sensitivity factors is formulated in (58), as shown at the
bottom of the page.

Taking steps analogous to those used in LMP decomposi-
tion (39), the following relationship can be obtained:

[
λp
λq,spv

]
= −


∂pds
∂p

∂qf ,s
∂p

(
∂qf ,pv
∂p

)T
∂pds
∂qspv

∂qf ,s
∂qspv

(
∂qf ,pv
∂qspv

)T

 λpds
λq,s
λq,pv



−


(
∂sfl
∂p

)T
(
∂sfl
∂qspv

)T
µ+


(
∂x
∂p

)T
(
∂x
∂qspv

)T


×

[
−ϕ + ϕ

]
(59)

where the scalar λq,s is the element associated with the slack
bus in vector λq. The vector λq,pv is formed by the elements
associated with the PV buses in vector λq. The vector λq,spv

contains only the elements associated with the buses that are
not slack or PV buses in vector λq. These relationships are
given by:  λq,s

λq,pv
λq,spv

 =
 aTs
Apv
Aspv

λq. (60)

It is possible to substitute (58) into (59) only if 1npvλq,s =
λq,pv, which makes such a decomposition unfeasible for mar-
ket practices, as it requires that the reactive power LMPs of
all slack and PV buses are always identical.

III. PROPOSED LMP DECOMPOSITION MODEL
The proposed LMP decomposition approach is based on an
OPF formulation integrated with a fully distributed slack
bus model. In this approach, the active power mismatch
compensation scheme follows the formulation presented in
Section II-A, and the reactive power mismatch compensation
is performed using a proposed reactive power distributed
slack bus model. Despite modelling challenges similar to
those in the decomposition approach of Section II-B con-
cerning the implementation of post-optimization sensitivity
vectors, the proposed decomposition model offers infinite
possibilities for reactive power compensation strategies,
including the one in Section II-B. An overview of the com-
pensation frameworks to offset mismatches between gener-
ation, load, and losses used in LMP decomposition models
in the literature is illustrated in Fig. 1. The OPF framework
that governs the proposed LMP decomposition model is
defined as:

min F
(
pgb
)

(61)

s.t. qds = 0 (62)

− qg − βqds + qd + qf = 0n (63)

(2)–(6) and (22)–(25).

A reactive power distributed slack bus integrated into
a power flow model is a fictitious node that exists only
in the scope of mathematical formulation. For optimiza-
tion purposes, the reactive power injection into the reac-
tive power distributed slack bus must be zero, as indicated
by constraint (62). However, in power flow applications or
ex post sensitivity analysis used in deriving LMP compo-
nents, mismatches compensated through injections in the
reactive power distributed slack bus are considered. The
amount of reactive power injected into the reactive power
distributed slack bus is distributed among all the EPS buses
based on the proportion defined by the participation factors of


∂pds
∂p

∂qf ,s
∂p
+

(
∂qf ,pv
∂p

)T
1npv

∂pds
∂qspv

∂qf ,s
∂qspv

+

(
∂qf ,pv
∂qspv

)T
1npv

 =
−1n +

∂pl
∂p

∂ql
∂p

∂pl
∂qspv

−1n−1−npv +
∂ql
∂qspv

 (58)
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vector β. Equation (63) represents the reactive power balance
constraints for all buses.

The Lagrange function of the proposed OPF problem can
be formulated as:

L = F
(
pgb
)
+ pdsλpds + qdsλqds

+

[
sfl − smaxfl

]T
µ

+
[
−pg − αpds + pd + pf

]T
λp

+
[
−qg − βqds + qd + qf

]T
λq

+

[
pgb − p

max
gb

]T
ηp +

[
−pgb + p

min
gb

]T
η
p

+

[
qgb − q

max
gb

]T
ηq +

[
−qgb + q

min
gb

]T
η
q

+
[
x− xmax

]T
ϕ +

[
−x+ xmin

]T
ϕ. (64)

The KKT necessary conditions for optimality of the OPF
solution are composed of (9), (11), and (30), and the follow-
ing equalities:

∂L
∂x
=

(
∂pf
∂x

)T
λp +

(
∂qf
∂x

)T
λq +

(
∂sfl
∂x

)T
µ+ ϕ

−ϕ = 02n−2 (65)
∂L
∂qds

= λqds − β
Tλq = 0. (66)

Combining (11), (65), and (66) inmatrix form, it is possible
to obtain the relation defined in (67), as shown at the bottom
of the page.

