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ABSTRACT Phase matching must be performed to realize four-wave mixing (FWM) in a silicon waveguide,
which is challenging when a signal wavelength is highly deviated from an idler wavelength. To solve this
problem, quasi-phase-matching (QPM) based on grating-assisted directional coupling (GADC) in a hybrid
structure is theoretically investigated. The proposed system consists of a silicon strip with periodic width
modulation as the grating and a silicon nitride strip that is vertically aligned to the silicon strip. GADC
occurs between the TES mode (mainly confined in the silicon strip) and TEN mode (mainly confined in the
silicon nitride strip) at an idler wavelength. This phenomenon compensates for the phase mismatch occurring
in FWM among the TES modes at the pump, signal, and idler wavelengths. Results of analysis of the hybrid
structure show that the TES and TEN modes at an idler wavelength of 2.1177 µm are efficiently generated
with the TES modes at a pump wavelength of 1.58 µm and signal wavelength of 1.2601 µm. Moreover, the
signal TES mode can be efficiently implemented with the pump TES mode and idler TEN mode. Owing to
the GADC characteristics, the conversion bandwidth of the signal is 0.8 nm; however, the signal wavelength
can be thermally tuned, with a temperature change of 50 ◦C corresponding to a signal wavelength change of
3.6 nm. The hybrid structure with the GADC-based QPM can be used to generate and detect mid-infrared
light with well-developed O-band and L-band devices.

INDEX TERMS Integrated optics, Kerr effect, nonlinear optical devices, silicon photonics.

I. INTRODUCTION
Four-wave mixing (FWM) is a third-order nonlinear optical
interaction enabled by the Kerr nonlinearity, in which two
photons are annihilated to generate two new photons. Sili-
con (Si) has a large nonlinear refractive index (n2), and Si
photonic waveguides exhibit strong light confinement, owing
to which, nonlinear optical interactions occur effectively in
the waveguides. Therefore, FWM in Si photonic waveg-
uides has been used for wavelength conversion or genera-
tion, parametric amplification, frequency comb generation,
and photon-pair generation [1], [2], [3], [4], [5], [6], [7],
[8]. FWM-based wavelength conversion or generation is a
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promising method of detecting or generating mid-infrared
(mid-IR) light with a wavelength of more than 2 µm by using
well-developed photodetectors (PDs) and laser diodes (LDs)
operating at telecom wavelengths [6], [9], [10], [11], [12].
Mid-IR optoelectronic devices are not as commonly used
as telecom PDs and LDs and often require extreme opera-
tion conditions (e.g., cryogenic temperatures). Hence, FWM-
based detection or generation may be a practical solution for
mid-IR photonics at present.

In such approaches, detection or generation is performed
by translating a mid-IR wavelength to a telecom wavelength
or vice versa. Translation can be performed using FWM
when phase matching can be realized for optical waves with
considerably different wavelengths (ranging from 1.26 µm
in the O band to more than 2 µm). In the case of degenerate
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FWM, which involves only one pump wavelength (λp), phase
matching can be achieved over a wavelength range around λp
or at a discrete signal wavelength (λs) by carefully design-
ing the geometry of a Si waveguide to achieve appropriate
dispersion characteristics. For example, if the zero dispersion
wavelength of a Si waveguide is approximately λp, the phase-
matched wavelength range can be a few tens to hundreds of
nanometers wide [5], [10], [11]. However, if λs is consid-
erably deviated from the idler wavelength (λi), with λi =
1/(2/λp – 1/λs), the phase-matched wavelength range is not
adequately wide to include λs and λi or phase matching
cannot be realized even discretely at λs.
To solve the phase-matching problem, an intermodal

phase-matching method [13] and various quasi-phase-
matching (QPM) methods [14], [15], [16], [17], [18], [19],
[20] have been employed in Si photonics. The intermodal
phase-matching method is implemented in a multimode
waveguide with large dimensions (e.g., 2 µm × 243 nm),
and different modes are selected for the phase matching and
carry pump, signal, and idler light. QPM maintains power
transfer from the pump light to the signal or idler light by
periodically suppressing the reverse power transfer caused by
the nonzero phase difference between the signal or idler light
and nonlinear polarization at λs or λi, which corresponds to
a phase mismatch. Several QPM methods have been estab-
lished based on waveguide width modulation [14], [15], [16],
[17], [18], [19]. A representative method is to compensate
for the phase mismatch with the reciprocal lattice vector
associated with the periodic width modulation [14], [15].
Another approach is to alternate two Si waveguide sections
with different widths to ensure that the phase mismatches in
the two sections have the same sign but different values [16].
Specifically, the section corresponding to the phase mismatch
with a larger magnitude is made shorter to ensure that the
reverse power transfer is weakened. Alternatively, the widths
of two alternating waveguide sections can be selected such
that the phasemismatch is positive in one section and negative
in the other section [17], [18], [19]. In this manner, the total
phase mismatch accumulated along one section can compen-
sate for that along the other section such that the reverse
power transfer is suppressed.

In addition to width modulation, symmetric directional
coupling (SDC) can be used to realize QPM [20]. In SDC-
based QPM, the coupling length of an SDC structure at λi is
equal to half the coherence length corresponding to the phase
mismatch [21], [22], [23]. In this case, the idler generated by
FWM in one waveguide of the SDC structure has an addi-
tional π phase change owing to the coupling with the other
waveguide over one coherence length. This change resets the
total phase mismatch accumulated over the coherence length,
and the idler can continue to expand. However, to realize the
SDC-based QPM for efficient FWM, the coupling lengths at
λp, λs, and λi must be simultaneously controlled [22], [23]
because SDC can occur at every wavelength with a different
coupling length. Consequently, the design of a symmetric
directional coupler for the SDC-based QPM is challenging.

