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ABSTRACT Rough set theory was introduced by Pawlak, in 1982, as a methodology to discover structural
relationships within imprecise and uncertain data. This theory has been generalized using the idea of
neighborhood systems to be more efficient to get rid of uncertainty and deal with a wide scope of practical
applications. Motivated by this idea, in this work, we initiate novel generalized rough set models using the
concepts of “maximal left neighborhoods and ideals.” Their basic features are studied and the relationships
between them are revealed. The main merits of these models, as we prove, are first to preserve almost
all major properties of approximation operators with respect to the Pawlak model. Second, they keep the
monotonic property, which leads to an efficient evaluation of the uncertainty in the data, and third, these
models enlarge the knowledge gotten from the information systems because they minimize the vagueness
regions more than some previous models. We complete this manuscript by applying the proposed approach
to analyze educational data and illustrate its role to improve the obtained classifications of objects and show
the great performance of the present approach against other ones. Elucidative examples that support the

obtained results are provided.

INDEX TERMS Approximation space, ideals, maximal left neighborhoods, rough set.

I. INTRODUCTION

Uncertainty is presented in several practical decision-making
issues and real-life problems due to the incompleteness
of knowledge. There are various approaches to handle
uncertainty in these areas such as rough set theory, introduced
by Pawlak [28], [29]. Rough set theory contributed to solve
some issues such as characterization of a subset in terms of
attribute values, finding dependency between the attributes,
reduction of superfluous attributes, determining the most
important attributes and decision rule generation.

This theory has rapidly progressed since it was advent
in several directions; one of them is to reproduce the
approximations operators and their related notions from
neighborhoods generated by different binary relations instead
of equivalence classes inspired by equivalence relations.
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This trend started by Yao [35], [36] in the nineties of the
last century. He defined new approximation spaces induced
from the right and left neighborhoods with respect to an
arbitrary relation. These approximation spaces relax the
strict condition of an equivalence relation and expand the
scope of applications. On the other hand, these models lead
to evaporate some properties of the original model given
by Pawlak as well as the measures of accuracy exceed
one in some cases, which requires some treatments [11].
Following the pioneering works of Yao, many researchers and
scholars interested in the rough set theory introduced novel
sorts of neighborhood systems and applied to establish new
generalized rough set paradigms. Among these neighborhood
systems, minimal left neighborhoods and minimal right
neighborhoods [2], intersection of minimal left and right
neighborhoods [25], and maximal neighborhoods [4], [9].
Mareay [27] familiarized four kinds of approximation
spaces using new neighborhoods defined by the equality
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relation between Yao’s neighborhoods. Further types of
these sorts of neighborhoods were established in [8].
Recently, Al-shami [3] discussed new approximation spaces
inspired by containment neighborhoods which are defined
using the inclusion relation. Then, he and Ciucci [6]
initiated novel rough set models induced from subset
neighborhoods which are defined using the superset relation.
These neighborhoods and their approximation spaces were
exploited to rank suspected individuals of COVID-19. In fact,
many characterizations of Pawlak’s models are still valid
by these rough paradigms [3], [6]; especially, those are
related to the properties of Pawlak’s approximation operators
and the property of monotonicity. These rough paradigms
were debated under arbitrary binary relations. In contrast,
investigation of some rough paradigms was conducted under
specific type of relations such as quasiorder [31] and
similarity [32].

In 2013, Kandi et al. [23] proposed a new technique to
study approximation spaces by using ‘‘ideal structure” to
high the accuracy measure which refers to the complete-
ness of knowledge. This development helps to deal with
uncertainty and get rid of obstacles in decision-making
problems as shown in [13], [22], [33]. Topological spaces
are another significant approach to investigate approximation
operators [5], [10], [24], [26], [37]. These approaches
applied with ideal to construct new rough set models.
In this trend, Hosny [14]-[16] has recently displayed
topological approximation spaces via ideals. Afterwards,
Giiler et al. [12] studied rough approximations induced from
containment neighborhoods via ideals. Another technique
of studying rough set paradigms is presented by Abu-
Donia [1]. He explored approximation spaces using a class
of binary relations instead of one binary relation. This idea
was exploited to build the previous approximation spaces in
terms of finite number of binary relations and ideals; see, for
example [7], [18], [20].

The aim of this study is to provide another interesting and
novel version of approximation spaces induced from ‘“max-
imal left neighborhoods and ideals.” The main motivation
for us to introduce and study this version is to improve the
approximation operators and increase the accuracy values
of subsets, and to preserve as many properties as possible
of Pawlak’s approximation spaces and the property of
monotonicity.

This article has been structured in the following manner.
Section 2 presents an overview of rough neighborhood
systems and ideals, which is required for the understanding
of this work. The aim of Section 3 is to establish four rough
set models and discuss their essential characterizations. The
currently proposed models are compared in Section 4 and
shown their advantages in comparison with the previous
models. After that, a numerical example is shown that the
current approach can be effectively applied to some practical
issues in Section 5. Finally, Section 6 concludes with a
summary of this manuscript and a suggestion for further
research.
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Il. PRELIMINARIES
This section is dedicated to mentioning the main notions and
ideas that will be used in the coming sections.

Definition 1 [21]: We call a non-empty family P of the
power set of U # ¢ an ‘““ideal”” over U if it is closed under
finite unions and subsets. Thatis, V., W e P=VUW € P,
and if V € P then every subset of V is a member of P.

Definition 2 [22]: Assume that Py, P, are ideals on a set
U # ¢. The smallest collection generated by Py, P, denoted
by P1 V P, is defined as

PivP,={GUF :Ge P, F €Psl}. (1)

Proposition 3 [22]: The collection P; Vv P, has the
following properties.

(1) PrvPr#¢,

Q2 VePivP, WCV=WePV Py,

B) V,WeP vVP=VUWeP VP

That is, the collection P; Vv P, is an ideal on U.

Definition 4 [28]: Consider § as an equivalence relation
on a universe U and let [v]s be the equivalence class
containing v. It can be associated each subset V of U with two
other sets called “lower approximation apr(V)” and “upper
approximation apr(V)” given as follows.

apr(V) = (v € U : [v}s C V). @
Gr(V) = v e U:vlsNV # ¢} 3)

The main characterizations of these approximation opera-
tors are listed in the following.
(L1) apr(V€) = [apr(V)]¢, where V¢ is the complement of
V.
(L2) apr(U)=U.
(L3) apr(®) = ¢.
(L4) apr(V)<S V.
(Ls) apr(V NWW) = apr(V) N apr(W)
(Le) apr(V UW) 2 apr(V)Uapr(W)
(L7) VW = apr(V)  apr(W).
(Ls) apr(apr(V)) = apr(V).
(Ly) apr(V) < apr(@apr(V)).
@) apr(Ve) = [apr(V)I°.
() apr(U) =U.
Us) apr(¢) = ¢.
Us) V S apr(V).
Us) apr(V U W) =apr(V)Uapr(W).
(Us) apr(V N W) < apr(V) Napr(W).
U) VS W = apr(V) € apr(W).
(Ug) apr(apr(V)) = apr(V).
(Uo) aprapr(V)) < apr(V).
Definition 5 [28]: Let § be an equivalence relation on
a universe U. Then accuracy measure Accg(V) of any
nonempty subset V is defined as follows: Accr(V) =
Iagﬂ' If 6; and &, are equivalence relations on a
apr(V)| ! 2 q
universe U such that §; € &;. Then the approximations
induced from these relations have the monotonic property if
Accs, (V) < Aces (V).
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Definition 6 [4], [9], [35], [36]: Take § as an arbitrary
binary relation on a finite set U # ¢ and let v € U. Then,

1) the right neighborhood of v, denoted by N, (v) is given

by N,(v) ={L e U : (v, ) € §}.
2) the left neighborhood of v, denoted by N;(v) is given
by N,(v) ={A €U :(\,v) € 8}.

3) 6,(v)is the union of all right neighborhoods containing
V.

4) 6;(v) is the union of all left neighborhoods containing
V.

5) 0u(v) =0,(v) UOI(v).

Theorem 7 [4]: Let U be a universal set and &1, §, be
two binary relations on U. If §1 € 87, then 81;(v) C 62;(v),
YveU.