To calculate the Jacobian matrix of the power flow equa-
tions (3) and (63), the relation (3) is differentiated with
respect to q, while (63) is differentiated with respect to p and
q as follows:

−α

(
∂pds
∂q

)T
+
∂pf
∂q
= 0n×n

H⇒ −α

(
∂pds
∂q

)T
+
∂pf
∂x

∂x
∂q
= 0n×n

H⇒

[
∂pf
∂x

−α

]
∂x
∂q(
∂pds
∂q

)T
 = 0n×n (68)

−β

(
∂qds
∂p

)T
+
∂qf
∂p
= 0n×n

H⇒ −β

(
∂qds
∂p

)T
+
∂qf
∂x

∂x
∂p
= 0n×n

H⇒

[
∂qf
∂x

−β

]
∂x
∂p(
∂qds
∂p

)T
 = 0n×n (69)

−
∂
(
qg − qd

)
∂q

− β

(
∂qds
∂q

)T
+
∂qf
∂q
= 0n×n

H⇒ −
∂q
∂q
− β

(
∂qds
∂q

)T
+
∂qf
∂x

∂x
∂q
= 0n×n

H⇒

[
∂qf
∂x

−β

]
∂x
∂q(
∂qds
∂q

)T
 = In. (70)

Combining (34) and (68)–(70) in matrix form, it is possible
to obtain the Jacobian matrix as follows:


∂pf
∂x

−α 0n
∂qf
∂x

0n −β

 =


∂x
∂p

∂x
∂q(

∂pds
∂p

)T (
∂pds
∂q

)T
(
∂qds
∂p

)T (
∂qds
∂q

)T



−1

.

(71)

Substituting (71) into (67) gives (72), as shown at the
bottom of the next page. The transmission active power losses


(
∂pf
∂x

)T
λp +

(
∂qf
∂x

)T
λq

−αTλp
−βTλq

 =
−

(
∂sfl
∂x

)T
µ− ϕ + ϕ

−λpds
−λqds



H⇒


(
∂pf
∂x

)T (
∂qf
∂x

)T
−αT 0Tn
0Tn −βT

[ λpλq
]
=

−
(
∂sfl
∂x

)T
µ− ϕ + ϕ

−λpds
−λqds



H⇒

[
λp
λq

]
=



∂pf
∂x

−α 0n
∂qf
∂x

0n −β


−1

T −

(
∂sfl
∂x

)T
µ− ϕ + ϕ

−λpds
−λqds

. (67)
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FIGURE 1. Diagram of different power compensation frameworks, where
centralized compensation approaches are represented by single lines
connected to a generic single slack bus k and distributed compensation
approaches are represented by lines connected to all buses.

are calculated using (16), and the transmission reactive power
losses are computed as follows:

ql = 1Tn q+ qds. (73)

Differentiating (16) with respect to q and differentiat-
ing (73) with respect to p and q results in:

∂pl
∂q
=
∂pds
∂q

(74)

∂ql
∂p
=
∂qds
∂p

(75)

∂ql
∂q
= 1n +

∂qds
∂q

. (76)

Equations (17) and (74)–(76) can be combined to form
the matrix composed of the active and reactive power loss
sensitivity factors, as follows:
∂pds
∂p

∂qds
∂p

∂pds
∂q

∂qds
∂q

 =
−1n +

∂pl
∂p

∂ql
∂p

∂pl
∂q

−1n +
∂ql
∂q

. (77)

Substituting (77) into (72) results in

[
λp
λq

]
=

1n −
∂pl
∂p

−
∂ql
∂p

−
∂pl
∂q

1n −
∂ql
∂q

[ λpds
λqds

]

−


(
∂sfl
∂p

)T
(
∂sfl
∂q

)T
µ−


(
∂x
∂p

)T
(
∂x
∂q

)T
[ϕ − ϕ].

