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ABSTRACT This paper investigates the synergetic control strategy for water hammer wave and mass wave
in hydropower station with downstream channel. Firstly, the mathematical model of hydropower station with
downstream channel (HSDC) and hydropower station with downstream channel and surge tank (HSDCST)
are established. Then, the controller formula of HSDC and HSDCST are derived using the synergetic theory.
Furthermore, it is parsed that the dynamic characteristics of HSDC and HSDCST to various disturbances
under synergetic control strategy. Finally, the robustness and applicability of synergetic control strategy for
HSDC and HSDCST are analyzed. The results indicate that the hydropower station under the synergetic
control strategy has excellent dynamic characteristics with employing sensitive response, small overshoot,
fast attenuation speed and no static error. The synergetic control strategy is superior to the PID control
strategy under various disturbances in controlling the amplitude of water hammer wave in HSDC, which
is down 12.5%. The attenuation of mass wave in HSDCST under synergetic control strategy is faster, and
the settling time is 6.16s less than that of PID control strategy. Compared with PID control strategy, it is
the robustness of synergetic control strategy that are much more advantageous for HSDC and HSDCST.
Specifically, RI value is about 1.65, 0.18 for HSDC and 2.21, 0.25 for HSDCST under synergetic control
strategy, while it is about 3.05, 1.20 and 3.32, 1.30 under PID control strategy. Moreover, the synergetic
control strategy has a wide applicability in controlling the water hammer wave in HSDC and mass wave in
HSDCST.

INDEX TERMS Hydropower station, downstream channel, synergetic control strategy, dynamic character-
istics, robustness.

I. INTRODUCTION
Many large hydropower stations have been built successively
and most of them are on major rivers and basins in China [1].
Not only do they undertake the task of generating electricity,
but also, not to be overlooked, have responsibility for irriga-
tion [2]. Thus, their outlet is generally downstream channels,
whose water level varies with the flow of hydropower station
[3]. It is more practical to deal with the downstream boundary
according to the relation of water level and flow.

The associate editor coordinating the review of this manuscript and

approving it for publication was F. R. Islam .

The downstream channel is no longer regarded as an infi-
nite reservoir that the water level of it is simplified as a
constant but calculated according to the downstream flow [4].
It makes the research for the stability of hydropower stations
more accurate but increases the difficulty for the derivation
of formulas and the design of control strategies during the
transient in hydropower station.

Modeling of hydropower station yields a nonlinear model,
including the relationship of downstream level to flow,
the head loss in pipeline, the characteristics of flow and
torque, the electromagnetic system in generator, the hydraulic
follow-up device and so on [5], [6]. Broadly used in
hydropower station at present, PID control strategy is linear
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mechanism [7], [8]. Therefore, it is difficult for nonlinear sys-
tem to get better dynamic characteristics under PID control
strategy.

Furthermore, as the hydropower station mainly takes on
regulating task in the power grid, it often changes its operating
state [9]. The hydropower station being in transient process
may bring about many accidents [10]. The water hammer
wave from pipeline system causes the variation of speed, run-
ning beyond the rated power and deviation from the optimal
operating condition area, which will reduce the service of
unit. The mass wave from surge tank contributes to the con-
tinuous low frequency oscillation in the hydropower station,
which will destabilize the hydropower station or even expand
into the power system. It is not only water hammer wave
but also mass wave that must be suppressed during transient
process in hydropower station. Therefore, it is necessary to
find a better control strategy to improve the dynamic response
quality of the hydropower station.

At present, there are many nonlinear control methods, such
as control [11], [12], control [13], [14], control [15], [16],
control [17], [18], control [19], [20], control [21]. Summariz-
ing the research of the above references, there are few investi-
gations on the good control effect on bothwater hammerwave
in hydropower station with downstream channel (HSDC) and
mass wave in hydropower station with downstream channel
and surge tank (HSDCST). Hence, it is urgent to find a control
strategy to fill this gap. As a nonlinear control theory, the syn-
ergetic control strategy performs excellent in multi-variable
comprehensive control. In this paper, it is applied for the
design of the controller to suppress the amplitude of water
hammer wave and attenuation of mass wave.

For synergetic control strategy, it is the application of
synergetic theory in the control field. The basic idea of syn-
ergetic control is to generate cooperative behaviors in the
system through the synergetic controller and guide all parts
of the system to reach the equilibrium point harmoniously.
Under synergetic control strategy, manifold is a constraint
condition defined in the system state space, which reflects
the requirements for system control performance, and is also
the attractor of the closed-loop system. The formation of
attractor reflects the directional self-organization process.
The self-organization behavior makes the system produce
a new ordered structure, which has the importance that the
original system does not have quality [22].

The synergetic control theory is initially successfully
applied in the control of power electronic converters, mainly
Buck circuit, Boost circuit and their multiple parallel control.
Subsequently, it applied in motor control, aviation and other
fields. At present, its application in power system mainly
focuses on generator control, FACTS device, high-voltage
direct current power transmission, wind turbine control, and
has made rich achievements [23], [24].

Zhu et al. [25] proposed the integrated synergetic con-
troller, which can enhance both the terminal voltage control
and mechanical power tracking performances, embodying a
more accurate precision and shorter settling time under differ-

ent operating conditions. Zhou et al. [26] applied the syner-
getic control strategy to the hydraulic turbine governing sys-
tem, and verified the superiority of dynamic characteristics
and robustness through the numerical simulation experiment
of load disturbance and three short circuit fault conditions.
In order to control the frequency of small and medium-sized
hydropower stations, Huang et al. [27] investigated a kind of
a fixed-time synergetic controller to overcome the disadvan-
tages of finite-time stability and verified its effectiveness and
superiority through the comparison of several control strate-
gies under different operation conditions. Zhao et al. [28]
presented an improved synergetic excitation controller that it
can enhance the stability of voltage and transient for the sys-
tem by changing the adaptive strategy of the control param-
eters under various working conditions, which is proved on
a single-machine infinite-bus power system. Zhao et al. [29]
proposed a decentralized nonlinear power system stabilizer
based on the synergetic control theory, which can provide suf-
ficient damping to the power system in a large operating range
and has good robustness by simulation. Ni et al. [30] designed
a variable speed synergetic controller to solve the problem
of chaotic oscillation in power systems. It can adjust the
convergence speed to improve the regulation quality accord-
ing to the dynamic response automatically. Bouchama et al.
[31] developed an adaptive fuzzy power system stabilizer,
which is insensitive to the change of system parameter. It has
been proved that the stabilizer can suppress the oscillation in
power system and has strong robustness through load distur-
bance experiments on single-machine infinite bus system and
multi-machine power system. Ademoye et al. [32] designed
a decentralized synergetic controller variable parameter for
power system oscillation with PSO algorithm optimizing the
gain, which has superior performance on two-area power sys-
tem by simulation. Veselov et al. [33] applied the synergetic
control theory to locomotive traction and proposed a new
method for locomotive traction controller synthesis, which
reduced the energy loss of electric traction drive unit.