Definition 8 [4]: Let § be a binary relation on a nonempty
set U. For any subset ¢ # V C U. The lower and upper
approximations, boundary regions, accuracy and roughness
of V induced from maximal left neighborhoods according to
§ are defined respectively by:

LY(V)y={veU:6@w) CV). 4)
V() ={velU:0(0NV #¢). 5)
Bnd(V) = U(V) — LS(V). (6)
Lwvynv
5V —
Acc®(V) = |U5(V) v l. @)
Rough®(V) = 1 — Ac (V). (8)

Definition 9 [4]: Let § be a binary relation on a nonempty
set U. For any subset ¢ # V C U. The lower and upper
approximations, boundary regions, accuracy and roughness
of V induced from maximal union neighborhoods according
to § are defined respectively by:

Low’(V) = (v e U : 6,(v) C V}. 9)

Upp’(V) = {v e U:0,mNV £¢}.  (10)

Boundary3(V) = Upp®(V) — Low’ (V). (11)
5o Low(V)ynv

Accuracy® (V) = |—Upp5(V) 0V B (12)

Roughness‘s(V) =1- Accuracy‘s(V). (13)

Definition 10 [19]: Let § and P be binary relation and
ideal on a set U # ¢. The first form of generalized approxi-
mations (lower and upper), boundary-regions, accuracy and
rough values of a nonempty subset V of U produced by
maximal union neighborhoods according to § and P are
respectively given by

LowP(V) = {veU:6,m)NVeP). (14

Upp P2(vy = v e U : 6,0)NV ¢ P). (15)

Boundarylpa(V) = Upp17)5(V) — Lowlp‘s(V). (16)
|ILow; P3(v)N V|

[Uppi PP (V)uV

Roughnesslp‘s(\/) =1 —Accuracylp‘s(V). (18)

Accuracylp‘s(V) = (17)
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Definition 11 [19]: Let § and P be binary relation
and ideal on a set U # ¢. The second form of
generalized approximations (lower and upper), boundary-
regions, accuracy and rough values of a nonempty subset V
of U produced by maximal union neighborhoods according
to § and P are respectively given by

Lom (V)= {v e A: 0,(0) N V¢ € P). (19)
Upp2"* (V) = V U Upp A (V). (20)
Boundary:F*(V) = UppaP3(V) — Low, PO (V). 1)
Low,P3(v
Accuracy,” (V) = :Uppszivi: UppsPA(V) £ 6.
(22)
RoughnesszPS(V) =1- Accuracy2p‘s(V). (23)

Definition 12 [19]: Let § and P be binary relation and
ideal on a set U # ¢. The third form of generalized approxi-
mations (lower and upper), boundary-regions, accuracy and
rough values of a nonempty subset V of U produced by
maximal union neighborhoods according to § and P are
respectively given by

LowsT3(V) = U{6,(v) : 6,(0) N VE € P} (24)
Upps”> (V) = (LowsP (VO (25)
PS N Ps Ps

Boundary;”°(V) = Upp3” °(V) — Low3" °(V). (26)

|ILow3P3(v)N V|
[UppsP (V)L v
RoughneSS3p8(V) =1- Accuracygp‘s(V). (28)
Definition 13 [19]: Let § and P be binary relation and
ideal on a set U # ¢. The fourth form of generalized
approximations (lower and upper), boundary-regions, accu-
racy and rough values of a nonempty subset V of U produced

by maximal union neighborhoods according to § and P are
respectively given by

Upps”? (V) = U{6,(») : 6,0) NV € P} (29)

Lows P2 (V) = (Uppa7 (V)" (30)
Boundary47JS(V) = Upp4p8(V) — LOW4P5(V). 3D
|ILowsP3(V)N V|
[UppaPo (VYU V|
Roughnessﬂ)‘s(V) =1- Accumcya,P‘S(V). 33)

Accuracy3P8(V) = 27

Accuracys T3 (V) = (32)

Ill. SOME NEW ROUGH SET MODELS INDUCED FROM
071(v)-NEIGHBORHOODS AND IDEALS

In this section, we display four types of rough set models
defined by maximal left neighborhoods and ideals under any
arbitrary relation. Their main features and characterizations
are scrutinized and some counterexamples are provided to
clarify the obtained facts and relationships.

A. FIRST TECHNIQUE TO GENERATE GENERALIZED
ROUGH SETS VIA IDEALS

Definition 14: Let § and P be binary relation and ideal on
aset U # ¢. The first form of generalized approximations
(lower and upper), boundary-regions, accuracy and rough
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values of a nonempty subset V of U produced by maximal left
neighborhoods according to § and P are respectively given by

LPWVy=peU: 0NV eP). (34
UPPWVY=(veU: 0NV &P (35

Bnd; P (V) = Uy P (v) — LT3 (V). (36)
L7 (Vyn V|

A P V)= ————F——|. 37

cei PV U UV (37)

Roughi 78 (V) = 1 — Acei P2 (V). (38)

Proposition 15: Let P and T be ideals and § be a binary

relation on U such that V, W C U Then,

) U,7(¢) = ¢.

@ vews=uPw) cuPw).

3) /P nw)yc i P vynu Tiw).

@ uiPvuw)=uPwvyuuPiw).

(5) U (v) = WP (veyr.

6) IfV € P, then U; P3(V) = 6.

(1) IfP C T, then U; T9(V) € U, PA(V).

(8) If P = P(U), then U; P4 (V) = ¢.

© ULPwvy =uPvyuu, TAv).

10y U PYTRwy = Pvyn v, TA(v).

Proof:

M) U =(velU:00)N¢ &P} =¢.

) Let v € UP%V). Then, ) NV & P.
Since V. C W and P is an ideal. It follows that
0;(v) N W ¢ P. Therefore, v € Ui P3(W). Hence,
uimvy < U Piw).

(3) Itdirectly comes from (2).

@ u,Pvyu uPdw) c U,P¥(V U W) according to
(2). Let v € U;P3(V U W). Then, 6;(v) N (V UW) &
P. It follows that ((6;(v) N V) U (6;(v) N W)) & P.
Therefore, 8;(v)NV & I or 6;(v)NW & P, which gives
ve U P5(V)yorv e UP4W). Then, v € U P4(V) U
U P3(w). Thus, U; PA(vuw) < U, Po(vyuu, PA(w).
Hence, U; P3(v UW) = U, P5(v)u U, PA(w).

G) LTV ={veU: 6NV ePH ={ve
U:6,00)NV &P} =UT5W).

(6) The proof is straightforward by Definition 14.

(7) Letv € U;T3(V). Then, 6,(v)NV g 7T.SinceP CT.
So, 0;(v) NV & P. Therefore, v € Ulm(V). Hence,
uiTe(v) < Uy PA).

(8) The proof is straightforward by Definition 14.

© UPTdVy={veU:600)NV &PNT)}
={velU:0,(w)NV & Plor{velU:g(wvNV &T}
=helU: 6NV EPIUwelU: NV &T}
— Ul(PUT)B(V).

10) UyPYT3(vy={veU: 60NV &PV T}
=velU:6,(w)NV &PUT}
={veU:0w)NV &Pland {velU:6(v)NV &
T
=}{v ceU: 0NV &PIN{velU:00(v)NV &T}
— Ul(PmT)‘S(V).

Proposition 16: Let P and T be ideals and § be a binary

relation on U such that V, W C U Then,

1) LiPw)y=uU.

Q@ Vews= LW cLi7w).
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3) LPWvyuL P w) c L7 v uw).

@ LW nw)=L"wv)nL7w).

G) L7 W) =W P(veyr.

(6) If Ve e P, thenL;P3(V)=U.

(7) P C T, thenL,Po(v) c LiT3(V).

(8) If P = P(U), then L,P5(V) = U.

©) LiPD3wy =L P3v)ynL Tev).

Proof:

M LPPUy=pveU:0v)Nn¢eP}=U.

(2) Let v € LiP%(V). Then, 6;(v) N V¢ € P. Since
W¢ C V¢ and P is an ideal. So, 6;(v) N W¢ ¢
P. Therefore, v € L;P3(W). Hence, L;7%(V) C
LiP3w).

(3) It directly comes from (2).

@ LiP5vynLiP5w) 2 LiP4(Vv N W) according to (2).
Letv € LiP3(V)NL P4 (W). Then, 6;(v)NV* € P and
0;(v)NWe € P. It follows that (9;(v)N(VCUWE®)) € P.
So, (6;(v) N (V N W)°) € P. Therefore, v € L, 73V N
W). Thus, L; P4 (V)NL, P8 (W) < L;P3(VNW). Hence,
LiP5wvynLiPSw) =L, P5v nw).

G) PV =({veU: 6NV EPH ={ve
U:6v)NVeePy=LFw).

(6) The proof is straightforward by Definition 14.

(7) Letv € L P3(V). Then, 6;(v)N V¢ € P.Since P  T.
It follows that 6;(v)NV¢ € T Therefore, v € L P3(V).
Hence, L;P0(V) € L, T5(V).

(8) The proof is straightforward by Definition 14.

©) LiPTD(vy=(veU:60NV-ePNT)
={veU:(wv)NV-ePland {velU:6(NV-e
T}
={velU: 6NV e PIN{v e U :6(»)NVE e T}
=LPWv)nLTW).

With the help of the next counterexample, we elucidate that

the converse of (2), (6), (7) and (8) of Proposition 15 and
Proposition 16 is generally false. Also, we illustrate that the
inclusion relations of (3) in Proposition 15 and Proposition 16
are proper, in general.

Example 17:
(i) Let
U ={a,b,cd},
P = {¢,{a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}
and

8 ={(a,0), b, a),(ca),(cb),d,Db),d,c)}

be a Dbinary relation defined on U thus
0;(a) = {a,d}, 0;(b) = {b,c},6;(c) = {b,c,d} and
0;(d) = {a, c, d}. For (2), take

(@ V = {a} and W = {d}; then, U;P3(V) = ¢
and U, P (W) = {a, c, d}. Therefore, U; P3(V) C
U P3(W), but vV ¢ w.

(b) V = {b}and W = {a, c,d}); then, L;75(V)
{b} and L,P¥(W) = U. Therefore, L,73(V)
LiP3(W), butV ¢ W.

(i) LetU = {a,b,c,d}, T = {¢p,{a}}, P = {¢, {d}} and
6 = {(a, a), (b, b), (c, c)} be a binary relation defined

<
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on U; thus, 6;(a) = {a}, 6;(b) = {b}, 6i(c) = {c} and
0i(d) = ¢.
(1) For (6), take

(a) V = {a,d}; then, UlT‘S(V) = ¢. Therefore,
UiT5(V)y=¢,butV ¢ T.