(78)

Finally, from (78), the active power LMPs can be decom-
posed as follows:

λp = 1nλpds︸ ︷︷ ︸
λep

−
∂pl
∂p
λpds︸ ︷︷ ︸

λ
pl
p

−
∂ql
∂p
λqds︸ ︷︷ ︸

λ
ql
p

−

(
∂sfl
∂p

)T
µ︸ ︷︷ ︸

λcp

−

(
∂x
∂p

)T [
ϕ − ϕ

]
︸ ︷︷ ︸

λxp

. (79)

[
λp
λq

]
=


(
∂x
∂p

)T
∂pds
∂p

∂qds
∂p(

∂x
∂q

)T
∂pds
∂q

∂qds
∂q


−

(
∂sfl
∂x

)T
µ− ϕ + ϕ

−λpds
−λqds



= −


∂pds
∂p

∂qds
∂p

∂pds
∂q

∂qds
∂q

[ λpds
λqds

]
+


(
∂x
∂p

)T
(
∂x
∂q

)T

[
−

(
∂sfl
∂x

)T
µ− ϕ + ϕ

]

= −


∂pds
∂p

∂qds
∂p

∂pds
∂q

∂qds
∂q

[ λpds
λqds

]
−


(
∂sfl
∂p

)T
(
∂sfl
∂q

)T
 µ−


(
∂x
∂p

)T
(
∂x
∂q

)T
[ϕ − ϕ]. (72)
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Therefore, (79) provides the five LMP components from
the decomposition model based on the traditional active
power distributed slack approach and the proposed reactive
power distributed slack scheme. The proposed decomposition
model overcomes the inadequate point-to-point bidirectional
relationship between active power increment and reactive
power compensation in the context of LMP reactive power
loss components of conventional decomposition approaches
described in Section I.

In the new decomposition approach, the reactive power
loss component of the LMP related to a specific bus is the
marginal cost of reactive power losses when the source of the
active power increment is situated on this bus, and the reactive
power compensation is distributed across the EPS buses. This
distributed reactive power compensation follows the propor-
tion defined by the participation factors that constitute the
vector β. Thus, the proposed decomposition model provides
a more adequate reactive power compensation framework,
as it expands the range of possibilities for reactive energy
reference specifications capable of harmonizing the interests
of market participants.

There are several methodological possibilities through
which participation factors constituting vector β can be cal-
culated. Only three distinct approaches are presented, whose
formulations represent the adaptation of the active power
participation factor specification strategies in [37] for the
reactive power instance. More sophisticated policies to obtain
such factors are beyond the scope of this paper.

The first reactive energy reference specification policy is
defined as:

βi =

{
1, ∀i ∈ S
0, ∀i /∈ S

(80)

where S is the unit set containing the single slack bus
index.

In the participation factor specification model presented
in (80), the reactive power output of a single generator is
adjusted to achieve the reactive power balance of an EPS.
Evidently, this policy corresponds to the conventional reac-
tive power compensation scheme employed in decomposition
models that consider the impact of reactive power on active
power LMPs, as discussed in Section I.

The second reactive energy reference specification policy
is given by:

βi =
qg,i
1Tn qg

, ∀i ∈ N (81)

where N is the set formed by the indices of all buses and qg,i
is the ith element of the vector qg.

Essentially, in the participation factor computation strategy
proposed in (81), the reactive power outputs of all generators
are adjusted to enable the reactive power balance of an EPS,
respecting the injection proportion defined by the participa-
tion factors.

Finally, the third reactive energy reference specification
policy is governed by the following relationship:

βi =
qd,i
1Tn qd

, ∀i ∈ N . (82)

where qd,i is the ith element of the vector qd .
In the participation factor calculation scheme defined

in (82), the reactive power balance of an EPS is achieved
by distributing the reactive power mismatch between all the
buses that have reactive loads.

IV. SIMULATION RESULTS
In this section, the financial impacts of the proposed
decomposition model are presented and analyzed through
simulations performed on the IEEE 30-bus test system.
Unless otherwise noted, the network data of the IEEE 30-bus
test system follow what is defined in [38], and the gen-
eration data follow what is proposed in [39]. The conven-
tional and proposed decomposition models are implemented
in MATLAB.