This study is aimed at theoretically investigating a hybrid
Si structure to demonstrate that it can realize efficient FWM
with considerably separate λs and λi through QPM based
on grating-assisted directional coupling (GADC). The hybrid
structure consists of a width-modulated Si strip and a silicon
nitride (SiN) strip. The GADC-based QPM can overcome the
design problem associated with the SDC-based QPMbecause
the GADC between two different waveguides can be made
occur only at λi. A simulation method is developed and used
to analyze the hybrid structure. The analysis shows that the
hybrid structure generates mid-IR idler light associated with
pump light in the L band and signal light in the O band. The
resulting difference between λs and λi is larger than those
achieved using the existing QPM methods based on width
modulation [14], [16], [17]. The hybrid structure exhibits
three advantages: (1) The signal wavelength can be thermally
tuned by 3.6 nm for a temperature change of 50 ◦C; (2) the
idler can be easily extracted from the SiN strip because the
pump coupled to the SiN strip is sufficiently suppressed as
the pump and signal travel along the Si strip; and (3) the
signal can be generated and used to detect the idler when
the pump and idler are coupled to the Si and SiN strips,
respectively. The hybrid structure based on the GADC-based
QPM is expected to be useful for mid-IR generation and
detection.

II. HYBRID STRUCTURE AND ANALYSIS METHOD
A. HYBRID STRUCTURE
The composite waveguide of the hybrid structure is composed
of a Si strip with width wS and height hS and a SiN strip with
width wN and height hN. The SiN strip is vertically aligned
to the Si strip with a gap of width g. The strips are embedded
in silicon dioxide (SiO2). Such composite waveguides have
been realized and studied [24], [25] but they have not been
used for nonlinear optical applications. The hybrid struc-
ture and composite waveguide are schematically illustrated
in Figs. 1(a) and (b), respectively. The waveguide supports
the fundamental transverse-electric (TE) mode mainly con-
fined in the Si strip (TES mode) and the higher-order TE
mode mainly confined in the SiN strip (TEN mode). The
electric field profiles of the two modes for wS = 565 nm,
hS = 220 nm, wN = 1.2 µm, hN = 600 nm, and g =
450 nm, calculated at a wavelength of 2.1179 µm by using
an eigenmode solver (Mode, Lumerical Inc.), are shown in
Fig. 1(c). The TES mode is similar to the fundamental TE
mode of an isolated Si strip waveguide (i.e., the composite
waveguide without the SiN strip). The TEN mode is similar to
the fundamental TE mode of an isolated SiN strip waveguide
(i.e., the composite waveguide without the Si strip), although
a small part of its electric field exists around the Si strip. This
phenomenon can be verified using the confinement factor
of a waveguide mode [26]. The confinement factors of the
TEN mode in the SiN and Si strips are 68.7 % and 2.02 %,
respectively.

In the hybrid structure, the coupling between the TES and
TEN modes can be achieved around a specific wavelength
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FIGURE 1. (a) Schematic of the hybrid structure. The width-modulated Si
strip and SiN strip are embedded in SiO2. The width of the Si strip
alternates between wS and wS +1w . The lower left and right panels
illustrate mid-IR generation and detection, respectively. (b) Cross-section
of the composite waveguide. (c) Mode profiles at a wavelength of
2.1179 µm. The squared magnitude of the electric field of the TES (TEN)
mode is shown in the left (right) panel. (d) Operation mechanism. The
circles represent the electric fields of the TES and TEN modes (ES and EN),
and the white arrows represent the nonlinear polarization P(3). The circle
color is black when the net phase difference between ES and P(3)is π .
In the left panel, without the GADC, ES increases owing to the FWM and
decreases because the phase mismatch or net phase difference is π at
the coherence length. In the right panel, the GADC causes the net phase
difference to be small. Consequently, the FWM efficiently increases ES,
and the GADC increases EN.

by using a uniform grating of period 3. The grating is
implemented through the width modulation of the Si strip.
In the grating region of length Lg, the Si strip width alternates
between wS and wS + 1w. The length of section 1 (2) with
the Si strip of width wS (wS + 1w) is 31 (32), and 31 +

32 = 3. The pump at λp in the L band and signal at λs
in the O band propagate in the hybrid structure in the form
of the TES mode. The idler at λi travels in the form of the
TES or TEN mode. FWM among the pump, signal, and idler
TES modes occurs in the Si strip. 3 is adjusted to ensure
that the GADC between the TES and TEN modes occurs at
λi. As illustrated in Fig. 1(d), when the GADC is weak or
inefficient at wavelengths different from λi, the electric field
of the TES mode (ES) increases and decreases because the
phase mismatch between ES and the nonlinear polarization
P(3) is π at the coherence length. The GADC helps the idler
TES mode achieve an additional phase to compensate for
the phase mismatch and routes the idler between the Si and
SiN strips. Therefore, both ES and the electric field of the
TEN mode (EN) increase as shown in Fig. 1(d). For mid-IR

generation, the idler TES and TEN modes are generated by
the pump and signal TES modes. For mid-IR detection, the
signal TES mode is generated by the pump TES mode and
idler TEN mode.

B. ANALYSIS METHOD
The analysis method used in this study consists of two
steps: First, the nonlinear coupled-mode equations (NCMEs)
in each section are solved, and second, mode matching is
performed at each interface between the two sections. The
NCMEs are explained in Appendix and similar to those for
FWM in conventional Si waveguides [16]. The NCMEs are
solved to determine the evolution of the pump, signal, and
idler TES modes in each section. When the amplitudes of
the TES and TEN modes in section l are represented by
AlS(ν)(z) and AlN(ν)(z), where ν is p, s, and i, in each interval
(n3, n3 + 31] (section 1), A1S(ν)(n3 + 31) is determined
solving the NCMEswithA1S(ν)(n3) for ν = p, s, and i used as
initial values. In the next interval (n3+31, n3+3] (section
2), A2S(ν)(n3 + 3) is determined with A2S(ν)(n3 + 31)
for ν = p, s, and i used as initial values. In solving the
NCMEs, z is a local coordinate that changes from 0 to 31
(32) in section 1 (2). The ode45 solver of MATLAB, which
is based on an explicit Runge–Kutta formula, is used to solve
the NCMEs.

Mode matching is performed to determine the amplitudes
of the TES and TEN modes immediately after each inter-
face with those immediately before the interface. In partic-
ular, at the interface z = n3 + 31, A2S(ν)(n3 + 31) and
A2N(ν)(n3 + 31) are derived from A1S(ν)(n3 + 31) and
A1N(ν)(n3+31)as

A2S(ν)(n3+31)
A2N(ν)(n3+31)
A23(ν)(n3+31)
A24(ν)(n3+31)

...