This paper aims to study the synergetic control strategy
for both water hammer wave in HSDC and mass wave in
HSDCST. The contribution and novelty of paper are:

(1) Design the controller for HSDC and HSDCST based on
synergetic theory.

(2) Illuminate the dynamic characteristics of HSDC and
HSDCST under synergetic control strategy.

(3) Analyze the robustness of synergetic control strategy
for HSDC and HSDCST.

(4) Account the applicability of synergetic control strategy
in hydropower station.

The main chapters of this paper are arranged as follows.
The mathematical model of HSDC and HSDCST are estab-
lished, and the basic principle of synergetic control strategy is
given in section II. The synergetic control strategy for HSDC
and HSDCST are deduced in section III. The advantage of
synergetic control strategy in controlling both HSDC and
HSDCST is illustrated through the analysis of dynamic char-
acteristics, compared with PID control strategy in section IV.
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The robustness and applicability of synergetic control strat-
egy for HSDC and HSDCST are studied in section V. The
summary and conclusions are presented in section VI.

II. MATHEMATICAL MODEL
In this section, the mathematical model of HSDC and HSD-
CST considering the relationship between downstream water
level and flow are established at the very beginning. The
structure diagram of hydropower station under synergetic
control strategy is shown in Fig. 1. Then, the concept of syn-
ergetic theory is given, which lays a foundation for designing
controller of HSDC and HSDCST.

A. MATHEMATICAL MODEL
The mathematical model established in this paper should
be able to accurately express the dynamic characteristics
of hydropower stations with downstream channel. There-
fore, on the basis of transient flow theory, turbine control
and calculation of regulation guarantee theory, the following
hypotheses are proposed in this paper.

(1) The walls of a pressurized pipeline and the water inside
are rigid. Therefore, the rigid water hammer theory is used

to calculate the water hammer pressure caused by the change
of guide vane opening.

(2) The water level of the downstream channel is not con-
stant but has a quadratic radical relationship with the flow of
the hydropower station. It can be expressed as Hd = K

√
Q+

B, where Hd is the water level of downstream channel, K , B
is the coefficient of the relationship between the water level
and flow, and Q is the flow into the downstream channel.
(3) The flow characteristics and torque characteristics of

turbine show a complex nonlinear relationship, which is dif-
ficult to be expressed analytically. In this paper, the control
of hydropower station under small disturbance is studied, and
the six-parameter model of turbine is adopted here.

(4) Since the existence of power grid can improve the
stability of hydropower station, the regulation guarantee cal-
culation of hydropower station is generally considered as the
isolated condition. The first-order model of generator can
satisfy the requirements of investigation.

(5) It is considered that the relay and follow-up hydraulic
device have no dead zone and saturation link.

HSDC and HSDCST are described mathematically based
on the above assumptions, of which the concise pictures are
given in Fig. 2.

The hydroelectric unit equations of HSDC and HSDCST
are the same, including turbine, generator and servo device,
which can be presented as follows:

The characteristics equation of turbine [4], [34]:

qt = eqhh+ eqxx + eqyy (1)

mt = ehh+ exx + eyy (2)

where eh, ex , eyeqh, eqx , eqy is the transfer coefficients of
turbine, and qt mt , h, x, y is the relative deviation value, which
represent the turbine flow, the turbine torque. the water head,
the speed, the guide vane.

The rotation equation of generator [35]:

Ta
dxt
dt
= mt − egxt − mg (3)

where Ta is the time constant of generator, eg is generator
self-regulation coefficient.

The dynamic equation of servo device [11]:

dy
dt
=

1
Ty
(u− y) (4)

where Ty is the servo device inertia time constant, u is the
output of controller.

However, there are great differences between HSDC and
HSDCST in the model of hydraulic system. For HSDC, its
penstock is directly connected with the downstream channel,
so the unsteady flow in penstock can be described as follows
[36]:

Lt
gAt

dQt
dt
= Hu − Hd − H − ht (5)

The relative deviation value form of penstock:

Twt
dqt
dt
= −

K
√
Q0

H0

(√
qt + 1− 1

)
− h−

2ht0
H0

qt (6)

where Twt is flow inertia time constant of penstock, the
expression of it is Twt = LtQt

/
(gAtH0). ht0 is the initial

value of head loss in penstock. Q0, H0, is the initial value
of flow and water head in turbine.

For HSDCST, the downstream surge tank is installed in the
hydropower station. The end of the penstock is a surge tank,
which is connected with the downstream channel through the
tailwater tunnel. Correspondingly, the dynamic equation of
the penstock is rewritten as follows:

Twt
dqt
dt
= −z− h−

2ht0
H0

qt (7)

where z is the relative value of the water level in surge tank.
The momentum equation in the tailwater tunnel is as fol-

lows [37]:

Ly
gAy

dQy
dt
= Z − Hd − hy (8)

where Ly is the length, Ay is the area, and hy is the head loss
of penstock.

The relative deviation value form of tailwater tunnel:

Twy
dqy
dt
= z−

K
√
Q0

H0

(√
qy + 1− 1

)
−

2hy0
H0

qy (9)

where Twy is flow inertia time constant of tailwater tunnel, the
expression of it is Twy = LyQy

/(
gAyH0

)
. qy is the relative

value of flow in tailwater tunnel.
The continuous equation of surge tank [38]:

dz
dt
=

1
TF

(
qt − qy

)
(10)

where TF is the flow inertia time constant of surge tank.

VOLUME 10, 2022 81107



T. Zhang et al.: Synergetic Control Strategy for Water Hammer Wave and Mass Wave in HSDC

FIGURE 1. Structure diagram of hydropower station under synergetic control strategy.

By integrating (1)-(6), the state equation of HSDC can be
obtained, as shown in following equation. (11), as shown at
the bottom of the page.

For HSDCST, its state equation can be derived to following
equation, by combining (1)-(4) and (7)-(10). (12), as shown
at the bottom of the page.

The measured data of the hydropower station are selected
to verify the accuracy of model. It should be noted here that
due to the limited measured data of the hydropower stations
[39], the example is a hydropower stationwith upstream surge
chamber. The main research purpose of this paper is to design
the controller of HSDC and HSDCST, so (11) and (12) are
modified under this theoretical system, and finally simulated
verification is conducted. The comparison results are shown
in the Fig. 3.