A. COMPARISON BETWEEN DECOMPOSITION MODELS
To explain further constraint modifications considered in the
context of the IEEE 30-bus test system, the voltage lim-
its defined in [40] are initially adopted. It is assumed that
the conventional and proposed LMP decomposition models
employ the load power adjustment variation defined in [37]
as the active energy reference specification scheme. Further-
more, the proposed LMP decomposition approach adopts
the reactive energy reference specification model described
in (82). Initially, the LMPs and their components are calcu-
lated using the decomposition model proposed in Section III.
From this computation, it is possible to verify that the state
constraint components in λxp, in terms of absolute values, sig-
nificantly prevail over λplp , λ

ql
p , and λcp. For example, in terms

of absolute value, the state constraint component represents
95.5372% of the LMP at bus 1. LMP decomposition poli-
cies are fundamental to the implementation of risk hedging
instruments in LMP-based markets. The most consolidated
hedging tools in terms of practical applications are the FTRs,
whose implementation is based on LMP congestion compo-
nents. Some works consider that the LMP state constraint
component derived in this paper is part of the LMP congestion
component, as observed in [23]. However, this paper focuses
on LMP congestion components that are purely associated
with transmission power flow constraints. Because the essen-
tial purpose of the simulations performed in this paper is to
assess the impact of the proposed decomposition model on
financial settlements related to transmission congestion, such
as in FTRs, a slight increase in voltage limits is considered.
The lower and upper bus voltage limits are assumed to be
0.9 p.u. and 1.1 p.u., respectively. These new voltage limits
are adopted in the simulations associated with the current
comparison between decomposition models and in the sim-
ulations performed in Section IV-B. Such modifications are
necessary for two reasons. First, to avoid the suspicion that
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the voltage magnitude constraints are conveniently specified
in order to purposely provide large discrepancies between the
results arising from the conventional decomposition approach
of Section II-A and the proposed decomposition model of
Section III. Second, to focus research efforts on analyzing the
impact of the proposed decomposition scheme on congestion
pricing via differences between the components of vector λcp.
Given the new voltage limits, the application of the proposed
decomposition model produces LMP state constraint compo-
nents and LMP congestion components equal to zero, which
is expected.

It is essential to emphasize that it is absolutely expected
that the application of different LMP decomposition models
in the context of the same test system will produce different
values for the LMPs and their respective components. The
simulations performed in this section are not intended to
corroborate the superiority of onemodel over another in terms
of pricing magnitude. A model capable of providing lower
LMPs is not necessarily better than one that provides higher
LMPs. The main purpose of the comparison between decom-
position approaches carried out in this section is to con-
textualize the decomposition model proposed in Section III
with respect to referential results from a conventional decom-
position scheme, such as that described in Section II-A.
A feasible modification is made in the transmission limit
of only one of the test system branches to contextualize
the differences between the LMP components arising from
the conventional decomposition strategy and the proposed
decomposition model. The transmission limit of the branch
between buses 6 and 28 is reduced from 32MVA to 13 MVA.
In view of the changes, LMPs and their components produced
by the conventional and proposed decomposition models are
shown in Table 1. Fig. 2 is included to highlight the spatial
profile of LMPs produced by the conventional and proposed
decomposition models. The total operating costs associated
with the application of the conventional and proposed decom-
position approaches are 570.9775 $/h and 510.0407 $/h,
respectively.

In addition to contextualization, the comparisons made in
this section also aim to introduce the metrics used to improve
financial investigations of LMP congestion components from
different decomposition cases. The metrics used to mea-
sure the disparity between LMP congestion components are
defined as follows:

δki,j =

{
λ
c,k
p,i − λ

c,k
p,j , i 6= j

0, i = j
(83)

1
k,m
i,j =

{
δki,j − δ

m
i,j, i 6= j

0, i = j
(84)

1k−→m
i,j =


−100

1
k,m
i,j∣∣∣δki,j∣∣∣ , (i 6= j) ∧

(
δki,j 6= 0

)
0, (i = j) ∧

(
δki,j 6= 0

)
9,

(
δki,j = 0

) (85)

FIGURE 2. LMPs produced by the conventional (Case 1) and proposed
(Case 2) decomposition models in the comparative investigation scenario.