A2M (ν)(n3+31)


= T12(ν)P1(ν)



A1S(ν)(n3+31)
A1N(ν)(n3+31)
A13(ν)(n3+31)
A14(ν)(n3+31)

...

A1M (ν)(n3+31)


,

(1)

where T12(ν) is the transmission matrix from section
1 to section 2 at λν , and P1(ν) is the propaga-
tion matrix in section 1 at λν . P1(ν) is a diago-
nal matrix, the (1, 1), (2, 2), and (i, i) elements of
which are exp(−j2π ñ1S(ν)31/λν), exp(−α1N(ν)31/2 −
j2π ñ1N(ν)31/λν), and exp(−α1i(ν)31/2 − j2π ñ1i(ν)31/λν)
for i = 3, . . . , M , respectively. M is the number of modes
present in each composite waveguide (i.e., section 1 or 2)
bounded by perfect electric walls, which can ensure the
correctness of mode matching. In the following simulation,
the dimensions of the bounded domain are 8 µm × 8 µm,
and M is 20. αlS(ν) and ñlS(ν) (αlN(ν) and ñlN(ν)) are the
linear absorption coefficient and effective index of the TES
(TEN) mode in section l at λν , respectively. αli(ν) and ñli(ν)
are the corresponding values of mode i in section l. Notably,
(1) is correct only when reflections from the interface are
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negligible. Findings indicate that the total reflected power for
the TES or TEN mode is∼10−3 %of the incident power if1w
is smaller than 100 nm. At the interface z = n3+3, similar
to (1), the relation of A1S(ν)(n3+3) and A1N(ν)(n3+3) to
A2S(ν)(n3+3) and A2N(ν)(n3+3) can be expressed as

A1S(ν)(n3+3)
A1N(ν)(n3+3)
A13(ν)(n3+3)
A14(ν)(n3+3)

...

A1M (ν)(n3+3)


= T21(ν)P2(ν)



A2S(ν)(n3+3)
A2N(ν)(n3+3)
A23(ν)(n3+3)
A24(ν)(n3+3)

...

A2M (ν)(n3+3)


,

(2)

where T21(ν) is the transmission matrix from section
2 to section 1 at λν , and P2(ν) is the propaga-
tion matrix in section 2 at λν . P2(ν) is a diago-
nal matrix, the (1, 1), (2, 2), and (i, i) elements of
which are exp(−j2π ñ2S(ν)32/λν), exp(−α2N(ν)32/2 −
j2π ñ2N(ν)32/λν), and exp(−α2i(ν)32/2 − j2π ñ2i(ν)32/λν)
for i = 3, . . . , M , respectively. To use (1) and (2), the
transmission matrices T12(ν) and T21(ν) are calculated at
the interface between the composite waveguides with the Si
strips of width wS and wS + 1w by using the eigenmode
expansion (EME)method incorporated in theMode software.
The two steps: solving the NCMEs in each section, and mode
matching at each interface, are alternately repeated over the
grating region of length Lg (n increases from 0 to Lg/3).

III. SIMULATION RESULTS
A. PHASE MISMATCH IN THE UNIFORM COMPOSITE
WAVEGUIDE
The total phasemismatch associated with the FWM in section
l is the sum of the linear phase mismatch1βlS and nonlinear
phase mismatch determined by the free-carrier index change,
self-phase modulation, and cross-phase modulation. The lin-
ear phase mismatch in section l, 1βlS can be expressed as
1βlS = 2π

(
2ñlS(p)/λp − ñlS(s)/λs − ñlS(i)/λi

)
. Usually, the

nonlinear phase mismatch is considerably smaller than1βlS,
and the total phase mismatch is mainly determined by 1βlS.
To examine whether phase matching can be achieved in the
uniform composite waveguide,1β1S is calculated for various
values of wS, wN, hN, and g when λp, λs, and λi are 1.58 µm,
1.26 µm, and 2.1179 µm, respectively. hS is set at 220 nm,
which is the Si layer thickness of silicon-on-insulator (SOI)
wafers typically used in Si photonics. The refractive index of
SiN is extracted from [27], and the Lorentz model in Mode is
used to determine the refractive indices of Si and SiO2. At a
wavelength of 1.55 µm, the refractive indices of SiN, Si, and
SiO2 are 2.0192, 3.4734, and 1.4433, respectively.

The calculated relations of1β1S to wS are shown in Fig. 2
(1β2S can also be determined from Fig. 2 as wS equals
wS + 1w): 1β1S never approaches zero regardless of the
values of wS, wN, hN, and g. The TES mode at a shorter
wavelength is more strongly confined in the Si strip. Thus,
when wS increases from 550 nm to 650 nm, ñ1S(s) slightly

FIGURE 2. Relations of the phase mismatch 1β1S to wS for several values
of wN, hN, and g. The relation of the isolated Si strip waveguide (red
dashed line) is also shown. The curves in (a) and (b) are calculated for
g = 450 nm and wN = 1.2 µm and hN = 600 nm, respectively.

increases. ñ1S(p) first increases rapidly and later increases
slowly. ñ1S(i) rapidly increases. Consequently,1β1S increases
and then decreases as wS increases. The SiN strip affects
the idler TES mode more notably than the pump and signal
TES modes, and ñ1S(i) increases to a larger extent with an
increase in wN or hN or with a decrease in g than ñ1S(s) and
ñ1S(p). Hence,1β1S decreases aswN or hN increases (notably,
the values of wN and hN in Fig. 2(a) are chosen only for
demonstration, and the dependence of1β1S on wN or hN has
been confirmed for other values). In addition,1β1S decreases
as g decreases. When g is extremely large, 1β1S approaches
the linear phase mismatch of the isolated Si strip waveguide,
which is never equal to zero. Fig. 2 indicates that the phase
matching for the FWM among the pump at 1.58µm, signal at
1.26 µm, and idler at 2.1179 µm cannot be achieved in either
the composite waveguide or the isolated Si strip waveguide
when the Si strip is 220 nm thick. As shown in the following
analysis, the GADC-based QPM can facilitate the efficient
occurrence of FWM in the hybrid structure, in which the
nonzero phase mismatches in sections 1 and 2 are compen-
sated by the GADC.