For the comparison between simulation andmeasured data,
they showed a remarkable degree of consistency. Specifically
speaking, the maximum error of y is 1.65%, and the average
error is 2.55%. As accuracy. As can be seen from the above,

the model for output, its maximum is 2.55%, and the average
error of the whole process is 0.35% with high has been veri-
fied to some extent, and the analysis of stability and controller
design based on it has high reliability.

B. BASIC PRINCIPLE OF SYNERGETIC CONTROL
STRATEGY
Synergetic control theory is a state-space method based on
modern mathematics and synergetic theory. It provides an
effective means for the design of feedback controller of non-
linear system by utilizing the nonlinear characteristics of the
system itself. The nonlinear control system using synergetic
control has global stability running on manifold, and it is
easy to implement in engineering. The basic principle and
design process of synergetic control strategy are presented as
follows.

For a n-dimensional nonlinear affine system that can
be expressed as following (13), there are macro variables



ẏ =
1
Ty
(u− y)

q̇t =
1
Twt

[
K
√
Q0

H0

(
1−

√
qt + 1

)
−

(
2ht0
H0
+

1
eqh

)
qt +

eqx
eqh

xt +
eqy
eqh

y
]

ẋt =
1
Ta

[
eh
eqh

qt +
(
ex − eg −

eheqx
eqh

)
xt +

(
ey −

eheqy
eqh

)
y− mg

] (11)



ẏ =
1
Ty
(u− y)

q̇t =
1
Twt

[
−z−

(
1
eqh
+

2ht0
H0

)
qt −

eqx
eqh

xt −
eqy
eqh

y
]

ż =
1
TF

(
qt − qy

)
q̇y =

1
Twy

[
z−

K
√
Q0

H0

(√
qy + 1− 1

)
−

2hy0
H0

]
ẋt =

1
Ta

[
eh
eqh

qt +
(
ex − eg −

eheqx
eqh

)
xt +

(
ey −

eheqy
eqh

)
y− mg

]

(12)
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FIGURE 2. Structure diagram of hydropower station under synergetic control strategy.

FIGURE 3. Comparisons of simulation results and measured results.

ψ (x, t) {
ẋ = f (X, t)+ g (X)u
y = h(X)

(13)

that makes the following equation true [27].

T ψ̇ + ψ = 0 (T > 0) (14)

Define ψ (x, u) = 0 as a manifold. If the stability of the
system under the controller can be guaranteed, the system
must converge to the equilibrium point along the manifold

after perturbation. Because the macro variable is a function
of the state variable, and the state variable is a function of
time. So, the (14) can be written (15).

T
dψ
dx

f (X,u, t)+ ψ = 0 (T > 0) (15)

From (15) we can deduce the control equation.

u = F (X, ψ (X, t) ,T ) (16)
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The system under the action of synergetic control strategy,
has better global stability, better robustness to system param-
eters, and can suppress noise.

III. DESIGN OF SYNERGETIC CONTROL STRATEGY
Synergetic control strategy is a kind of nonlinear system con-
trol method. The design of synergetic control strategy mainly
consists of two steps. The first step is the exact linearization
of a nonlinear system. The second step is to choose the appro-
priate macro variable so that the system converges quickly to
the manifold. In this section, the HSDC and HSDCST under
synergetic control strategy are designed according to its basic
principle in Section II.B.

A. EXACT LINEARIZATION
The purpose of control strategy design is to make the system
reach a new equilibrium point under external disturbance
quickly and smoothly. ẋ = 0 is true at the new equilibrium xE
[40]. Therefore, the new equilibrium point of HSDC is shown
in (17), and the new equilibrium point of HSDCST under load
disturbance is given in (18), where the subscript E represents
the value of each variable at equilibrium point. The expansion
of them are presented in Appendix A.

xE1 = (yE1, qtE1, xtE1) (17)

xE2 =
(
qyE2, yE2, xtE2, zE2, qtE2

)
(18)

Since it is easier to design controllers and judge the stabil-
ity of closed-loop systems for linear systems using synergetic
theory [36], feedback linearization can be performed on the
state equation of HSDC. Having selected the output function
h1 (X) = xt , the relative order of HSDC is three. Therefore,
(7) is rewritten as (19).

Z1 = h1(X) = xt
Ż1 = Z2 = Lf 1h1(X) = ẋt
Ż2 = Z3 = L2f 1h1(X) = −

η1y
Ty
+ η2q̇t + η3ẋt

Ż3 = L3f 1h(X)+
[
Lg1L2f 1h1(X)

]
u

= −
ξ1

Ty
y+

(
ξ2 −

ξ3
√
1+ qt

)
q̇t + ξ4ẋt +

ξ1

Ty
u

(19)

where, Z = (Z1, Z2, Z3) is the state variables of the system of
HSDC after feedback linearization.

Similarly, the relative order of HSDCST is five with
h2 (X) = xt as the output function. By coordinate transfor-
mation, (12) is converted into the form of following equation.

W1 = h2(X) = xt
Ẇ1 = W2 = Lf 2h2(X) = ẋt
Ẇ2 = W3 = L2f 2h2(X) = −

a1y
Ty
+ a2q̇t + a3ẋt

...



...

Ẇ3 = W4 = L3f 2h2(X) = −
b1y
Ty
+ b2q̇t + b3ż+ b4ẋt

Ẇ4 = W5 = L4f 2h2(X) = −
c1y
Ty
+ c2q̇t

+ c3ż+ c4q̇y + c5ẋt
Ẇ5 = L5f 2h2(X)+

[
Lg2L4f 2h2(X)

]
u

= −
d1
Ty
y+ d2q̇t + d3ż+

(
d4 −

d5√
1+ qy

)
q̇y

+ d6ẋt +
d1
Ty
u

(20)

Where, W = (W1,W2,W3,W4,W5) is the state variables of
the system of HSDCST after feedback linearization.

B. DESIGN OF CONTROL STRATEGY
The unit speed is the most important control objective of the
hydropower station under small load disturbance. Z1 can fully
represent the unit speed, which is taken as a component of
the macro variable. Secondly, Z2 will be ignored in the macro
variable since it is a part of Z3. Therefore, the macro variable
is determined to be following equation.

ψ = k1 (Z1 − Z1E )+ k2 (Z3 − Z3E ) (21)

where Z1E, Z3E is the equilibrium point of the linear sys-
tem after coordinate transformation, and k1, k2 is controller
parameter of synergetic control strategy for HSDC,which can
be obtained by substituting (17) into (19).