(b) V = {b,c}; then, L;7%(V) = U. Therefore,
L73V)=U,butvVe ¢ T.

(2) For (7), take

(@ V = f{a,d}; then, U;P%(V) = {a} and
UlTs(V) = ¢. Therefore, U1T5(V) -
UL P3(V), but P ¢ T.

(b) V. = {b,c}; then, LiP%(V) = {b,c,d}
and LlT‘S(V) = U. Therefore, L;7%(V) C
LiT3V), but P ¢ T.

(3) For (8), take

(@ V = f{a,d}; then, U,"%(V) = ¢, but
T # P(U).
b)) V = {b,ck then, L;7%(V) = U, but
T # P(U).
(i) Let U = f{a,b,c,d},P = {¢,{d}} and § =

A U {(a,b), (a,c),(a,d)} thus, 6;(a) = U,6;(b) =
{a, b}, 6;(c) = {a, ¢} and 6;(d) = {a, d}. For (3), take
V ={a,d},W = {b, ¢} and
(@ VNW = ¢; then, U, P0(V) = U, U;PS(W) =
{a, b, c} and U17)5(V N W) = ¢. Therefore,
Uy n U W) = fabe) # ¢ =
iP5 v nw).
(b) VUW = U; then, L, P0(V) = {d}, LiP (W) = ¢
and U;7%(V U W) = U. Therefore, L;7?(V) U
LiPW) ={d} # U = LiP’(VUW).
Remark 18: Some properties of Pawlak are not satisfy by
this type as we show in the following.
(1) Considering Example 17 (i), take

(1) V. = {a); then, U;P%(V) = ¢. Hence,
vV ¢ u,Pw).

(2) V = {b,c,d}; then, L;7%(V) = U. Hence,
LPwygv.

(3) V = U; then, U;P%(U) = {a,c,d}. Hence,
UiPiU) £ U.

4V = ¢; then, L;"%(¢) = {b}. Hence,
Li7¢) # ¢.

(i) Considering Example 17 (iii), take
(1) V = {b,c}; then, U;P%(V) = {a,b,c} and

UiPY U P5(v)) = U. Hence, UP3(V) #
UP U P (vy).

2V = f{a/d); then, L;P%(Vv) = {d} and
LiP3@,P5(v)) = ¢. Hence, LiP3(V) #

LiP @, P vy).

(iii)) Example 19: Let U = {a,b,c,d},P = {¢,{a}}
and § = AU{(a, b), (a, ¢), (a,d), (b, a), (b, c), (b, d)}.
Then 6;(a) = 6;(b) = U,6;(c) = {a,b,c} and
0;(d) = {a, b, d}. It is clear that, if

() V. = {ck then, U;P%(V) = {a,b,c} and
LiP5 W, P4(v)) = {c}. Hence, U\P*(V) ¢
LiP U P v)).
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(2) V = {a,b,d}; then, L;7(V) = {d} and
U, P35, P4(V)) = {a, b, d}. Hence,

U PP vy ¢ L),

Proposition 20: Let P be an ideal and § be a binary
relation on U such that V is a nonempty subset of U. Then,
1) 0<Acc?V) < 1.
2) AccTé(U) = 1.
Proof: We prove (1) only and (2) is straightforward.
Since, ¢ # V C U, then UP*(V)UV # ¢. Hence, ¢ C
LPY(v)NV C UP*(V)UV. Therefore, 0 < [LP3(V)N V| <

Ps
UPS (V) U V. So, 0 < LT <y It means that,

= vy —
0 <AccP(V)<1.

Theorem 21: Let P and T be ideals and § be a binary

relation on U such that P € 7. Then,

(1) Bnd,T4(V) € Bnd,PA(V).

() AceiPO(V) < Ace/ TOV).

(3) RoughiT%(V) < RoughP3(V).

Proof:

(1) Letv € Bnd;T%(V). Then, v € U;T0(V) — L, T3 ().
So, v € U1T‘S(V) and v € (LlT‘S(V))C. Hence, v €
UiP5(V)y and v € (LiP%(V))° according to (7) of
Propositions 15 and 16. It follows that v € Bndlm(V).
Therefore, Bnle‘s(V%ag Bndlp‘s(V).

@ Acer” (V) = |Gy
Ace; T3 (V).

(3) Straightforward by (2).

Remark 22: In Theorem 21 the converse of (1) and (2) is
generally false. To validate this consider Example 17 (ii) and
let V. = {b, c}. Then,

(1) Bnd,T%(V)=¢ € ¢ = Bnd;P(V), but P € T.

2) AceiPP(V)y=1<1=Ace; V), but P ¢ T.

(3) Rough;T°(V) =0 <0 = Rough"*(V), but P ¢ T.

Theorem 23: Let¢ # V C U, P be an ideal on U and
381, 82 be two binary relations on U. If §; C 8, then

) uP vy cu, "W).

@) LP2W) < L7 ).

(3) Bnd; P (V) C Bnd, P2 (V).

@) Acc;P2(V) < Ace; POy (V).

(5) Rough P (V) < Rough P ().

Proof:

(1) Letv € Ulp‘sl(V). Then, 6;;(v) NV & P. Since
01:(v) € 63(v) (by Theorem 7 [4]). It follows that
() NV & P. Thus, v € U;P%2(V). Hence,
uiPw) < uiPRw).

(2) Let v € LP%2(V). Then, 6x(v) N V¢ € P. Since
01;(v) € 62(v) (by Theorem 7 [4]). It follows that
01;(v) N V¢ € P. Thus, v € L;P%(V). Hence,
L") < L P ).

(3) Letv € Bnd;P%1 (V). Then, v € U;Pov(v)—L, POy ().
So, v € UPH(W)and v e (LiPP(V)). Thus,
v e U/P2W)and v € (LLP2(V)) according to
(1) and (2). Hence, v € Bnd1P52(V). Therefore,
Bnd; P?1 (V) C Bnd, P2 (V).

| LT3 wnv |
U, TSv)uv
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L7 (vnv
< |5 |
U, Pi(vyuv

@) AcaPR(v) = Loy
Ace Povv).

(5) Straightforward by (4).

To show that the inclusion and less than relation in

Theorem 23 is proper, we provide the next example.
Example 24: Let

U ={a,b,c,d},

P = {¢, (b}, {c}, {d}, {b, ¢}, {b, d}, {c,d}, {b, c,d}}

81 = AU{(a, b), (b, @)} and 6, = AU{(a, b), (b, a), (c, a),
(a, o)}

be two relations defined on U; thus,

Oi(a) = 611(b) = {a, b}, 611(c) = {c}, O (d) = {d},
0(a) = 02(b) = 02(c) = {a, b, c} and 0y(d) = {d}.

Take
(i) V ={a, d}; then,
() U7V = {a, b}
) Ace;P (V) = 2 £ 1 = Ace/P2(V).
(3) Rough™1(v) =1 = Rough;"%2(V).
() V = {b,c}; then, LiP\ (V) = {c,d} # {d} =
LP2(v).

{a,b,c} = UP2(V).

Q

+
1
2
#

i ||

B. SECOND TECHNIQUE TO GENERATE GENERALIZED
ROUGH SETS VIA IDEALS

Definition 25: Let § and P be binary relation and ideal on
aset U # ¢. The second form of generalized approximations
(lower and upper), boundary-regions, accuracy and rough
values of a nonempty subset V of U produced by maximal
union neighborhoods according to § and P are respectively
given by

LPWVy={(veA:6,0)NVeP). (39)
U,P vy =vuuPw). (40)
Bud,P3(vy = P vy — LA (v). @)

Ps
ace,P vy = 22U Py 2 g, 42
V)= o VW E e (@)
Roughy P (V) = 1 — Ace, PO (V). (43)

Proposition 26: Let P and T be ideals and § be a binary
relation on U such that V, W C U Then,
(1) V € U,P3(V) equality holds if V = ¢ or U.
Q) VT W= U,PW)cU,Pw).
3) U.P(v) < LR U, (v)).
@) U,P3Vvnw) < UPv)n U w).
) PV uw) = L (v)u P w).
©) U2P8(v) = L (veyr.
(7) IfV € P, then U,P3(v) = V.
(8) If P C T, then U,7%(V) € U,P3(V).
(9) If P = P(U), then U,P3(V) = V.
(10) U,PRW) = U,PS(vyu U, T3(V).
(1) BPYTRW) = Py N U T3 (v).
Proof: Similar to Proposition 15.
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Proposition 27: Let P and T be ideals and § be a binary
relation on U such that V, W C U Then,

(1) L,P%(v) C V equality holds if V = ¢ or U.

(2) VW= LPW)cLPw).

3) LWL v) < L7 ().

@ LWy uLP W) c L (v uw).

(5) LWV nw) =L W) n L w).

©) L7(V) = U (vo)y.

(7) If Ve e P, then L,P3(V) = V.

(®) If P C T, then Lo (V) € L,T3(V).

(9) If P = P(U), then Ly,P3(V) = V.
(10) LPOTRW) = L,PWv)N LT (V).

Proof: Similar to Proposition 16.

Remark 28: (1) It follows from Example 17 (i) that the
converse of (2), (7) and (9) of Proposition 26 and
Proposition 27 is generally false.