B. DESIGN OF THE HYBRID STRUCTURE
The design is to determine the values of wS, wN, hN, g,
and 1w such that the idler TES and TEN modes at λi =
2.1179 µm are efficiently generated by the pump TES mode
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at λp = 1.58µm and signal TES mode at λs = 1.26µm. First,
wS, wN, hN, and g are determined to satisfy the aforemen-
tioned relation between the coupling and coherence lengths.
Then, 1w is determined considering conversion efficiencies
to the idler TES and TEN modes. The coupling length lc of
the GADC is compared with the average coherence length Lc
of the FWM in the hybrid structure, which is defined as

Lcπ/ (|311β1S +321β2S| /3) . (3)

The values of wS, wN, hN, and g are selected such that the
value of 1w for which lc = Lc/2 is small. If lc = Lc/2,
at distance Lc, the phase change that the idler TES mode
gains owing to the GADC and phase mismatch between the
idler TES mode and nonlinear polarization are equal to π ,
which is illustrated in Fig. 1(d). As verified in the following
analysis, this phenomenon causes both the idler TES and TEN
modes to be similarly efficiently generated. Furthermore,1w
must be adequately small to minimize the scattering loss
from the grating. For the design and following simulation,
the initial powers of the pump and signal TES modes are
assumed to be 300 mW and 100 µW, respectively [16], [17].
The corresponding values for the idler TES mode and all the
TEN modes are set at zero. In addition, the linear absorption
coefficients αlS(ν), αlN(ν), and αli(ν)are set as 1.5 dB/cm [16],
[17] regardless of l, i, and ν, and Lg is set as 10 mm.
31, 32, and coupling length lc are determined using the

EMEmethod incorporated inMode as follows.31 and32 are
initially estimated using λi/[ñlS(i) − ñlN(i)], l = 1 and 2, and
optimized to ensure that the power carried by the TES mode
is maximally transferred to the TEN mode at λi (the power
transfer from the TES mode to the TEN mode is confirmed
to be negligible at λp and λs). In this case, lc is the distance
over which the TES mode power is minimized and TEN
mode power is maximized. The determined relations of lc
to 1w for several values of wS, wN, hN, and g are shown
in Fig. 3. For the calculation, hS is set as 220 nm. Half the
coherence length, Lc/2, is also shown in Fig. 3. Depending
on wS, wN, hN, g, and 1w, 31changes between 2.554 and
3.993 µm and 32 changes between 1.196 and 3.535 µm.
As1w increases, lc decreases owing to the stronger coupling,
and Lc decreases gradually because |1β2S| increaseswhenwS
is approximately 565 nm. When wS increases, the coupling
becomes weak because the idler TES mode is more confined
in the Si strip, and the lc curve shown in Fig. 3(a) moves
upward. However, |1β1S| decreases, |1β2S| increases, and
the Lc/2 curve does not change clearly. Hence, the value of
1w for which lc = Lc/2 increases as wS increases. When
wN and hN increase, the coupling becomes weak because the
idler TEN mode is more confined in the SiN strip, and the lc
curve shown in Fig. 3(b) moves slightly upward. In contrast,
|1β1S| and |1β2S| increase, as indicated in Fig. 2(a), and the
Lc/2 curve moves downward. Hence, the value of 1w for
which lc = Lc/2 increases as wN and hN increase. When g
increases, the coupling becomesweak, and |1β1S| and |1β2S|
decrease, as shown in Fig. 2(b). Therefore, both the lc and
Lc/2 curves in Fig. 3(c) move upward. Lc is more affected by

FIGURE 3. Relations of the coupling length lc to 1w for several values of
wS, wN, hN, and g. The coupling length (represented by squares with a
solid line) is compared to half the coherence length Lc (represented by
circles with a dashed line). The relations in (a) are calculated for wN =
1.2 µm, hN = 600 nm, and g = 450 nm; those in (b) are calculated for
wS = 565 nm and g = 450 nm; and those in (c) are calculated for wS =
565 nm, wN = 1.2 µm, and hN = 600 nm. The arrows indicate the
intersections between the lc and Lc/2 curves.

g than lc, and the value of 1w for which lc = Lc/2 decreases
as g increases. wN and hN must be adequately small to ensure
that 1w is small. However, these values must be adequately
large to effectively confine the idler TEN mode in the SiN
strip. In addition, if hN is excessively large, the deposition of
a thick SiN layer may be challenging. These aspects must be
considered when selecting the values of wS, wN, hN, and g for
the hybrid structure. For the hybrid structure simulated in this
study, wS = 565 nm, wN = 1.2 µm, hN = 600 nm, and g =
450 nm.

To finally determine 1w, the conditions in which the
GADC-based QPM is best achieved and the optimality of
the value of 1w for which lc = Lc/2 must be examined.
To this end, the hybrid structure with1w ranging from 20 nm
to 75 nm is simulated. 31 = 3.189 µm, and 32 decreases
from 2.889 µm to 2.388 µm as 1w increases from 20 nm to
75 nm (Fig. 4(a)). The output powers of the idler TES and
TEN modes are calculated for λs varying around 1.26 µm
with λp = 1.58 µm (λi is determined by λs and λp), and
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FIGURE 4. Generation of the idler TE modes with the pump and signal
TES modes. (a) Relations of 32 and δλs,peak, which is the difference of
1.26 µm from λs,peak, with 1w . (b) and (c) Relations of the conversion
efficiencies CS and CN to 1w . CS and CN in (b) are obtained using the
analysis method described in Section II.B. The inset of (b) shows CS and
CN for 1w = 5, 10, and 15 nm. The corresponding values in (c) are
obtained by solving the compound coupled-mode equations in (4).
δλs,peak in this case is also shown, which is slightly different from
δλs,peak in (a). All the relations are calculated for wS = 565 nm, wN =
1.2 µm, hN = 600 nm, g = 450 nm, and 31 = 3.189 µm.