Substituting (21) into dynamic (15) of macro variable
attenuation, the following equation can be obtained.

k1 (Z1 − Z1E )+ k1TZ2 + k2 (Z3 − Z3E )+ k2T Ż3 = 0 (22)

Finally, the control strategy of guide vane can be obtained
by substituting (19) into (22), as shown in the following
equation.

u =
Ty
ξ1

[
−
k1
Tk2

xt +
(
η1

TTy
+
ξ1

Ty

)
y−

(
η3

T
+ ξ4 +

k1
k2

)
ẋt

+

(
−ξ2 −

η2

T
+ ξ3

1
√
1+ qt

)
q̇t −

η1yE
TTy

]
(23)

For HSDCST, the dynamic response of xt is mainly com-
posed of two parts, one is called head wave caused by
pipeline, belonging to water hammer wave, which is high
frequency; the other is called wake wave caused by surge
tank, belonging to mass wave, which is low frequency. Both
of them must be well controlled at the same time so that the
HSDCST can have excellent dynamic performance. There-
fore, W1 representing the speed will be an important part of
the macro variable. Since W5 can be linearly represented by
W2, W3, and W4, only W5 is selected as a component of the
macro variable. As thus, the macro variable consists of W1
and W5, which is written in this form as follows:

ψ = λ1 (W1 −W1E )+ λ2 (W5 −W5E ) (24)
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where W1E, W5E are computed from the simultaneous (18)
and (20), and λ1, λ2 is controller parameter of synergetic
control strategy for HSDCST.

Similarly, having combined (15), (20) and (24), the expres-
sion of the control quantity can be yield, as shown in the
following equation.

u =
Ty
d1

[
−
λ1

Tλ2
xt +

(
c1
TTy
+
d1
Ty

)
y−

(
λ1

λ2
+
c5
T
+ d6

)
ẋt

−

(c2
T
+ d2

)
q̇t −

(c3
T
+ d3

)
ż

−

(
d4 +

c4
T
− d5

1√
1+ qy

)
q̇y −

d1
TTy

yE

]
(25)

IV. DYNAMIC CHARACTERISTICS UNDER SYNERGETIC
CONTROL STRATEGY
In this section, it is under synergetic control strategy that the
dynamic characteristics of HSDC and HSDCST are inves-
tigated in extenso. First of all, the engineering examples of
HSDC and HSDCST is taken, and the state equation under
PID control strategy is given. Secondly, it is obtained that
the dynamic response of HSDC and HSDCST under syner-
getic and PID control strategy. The dynamic characteristics
of HSDC and HSDCST under synergetic control strategy
is evaluated by quantitative indexes. Finally, the analysis
of dynamic performances of synergetic control strategy for
various disturbances is carried out.

A. EXAMPLE OF DYNAMIC RESPONSES
In order to investigate the dynamic characteristics of
hydropower station under synergetic control strategy, the real
hydropower stations are taken as examples in this study. The
basic parameters of HSDC is as follows: H0 = 120 m, Q0 =

665 m3/s, Twt = 2.83 s, ht0 = 0.53 m, K = 0.004, eh = 1.5,
ex = −1, ey = 1, eqh = 0.5, eqx = 0, eqy = 1, eg = 0, Ta =
10.32 s, Ty = 0.2 s, mg = −0.1, k1 = 1.0, k2 = 3.5, T1 =
0.5. The basic parameters of HSDCST is given: H0 = 80 m,
Q0 = 506 m3/s, Twt = 3.43 s, ht0 = 1.46 m, K = 0.004,
eh = 1.5, ex = −1, ey = 1, eqh = 0.5, eqx = 0, eqy = 1, eg =
0, Ta = 9.52 s, Ty = 0.2 s, mg = −0.1, λ1 = 1.0, λ2 = 3.5,
T1 = 0.5.

PID control strategy being a reference, the superiority of
synergetic control strategy is illustrated. The formula of the
former is given in the following equation [41].

u = −Kpxt − Ki

∫
xt − Kd

dxt
dt

(26)

where theKp,Ki,Kd1 is the basic data of PID control strategy,
its value is usually determined by Stein formula [42], i.e.
Kp1 = 7Ta/9Twt , Ki1 = Ta/4.5T 2

wt , Kd1 = Ta/3, when
applied to the control of guide vane in hydropower station.
For the engineering example given above, the calculation
result of HSDC is Kp1 = 2.8363, Ki1 = 0.2863 s−1, Kd1 =
3.44 s, and that of HSDCST is Kp2 = 2.1462, Ki1 =
0.1777 s−1, Kd1 = 3.1733 s.

Equation (26) is substituted into (11) to obtain the state
equation of HSDC under PID control strategy, which is given
in Appendix A. Likewise, the state equation of HSDCST
under PID control strategy can be yield by combing (12)
and (26), which is also given in Appendix A.

By adding (23) to (11), the state equation of HSDC under
synergetic control strategy can be obtained. The dynamic
response of HSDC under synergetic control strategy is given
in Fig. 2. Substitute (25) into (12) will yield the state equa-
tion of HSDCST under synergetic control strategy, whose
dynamic response is shown in Fig. 2. Being a reference, the
dynamic responses of HSDC andHSDCST under PID control
strategy are also given in Fig. 2. Meanwhile, the integral
square time square error (ISTSE) [43] of dynamic response
is provided in Fig. 2. It amplifies the weight of time and error
in the evaluation of system performance, not only ensures the
fastest rise time and the shortest settling time, but also greatly
reduces the system overshoot, which equation is shown as
follows:

ISTSE =
∫
∞

0
t2e2 (t)dt (27)

where t is simulation time, e(t) is dynamic response of state
variables.

B. ANALYSIS OF DYNAMIC CHARACTERISTICS
In order to evaluate the two control strategies quantitatively,
it is calculated that the indicator of dynamic response of
HSDC and HSDCST under synergetic and PID control strat-
egy, such as amplitude, peak time, rise time, settling time and
overshoot according to the results of characteristics in Fig. 4,
which is given in Table 1 and Table 2.

Specially, for settling time, it refers to the time when the
speed enters 0.4% bandwidth and is no longer exceeded
according to the regulation guarantee calculation specifi-
cation [44]. The definition of 0.4% bandwidth is given,
as shown in the following equation.

∃ts, when ti > ts, s.t.

∣∣∣∣n (ti)− n0n0

∣∣∣∣ ≤ 0.4% (i = 1, 2, . . .)

(28)

where ti is the simulation time, ts is the settling time, n(ti) is
the unit speed, and n0 is the steady speed. For the dynamic
response of HSDC:

(1) As shown in Fig. 4 (b)(c), for the overall characteristic
process of xt and y, the effect of synergetic control strategy is
significantly better than that of PID control strategy. In terms
of the composite indicator ISTSE, the value of it under the
former is obviously smaller than under of the latter. The
ISTSE of xt is 8.8253e-06 and the ISTSE of y is 3.8026e-06
under synergetic control while the former is 1.1676e-05 and
the latter is 3.8026e-06 under PID control strategy. It is the
same phenomenon that is illustrated forcefully by quantitative
index in Table 1.