(a) For (2), take
(1) V = {a} and W = {d}; then, U,P%(V) =
{a} Cla,c,d}y = ULP3(W), but V ¢ W.
2V = {a,b,c} and W = {b,c,d}; then,
LP(V) = (b} C (b, c,d) = L,T3(W), but
VIZw.
(b) For (7), take
(1) V = {a,c,d}; then, UP3(V) = V, but
Vé&Pp.
(2) V = {b}; then, L,"3(V) = V, but V¢ ¢ P.
(c) For (9), take
(1) V = {a,c,d}; then, UyP3(V) = V, but
P # PU).
(2) V = {b}; then, L,P3(V) = V, but P # P(U).
(ii) It can be seen from Example 17 (ii) that the converse
of (8) of Proposition 26 and Proposition 27 is generally
false. To show that, let
(1) V. = {a,d}. Then, U,7%(V) = Vv C V =
U,P5(v), but P ¢ T.
(2 V = {b,c); then, L,LPY(V) = Vv C Vv =
LT(V), but P ¢ T.
(iii)) Example 17 (iii) illustrates that the inclusion relations
of (3) and (4) of Proposition 26 and Proposition 27 are

proper.
(a) For (3), take
(1) V. = {b,c}; then, U,P%(V) = {a,b,c}
and U,P%(U,P%(V)) = U. Therefore,
BLPWV) = Afabc # U =
ULPWUPP(v)).
(2) V = {a,d}; then, L,P%(V) = {d} and

LyP3(L,P3(V)) = ¢. Therefore, L,P3(V) =
{d} # ¢ = L7 W7 (V).
(b) For (4),take V = {a,d}, B = {b, ¢} and

(1) VAW = ¢. Hence, U,P%(V) = U and
U, P35 (W) = {a, b, ¢}. Therefore, UsP3(V) N
U,Po(W) = {a,b,c} # ¢ = U, (VN W).

(2) VUW = U. Hence, L,’’(v) = {d}
and LgP‘S(W) = ¢. Therefore, L27)5(V) U
L7 W) =1{d} £ U = L,"(VUW).
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Remark 29: Some properties given in the first type are not
hold by this type as we show in the following.

(1) Considering Example 17 (i), take
(1) V = {a} € P; then, U,P%(V) = V. Hence,
ifVeP s U,PiV)=¢.
(2) V¢ = {a} € P; then, L,F3(V) = V. Hence,
ifveeP = LPPwv)=U
(i) Considering Example 17 (ii), take
(1) T =PU)and V = {a,d}; then, U,7%(V) =V
Hence, if T = P(U) » U,T3(V) = ¢.
(2) T =PU)and V = {b, c}; then, L,"(V) = V
Hence, if T = P(U) # L, (V) = U
Remark 30: Some properties of Pawlak are not satisfy by
this type as we show in the following. In Example 19, take
() V. = {c}; then, UoP%V) = {a,b,c} and
LP5WU,P5(v)) = {c}. Therefore, U,P%(V) =
{a.b,c} € {c} = LLPXW,P(V)).
@ V = {ab.d}; then, L7%(V)
U,P3(L,P3(V)) = {a, b, d}. Therefore,
UrP (PP (V)) = {a. b.d} € {d} = L,7A(V).

Proposition 31: Let P be an ideal and é be a binary
relation on U such that V is a nonempty subset of U. Then,

1) 0<Acch¥(V) < 1.

2) Acclb(U) = 1.

Proof: 1t is similar to Proposition 20.

Theorem 32: Let P and T be ideals and § be a binary
relation on U such that P € 7. Then,

(1) BndyT3(V) € BndxP3(V).

(2) AceaP(V) < Acer, TA(v).

(3) RoughyT4(V) < Roughy, P (V).

Proof: Similar to the proof of Theorem 21.

Remark 33: In Theorem 32 the converse of (1) and (2) is
generally false as illustrated in (ii) of Example 17. To show
that let V = {b, c}. Then,

(1) BndyTO(V)=¢ C ¢ = BndyP°(V), but P ¢ T.

2) AceyPP(V)y=1<1=Acc;T?(V), but P ¢ T.

(3) Roughy7%(V) =0 < 0= RoughyP°(V), but P ¢ T.

Theorem 34: Let¢p # V C U, P be an ideal on U and
81, 82 be two binary relations on U. If §; C §, then

(1) UP(v) < 0,7 (v).

Q) LP2(V) < L),

(3) BndyP2 (V) C Bndy P2(V).

(4) AccrP2(V) < Ace, Pov(v).

(5) Rough>P%1 (V) < Rough,P%2(V).

Proof: Similar to Theorem 23.

Remark 35: In Theorem 34 the inclusion and less than
relation is proper as showed in Example 24. To validate that
let V = {a, d}. Then,

(1) UP1(V) ={a,b,d} # U = U,72(V).

(2) BndyP (V) = (b} # (b, ¢} = Bnd>,P%(V).

(3) Accr”P (V) = 2 # 1 = Ac, P2 (V).

(4) RoughyP%1 (V) = 0.3 # 0.5 = Rougha P2(V).

{d} and

VOLUME 10, 2022

C. THIRD TECHNIQUE TO GENERATE GENERALIZED
ROUGH SETS VIA IDEALS

Definition 36: Let § and P be binary relation and ideal on
aset U # ¢. The third form of generalized approximations
(lower and upper), boundary-regions, accuracy and rough
values of a nonempty subset V of U produced by maximal
union neighborhoods according to § and P are respectively
given by

L7 (v) = 1)é,IU{Gl(v) 0 (v)NVEePl.  (44)

Us73(V) = (LT3 (Vo). (45)

BndsTA (V) = UsPA (V) — LT (V). (46)
IL75(V)N V|

Ace; vy =227 71 47

cc3P3(V) AT 47)

Roughs7o(V) = 1 — Aces PA(V). (48)

Proposition 37: Let P and 7T be ideals and § be a binary

relation on U such that V, W C U Then,

(1) VS W= L W) C L7 (w).

Q) LPWV)ULPI(W) € L7V UW).

GB) LYW NWw) < LPV)n L7 wW).

@) L7y = WP vy

(5) If P C T, then L3P (V) € LT3 (V).

©) LWy = L7 (V)N LTV,

Proof:

(1) LetV € Wandv € L3P5(V). Then, 3 y € U such
that v € 6;(y) N V¢ € P. Hence, v € 6;(y) N W € P
(by W¢ C V¢, and the properties of an ideal). Thus,
v € LyPS(W). Therefore, L; P (V) € L;P3(w).

(2) Itis directly obtained by (1).

(3) Itis directly obtained by (1).

(4) It immediately follows from Definition 36.

(5) Let P € T and v € L3P%(V). Then, 3 y € U such that
veoiy)yNvVeeP CT.So,ve L379(V), and hence
L;7(v) < L8 (v).

6) LyPT¥(y) = U Iom) e N Ve ePNT)
= ( U {91(1)) 91(11) NV¢e P} and
( U {91(V) O (v)NVeeThH
—( U {91(v) o(v)NVee P})ﬂ( U {91(V) Oi(v)N
Ve e 7'})
=L;P5wvynLsT3v).

Proposition 38: Let P and 7T be ideals and § be a binary

relation on U such that V, W C U Then,

(1) VS W= UP(V) CUsPW).

@ UsP (v nw) c UsP vy n UusPAw).

G3) P (vyu UsPe W) < UsPAI(V U W).

@ U () = @sPveyr.

(5) IfP C T, then U;7%(V) € U3P3(V).

©) UsPTRW) = UsP(vyu UsTA().

Proof:

(1) Let V. C W. Thus, W¢ C V¢, and L;P3(W¢)
L3P3(v¢) (by (1) in Proposition 37). So, (L3 P4 (V¢))©
(LsP3(weyye. Consequently, UsP3 vy c UsP3(w).

(2) The proof directly follows by (1).

NN
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(3) The proof directly follows by (1).

(4) The proof is straightforward by Definition 36.

5) Let P € T and v € U37%V). Then, v €
LTEvey < (@3PP(ve)F, (by (5) in Proposi-
tion 37). Thus, v € (L37%(Ve)) = 0P (V).
Therefore, Us73(V) € U3P3(V).

(6) US(’PFYT)S(V) — (L3(73ﬂ7—)8(vc’))c
= L3P (ve)y N L3 T3 (V) (by (6) in Proposition 37)
= L7V U 3T (Ve)©
=UP(VyuusTA ).

Remark 39: (1) In Proposition 37 and Proposition 38
the converse of (1) is generally false. To elucidate that
consider Example 17 (i) and let

(@ V = {a} and W = {d}; then, Us"%(V) = ¢
and U3P3(W) = {a, d}. Therefore, U375 (V) C
UsP3(W), but V. ¢ w.

(b) V = {band W = {a,c,d}; then, L3P3(V) =
{b, ¢} and L3P (W) = U. Therefore, L3;P3(V) C
L;P3 (W), but v ¢ w.

(2) In Proposition 37 and Proposition 38 the inclusion
relation of (2) is proper as (iii) of Example 17 shows.
For this, let V = {a, d} and W = {b, c}. Then

(@) UsP%(V) = U, UsP5(W) = W and U375V N
W) = ¢. Therefore, U3P%(V) N UsP3(W) =
W # ¢ =UsP5vnw).

(b) L;75(v) = V,LP5(W) = ¢ and L;P%(V U
W) = U. Therefore, L3P (V)UL;P3(W) = vV #
U=LFPvuw).