1k,m = max
(
1k,m

)
(86)

1k−→m = max
(
1k−→m

)
(87)

where δki,j denotes the difference between congestion com-
ponents (DCC) verified in the LMPs associated with buses
i and j of an EPS within the scope of the decomposition
results of a specific Case k . The scalars λc,kp,i and λc,kp,j rep-
resent the ith and jth elements of vector λcp in a specific
Case k , respectively. Parameter 1k,m

i,j is the nominal diver-
gence between cases (NDC) and corresponds to the difference
between the DCCs of buses i and j associated with a Case k
and those related to a Case m. Parameter 1k−→m

i,j is the
percentage divergence between cases (PDC) and represents
the percentage variation of DCC δmi,j in relation to DCC δki,j.
Thus, the divergence PDC indicates the extent to which the
differences between LMP congestion components vary in the
transition between two cases under study. It is important to
emphasize that the direction of this transition is relevant,
since 1k−→m

i,j can be significantly different from 1m−→k
i,j in

many scenarios, as they can be associated with very dif-
ferent comparative bases

∣∣∣δki,j∣∣∣ and ∣∣∣δmi,j∣∣∣, respectively. The
parameters 1k,m and 1k−→m represent the maximum nom-
inal divergence between cases (MNDC) and the maximum
percentage divergence between cases (MPDC), respectively.
The n × n matrix 1k,m is formed by all possible NDCs
related to the decomposition results for Cases k and m. The
n × n matrix 1k−→m is composed of all possible PDCs
related to the transition of the decomposition results from a
Case k to a Case m. The scalars 1k,m

i,j and 1k−→m
i,j calculated

in (84) and (85) represent the elements located in the ith row
and jth column of matrices 1k,m and 1k−→m, respectively.
It is possible to notice that the matrices1k,m and1k−→m are
antisymmetric. The scalar 9 is a large number conveniently
chosen to indicate that it represents the condition of largest
possible percentage variation, that is, the percentage variation
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FIGURE 3. DCCs produced by the conventional (Case 1) and proposed
(Case 2) decomposition models in the comparative investigation scenario.

of DCC δmi,j in relation to DCC δki,j, when
∣∣∣δki,j∣∣∣ = 0. In the

simulations performed in this section and in Section IV-B,
there is no need to define values for 9, because

∣∣∣δki,j∣∣∣ 6= 0 for

all Cases k and ∀i, j ∈ N . The operator max (A) identifies the
largest element in the matrix A.
In the current study, Case 1 corresponds to the application

of the conventional decomposition approach described in
Section II-A, and Case 2 represents the use of the decompo-
sition model proposed in Section III. To expose the general
context of the comparison between the LMP congestion com-
ponents provided in Cases 1 and 2, all DCCs from such cases
are illustrated in Fig. 3. Furthermore, all NDCs provided in
Cases 1 and 2 are shown in Fig. 4. Using (86) and (87),
the MNDC and MPDCs associated with the results from
the decomposition scenarios defined in Cases 1 and 2 are
calculated as follows:

11,2 = max
(
11,2

)
= 1

1,2
28,6 = 22.6056 $/MWh

11−→2 = max
(
11−→2

)
= 11−→2

13,12 = −2.4461× 107%

12−→1 = max
(
12−→1

)
= 12−→1

3,2 = −1780.0499%

First, it is possible to observe that the MPDCs were calcu-
lated for Case 1 to Case 2 and for Case 2 to Case 1, because,
as mentioned before, the transition direction between cases
can significantly affect the MPDC calculation. MNDC
11,2 = 1

1,2
28,6 = 22.6056 $/MWh represents the poten-

tial financial difference between possible congestion pricing
schemes associated with the decompositionmodels described
in Sections II-A and III if the buses involved in the trans-
actions are 6 and 28. In the specific LMP scenario pro-
duced by the two decomposition models applied in the
IEEE 30-bus test system, the value 22.6056 $/MWh is sig-
nificant. More specifically, this amount indicates that if a
congestion pricing policy switches from the decomposition