(2) Specifically, the maximum amplitude of xt is
0.035 under synergetic control strategy and 0.040 under PID
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FIGURE 4. The dynamic responses in HSDC and HSDCST under synergetic and PID control strategy.

TABLE 1. Indexes of regulation quality for HSDC under synergetic and PID control strategy.

TABLE 2. Indexes for response quality of HSDCST under synergetic and PID control strategy.

control strategy, which decreases by 14.29%. Meanwhile, the
xt reaches the peak value faster under the synergetic control
strategy, about 0.7s earlier. This shows that the synergetic
control strategy is superior in terms of rapidity compared with
PID control strategy. The unit enters 0.4% bandwidth faster
under the PID control strategy is 4.819s, while it is always
in bandwidth under the synergetic control strategy, which
has better stability. It is good stability that the synergetic
control produces. Moreover, there is no steady-state error
in the characteristics of xt under synergetic control, which
indicates that the control strategy meets the requirement of
accuracy.

(3) For the characteristic index of guide vane opening,
compared with PID control strategy, the amplitude and over-
shoot are smaller under synergetic control strategy and have
better stability. Meanwhile, the peak time is slightly longer
while the rise time is shorter. Not only does it not affect the
overall rapidity, but also makes the dynamic response process
of guide vane smoother, which is more conducive to the
operation of servo device. Moreover, it meets the requirement
of guide vane control accuracy with no static error.

For the dynamic response of HSDCST:
(1) It can be seen in Fig. 4 that HSDCST has an excellent

dynamic response with rapid response, good convergence and
no static error under the synergetic control strategy in terms
of the dynamic response of xt , y and z, compared with PID
control strategy.

(2) For dynamic response of xt , the overall index ISTSE
is 2.4586e-05 under the synergetic control strategy and
2.7517e-05 under the PID control strategy. Detailly, it reaches
the peak value of 0.042 at 3.878s under the former the ampli-
tude is 0.048 and the peak time is 5.579s under the latter. The
amplitude of speed decreased by 14.29% and the response
rate increased by 43.86%. Furthermore, the speed converges
quickly under synergetic control, and the time to enter 0.4%
bandwidth is 5.286s, while it takes 9.63s under PID control
strategy.

(3) In terms of guide vane opening, the rapidity, stability
and accuracy of dynamic response under synergetic control
strategy aremore superior, which are proved from ISTSE. It is
3.0599e-06 under synergetic control strategy while 3.9845e-
05 under PID control strategy. In detail, the fluctuation
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amplitude of guide vane opening is relatively small 14.41%.
Meanwhile, the overshoot is only 0.006, which means that
there is almost no overshoot. The response rate being fast, the
peak time is 4.159s, and the rise time is 2.48s. However, they
are 38.178 and 12.68 under PID control strategy respectively.
In addition, its steady-state value is −0.1104 without static
error.

(4) The synergetic control strategy also shows good per-
formance to the fluctuation of the water level in the surge
tank, under which the value of ISTSE is 4.5938e-06 while it
is 1.0223e-05 under PID control strategy. The amplitude and
overshoot are about 7.69% better than those under PID con-
trol strategy. For that under synergetic control, the rise time is
13.34% faster and the peak time is 27.92% faster. Obviously,
the convergence of water level fluctuation of the surge tank is
much faster under the synergetic control strategy.

For all above, the synergetic control strategy can not only
greatly reduce the amplitude of high-frequency fluctuation
corresponding to water hammer wave, but also accelerate
the attenuation of low-frequency fluctuation corresponding
to mass wave. At the same time, it has excellent dynamic
characteristics in rapidity, stability and accuracy.

C. ANALYSIS OF DYNAMIC PERFORMANCES TO VARIOUS
DISTURBANCES
Due to the special working condition and environment in the
electric system, the automation equipment will be interfered
by external electromagnetic waves in the process of opera-
tion. In the harmonic disturbance of electric system, for the
general disturbance, saw wave can be applied for excitation,
because saw wave is composed of sine waves with different
amplitude and finite times of different frequencies according
to Fourier Analysis, that is, the basic waveform is sine wave.
When the electric system is seriously disturbed, it can be
excited by square wave, because the square wave is theo-
retically composed of more times with different frequencies
and different amplitudes according to the Fourier transform,
which is a way to investigate the stability of the system [45].

Therefore, the performance of the controller will be tested
using sine wave, saw wave and square wave as excita-
tion respectively in this section, of which the amplitude is
−0.1 and the period is 100s, and the disturbances will last
for two period. They are square disturbance, sine disturbance,
and saw disturbance respectively, of which the dynamic
process is shown in Fig. 5(a)-Fig. 7(a). Then the dynamic
response of HSDC and HSDCST under various distur-
bances are given, as shown in Fig. 5(b)(e)(f)-Fig. 7(b)(e)(f).
On this basis, standard deviation (σ ) [46] is adopted to
evaluate the output uncertainty of the hydropower station
subjected to external random disturbance, as shown in the
following equation. Meanwhile, the ISTSE are adopted to
evaluate the performance of control strategy, as shown in
Fig. 5(c)(g)-Fig. 7(c)(g).

1i =

√√√√Tsim∑
t=0

[
OSCSi (t)− OPIDi (t)

]
(29)

where OSCSi (t) is the time-domain waveform of disturbed
system state variables under synergetic control strategy,
OPIDi (t) is the time-domain waveform of disturbed system
state variables under PID control, Tsim is the simulation time.

It can be seen from the above dynamic response results
of hydropower station under various disturbances that the
synergetic control strategy has a good effect in the control
of water hammer wave and mass wave.

Specifically, in HSDCwhere only water shockwave exists,
the response speed of xt in each peak region is faster and
the overshoot is smaller under synergetic control strategy
in Fig. 5(b)-Fig. 7(b). For HSDCST with mass wave, the
synergetic control strategy shows good performance in the
convergence of xt and z. As shown in Fig. 5(e)(f)- Fig. 7(d)(e),
regardless of the type of disturbance, the dynamic response of
xt and z under synergetic control have completely damped
after 500s in two periods while it needs twice as much
time under PID control strategy. Meanwhile, the dynamic
responses of HSDC and HSDCST can reach the equilibrium
point accurately without steady-state error.

Meanwhile, the σ and ISTSE of dynamic responses under
synergetic control strategy are far less than these under PID
control strategy from Fig. 5(c)(g)- Fig. 7(c)(f). As the σ and
ISTSE amplify the weight of time and error in evaluating
the performance of system, it indicates that the synergetic
control strategy can greatly reduce the overshoot of system
while ensuring the fastest rising time and the shortest settling
time. The above shows that the hydropower station adopts the
synergetic control strategy under various disturbances, which
can ensure its excellent stability and dynamic performances,
and also prolong the service life of the governor and servo
device.