(3) Example 40: LetU = {a,b,c,d}, P = {¢, {a}} and
8 ={(a, a), (a, b), (a,d), (b, b), (b,d), (c, a), (c, b),
(d, a)}. Then 6;(a) = 6;(c) = U, 6;(b) = {a, b, ¢} and
0;(d) = {a, c, d}. To show that the inclusion relations
of (3) of Proposition 37 and Proposition 38 are proper,
take

(@ V = {a,c,d},W = {a,b,c}and VN W =
{a,c}; then, L3P3(V) = Vv, L;3P5w) = w
and L3P%(V N W) = ¢. Therefore, L;7%(V) N
LyP(W) = {a,c} # ¢ = L7V N W).

(b) V={b},W = {d}and VUW = {b,d}; then,
UsP3(V) = vV, UsP5(W) = W and UsP3(V U
W) = U. Therefore, Us73(V) U U3P3(W) =
(b,d} # U =U(VUW).

(4) The converse of (5) in Proposition 37 and Proposi-
tion 38 is generally false. To elucidate this consider (ii)
of Example 17 and let

(@ V = {a,d}; then, U3P%(V) = {a,d} and

U3T‘S(V) = {d}. Therefore, U3T‘3(V) -
UsP3(V), but P ¢ T.
(b) V. = {b,c}; then, L37%(V) = {b,c} and

Ly73(V) = {a, b, c}. Therefore, L379(V) <
LyT3(V), but P ¢ T.
Remark 41: Some properties in the second type are not
satisfy by this type as we show in the following.
(1) Considering Example 17 (i), take
() V = {a}; then, U37%(V) = ¢. Hence, V ¢
U3 (v).
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(2 V = {b,c,d}; then, L37%(V) = U. Hence,

Ly g v.

(3) V = U, then, UsP%(U) = {a,d}. Hence,
UsPAU) £ U

4 V. = ¢; then, L3P8(¢) = {b, c}. Hence,
L373(¢) # ¢.

(i) Example 42: Let U = {a,b,c,d}, P = {¢, {a}} and
6 = {(a, @)} be a binary relation defined on U; thus,
01(a) = {a} and 6;(b) = 6;(c) = 6;(d) = ¢. Take

(1) V. = U; then, L3P%(U) = {a}. Hence,
L) #£ U.

2) V. = ¢; then, U3P‘S(¢) = {b, c,d}. Hence,
Uso(¢) # ¢.

Remark 43: Some properties given in the firrst/second
type are not satisfy by this type as we show in the following.
In Example 42, take

(1) V = {b,c,d}; then, V¢ € P and L3P%(V) = {a}.
Hence, if V€ € P = L3P3(V)=U or V.

(2) V = {a} € P; then, U3P%(V) = {b, ¢, d}. Hence,
ifveP=UP(V)y=¢gorV.

(3) V = {b,c,d} and P = P(U); then, L3P%(V) = {a}.
Hence, if P = P(U) = L;7%(V)=U, or V.

(4) V = {a} and P = P(U); then, U37%(V) = {b, c, d).
Hence, if P = P(U) = UsP3(V) = ¢, or V.

Proposition 44: Let P be an ideal and § be a binary
relation on U such that V is a nonempty subset of U. Then,

1) 0<Accl¥(V) < 1.

2) Accé(U) = 1.

Proof: 1t is similar to Proposition 20.
Theorem 45: Let P and T be ideals and § be a binary
relation on U such that P € 7. Then,
(1) Bnds73(V) C Bnd3P3(V).
() Ace3P3(V) < Aces T3 (V).
(3) Rough3T%(V) < Rough3P3(V).
Proof: Similar to Theorem 21.

Remark 46: Tt follows from (ii) of Example 17 that the
converse of (1) and (2) of Theorem 45 is generally false.
To demonstrate that let V = {b, c}. Then,

(1) Bndy7%(V) = {d} C {d} = Bnd;P*(V), but P ¢ T.
(2) AcesP3(vy =2 = Acc3TO(V), but P ¢ T.
(3) Rough3T9(V) 1 = RoughsP5(V), but P ¢ T.

The approximations operators, boundary-regions, mea-
sures of accuracy and roughness induced from the this type
do not have monotonicity. The next example illustrates this
fact.

Example 47: Let U = {a,b,c,d,e,f, g}, P = {¢, {a}}
and &1,y be two relations on U where 6 = A U
{(@. ). (c.a), (¢, §). (d.f), (e, ). (f, ), (g.©). (g, ). and
b = A U{(a,o0),(ad),(ae),(b.f)(ca),l.g)d a),

|

<3
1
3 =

d.f), (e, a), (e, 8),(f,b), (f,d), (g c) (g e)}. Thus,
Ou(a) = {a,c g}, 0ulb) = {b},0ulc) = 0Oulg =
{a,c.e, gt 0ud) = 06u(f) = {d.f},0ule) =
{Cv e, g}a 92[(0) = {(1, c, d’ e?f’ g}v 021(17) = {b’d’f},

02(c) = Oyle) = {a,c,d,e g}, 02(d) = {a,b,c,d, e, f},
02(f) = {a, b,d, f} and 62;(g) = {a, c, e, g}. Take
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(1) V ={a,b,c,d,e,f}; then, L;7% (V) = {b,d,f} and
L37%(V) = V. Therefore, L37°1(V) 2 L;P%(V).
2) V. = {g}; then, U37951(V) = {a,c,e,g} and
UsP% (V) = {g}. Therefore, U321 (V) & UsP%2(V).
(3) V = {a,b,c,d, e f}; then, L3722 (V) = (b, d,f},
UsPv vy = U, L3P%2(V) = V and U3P%2(V) = U.
Therefore,
(@) Bnds”?\(V) ={a,c, e, g} ¢ (g} = Bnd3"(V).
(b) Accs™ (V) =3 < & = AcesP2 (V).
(©) Roughs™*\(V) =3 > 1 = RoughsP2(V).
Although, §; C é;.

6
7
>

D. FOURTH TECHNIQUE TO GENERATE GENERALIZED
ROUGH SETS VIA IDEALS

Definition 48: Let § and P be binary relation and ideal on
aset U # ¢. The fourth form of generalized approximations
(lower and upper), boundary-regions, accuracy and rough
values of a nonempty subset V of U produced by maximal
union neighborhoods according to § and P are respectively
given by

U vy = U0 10NV ¢PL (49

LT (V) = (UsP3 (v, (50)
BndyTA(V) = Uﬂjj(V) —L73W). (51)

5
AccaPo (V) = w' 52
M= 0Pw o) 52
Roughs T3 (V) = 1 — AcesPA(V). (53)

Proposition 49: Let P and T be ideals and § be a binary
relation on U such that V, W C U Then,
() UsP%(¢) = ¢.
Q) VT W= UPWV) < UPw).
(3) UsP3(V NW) € UsP5(V) N U (w).
@) UsTA(V UW) = UsPV)u U w).
(5) UsP(v) = (P (Vo).
(6) IfV € P, then UsP3(V) = ¢.
(7) P C T, then UsT3(V) C UsF3 (V).
(8) If P = P(U), then Us7%(V) = ¢.
@) ULy = uP(vyu U T (v).
(10) UsPYTRv) = UyPS (V) nUsT3(v).
Proof:
(1) UsPo(¢) = UBI(v) : B,(0) N p & P} = ¢.
(2) LetV € Wandv € UsP%(V). Then, 3 y € U such that
vebf(y)andf(y)NV ¢ P. Thus, 6;(y)) "W & P. So,
v € UsP3(W). Consequently, UsF2(V) € UsF3(W).
(3) Itis immediately obtained by (2).
@) P vuw) = U {0iv): 6:0:) N (VU W) ¢ P).
= (U {00) )NV g PHUCU (0:0) : 6(0) 1
W & P)).
= (U {0:) - 6NV ¢ P or (U {01(v) : ()N
W ¢Ph.
= UsP2(V) U Uy P (W).
®)
LV = (WP V).
= U v).
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(6) The proof is straightforward by Definition 48.

(7) LetP € T,v e UsT(V). Then, 3 y € Usuchthatv €
6;(y)and 6;(y)NV & T . Thus,6;(y)NV € PasP C T.
So, v € UsP3(V). Hence, UsT%(V) € UsP3(V).

(8) The proof is straightforward by Definition 48.

©) UsPTRWy = U {g(v): 60NV ¢PNT)
= (USU{QI(V) oYV ¢ P}) or (USU{QI(V) toi(v)N
V&Ty
= (U A6 () : ,()NV ¢ PHU (U {6 (v) : 6;(v) N

velU veU
VeT)
= U (Vyu U TA(v).
(10) UsPYTR(vy = Uulg;(v) : ,(0)NV € PV T}

=U{G(v): ,(\)NV ¢ PUT)
= (U{oi(v) : () NV ¢ P} and (U{61(v) = 6;(v) N
V&Ty
= (U{Oi(v) : 6(m) NV g PHN(U{Gi(v) : 6i(v) NV ¢
hH
= U V)N U T ).

Proposition 50: Let P and 7T be ideals and § be a binary

relation on U such that V, W C U Then,

(1) LsPSu)y=U.

(2) VCW= L)< Low).

(3) LaP5(V)U LT (W) S LT3 (V UW).

@) L7V N W) = L7 (V) n LT (W).

(5) LaP3(V) = (UsPO(VO))°.

(6) If V¢ e P, then Li73(V) = U.

(7) P C T, then LsPO(V) € LyT3(V).