FIGURE 4. NDCs regarding the conventional (Case 1) and proposed
(Case 2) decomposition models in the comparative investigation scenario.

approach defined in Case 1 to that used in Case 2, par-
ticipants who settle transactions based on the difference
between the LMP congestion components of buses 28 and 6
will see a −62.9919% variation in the corresponding DCC,
i.e., 11−→2

28,6 = −62.9919%. These transaction settlements
may represent, for example, congestion charges for bilateral
transactions in day-ahead markets [41], application of FTRs
in hedging schemes, or other electricity market financial
settlement frameworks addressed in future research. Anal-
ogously, if a congestion pricing policy changes from the
decomposition model defined in Case 2 to the one used in
Case 1, participants who settle transactions based on the
difference between the LMP congestion components of buses
28 and 6 will see a 170.2112% variation in the correlated
DCC, that is, 12−→1

28,6 = 170.2112%. MPDC 11−→2 =

11−→2
13,12 = −2.4461× 107% indicates the potential financial
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TABLE 1. LMPs and their components produced by the conventional (Case 1) and proposed (Case 2) decomposition models in the comparative
investigation scenario.

percentage difference between possible congestion pricing
approaches based on the decomposition schemes defined in
Sections II-A and III if the buses involved in the transactions
are 12 and 13. This percentage indicates that if a congestion
pricing scheme changes from the decomposition model used
in Case 1 to that used in Case 2, participants who settle trans-
actions based on the difference between the LMP congestion
components of buses 13 and 12 will see their DCCs vary from
δ113,12 = −3.5698 × 10−8 to δ213,12 = −0.0087, that is,
1

1,2
13,12 = 0.0087. These values show how financial studies

based solely on percentage changes can be misleading, as the

MPDC 11−→2 = −2.4461× 107% only has this large mag-
nitude due to the very small base value δ113,12 = −3.5698 ×
10−8 against which the percentage decrease is computed.
This highlights the need for studies of this type to consider
nominal and percentage variations simultaneously, consid-

ering the purposes of the investigations. MPDC 12−→1 =

12−→1
3,2 = −1780.0499% can be analyzed in a similar

manner.

FIGURE 5. LMPs and LMP active energy reference component produced
by the proposed decomposition model in all cases considered in the
investigation scenario concerning reactive energy reference impacts.

B. REACTIVE ENERGY REFERENCE IMPACTS
This section highlights the relevance of the disparity between
LMP components arising solely from the application of
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FIGURE 6. LMP active and reactive power loss components produced by
the proposed decomposition model in (a) Case 1, (b) Case 2, and
(c) Case 3 considered in the investigation scenario concerning reactive
energy reference impacts.

the proposed decomposition model under different reactive
energy reference specifications. It is demonstrated that the
LMP components calculated using the proposed decompo-
sition model vary significantly in the face of changes in the
reactive energy reference specifications, even when the active
energy reference is unchanged and the test system conditions
are unaltered. The LMP values remain unchanged, whereas
their components vary considerably with different reactive
energy reference selections.

For the simulations in this section, the transmission lim-
its of the branch between buses 6 and 28, and the branch
between buses 28 and 27 are reduced from 32 to 13 MVA
and from 65 to 16MVA, respectively. Three distinct cases are
considered in the current study. In Case 1, the reactive energy
reference specification follows that defined in (82). In Case 2,
the reactive energy reference specification is based on the
attribution of a unitary participation factor to the bus with the

FIGURE 7. NDCs produced by the proposed decomposition model
considering (a) Cases 1 and 2, (b) Cases 1 and 3, and (c) Cases 2 and 3
used in the investigation scenario concerning reactive energy
reference impact.

highest reactive power LMP and zero participation factors to
the other buses. More specifically, β30 = 1 and βi = 0,∀i ∈
{1, 2, . . . , 30}−{30}. In Case 3, the reactive energy reference
specification is based on the attribution of a unitary partici-
pation factor to the bus with the lowest reactive power LMP
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FIGURE 8. Ranking and related metrics of (a) largest NDCs associated with Cases 1 and 2, (b) largest PDCs from Case 1 to Case 2, and (c) largest PDCs
from Case 2 to Case 1.