D. ANALYSIS OF DYNAMIC PERFORMANCES TO LOAD
VARIATION
In an actual hydropower station, the load adjustments, such
as load growth and load reduction, of the units are controlled
by the guide vanes, which is difficult. The load adjustment
processes usually take a long time. In order to implement
performance measures on the basis of deviations from ideal
waveforms, the load variation tracking is carried out in this
section. Taking 10% load variation as an example, linear
variation and ladder variation are adopted respectively [47].
The calculation results are shown in Fig. 8 and Fig. 9. The
error, σ and ITESE values of load tracking process are given
in Table 3.

From the Fig. 8 and Fig. 9, the two control strategies can
be roughly consistent throughout the process. However, it is
clear that the synergistic strategy has a better control effect
whether in local load variation or overall tracking. Under
synergetic control strategy, the dynamic response of load has
faster response speed, smaller overshoot, and smaller process
errors.

For the quantitative indicators of tracking effectiveness,
as presented in Table 3, compared with PID control strategy,
the synergetic control strategy is more excellent. Specifically,
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FIGURE 5. The dynamic responses and indexes for sine disturbance under synergetic and PID control strategy.

FIGURE 6. The dynamic responses and indexes for saw disturbance under synergetic and PID control strategy.

TABLE 3. Error indicators for ideal waveforms of load variation under synergetic and PID control strategy.

the error is around 0.0036 under synergetic control strategy,
and it is about 0.0041 under PID. The load tracking error
of hydropower station under synergetic control strategy is

smaller. At the same time, the σ and ISTSE are smaller under
the synergetic control strategy, which can reflect the control
process performance.
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FIGURE 7. The dynamic responses and indexes for square disturbance under synergetic and PID control strategy.

FIGURE 8. Ideal waveforms tracking process of load growth.

V. ROBUSTNESS AND APPLICABILITY OF SYNERGETIC
CONTROL STRATEGY
In this section, the robustness of the synergetic control strat-
egy is analyzed. First, the basic method of robustness analysis
is given. Then, the robustness indexes of synergetic and PID
control strategies are calculated and evaluated. Finally, the
applicability of the synergetic control strategy is proved by
analyzing the dynamic response of hydropower station under
different parameters.

A. BASIC METHOD OF ROBUSTNESS
Robustness is an important index to evaluate the performance
of controller. It refers to the characteristics of the system to
maintain the original performance under the disturbance of
parameter [48]. In this study, the index of quantitative analysis
is applied to evaluate the robustness of the control strategy.

Specifically, for a system of the following form:

R = R (S,T) (30)

where, S = (S1, S2, . . . , Sl)T is the l-dimensional vector
of the design variables, and T = (T1, T2, . . . ,Tm)T is the
m-dimensional vector of the design parameters, R = (R1,

R2, . . . ,Rn)T is a performance function represented by an m-
dimensional vector.
The Jacobian matrix representing system sensitivity is

shown below:

J =
[
JS, JT

]
=

[
∂R
∂S
,
∂R
∂T

]
(31)

A system is considered to be robust when its sensitivity to
change is low. Ideally, all singular values of the sensitivity
Jacobian matrix can be minimized. Accordingly, the Vander-
mond norm of Jacobian matrix is used as the measure index
of robustness, and the following equation is given [49].

RI = ‖J‖Frob (32)

where, RI is index of robustness, ‖.‖Frob is Frobenius norm.

B. ANALYSIS OF ROBUSTNESS
According to the robustness analysis method, for HSDC,
the design variables S = (y, qt , xt )T, designed parameters
T = (K , Twt , mg)T, and R = (ẏ, q̇t , ẋt)T is taken. The RI is
calculated based on synergetic and PID control strategy under
different values of K , Twt , mg, which is given in Table 4.
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FIGURE 9. Ideal waveforms tracking process of load reduction.

TABLE 4. Ri of HSDC under synergetic control strategy, PID control
strategy and various parameters.

Table 4 indicates the following results:
(1) For different K , Twt , mg, the RI of HSDC is about

1.67 under synergetic control strategy while it is about
3.06 under the latter. According to the different six parameters
of turbines, the value of RI is about 0.18 under synergetic
control strategy and about 1.20 under PID control strategy.
Obviously, the RI ofHSDCunder the former is smaller, which
indicates that HSDC under the synergetic control strategy has
stronger anti-interference ability, that is, strong robustness.

(2) Under the synergetic control strategy, the RI value of
HSDC is positively correlated with each parameter., the RI
becomes larger as the K ,Twt ,mg increases. Moreover, the

RI of HSDC under the increasing load is larger than that of
decreasing load. Specifically, the more obvious the relation-
ship between downstream water level and flow is, the larger
the flow inertia time constant in penstock is and the larger
the load disturbance is, the larger RI is. However, the RI of
HSDC hardly changes with each parameter under PID control
strategy. The value of RI is getting bigger as ex , eh, and eqy
increase, while it decreases with the increase of the ey, eqx , eqh
under synergetic control strategy. However, for HSDC under
PID control strategy, the RI shows an increasing trend with
the increase of ey, eh, eqx and eqy, but it’s the opposite of ex
and eqh.

Above all, it shows that the synergetic control strategy
makes the anti-interference of the HSDC stronger, no matter
for the change of the layout form of the HSDC or the variation
of the operating condition point of turbine.

For HSDCST, the design variables S = (y, qy, z, qt , xt )T,
and the designed parameters is selected as T = (K ,Twy, F ,
Twt , mg)T, and R =

(
ẏ, q̇y, ż, q̇t , ẋt

)T is taken. It is given in
Table 5 that the RI under synergetic, PID control strategy, and
various parameters.

Table 5 indicates the following results:
(1) Under different values of K , Twy, F , Twt ,mg, there is an

obvious difference in the RI of HSDCST under different con-
trol strategy. Specially, the RI is significantly smaller under
synergetic control strategy in comparison with PID control
strategy. The former is around 2.2 while the latter is around
3.3. The value of RI is around 0.25 for the variation of six
parameters under synergetic control strategy and about 1.30
under PID control strategy. This indicates that HSDCST will
have strong robustness when adopting the synergetic control
strategy.

(2) For HSDCST under synergetic control strategy, the
more obvious the downstream water level changes, and the
greater the value of RI is. A change of the flow inertia time
constant in tailwater tunnel cannot causes a variation of RI
while it increases with the increase of the flow time constant
of penstock. The RI hardly changes as the sectional area of
surge tank increases. Load increment or load decrement will
change the value of RI, which has a weak positive correlation
with the amount of load variation. As far as the six parameters
of HSDCST are concerned, their variation relationship with
RI is the same as that of HSDC, whether under synergetic
control strategy or PID control strategy. This indicates that
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FIGURE 10. Dynamic response of xt in HSDC under synergetic control strategy and different values of K , Twt ,mg.