(8) If P = P(U), then LsP3(V) = U.

©) LéP TRy = L3 (V) N Ly To (V).

(10) LyPYTR V) = LyPA(V) U Ly To (V).
Proof:

() L) = U@ = ¢¢ = U by (1) in
Proposition 49.

(2) Let V. € W. Thus, W¢ C V¢ and UsP3(W¢) C
UsP3(ve) (by (2) in Proposition 49). Then,
(U3 Ve)e © (UsP5WO))Y. So, LT3 (V) <
LsP3(w).

(3) The proof is directly by (2).

@) LV N W) = UV n W)
— (U4735(Vc U WO))©
= (U4sP3(ve)u U4PS(We)) (by (4) in Proposition 49)
= (Us73(V)° N (UsPO (W)
= LPSv)ynLPS(w).

(5) The proof is straightforward by Definition 48.

(6) Let V¢ € P; then, LyV3(V) = (UsPO(VO))E = (9)° =
U according to Proposition 49 (6).

(7) Let P < T. Then, Us73(ve) < U5V
according to Proposition 49 (7). Thus, (U47D3(Vc))c -
(UsT3(V))°. Hence, LsP2(V) € LsT3 (V).

(8) Let P = P(U); then, Ls73(V) = (UP3 (Vo)) =
(¢)¢ = U according to Proposition 49 (8).

9) L4('P(TT)8(V) — (U4(PQT)8(VC))C
= (UsP2(ve) U UsT3(ve))© (by (9) in Proposition 49)
= (UsP3 (V) N (UsT3(Ve))e
=L (V)N LT (V).
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(10) L4(7DVT)8(V) — (U4(PVT)8(VC))C
= (U4P (ve)NU4T3(VE)) by (10) in Proposition 49)
= (U (V) U WU T (V)
= L7 (V)ULTAW).

Remark 51: (1) To show that the converse of (2) of
Proposition 49 and Proposition 50 is generally false
take (i) of Example 17 and let

(@ V = {a} and W = {d}; then, Us7%(V) =
and U4P‘S(W) = U. Therefore, U4P5(V)
UsPS(W), but V. & w.

(b) V = {band W = {a,c,d}; then, Ly73(V) =
¢ and Ls73(W) = U. Therefore, Ls73(V) C
LsP3(W), but V ¢ W.

(2) In Proposition 49 and Proposition 50 the converse of
(6), (7) and (8) is generally false as illustrated by ii) of
Example 17

(i) For (6), take
(a) V = {a,d}; then, U4T‘3(V) = ¢. Therefore,

UsT5(Vy=¢,butV ¢ T.

(b) V = {b,c}; then, Ls7%(V) = U. Therefore,
LT3(V)=U,butve ¢ T.

(i) For (7), take
(@ V = f{a,d}; then, UsP%(V) = {a} and

U4T8(V) = ¢. Therefore, U47—5(V) -
UsP5(V), but P ¢ T.

(b) V. = {b,c}; then, LsP3(V) = {b,c,d}
and Ly7%(V) = U. Therefore, Ls73(V) C
LsT3V), but P ¢ 7.

(>iii) For (8), take
(@) V = {a,d}; then, UyT3(V) = ¢, but T #

PU).

(b) V = {b,c); then, Ly73(V) = U, but T #
PU).

(3) Example 17 (iii) elaborates that the inclusion relations
given in (3) of Proposition 49 and Proposition 50 are
proper. To illustrate that, let V = {a,d} and W =
{b, c}. Then,

(@) UsP3(V)=UsPo(W)=U and UsP5(VNW) =
¢. Therefore, UsPo(V)NUSW)=U # ¢ =
U3 (v nw).

(b) LaP2(V) = LaP (W) = ¢ and L™ (V UW) =
U. Therefore, Ls73 (V) U L,PS(W) = ¢ # U =
LsP3(v uw).

Remark 52: Some properties given in the second type are

not satisfy by this type as we show in the following.

(i) Considering Example 17 (i), take

(1) V. = {a}; then, Us”(V) = ¢. Hence, V ¢
UsP3(v).

(2) V = {b,c,d}; then, Ls7%(V) = U. Hence,
LP3wv)y g v.

(i) Considering Example 17 (ii), take

(1) V = U, then, UsP3(U) = {a,b,c}. Hence,
U7y £ U.

)V = ¢ then, Li"(¢) =
L (¢) # ¢.

N e

{d}. Hence,
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Proposition 53: Let P be an ideal and 6 be a binary
relation on U such that V is a nonempty subset of U. Then,

1) 0<Acc?(V) < 1.

2) Acc¥(U)=1.

Proof: 1t is similar to Proposition 20.

Theorem 54: Let P and T be ideals and § be a binary
relation on U such that P € 7. Then,

(1) Bnds73(V) C BndsP3(V).

(2) AcesP(V) < AceaTO (V).

(3) RoughsT4(V) < RoughsP3(V).

Proof: Similar to Theorem 21.

Remark 55: According to (ii) of Example 17, the converse
of (1) and (2) in Theorem 54 is generally false. To clarify that,
let V = {b, c}. Then,

(1) Bnds7°(V)=¢ C ¢ = BndyP°(V), but P ¢ T.

(2) AceaPd(Vy=1<1=AccsT(V), but P ¢ T.

(3) RoughsT4(V) =0 < 0 = RoughsT*(V).

Theorem 56: Let ¢ # V C U, P be an ideal on U and

81, 67 be two binary relations on U. If §; C &7, then

(1) UsP1(v) U752 (V).

2) LP2(V) € L7 (V).

(3) BndsF?1 (V) C BndsPo2(V).

(4) AccsP2(V) < AceaPO1(V).

(5) RoughsP% (V) < RoughsP%2(V).

Proof-

(1) Let v € UsP% (V). Then, 3 y € U such that
v e Ou(y) NV ¢ P.Since 0;(y) S 6xu(y) (by
Theorem 7 [4]), it follows that v € 6 (y) NV & P.
Thus, v € U4P‘32(V). Hence, U4P51(V) - U4P52(V).

2) v e LyFP2(V) = (US2(V)) € (U7 (VO)F
(according to (1)) = LsPovv).

(3) Letv € BndsP% (V). Then, v € UsFPo1(V)—LsPo1 (V).
So, v € UsP% (V) and v € (LsFP%(V)). Thus,
v o€ UsP2W)yand v € LiP2(V)) according to
(1) and (2). Hence, v € Bnd4P52(V). Therefore,
Bnd P31 (V) C Bndﬂjfj(V).

@ Acc”P(V) = | Fpm |
Aceq PO (V).

(5) Straightforward by (4).

Remark 57: According to Example 24, the inclusion and
less than relation in Theorem 56 is proper. To clarify that,
take

(i) V = {a, d}; then,

(1) UsPP(V) = {a, b} # {a, b, ¢} = U7 (V).
(2) AccyPOI(V) =1 # 2 = AcesT2(V).
(3) RoughsT* (V) =0 # £ = Roughs7*(V).

() V = {b,c}; then, LyP1 (V) = {c,d} # {d} =
LyPo(v).

| LsPr(vynv |
Uy PO (vyuv

IV. COMPARISON THE PROPOSED METHODS AND THEIR
ADVANTAGES COMPARED TO THE PREVIOUS ONES
A. COMPARISON THE PROPOSED METHODS IN TERMS
APPROXIMATIONS AND ACCURACY MEASURES OF
SUBSETS

Theorem 58: Let P be an ideal and § be a binary relation
on U such that V C U Then,
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() Uy < i),

@) LWy < LiPW).

(3) BndiP3(V) C Bnd,P3(V).

4) Acca PV = AcePA(v).

(5) RoughP3(V) = Rough, PO (V).

Proof: directly follows from Definitions 14 and 25.

Remark 59: The inclusion and less than relations in
the above theorem are proper. To elaborates that consider
Example 24 and let V = {a, ¢, d}. Then,

(D) U\P(V) = {a, b} # U = U1 (V).

2) LP(V) ={a,¢,d} # U = Li?\(V).

(3) Bndi"\ (V) = ¢ # (b} = Bnd, PP\ (V).

Theorem 60: Let P be anideal and 8 be a reflexive relation
on U such that V C U Then,

D LWy cLi™w) c L7 (v).

2) U™ (n) € U PV € 1Y),

3) Bnd3 ) < Bnd' " (v) < Bnd?T ().

4) Ac?” %V) < Ace' P ) < 4T ).

5) Rough® (V) < Rough' "> (V) < Rough?”’ (V).
Proof:

(1) By Theorem 58, we have L,"%(V) € L;P3(V). To
prove, LiP3(V) € L3P3(V). Let v € L P3(V), then
9;(v) N V¢ € P. Hence, 6;(v) < L373(V). Since, &
is a reflexive relation, thus v € 6;(v) C L3P5(V).
Therefore, v € L3P3(V).

(2) To prove, UsP%(v) < UPV). Let v €
UsPAV) = (L3PP(Ve)F, then v ¢ LiPP(VO).
Hence, by Definition 36, we get ;(v) NV ¢ P. It
follows that v € U, 7)‘S(V). By Theorem 58, we have
U (V) < U (W),

(3)-(5) Straightforward from (1) and (2).

Remark 61: In Theorem 60 the inclusion and less than
relations are proper. To demonstrate that consider (iii) of
Example 17 and let V = {b, c}. Then, UsP3v) = {b,c} &
{a, b, c} = Ulp‘s(V). Moreover, take V = {a, d}, then

() LPAV) ={d} & {a,d} = L37°(V).