the maximum power of the idler TES mode is determined.
The signal wavelength for which themaximum power occurs,
λs,peak, is shown as a function of1w in Fig. 4(a). Lc/2= lc for
1w ∼= 47 nm, as shown in Fig. 3, and λs,peak is approximately
1.26 µm at 1w = 50 nm. lc is larger (smaller) than Lc/2 for
1w smaller (larger) than 47 nm. Because Lc increases with
λs, λs,peak tends to increase (decrease) for 1w < (>) 47 nm
to decrease the difference between lc and Lc/2.
The efficiency of conversion to the idler TES (TEN) mode,

denoted by CS (CN), can be obtained by dividing the output
power of the idler TES (TEN) mode for λs,peak by the initial
power of the signal TES mode. The relations of CS and CN
with1w are shown in Fig. 4(b). CS obtained from the uniform
composite waveguide without the grating is −52.4 dB when
the waveguide length is 9.925 mm and λs is 1.26 µm (in

this case, CN is −∞ dB because the GADC does not exist).
Compared to this value, CS and CN shown in Fig. 4(b) are
considerably larger, which indicates that the GADC-based
QPM is useful for increasing the conversion efficiency. The
CN curve exhibits a plateau for1w ranging from 40 to 50 nm,
and CN decreases for 1w beyond this range. CS increases
with1w if1w ≤ 55 nm, but it does not increase significantly
when1w > 55 nm. The CS and CN curves intersect at1w ∼=
50 nm, and both CS and CN exhibit the same large value
of −22.6 dB at 1w = 50 nm. In accordance, the GADC-
based QPM can be considered to be best achieved when 1w
approximately satisfies the relation lc = Lc/2. The optimal
value of 1w for the best QPM is only slightly different from
that for lc = Lc/2, partly, owing to the nonlinear phase
mismatch.When the nonlinear phasemismatch is considered,
Lc decreases by ∼0.9 % from the value shown in Fig. 3.
Interestingly, as shown in the inset of Fig. 4(b), when 1w
decreases from 20 nm to 5 nm, CS decreases and approaches
the value obtained from the uniform composite waveguide
whereas CN decreases to a non-negligible value of−34.3 dB.
For 1w = 5 nm, lc is 925 µm, which is considerably larger
than Lc/2, and the GADC-based QPM is ineffective. Over the
10-mm-long grating region, the TES mode power generated
by the FWM is continually transferred to the TEN mode, and
CN reaches −34.3 dB.
To perform a comparative analysis, CS and CN are calcu-

lated by solving compound coupled-mode equations, which
simultaneously govern the nonlinear coupling among the
pump, signal, idler TES modes and linear coupling between
the TES and TEN modes in the composite waveguide with the
Si strip of width wS. The equations are

dA1S(ν)
dz

= f1(ν)
[
A1S(p),A1S(s),A1S(i)

]
−jκνA1N(ν) exp

(
j1βg(ν)z

)
, (4a)

dA1N(ν)
dz

= −
1
2
α1N(ν)A1N(ν)

−jκνA1S(ν) exp
(
−j1βg(ν)z

)
, (4b)

for ν = p, s, and i, where fl(ν) [· · · ] pertains to the right-hand
side of the NCMEs (see (6) in Appendix), and κν is the
coupling coefficient between the TES and TEN modes at λν .
1βg(ν)is the grating-related phase mismatch at λν , defined
as1βg(ν) = 2π

(
ñ1S(ν)/λν − ñ1N(ν)/λν − 1/3

)
. The equa-

tions are solved using the ode45 solver with 3 set as 231.
κi is defined as π/(2lc), and κp and κs are approximated by
κi. The obtained CS and CN curves are shown in Fig. 4(c)
along with λs,peak. The curves are similar to those shown
in Fig. 4(b) when 1w ≤ 50 nm. However, in the case
shown in Fig. 4(c), CS continually increases with1w, and CN
decreases extremely gradually as 1w increases over 50 nm.
Because the compound coupled-mode equations in (4) are
based on the assumption that the TES and TEN modes in
the composite waveguide with the Si strip of width wS are
weakly perturbed by the grating, the results shown in Fig. 4(c)
are less correct compared to those in Fig. 4(b) when 1w is
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FIGURE 5. (a) Spectra of conversion efficiencies CS and CN for Lg =
10 mm. (b) Relation between the 3 dB bandwidth and Lg (black squares),
and relation between CS at λs,peak with Lg (red circles). The solid lines
are visual guides. (c) CS (solid curves) and CN (dashed curves) spectra for
the temperature change 1T = 0 ◦C to 50 ◦C. The CS and CN spectra
blue-shift by 0.72 nm when the temperature of the hybrid structure
increases by 10 ◦C. 1w = 50 nm, and 32 = 2.554 µm; the other
parameters are the same as those in the case shown in Fig. 4.

large. The increase in CS assisted by the stronger GADC
for 1w > 50 nm, shown in Fig. 4(c), is likely canceled by
scattering losses from the interfaces between the sections,
as shown in Fig. 4(b).

As shown in Appendix, the variations in CS and CN along
the z axis may explain why CS is smaller (larger) than CN for
1w < (>) 50 nm in Fig. 4(b). When1w < 50 nm, the FWM
does not efficiently generate the TES mode, but the generated
power of the TES mode is continually transferred to the TEN
mode through the GADC. When 1w > 50 nm, the FWM
efficiently generates the TES mode with the help of the strong
GADC. Therefore, the most effective GADC-based QPM is
attained for 1w = 50 nm because both CS and CN increase
with z in a similar manner to nearly the same value, and 1w
is determined to be 50 nm.

C. CHARACTERISTICS OF THE HYBRID STRUCTURE
The parameter values of the designed hybrid structure are
as follows: wS = 565 nm, wN = 1.2 µm, hN = 600 nm,
g = 450 nm, 1w = 50 nm, 31 = 3.189 µm, and 32 =

2.554 µm. The CS and CN spectra are shown as functions
of λs in Fig. 5(a) (λp is fixed at 1.58 µm, and λi changes
with λs). The CS spectrum is centered at 1.2601 µm. The
full width at half maximum (FWHM) of the CS spectrum
is 0.16 nm, and that converted for λi is 0.44 nm. In general,
the FWHMof the cross-over or straight-through transmission
spectrum of a GADC structure is inversely proportional to the
number of periods. In the case of the hybrid structure with
Lg = 9.987 mm, which is an odd integer multiple of lc, the
number of periods is 1739, and its cross-over spectrum has an
FWHM of 2.4 nm near λi = 2.1177 µm, which is converted
to 0.87 nm for λs = 1.2601 µm, when no pump and signal
TES modes exist. The FWHM of the CS spectrum is small
because the GADC-based QPM occurs within the FWHM
of the GADC. The dependence of the conversion FWHM on
Lg can be confirmed by Fig. 5(b). The conversion FWHM
increases with decreasing Lg, and the maximum conversion
efficiency decreases.