FIGURE 11. Dynamic response of z in HSDCST under synergetic control strategy and different values of K , Twy , F , Twt ,mg.

the synergetic control strategy responding to the variation of
parameters in HSDCST has good robustness.

C. ANALYSIS OF APPLICABILITY
Based on the engineering example of hydropower station in
Section IV.A, the sensitivity analysis of K , Twy, Twt , F , and
mg are carried out to prove that the applicability of synergetic
control strategy for the water hammer wave in HSDC and
mass wave in HSDCST. It is calculated according to (11)
and (12) that the dynamic response of xt in HSDC and the
dynamic response of z in HSDCST under synergetic control
strategy and different K , Twy, Twt , F , mg, which are shown in
Fig. 10 and Fig. 11.

As is shown in Fig. 10, it reflects the applicability of
synergetic control strategy for water hammer wave in HSDC.
The change of K has little effect on the dynamic response
of xt under the synergetic control strategy. The amplitude of
dynamic response of xt increases obviously with the increase
of Twt , and the settling time becomes greater. The sign
and variation of mg have obvious influence on the dynamic
response of xt . Specifically, the sign of xt is always opposite
to mg, and the amplitude and settling time of xt will increase
as the mg increases. However, their equilibrium point of xt

does not change under synergetic control strategy with Twt ,
mg and K .

From Fig. 11, it can get the applicability of synergetic
control strategy for mass wave in HSDCST. The dynamic
response of z has no obvious change under variousK and Twt .
However, Twy, F , mg have an apparent effect on the dynamic
response of z. Thereinto, the expansion of F is beneficial
to the dynamic quality of z, which will lead to a shorter
amplitude and settling time of the dynamic response of z.
The amplitude and settling time of the dynamic response of z
will become larger, which means that the dynamic response
quality will become worse with the increase of Twy. The
equilibrium point remains the same under the differentK, Twt ,
Twy, and F . The influence of mg on z in HSDCST is the same
as that on xt in HSDC, but the equilibrium point of z is larger
as the value of mg increases.
The above shows that the synergetic control strategy has

excellent applicability for both water hammer wave of HSDC
and mass wave of HSDCST.

VI. SUMMARY AND CONCLUSION
For HSDC and HSDCST, the nonlinear mathematical model
considering the relationship between downstream water level
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TABLE 5. Ri of HSDCST under synergetic control strategy, PID control
strategy and various parameters.

and flow are established. The controller equation of HSDC
and HSDCST are derived based on the synergetic control
theory. Furthermore, the dynamic characteristics of HSDC
and HSDCST under synergetic and PID control strategy
are analyzed. Moreover, the robustness and applicability
of synergetic control strategy for HDSC and HSDCST are
studied. The following conclusions can be drawn from this
investigation.

(1) The design of synergetic control strategy for HSDC
and HSDCST contains two steps. The first step is the exact
linearization for the state equation of HSDC and HSDCST.
The second step is to select the appropriate macro variables
to ensure that it can quickly converge to manifold. Finally, the
control formula is obtained by solve the attenuation equation.

(2) The synergetic control strategy is superior to the PID
control strategy under various disturbances in controlling

the amplitude of water hammer wave in HSDC, which
is down 12.5%. The attenuation of mass wave in HSD-
CST under synergetic control strategy is faster, and the
settling time is 6.16s less than that of PID control strat-
egy. It is under synergetic control strategy in comparison
with PID control strategy that the dynamic characteristics
of HSDC and HSDCST have rapid response, small over-
shoot, fast convergence speed and no static error for various
disturbances.

(3) The value of RI is susceptible to the changes of K , Twt ,
mg, ex , eh, ey, eqx , eqh, eqy and insensitive to the variation of
F , Twy. Specifically, RI value is about 1.65, 0.18 for HSDC
and 2.21, 0.25 for HSDCST under synergetic control strategy,
while it is about 3.05, 1.20 and 3.32, 1.30 under PID control
strategy. It is much smaller under synergetic control strategy
than PID control strategy. That is, the robustness of synergetic
control strategy is more excellent than that of PID control
strategy for HSDC and HSDCST.

(4) For the control effectiveness of ideal wave, the syn-
ergistic strategy has a better control effect whether in local
load variation or overall tracking. Under synergetic control
strategy, the dynamic response of load has faster response
speed, smaller overshoot, and smaller process errors. The
quantitative indicators of tracking effectiveness under syner-
getic control strategy is more excellent, which is reflected in
smaller error, σ and ISTSE than that under the PID control
strategy.

(5) The dynamic performance of xt and z are maintained at
a high level under different parameters and synergetic control
strategy. which has an excellent applicability. It proves that
the synergetic control strategy has preeminent applicability in
the control of water hammer wave in HSDC and mass wave
in HSDCST.

In the future, the following work will be fully addressed.
(1) It is limited by various constraints in actual

hydropower station operation, such as the dead zone of
state variables, saturation limit of output variables will
lead to the system trajectory cannot converge to mani-
fold, reducing the control performance. It is worth fur-
ther studying that integrating constraints into the design of
controller.

(2) From the theoretical derivation and simulation
results, the control method has high superiority. How-
ever, it is necessary to test its dynamic performance, anti-
jamming capability, and the degree of matching with the
hydropower unit, on the basis of which its control param-
eters is adjusted through the application of hydropower
station.

(3) ADRC controller has good control performance, which
is via internal state and uncertain factors of the system
for real-time estimation and compensation, and ADRC has
obtained the immunity function and is not dependent on the
accurate mathematical model of the controlled. It has been
used successfully in many fields and get excellent perfor-
mance. The effect of ADRC on hydropower units is very
promising.
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APPENDIX A
A. THE EXPANSION EXPRESSION OF EQUILIBRIUM POINT IN (17) IS GIVEN AS FOLLOWS

yE1 =

eqhmg − eh


√√√√[ 8ht0

H0
+

4
eqh
+

4eheqy
e2qhey−eqheqyeh

][
2ht0
H0
+

1
eqh
+
K
√
Q0

H0
+
eqy(mgeqh+eh)
e2qhey−eqheqyeh

]
+
K2Q0
H2
0
+
K
√
Q0

H0

4

[
2ht0
H0
+

1
eqh
+

eheqy
e2qhey−eqheqyeh

]2 − 1


eyeqh − eheqy

qtE1 =

√[
8ht0
H0
+

4
eqh
+

4eheqy
e2qhey−eqheqyeh

] [
2ht0
H0
+

1
eqh
+

K
√
Q0

H0
+

eqy(mgeqh+eh)
e2qhey−eqheqyeh

]
+

K2Q0
H2
0
+

K
√
Q0

H0

4
[
2ht0
H0
+

1
eqh
+

eheqy
e2qhey−eqheqyeh

]2 − 1

xtE1 = 0

B. THE EXPANSION EXPRESSION OF EQUILIBRIUM POINT IN (18) IS GIVEN AS FOLLOWS

qtE2 =
mgeqh(

eqhey − eheqy
) ( 2ht0+2hy0

H0
+

1
eqh
+

eheqy
e2qhey−eheqheqy

) +
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+

1
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+
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√
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+
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+
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+
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+
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+
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+
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qyE2 = qtE2
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eqh
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xtE2 = 0
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(
2ht0
H0
+