and zero participation factors to the other buses. Basically,
β2 = 1 and βi = 0,∀i ∈ {1, 2, . . . , 30} − {2}. Again, it
is assumed that the proposed decomposition model employs
the load power adjustment variation derived in [37] as the
active energy reference specification approach. The LMPs
and their active energy reference components produced by
applying the proposed decomposition model to Cases 1, 2,
and 3 are shown in Fig. 5. In order to demonstrate the signif-
icance of the LMP reactive power loss components produced
by the proposed decomposition approach, the active power
loss and reactive power loss components associated with
each case are illustrated in Fig. 6. The total operating cost

associated with applying the proposed decomposition model
is 550.5286 $/h.

To illustrate the general context of the comparison between
the LMP congestion components provided in Cases 1 and 2,
between the components provided in Cases 1 and 3, and
between the components provided in Cases 2 and 3, all DCCs
associated with such pairs of cases are shown in Fig. 7.
To more accurately examine the disparity between the LMP
congestion components from the different decomposition
scenarios defined in Cases 1, 2, and 3, the divergence met-
rics NDC and PDC are presented in descending order rank-
ing arrangements. Fig. 8a presents the 20 largest NDCs in
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FIGURE 9. Ranking and related metrics of (a) largest NDCs associated with Cases 1 and 3, (b) largest PDCs from Case 1 to Case 3, and (c) largest PDCs
from Case 3 to Case 1.

descending order associated with Cases 1 and 2. The PDCs
in both case directions (Case 1 to Case 2 and Case 2 to Case 1)
corresponding to these NDCs are also illustrated in Fig. 8a.
The 20 largest PDCs from Case 1 to Case 2, in descending
order in terms of absolute values, are shown in Fig. 8b. The
corresponding NDCs and PDCs from Case 2 to Case 1 are
shown in Fig. 8b. The 20 largest PDCs from Case 2 to
Case 1, in descending order in terms of absolute values, are
illustrated in Fig. 8c. The corresponding NDCs and PDCs
from Case 1 to Case 2 are illustrated in Fig. 8c. If the same
logic of formulating descending order ranking arrangements
is followed for the comparison between Cases 1 and 3, and

for the comparison between Cases 2 and 3, Figs. 9 and 10 are
obtained, respectively.

Regarding the comparison between Cases 1 and 2, it is
obvious that the MNDC is equivalent to the first NDC of
the ranking shown in Fig. 8a, that is, 11,2 = 1

1,2
30,1 =

1.7328 $/MWh. However, within the NDC ranking presented
in Fig. 8a, the NDC that presents the highest PDC from
Case 1 to Case 2 in terms of absolute value is the one in the
14th position, where11,2

19,1 = 1.2122 $/MWh and11−→2
19,1 =

−42.0834%. In the context of the same NDC ranking pre-
sented in Fig. 8a, the NDC that presents the highest PDC
of Case 2 to Case 1 in terms of absolute value is also that
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FIGURE 10. Ranking and related metrics of (a) largest NDCs associated with Cases 2 and 3, (b) largest PDCs from Case 2 to Case 3, and (c) largest PDCs
from Case 3 to Case 2.

of the 14th position, where 12−→1
19,1 = 72.6622%. Still in

the comparison between Cases 1 and 2, it is clear that the
MPDC from Case 1 to Case 2 is equivalent to the first PDC
of the ranking illustrated in Fig. 8b, i.e.,11−→2 = 11−→2

4,2 =

−3.1460 × 104%. However, in the PDC ranking shown in
Fig. 8b, the PDC from Case 1 towards Case 2 that has the
highest NDC is that of the 11th position, where 11,2

8,1 =

0.6385 $/MWh and 11−→2
8,1 = −122.1979%. Continuing in

the comparison between Cases 1 and 2, it is evident that the
MPDC from Case 2 to Case 1 is the first PDC of the ranking
shown in Fig. 8c, i.e., 12−→1 = 12−→1

12,11 = 3.5762 × 103%.