In Table 1, the characteristics of the FWM in the hybrid
structure are compared with those of the previous FWMs
based on the different phase matching methods. Notably, the
difference between λs and λi of this FWM is second largest
in Table 1. The SDC-based QPM can result in the largest dif-
ference, which is allowed only when all the pump, signal, and
idler are carefully controlled to be the antisymmetric mode of
the SDC structure. Because of the large difference, the mag-
nitude of the phase mismatches is considerable. However, the
GADC-based QPM enables the conversion efficiency (CE) of
this FWM to be comparable to those of the other FWMs (actu-
ally, the net CE of this FWM amounts to−19.6 dB if both CS
and CN are considered). Therefore, the GADC-based QPM
is appropriate for conversion between more widely separate
signal and idler wavelengths with a similar efficiency.

Owing to the narrow conversion FWHM, λs must match
λs,peak to generate the idler TES and TEN modes. This
stringent requirement may be bypassed to a certain extent
through thermal tuning. Assuming that the hybrid structure
is uniformly heated, and the materials have wavelength-
independent thermo-optic coefficients, the CS spectra are
calculated for different temperatures. The thermo-optic coef-
ficients of Si, SiN, and SiO2 for the calculation are
1.8 × 10−4 K−1, 2.51 × 10−5 K−1, and 1.0 × 10−5 K−1,
respectively. As the temperature of the hybrid structure
increases, the effective index of the idler TES mode increases
more than that of the TEN mode, and the idler wavelength
at which the GADC between the idler TES and TEN modes
occurs increases. Therefore, λs,peak decreases at a rate of
72 pm/K, and λs can be tuned by 3.6 nm, between 1.2601µm
and 1.2565 µm, when the temperature is adjusted by 50 ◦C.
As shown in Fig. 5(c), the peak value of CS increases with
the temperature, but that of CN decreases. This phenomenon
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TABLE 1. Comparison of this FWM with the previous FWMs.

FIGURE 6. Generation of the signal TES mode with the pump TES mode
and idler TEN mode. The conversion efficiency from the idler TEN mode to
the signal TES mode is shown as a function of the idler wavelength λi.

occurs because lc decreases with increasing λi. Subsequently,
lc becomes smaller than Lc/2, and CS (CN) is larger (smaller)
than the corresponding value in the case of lc ≈ Lc/2 (i.e.,
no temperature increase), as deduced from the results shown
in Fig. 4(b).

The peak generated power of the idler TEN mode at λi =
2.1177 µm is 0.561 µW. This value is comparable to the
power of the pump TEN mode, which rapidly oscillates
between 0.5 µW and 1.5 µW depending on Lg. In contrast,
the power of the idler TES mode is approximately five orders
of magnitude smaller than that of the pump TES mode. There-
fore, the separation of the idler TEN mode from the pump
TEN mode in the SiN strip is more effective than that of the
idler TES mode from the pump TES mode in the Si strip.

The hybrid structure is useful for not only mid-IR gener-
ation (i.e., generation of the idler TEN mode) but also mid-
IR detection. To demonstrate the latter aspect, the hybrid
structure is operated in a different manner: The idler TEN
mode with a power of 100 µW and pump TES mode with
a power of 300 mW are input to the hybrid structure, and the
signal TES mode is generated. The power of the generated
signal TES mode is calculated with respect to λi (λp is fixed as
1.58 µm, and λs changes with λi). The conversion efficiency
from the idler TEN mode to the signal TES mode is calculated
by dividing the power by the initial power of the idler TEN
mode, and it is shown in Fig. 6. The conversion efficiency
is largest at λi = 2.1177 µm, which corresponds to λs =
1.2601 µm. The peak conversion efficiency is 4.4 dB larger
than the peak value of CS or CN in Fig. 5(a). This phenomenon
occurs because the signal TES mode is not coupled to the
signal TEN mode via the grating. The mid-infrared spectrum
ranging between 2.1177µm and 2.1279µmmay be analyzed
by controlling the temperature of the hybrid structure within
50 ◦C and detecting the generated signal TES mode with an
O-band photodetector.

D. PROBLEMS IN REALIZING THE HYBRID STRUCTURE
First, the tolerance of the characteristics of the hybrid struc-
ture on the fabrication errors is examined. wS sensitively
influences the effective index of the TES mode. g can be dif-
ferent from the designed value because the intermediate SiO2
is prepared through deposition and chemical-mechanical pol-
ishing. Thus, the tolerances for wS and g are considered.
In addition, the alignment between the Si and SiN strips
may be inaccurate, and the tolerance for the alignment is
considered. To determine λs,peak, the CS and CN spectra are
obtained for changes in wS (1wS), g (1g), or horizontal
center-to-center distance between the Si and SiN strips, d .
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FIGURE 7. Changes in λs,peak, 1λs,peak (blue inverted triangles), and CS
and CN values at λs,peak (black squares and red circles) depending on
(a) changes in wS (1wS), (b) changes in g (1g), or (c) horizontal
center-to-center distance between the Si and SiN strips, d . The blue
straight lines in (a) and (b) are fitted to the relations of 1λs,peak to 1wS
and 1g, respectively. The quadratic curve in (c) is fitted to the relation of
1λs,peak to d . The black and red curves related to CS and CN are visual
guides.