(2) BndsP3(v) = {b ¢} G {a, b, ¢} = Bnd P3(V).

3) Acc1p5(V) 1< =Accs™ (V).

4) Rough®”’(v) = 1<3= Rough' ™’ (v).

Theorem 62: LetP be an ideal and § be a reflexive relation
on U such that V C U Then,

D L") < LiPAW) € L7

2) Us™ (V) < U PA(V) € UgPP(V).

3) Bud® (V)  Bnd ! ) Bnd4p8(V).

4) Acc SDV) < Acc (V) <Acc (V)

S) Rough®”* (V') < Rough' (V') < Rough**° (V).

Proof:

(1) By Theorem 60, we have L; (V) < L3;P3(V). To
prove, Ly75(V) € LiP3W), let v € LyP(V) =
UsP3(Vey. Then, v ¢ U4P3(V). Thus, by Defi-
nition 48, 6;(v) N V¢ € P. It follows that 6;(v) <
le(V). Since, § is a reflexive relation, then v €
0,(v) C L PO (V). Therefore, v € L;P3(V).

(2) By Theorem 60, we have U3P%(V) < UPo(v).
To prove U P0(V) € UPA(V), let v € U P (V).
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TABLE 1. Comparison between the first and second methods in terms of
the properties given in Definition 4.

The first approach The second approach
L1 ° °
Lo ° .
L3 o °
L4 o °
£5 [ ] [ )
Lg . °
L7 ° .
ﬁg o o
Lg o o
Ui ° °
Us o °
Us . °
Uy o °
Us ° °
Us . .
U . °
Us o o
Uy o o

Then 6;(v)NV & P. It follows that ,(v) € UsF2(V).
Since, § is a reflexive relation, then v € 6;(v) C
U47D‘S(V). Therefore, v € U47)5(V).
(3)-(5) Straightforward from (1) and (2).
Remark 63: To clarify that the inclusion and less than
relations in Theorem 62 are proper, consider (iii) of
Example 17 and take V. = {b,c}. Then, u,Pdvy =

{a,b,c} G U = U4P5(V). Moreover, take V = {a, d}; then,
() L (V) =¢ G {d} = Li73(V).
(2) Bnd;P%(V) = {a,b,c} G U = BndsP2(V).
(3) AcesP3(V) =0 < 3 = Ace; PA(V).

4) RoughiP°(V) = 3 < 1 = Roughs°(V).

Remark 64: 1t can be seen from the above findings that
there are several techniques to study approximation operators
and measures of the subsets. The third technique, displayed
in Section III-C, is the best one to approximate the subsets
because it reduces (or cancels) the boundary regions, and
increases the measures of accuracy more than the other types
displayed in the other sections.

In Tables 1 and 2, we compare the proposed four
approaches in terms of Pawlak properties. In these tables e
means that the property holds and o means that the property
does not hold.

B. COMPARISON THE PROPOSED METHODS WITH THE
PREVIOUS ONES
Theorem 65: Let P be an ideal and § be a binary relation
on U such that V € U Then,
() UPv) c US(W).
@ LYV)c LiPW).
(3) Bnd;P%(V) C Bnd(V).
4) Acd(V) < Ace;PA(v).
(5) RoughP3(V) < Rough®(V).
Proof:
(1) Letv € U;P%(V). Then, 6;(v) NV ¢ P. Hence,
6;(v) NV # ¢. Therefore, v € US(V). So,
UiP(v) c US().
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TABLE 2. Comparison between the third and fourth approaches in terms
of the properties in Definition 4.

The third approach The fourth approach

® € OO OO @ @@ OO OO @
®© ¢ 6 O @O @00 00O OC o

(2) Letv € L3(V). Then, 6;(v) C V. Hence, 6;(v) N
V¢ € P. Therefore, v € Li7%(V). So,L(V) C
LiPwv).
(3)-(5) Itis immediately obtained by (1) and (2).

Remark 66: In Theorem 65 the inclusion and less than
relations are proper as illustrated by Example 24. To this end,
Take V = {a, d}. Then,

(1) U7 (V) = {a, b} # {a, b, d} = Us, (V).

@) LiPP(V) = U # {d} = Ls, (V).

(3) Bnd\PP (V)= ¢ # {a, b} = Bnds, (V).

@) Ace/P1(V) =2 # L = Aces (V).

(5) Roughi™*1(V) = § # 3 = Roughs, (V).

Theorem 67: Let P be an ideal and § be a binary relation
on U such that V C U Then,

(1) U™ (V) < Upp* (V).

(2) Low(V) € Li”°(V).

(3) BndiP*(V) C Boundary’(V).

(4) Accuracy’(V) < AcePA(V).

(@) Roughlp‘s(V) < Roughness® (V).

Proof:
(1) Let v € U;P%(V). Then, 6;(v) NV & P. Hence,
6,(v)yNV ¢ P.So, 6,v) NV # ¢. Therefore,
v e Upp’(V). So, Ui P(V) < Upp (V).
(2) Letv € Low’(V). Then, 6,(v) C V. Hence, 6,(v) N
Ve e P. Since, 6;(v) C 6,(v). So, ;(v) N VE e P.
Therefore, v € Li73(V). So,Low’ (V) € LiP3(V).
(3)-(5) The proof is immediately by (1) and (2).

Remark 68: In Theorem 67 the inclusion and less than
relations are proper. To clarify that consider Example 24 and
let V = {a, d}. Then,

(1) U\PP(V) = {a, b} # {a, b, d} = Upps, (V).

) LiP(V) = U # {d} = Lows, (V).

(3) BndP°\(V) = ¢ # {a, b} = Boundarys, (V).

“4) Acculp‘sl(V) = % * % = Accuracys, (V).

5) Rough]P‘S‘(V) = % 7+ % = Roughnesss, (V).

According to Theorems 65 and 67 it can be seen that
the present methods reduce the boundary region with the
comparison of Al-shami’s methods [4]. This means that the
current approximation spaces are proper generalizations of
Al-shami’s approximations [4].
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One can easily prove the next result which shows that Al-
shami’s approximations [4] are special cases of the current
approximations.

Proposition 69:

(1) If the ideal P is the empty set, then the approximation
spaces given herein and the approximation spaces given
in Definition 8 [4] are identical.

(2) If the ideal P is the empty set and binary relation
is a similarity relation, then the approximation spaces
given herein and the approximation spaces given in
Definition 9 [4] are identical.

Theorem 70: Let P be an ideal and § be a binary relation
on U such that V C U Then,

D U, PW) < Upp PA(v).

) Low "5(V) < LT3 (V).

(3) BndP(V) € Boundary, P4 (V).
4) Accuracy; P8 (V) < Ace/PA(V).

®)] Roughlp‘s(V) < Roughnesslp‘g(V).

Proof:

(1) Let v € U;P3(V). Then, 6;(v) NV & P. Since,
6;(v) € 6,(v). Hence, 6,(v) NV ¢& P. Therefore,
v e Uppi PA(V). So, U1 Pe(v) c U3 (V).

(2) Letv € Low; P%(V). Then, 6,(v) N V¢ € P. Hence,
0;(v) N V¢ € P. Therefore, v € L;P%(V). So,
Low"3(V) € Li7*(V).

(3)-(5) Itis immediately obtained by (1) and (2).

Remark 71: The inclusion and the less than in Theorem 70
can not be replaced by equality relation in general. In Exam-
ple 17 (i), take P = {¢, {d}} and V = {b}, then UiPivy =
{b,c} #{a,b,c} = Upplp‘s(V). Additionally, in Example 17
(1), take P = {¢, {a}} and V = {a, c, d}, then

(1) LowP3(V) = {d} # {a. d} = LIT3(V).

(2) Bnd\P3(V) = {b, ¢} # {a, b, ¢} = Boundary, P3(V).
3) Accuracyﬂ)‘s(V) = % #* % =Accl7>5(V).

(@) Rough7°(V) =% # 3 = Roughness"(V).

Theorem 72: Let P be an ideal and é be a binary relation
on U such that V C U Then,

(1) UP3(V) C UppPe(v).

) Lowy (V) € L7 (V).

(3) Bnd>P3(V) € Boundary, (V).
“4) Accuracyzp‘s(V) < Acczp‘s(V).

) Rougth‘s(V) < Roughnesszp’s(\/).

Proof: Similar to the proof of Theorem 70.

Remark 73: In Theorem 72 the inclusion and the less than
relations are proper as (i) of Example 17 shows. To this end,
let P = {¢, {d}} and V = {b}. Then U,"%(V) = {b, ¢} #
{a, b, c} = Uppzp‘s(V). Additionally, in Example 17 (i), take
P ={¢,{a}} and V = {a, ¢, d}, then

(1) LowaP2(V) = {d) # {a, d} = L7 (V).

(2) Bnd,P3(V) = {b, ¢} #{a,b,c} = Boundarjyzpa(V).

(3) Accuracy;P3(V) =1 # 1 = Ace,PA(V).

4) RoughyP°(V) =1 # 3 = Roughness;P(V).
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Theorem 74: Let P be an ideal and é be a binary relation
on U such that V C U Then,

(1) UsP (V) € Upps7° (V).

2) Lows™’(V) € LP (V).

(3) Bnd3P3(V) € Boundary;P4(V).

4) Accuracy3P‘S(V) < ACC3P5(V).