1
eqh
+

eheqy
e2qhey − eheqheqy

)
qtE2 ++

eqh
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C. THE EXPRESSION OF ηI , ξI , F1[X] AND G1[X] IN (19) ARE SHOWN AS FOLLOWS

η1 =
1
Ta

eyeqh − eheqy
eqh

, η2 =
1
Ta

eh
eqh
, η3 =

1
Ta

(
ex − eg −

eheqx
eqh
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]
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g1 (X) =
[
1
Ty
, 0, 0

]T
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D. THE EXPRESSION OF AI , BI , CI , DI , F2[X] AND G2[X] IN (20) ARE GIVEN AS FOLLOWS

a1 =
1
Ta

eyeqh − eheqy
eqh

, a2 =
1
Ta

eh
eqh
, a3 =

1
Ta

(
ex − eg −

eheqx
eqh

)
b1 =

1
Ta

(
−

1
Ty
+

1
Ta

exeqh − egeqh − eheqx
eqh

)(
ey −

eheqy
eqh

)
+

1
TwtTa

eheqy
e2qh

,

b2 = −
1

TaTwt

eh
eqh

(
2ht0
H0
+

1
eqh

)
+

1
Ta

(
ex − eg −

eheqx
eqh

)
, b3 = −

1
TaTwt

eh
eqh
, b4 =

1
TaTwt

eheqx
e2qh
+ 1,

c1 = −
b1
Ty
+

b2
Twt

eqy
eqh
+
b4
Ta

(
ex − eg −

eheqx
eqh

)
, c2 = −

b2
Twt

(
1
eqh
+

2ht0
H0

)
+
b3Q0

FH0
+
b4
Ta

eh
eqh
,

c3 = −
b2
Twt

, c4 =
−b3Q0

FH0
,

c5 =
b2
Twt

eqx
eqh
+
b4
Ta

(
ex − eg −

eheqx
eqh

)
, d1 = −

c1
Ty
+

c2
Twt

eqy
eqh
+
d5
Ta

(
ex − eg −

eheqx
eqh

)
,

d3 = −
c2
Twt
+

c4
Twy

, d5 =
c4K
√
Q0

2H0

d2 = −
c2
Twt

(
1
eqh
+

2ht0
H0

)
+
c3Q0

FH0
+
c5
Ta

eh
eqh
, d4 = −

c3Q0

FH0
−

2c4hy0
H0

,

d6 =
c2
Twt

eqx
eqh
+
c5
Ta

(
ex − eg −

eheqx
eqh

)

f2 (X) =



−
1
Ty
y

1
Twt

[
−z−

(
1
eqh +

2ht0
H0

)
qt −

eqx
eqh
xt −

eqy
eqh
y
]

1
TF

(
qt − qy

)
1
Twy

[
z− K

√
Q0

H0

(√
qy + 1− 1

)
−

2hy0
H0

]
1
Ta

[
eh
eqh
qt +

(
ex − eg −

eheqx
eqh

)
xt +

(
ey −

eheqy
eqh

)
y− mg

]


,

g2 (X) =
[
1
Ty
, 0, 0, 0, 0, 0

]T

E. THE EXPRESSION OF HSDC UNDER PID CONTROL STRATEGY ARE PRESENTED AS FOLLOWS

ẏ =
1
Ty
(u− y)

q̇t =
1
Twt

[
K
√
Q0

H0

(
1−

√
qt + 1

)
−

(
2ht0
H0
+

1
eqh

)
qt +

eqx
eqh

xt +
eqy
eqh

y
]

ẋt =
1
Ta

[
eh
eqh

qt +
(
ex − eg −

eheqx
eqh

)
xt +

(
ey −

eheqy
eqh

)
y− mg

]
u̇ = −

Kp
Ta

[
eh
eqh

qt +
(
ex − eg −

eheqx
eqh

)
xt +

(
ey −

eheqy
eqh

)
y− mg

]
− Kixt

−
Kd
Ta

{
eh
eqh

1
Twt

[
K
√
Q0

H0

(
1−

√
qt + 1

)
−

(
2ht0
H0
+

1
eqh

)
qt +

eqx
eqh

xt +
eqy
eqh

y
]

+
exeqh − egeqh − eheqx

Taeqh

[
eh
eqh

qt +
(
ex − eg −

eheqx
eqh

)
xt +

(
ey −

eheqy
eqh

)
y− mg

]
+
eyeqh − eheqy

Tyeqh
(u− y)

}
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F. THE EXPRESSION OF HSDCST UNDER PID CONTROL STRATEGY ARE PRESENTED AS FOLLOWS

ẏ =
1
Ty
(u− y)

q̇t =
1
Twt

[
−z−

(
1
eqh
+

2ht0
H0

)
qt −

eqx
eqh

xt −
eqy
eqh

y
]

ż =
1
TF

(
qt − qy

)
q̇y =

1
Twy

[
z−

K
√
Q0

H0

(√
qy + 1− 1

)
−

2hy0
H0

]
ẋt =

1
Ta

[
eh
eqh

qt +
(
ex − eg −

eheqx
eqh

)
xt +

(
ey −

eheqy
eqh

)
y− mg

]
u̇ = −

Kp
Ta

[
eh
eqh

qt +
(
ex − eg −

eheqx
eqh

)
xt +

(
ey −

eheqy
eqh

)
y− mg

]
− Kixt

−
Kd
Ta


eh

eqhTwt

[
−z−

(
1
eqh +

2ht0
H0

)
qt −

eqx
eqh
xt −

eqy
eqh
y
]
−

eyeqh−eheqy
eqhTy

(u− y)

+
exeqh−egeqh−eheqx

eqhTa

[
eh
eqh
qt +

(
ex − eg −

eheqx
eqh

)
xt +

(
ey −

eheqy
eqh

)
y− mg

]
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