The difference between λs,peak and 1.2601 µm (λs,peak for
1wS = 0 nm,1g = 0 nm, and d = 0 nm),1λs,peak, is shown
as a function of 1wS, 1g, or d in Fig. 7. In addition, the
CS and CN values at λs,peak are shown in Fig. 7. 1λs,peak
changes almost linearly depending on1wS or1g. The slopes
of the straight lines fitted to the relations of 1λs,peak to 1wS
and 1g are −0.62 nm/nm and 0.04 nm/nm, respectively.
1λs,peak increases nearly quadratically with d and is smaller
than 1 nm even for d = 200 nm. Whereas the CS and CN
spectra clearly shift by a few nanometers (considerably larger
than the 3-dB bandwidth), the values at λs,peak do not change
significantly. Consequently, wS must be strictly controlled,
which is a typical requirement for Si photonic devices such
as micro-ring resonators. However, the tolerances for g and d
are considerably larger than that for wS.
If the realization of the hybrid structure is carried out

using standard CMOS fabrication processes such as 193 nm

optical lithography, the standard deviation of Si line width
changes is 2.6 nm on an 8-inch SOI wafer on which the
Si film thickness varies with a standard deviation of 2 nm
[28]. Similar to the dependence of λs,peak on wS, as the Si
strip height hS increases, λs,peak linearly decreases with a
change rate of −2.24 nm/nm. Therefore, when the hybrid
structure is realized, actual λs,peak could be different from
designed λs,peak by a few nanometers owing to changes in the
Si strip width and height. 1λs,peak owing to the fabrication
errors could be partly offset with the aforementioned thermal
tuning.

Second, the actual loss of the TES mode in the structure
owing to scattering from the grating is examined. The loss can
be estimated with reference to a silicon photonic distributed
feedback resonator filter that consists of Bragg gratings and
half-wave spacers [29]. When the Si strip width of the real-
ized filter alternates between 470 and 530 nm and the total
number of periods of all the Bragg gratings is 1235, the filter
has a transmission loss of ∼2.8 dB near 1.538 µm. Because
the number of periods of the hybrid structure is 1741, its
loss may be similar to this value. To decrease the loss, the
grating can be formed along the SiN strip rather than the Si
strip. In this case, the coupling between the TES and TEN
mode is weakened owing to the strong confinement of the
TES mode. For example, when the SiN strip width alternates
between 1.2 and 1.4 µm, the coupling length lc is 494 µm,
which is slightly larger than that for 1w = 10 nm, and the
peak CS and CN values are −43 and −31 dB, respectively.
Therefore, the SiN strip width modulation is not appropriate
for the current hybrid structure in terms of the conversion
efficiencies. Nonetheless, this approach can be employed
when the coherence length Lc is increased by adjusting the
structural parameters of the hybrid structure and λp.

IV. CONCLUSION
This paper proposes the GADC-based QPM approach and
describes the analysis method for the hybrid structure based
on this concept. The analysis of the hybrid structure demon-
strates the feasibility of the GADC-based QPM. The anal-
ysis results demonstrate that the FWM facilitated by the
GADC-based QPM leads to the efficient generation of the
idler TES and TEN modes with the pump TES mode and sig-
nal TES mode, especially when the Si strip width modulation
is selected such that the coupling length is almost half the
coherence length. The generated idler TEN mode has a power
comparable to that of the pump TEN mode, and the gener-
ated mid-IR light can be effectively extracted from the SiN
strip with the pump light highly suppressed. Owing to the
characteristics of the GADC over a large number of periods,
the conversion bandwidth is narrow. The disadvantage of the
narrow bandwidth can be overcome through thermal tuning.
In addition to the mid-IR generation, the mid-IR detection
using the hybrid structure is discussed. The hybrid struc-
ture is advantageous because an additional combiner is not
required to merge mid-IR light and pump light: The former
and latter are coupled to the SiN and Si strips, respectively.
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These results demonstrate that the GADC-based QPM facil-
itates efficient FWM in a Si waveguide with the standard
thickness (i.e., 220 nm) even when the difference between the
idler and signal wavelengths is large. In addition, the hybrid
structure based on the GADC-based QPM is promising for
mid-IR generation and detection based on well-developed
O-band and L-band sources and detectors.

V. APPENDIX
A. NONLINEAR COUPLED-MODE EQUATIONS
For the NCMEs, the electric and magnetic fields of the modes
can be specified as

Em(ν)(x, y, z) = Am(ν)(z)
em(ν)(x, y)√

Pm(ν)
e−jβm(ν)z, (5a)

Hm(ν)(x, y, z) = Am(ν)(z)
hm(ν)(x, y)√

Pm(ν)
e−jβm(ν)z, (5b)

where Am(ν) and βm(ν) are the amplitude (in
√
W) and prop-

agation constant of mode m at λν , respectively. For the TES
and TEN modes in section 1 (2), m is 1S and 1N (2S and
2N), respectively. For the pump, signal, and idler, ν is p,
s, and i, respectively. The power carried by mode m, Pm(ν),
is defined as Pm(ν) = 1

2

∫
A∞

dxdy
(
em(ν) × h∗m(ν)

)
· ẑ, where

A∞ denotes the cross-section area of the hybrid structure.
In section l (l = 1 or 2), the NCMEs for the amplitudes of
the TES modes can be expressed as

dAlS(p)
dz

= −j
2π
λp
nlf(p)0f

lS(p)AlS(p)

−
1
2

(
αlS(p) + αlf(p)0

f
lS(p)

)
AlS(p)

−jγK
(p)

(
0lS(p′pp′p)

K ∣∣AlS(p)∣∣2 + 0K
lS(p′ss′p)

∣∣AlS(s)∣∣2
+0K

lS(p′ii′p)

∣∣AlS(i)∣∣2)AlS(p)
−j2γK

(p)0
K
lS(p′p′si)A

∗

lS(p)AlS(s)AlS(i)e
j1βlSz, (6a)

dAlS(s)
dz

= −j
2π
λs
nlf(s)0f

lS(s)AlS(s)

−
1
2

(
αlS(s) + αlf(s)0

f
lS(s)

)
AlS(s)

−jγK
(s)

(
0K
lS(s′ss′s)

∣∣AlS(s)∣∣2 + 0K
lS(s′pp′s)

∣∣AlS(p)∣∣2
+0K

lS(s′ii′s)

∣∣AlS(i)∣∣2)AlS(s)
−jγK

(s)0
K
lS(s′ppi′)A

2
lS(p)A

∗

lS(i)e
−j1βlSz, (6b)

dAlS(i)
dz
= −j

2π
λi
nlf(i)0f

lS(i)AlS(i)

−
1
2

(
αlS(i) + αlf(i)0

f
lS(i)

)
AlS(i)

−jγK
(i)

(
0K
lS(i′ii′i)

∣∣AlS(i)∣∣2 + 0K
lS(i′pp′i)