(5) Rough3P3(V) < Roughness3P3(V).

Proof: Similar to the proof of Theorem 70.

Remark 75: In Theorem 74 the inclusion and the less than
relations are proper as illustrated by (iii) of Example 17.
To this end, let V = {a, d}. Then,

(1) UsP°(V) = {a.b.c} # U = Upps(V).

2) LowsP’(V) = ¢ # {d} = Ls7°(V).

(3) BndsT3(V) = {a, b, ¢} # U = Boundary;P (V).

() AccuracysT3(V) =0 # 3 = Acc373(V).

(5) Roughs™°(V) = 3 # 1 = Roughness3"°(V).

Theorem 76: Let ¢ =V C U, P be an ideal on U and §
be a binary relation on a non-empty set U. Then,

(1) UsP V) € Upps7* (V).

2) Lows”’(V) € LiP°(V).

(3) BndyT%(V) C Boundarys"(V).

(4) AccuracysT3(V) < AcesaP3(V).

(5) RoughsP(V) < Roughnesss 7o (V).

Proof: The proof is similar to that of Theorem 70.

Remark 77: In Theorem 76 the inclusion and the less
than relations are proper. To illustrate that consider (i) of
Example 17. Then,

(i) Take P = {¢, {a}} and V = {b}, then

(1) UsP(V) = {b.c,d) # U = UppsP3(V).

(2) BndsP3(V)={b, ¢, d} # U =Boundary,7* (V).
(i) Take P = {¢, {a}} and V = {a, c, d}, then

(1) LowsP3(V) = ¢ # {a} = Ly73(V).

(2) Accuracy,P3(V) =0 # } = AccyPA(V).

(3) RoughsV¥(V) = 3 # 1 = RoughnesssV*(V).

One can easily prove the next result which shows that
Hosny’s and Al-shami’s approximations [19] are special
cases of the current approximations.

Proposition 78: If the binary relation is a similarity
relation, then the approximation spaces given herein and the
approximation spaces given in [19] are identical.

Finally, we draw attention to that the maximal left neigh-
borhoods and maximal right neighborhoods are independent
of each other. In Example 40, the maximal left neighborhood
of bis 6;(b) = {a, b, c} # {a, b, d} = 6,(b) the maximal right
neighborhood of ». Consequently, the approximation spaces
generated by the maximal left neighborhoods and maximal
right neighborhoods via ideals are independent of each other.
To validate that, in Example 40 take V = {b}, then the
lower, upper approximations and boundary by the previous
third method in [17] are ¢, ¢ and ¢, respectively. Meantime,
the lower, upper approximations and boundary by the present
third method are ¢, {c} and {c}, respectively. Therefore, the
previous boundary = ¢ 5Z {c} = the present boundary.
If we take another set say W = {a, c, d}, then the lower,
upper approximations and boundary by the previous third
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TABLE 3. Information system of students’ rank for each subject.

U biology chemistry | mathematics physics
S1 good fair excellent excellent
so | very good good excellent fair
s3 | very good good failed good
s4 | excellent fair very good excellent
s5 | very good fair very good excellent
S6 good good excellent fair

method in [17] are ¢, {c} and {c}, respectively. While, the
lower, upper approximations and boundary by the present
third method are {a, c,d}, ¢ and ¢, respectively. So, the
present boundary = ¢ ¢ {c} = the previous boundary. That
is, the proposed approaches and their counterparts introduced
in [17] are different in general.

V. NUMERICAL EXAMPLE

In this section, we analysis the obtained computations from
six students exams in four subjects in terms of the current
first approach and those were introduced in two recent
manuscripts [4], [19]. We illustrate this matter by considering
six students S = {s; : i = 1,2, ..., 6} have been examined
in four subjects; say, biology, chemistry, mathematics, and
physics. The evaluation of students’ performance is given by
five ranks or levels as follows.

Rank1 :
Rank?2 :
Rank3 : good
Rank4 : fair

Ranks : failed

excellent

very good

These ranks are ordered as follows: excellent > very good
> good > fair > failed, where > means ‘“‘greater than.”

The relation that associates between students is defined by:
XRy iff student x has at least two subjects with a rank greater
than the rank of the corresponding subjects of student y.
For instance, 54853 because the student’s ranks s4 in biology,
mathematics, and physics are greater than the student’s ranks
s3 in these subjects. But, (s3,54) ¢ § because the student
s3 has only one subject’s rank greater than student s4.

The approximation space of the students’ information sys-
tem is constructed firstly by converting Table 3 to the follow-
ing binary relation: § = {(s1, §3), (52, 51), (52, $4), (52, 55),
(54, 52), (84, 83), (54, S6), (55, 53), (55, 56), (56, s4)}. It should
be noted that this relation is irreflexive because (s,s) & &
for each s € S, not symmetry because (s3, s1) € & in spite of
(s1,83) € 4, also, it is not transitive because (ss, s4) & § in
spite of (s5, s¢) € 8 and (s¢, 54) € 8.

Secondly, the left neighborhood N; and maximal left
neighborhood M| are calculated for each s € §

Ni(s1) = Ni(s5) = {s2} Ni(s4) = {52, 56}
Ni(s2) = {s4} Ni(se) = {54, 55}
Ni(s3) = {s1, 54, 55}
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M(s1) = M(s4) = M(s5) = {51, S4, 55}
M(s2) = M;(s¢) = {52, 56}
M(s3) = ¢

Let T = {¢, {s4}} be an ideal on S. Then, we examine
the performance of the present approach in Definition 14 and
their counterparts approaches studied in [4], [19]. To this end,
let F = {s3, 54, S¢}. In what follows, we calculate its lower
and upper approximations, boundary regions and accuracy
values utilizing a method of maximal left neighborhoods
given in [4] and the first method given herein.

o It follows from Al-shami’s approach [4](see, Defini-

tion 8) that:

L(F) = {s3};
U’(F) = {51, 52, 54, 55, S6};
Bnd®(F) = {s1, 52, 54, 55, S6};
Aedd (F 1 (54)
cc®(F) = 8,
s 5
Rough®(F) = 3

« It follows from our approach given in Definition 14 that

LiP(F) = {s3};
Ps oy }

U™ (F) = {52, s6};

Bnd\"*(F) = {s2,s6); 55)
1

Ace/P(Fy = -
4
3

Roughlpa(F) = 7

The proposed approach is compared with its counterpart
given in [19] by calculating the right neighborhood N,, then
the maximal right neighborhood M, and finally the maximal
union neighborhood M,, for each s € S.

Ny(s1) = {s3} Ny(s4) = {52, 53, 56}
Ny(s2) = {s1, 54,55} Ny(s5) = {s3, 56}
Ny(s3) = ¢ Ni(s¢) = {s4}

M, (s1) = M,(s4) = M, (ss) = {s1, 54, 55}
M, (s2) = M,(s3) = M, (s6) = {s2, 53, 56}
My(s1) = My(s4) = My(s5) = {s1, 54, 55}
My (s2) = My(s3) = My(s¢) = {52, 53, S6}

According to the approach given in [19] (see, Defini-
tion 10) we find that

Low P (F) = ¢;

Upp1 P (F) = {52, 53, S6};

Boundary 7)‘S(F) = {52, 53, 5¢}; (56)
Accuracylp‘s(F) = 0;

Roughnesslp‘s(F) = 1.

It follows from the above calculations that the boundary
regions of the set ' generated by approaches given in [4]
and [19] are {s1, 52, 54, 55, S¢} and {s2, 53, S¢}, respectively.
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Whereas, the boundary region of the set F generated
by the suggested approach introduced in Definition 14 is
{s2, s6}, which implies that the uncertainty/vagueness area is
minimized by the proposed approach more than approaches
displayed in [4], [19]. Hence, a decision made according to
the calculations of the present approach is more accurate.

According to the above discussion, it can be seen that there
are various methods or approaches used to approximate the
subsets. The current technique ‘ maximal left neighborhoods
and ideals” is a vital tool to eliminate the ambiguity
of the data in the real-life issues and produces more
accurate decisions since it decreases the boundary region by
enlarging the lower approximations and dwindling the upper
approximations, and hence, increases the value of accuracy
compared to the other types such those were discussed in [4],
[19].

VI. CONCLUSION

One of the recent successfully tool to handel uncertainty
problems is rough set. It was proposed with the goal
of the induction of approximations of concepts; it offers
mathematical tools to discover patterns hidden in data. This
manuscript had been written to contribute to this field
by introducing some novel kinds of approximation spaces
generated by “maximal left neighborhoods and ideals”
which generalize the old concepts and get preferable results
by reducing the boundary regions.

First, we scrutinized their main properties and provided
some illustrative counterexample to elucidate the obtained
results. By the way, it was proved that the current approach
preserved main characterizations of Pawlak’s model and kept
the property of monotonicity. Then, we compared between
the proposed methods and discussed their advantages com-
pared to the previous methods in terms of improvement
the approximation operators and accuracy measures. Finally,
a numerical example was given and demonstrated how the
current methods expanded the knowledge obtained from the
information systems.

As it is well-known that the interior and closure topo-
logical operators behave similarly to the lower and upper
approximations; so, in forthcoming works, we plan to study
the counterparts of these models via topological structures.
In addition, we will benefit from the hybridization of rough
set theory with some approaches such as soft sets and fuzzy
sets [30], [34] to introduce these approximation spaces via
these hybridized frames and show their role in efficiently
dealing with uncertain knowledge.
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