However, in the PDC ranking shown in Fig. 8c, the PDC
from case 2 towards case 1 that has the highest NDC is
that of the 18th position, where 11,2

19,11 = 0.9293 $/MWh
and 12−→1

19,11 = 190.3559%. The same investigations can be
readily extended to the comparison between Cases 1 and 3
and to the comparison between Cases 2 and 3 through
Figs. 9 and 10, respectively.

The general scenarios of the MNDCs and MPDCs cal-
culated for all possible combinations of the three cases are
shown in Tables 2 and 3, respectively. From Table 2, the
largest MNDC verified from the comparisons between all
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the proposed decomposition cases is that associated with the
comparison between Cases 2 and 3, that is, 12,3 = 1

2,3
1,30 =

2.3228 $/MWh. This value indicates the financial differ-
ence between the possible congestion pricing approaches
associated with Cases 2 and 3 if the buses involved in the
transactions are 1 and 30. This monetary quantity indicates
a significant difference between the decomposition results
from Cases 2 and 3, despite the adoption of the same LMP
decomposition model. Essentially, this amount indicates that
if a congestion pricing policy switches from the decompo-
sition scheme defined in Case 2 to that used in Case 3,
participants who settle transactions based on the difference
between the LMP congestion components of buses 1 and
30 will see a−8.1300% variation in the corresponding DCC,
i.e., 12−→3

1,30 = −8.1300%. Similarly, if a congestion pricing
policy changes from the decomposition approach defined
in Case 3 to that used in Case 2, participants who settle
transactions governed by the difference between the LMP
congestion components of buses 1 and 30 will see a 7.5188%
variation in the correlated DCC, i.e., 13−→2

1,30 = 7.5188%.

TABLE 2. MNDCs calculated for all possible combinations between all
cases considered in the investigation scenario concerning reactive energy
reference impacts.

TABLE 3. MPDCs calculated for all possible combinations and directions
between all cases considered in the investigation scenario concerning
reactive energy reference impacts.

From Table 3, the largest MPDC observed from the com-
parisons between all the proposed decomposition cases is

the one related to the comparison between Cases 1 and 2,
considering Case 1 to Case 2, i.e., 11−→2 = 11−→2

4,2 =

−3.1460× 104%. This value indicates the potential financial
percentage difference between possible congestion pricing
approaches based on the reactive power reference specifica-
tions of Cases 1 and 2 if the buses involved in the transactions
are 4 and 2. This percentage indicates that if the proposed
decomposition model changes the reactive power reference
specification used in Case 1 to that used in Case 2, partici-
pants who settle transactions based on the difference between
the LMP congestion components of buses 4 and 2 will see
their parameters vary from δ14,2 = −8.8782× 10−4 to δ24,2 =
−0.2802, i.e., 11,2

4,2 = 0.2793.

V. CONCLUSION
In this paper, an LMP decomposition model based on an OPF
framework integrated with a fully distributed slack scheme is
proposed. Modelling improvements to overcome the market
inadequacies associated with power slack approaches that
govern decompositionmodels have traditionally focused only
on the active power scope. This incompleteness is overcome
by incorporating a reactive power distributed slack bus model
in the derivation of the LMP components. The inappropriate
bilateral nature of conventional reactive power offsets that
quantify LMP reactive power loss components is addressed
by incorporating a multilateral compensation approach that
involves any desired buses in any proportion. The proposed
decomposition model conceives a pertinent source of nego-
tiations between market participants, as it is now necessary
to specify the reactive energy reference in parallel with the
traditional active energy reference selection. The main pur-
pose of LMP decomposition is the implementation of risk
hedging instruments, mainly FTRs, which are significantly
affected by the proposed decomposition model. Such impacts
are measured using metrics that compute the magnitude of
the financial disparity between the LMP congestion compo-
nents calculated through simulations on a test system. These
disparities are observed not only between the conventional
and proposed decomposition approaches but also between
different cases involving the application of the proposed
decomposition model. In such cases, different reactive energy
reference specifications are used, the active energy reference
setting remains unchanged, and the test system conditions
are preserved. Furthermore, in these cases, the results of
applying the proposed decomposition model demonstrated
the relevance of the reactive power loss components in the
LMP composition.
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