∣∣AlS(p)∣∣2
+0K

lS(i′ss′i)

∣∣AlS(s)∣∣2)AlS(i)
−jγK

(i)0
K
lS(i′pps′)A

2
lS(p)A

∗

lS(s)e
−j1βlSz. (6c)

In (6), nlf(ν) and αlf(ν) pertain to the free-carrier index change
and absorption in the Si strip of section l, expressed as nlf(ν) =
−(λν/λr)2(8.8 × 10−4Nl + 8.5N 0.8

l ) × 10−18 and αlf(ν) =
(λν/λr)214.5× 10−18Nl , respectively [2], [16]. λr is the ref-
erencewavelength set at 1.55µm, andNl is the carrier density
(in cm−3) generated by the two photon absorption (TPA). Nl
is calculated as Nl = τ0βT0

K
lS(p′pp′p)

∣∣AlS(p)
∣∣4 λp/(2hcAlS)

[16], where τ0, βT, h, and AlS are the carrier lifetime (set at
1 ns), TPA coefficient, Planck constant, and area of the Si strip
of section l, respectively. The linear absorption coefficient of
the TES mode in section l at λν , αlS(ν), is mainly attributable
to fabrication-caused scattering (notably, the materials in this
study are assumed to be lossless). γK

(ν) is the Kerr nonlinear
coefficient specified as γK

(ν) = 2πn2/λν − jβT/2 [3]. The
nonlinear refractive index of Si, n2, is 6×10−5 cm2/GW [16],
[17], and βT is 0.45 cm/GW [16], [17]. The overlap factors
0f
lS(ν) and 0

K
lS(ν1ν2ν3ν4)

are expressed as

0f
lS(ν) =

1
2
cε0nS(ν)

1
PlS(ν)

∫
AlS

dxdy
∣∣elS(ν)∣∣2, (7)

and

0K
lS(ν1ν2ν3ν4) =

ε20c
2n2S(ν1)
4

1√
P lS(ν1)PlS(ν2)PlS(ν3)PlS(ν4)

×

∫
AlS

dxdy elS(ν1) · ξ
(3)...elS(ν2)elS(ν3)elS(ν4),

(8)

respectively, where nS(ν) is the refractive index of Si at λν
[30]. If the wavelength index νi is presented with a prime
symbol, elS(νi) in (8) must be conjugated. ξ (3) is the nor-
malized third-order nonlinear susceptibility, each element of
which is expressed as ξ (3)abcd = ρ(δabδcd+δacδbd+δadδbc)/3+
(1−ρ)δabcd [2]. δ denotes the Kronecker delta, and ρ is 1.27
[2]. The integration in (7) and (8) is limited to the Si strip
area because the TES mode is well confined in the Si strip
(the confinement factor in the Si and SiN strips at a wave-
length of 1.58 µm is 78.4 % and only 0.009 %, respectively).
Moreover, SiN does not exhibit the free-carrier index change
and absorption and TPA, and its n2 is approximately 20 times
smaller than n2of Si [8]. Moreover, the TEN modes at λp and
λs are negligibly excited by the grating. Owing to these two
aspects, nonlinear interactions among the TEN modes or TES
and TEN modes are not considered.

B. CONVERSION EFFICIENCY CHANGES
To determine the variations of CS and CN along the z axis,
CS(z) and CN(z), the amplitudes of the idler TES and TEN
modes for λs,peak are calculated with respect to z, squared,
and normalized to the initial power of the signal TES mode.
CS(z) and CN(z) for 1w = 25 nm, 50 nm, and 75 nm are
shown in Fig. 8, along with CS(z) obtained from the uniform
composite waveguide without the grating.

When 1w = 25 nm, the power of the idler TES mode,
generated by the FWM, is gradually but sufficiently trans-
ferred to the idler TEN mode in the interval 0 ≤ z ≤ Lc
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FIGURE 8. Changes of the conversion efficiencies CS (black curves) and
CN (red curves) along the hybrid structure. In (a), (c), and (e), the black
dashed curves show CS in the uniform composite waveguide without the
grating. The vertical blue and green lines indicate the coupling length lc
and coherence length Lc, respectively. (a) and (b) are calculated for 1w =
25 nm, λs = 1.2612 µm, and 32 = 2.824 µm; (c) and (d) for 1w = 50 nm,
λs = 1.2601 µm, and 32 = 2.554 µm; (e) and (f) for 1w = 75 nm, λs =
1.2590 µm, and 32 = 2.352 µm. The other parameters are the same as
those in the case shown in Fig. 4.

because lc is similar to Lc. Consequently, CS decreases to the
local minimum near Lc, and CN increases to a large value.
Because of the FWM facilitated by the GADC, CS increases
again as z increases from Lc, which is different from the large
decrease in CS without the grating for z between Lc and 2Lc.
The increased power of the idler TES mode is effectively
transferred to the idler TEN mode, and CN increases in the
interval Lc ≤ z ≤ 2Lc. Consequently, the degree of increase
in CN is more than that in CS along the hybrid structure.

When 1w = 50 nm, the GADC leads to an increase in
CN, and the value of CN approaches that of CS at lc. Because
lc ≈ Lc/2, the idler TES mode is efficiently generated in
the interval lc ≤ z ≤ Lc. CS does not decrease near lc and
increases again in that interval, which is different from the
trend of CS for1w = 25 nm. For z > Lc, CS increases owing
to the FWM, and CN increases to the level of CS owing to the
GADC. In this manner, the increasing trends of CS and CN
along the hybrid structure are similar.

When 1w = 75 nm, lc < Lc/2. The idler TES mode is
weakly generated by the FWM in the interval 0 ≤ z ≤ lc.
In this interval, the generated power of the idler TES mode
is sufficiently transferred to the idler TEN mode, and CN is
nearly equal to CS at lc. The interval lc ≤ z ≤ Lc is wider

than in the case of 1w = 50 nm. Hence, as z increases from
lc to Lc, the idler TES mode is more efficiently generated by
the FWM than in the case of 1w = 50 nm. In this interval,
CS continuously increases, and the difference in CS and CN
at Lc is larger than that for 1w = 50 nm. For z > Lc,
the FWM increases CS more than the GADC increases CN.
Consequently, CS increases more than CN along the hybrid
structure.
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