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ABSTRACT This paper is concerned with the anti-disturbance dynamic surface controller (DSC) design
for an air-breathing hypersonic vehicle (AHV) based on nonlinear disturbance observer (NDO). For the
longitudinal model of AHV subjected to the high nonlinearity, the uncertain parameters and the varying
disturbance, the feedback linearization method is employed considering the uncertain parameters. Then,
a dynamic surface controller is designed based on the inverse hyperbolic sine function to solve the problem
of ‘‘explosion of terms’’ in the traditional backstepping control. Furthermore, in order to enhance the
disturbance rejection ability, a novel NDO is designed to estimate the model uncertainties and external
disturbances. Finally, the simulation results verify the superior tracking performance of the proposed control
strategy.

INDEX TERMS Air-breathing hypersonic vehicle, anti-disturbance, dynamic surface control, nonlinear
disturbance observer.

I. INTRODUCTION
Air-breathing hypersonic vehicle (AHV) has become an
important development trend in the global aerospace technol-
ogy, considering the widespread applications both in military
and civil areas [1]. However, compared with the traditional
flight vehicles, AHV has the characteristics of strong non-
linearity, strong coupling, model uncertainty and sensitivity
to external disturbance, which brings challenges for the
flight control system design. For the control problem of
model uncertainty and external disturbance, which includes
unmodeled dynamics, structural elastic deformation, model-
ing error and random interference, the control method must
have strong disturbance rejection ability [2], [3]. To further
improve the control performance, the flight control of AHV
has been widely explored such as the sliding mode control
(SMC) [4], [5], the adaptive control [6]–[8], the robust con-
trol [9], the backstepping control [10]–[14], the intelligent
control [15]–[20], etc.
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The backstepping control method is one of the most effec-
tive methodologies for the tracking control of a large class of
strict-feedback systems. It has been widely applied to many
kinds of control plants such as the unmanned air vehicles
(UAV), the quadrotor, the robot, the AHV, etc. In [11], authors
present a command filtered backstepping approach to control
the UAV, which includes the adaptive approximation of the
aerodynamic force andmoment coefficient functions. In [12],
authors discuss the results of backstepping and sliding mode
control techniques applied to the quadrotor. A combined
kinematic/torque control law is developed using backstep-
ping and stability is guaranteed by the Lyapunov theory for
nonholonomic mobile robots [13]. A novel model transfor-
mation and a novel adaptive backstepping control method
are proposed for AHV with uncertain parameters [14]. With
the development of technology, scholars have proposed some
improved backstepping control methods such as combination
of backstepping control and intelligent control. A backstep-
ping based control design for a class of nonlinear systems
in strict-feedback form with arbitrary uncertainty by incor-
porating backstepping into a neural network based adaptive
control design framework [15]. An adaptive fuzzy control
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strategy is used to compensate the unknown nonlinearities
andmodeling errors caused by variable flight conditions [16].
In [17], authors proposed a nonsingular direct neural control
of AHV via back-stepping, where the neural network is used
to estimate the virtual and actual control laws derived from
backstepping design. A new back-stepping control approach
is proposed for AHV non-affine models via the neural
approximation, and the robust adaptive tracking control laws
are developed using improved back-stepping designs [19].
Recently, in order to guarantee the real-time performance,
and reduce the structure and computation complexity, some
scholars proposed backstepping-avoidance-based strategies.
In [20], authors designed a new back-stepping control without
virtual control laws for the altitude subsystem of the AHV
via a model transformation combined with low-pass filter
approach. In [21] and [22], in order to further reduce com-
putational costs, authors presented a low-complexity design
strategies without back-stepping for waverider vehicles via
fuzzy-neural approximation. It can be seen that the intelli-
gent control methods can improve the control performance
but with high complexity, which is not conducive to online
calculation and implementation.

It is well known that the dynamic surface control (DSC)
is designed to solve the problem of ‘‘explosion of terms’’
in the traditional backstepping control by introducing the
tracking differentiator (TD). In [23], a method is proposed
by introducing a low pass filter for designing controllers with
arbitrarily small tracking error for uncertain and mismatched
nonlinear systems in the strict feedback form. A DSC tech-
nique combined with the Neural Network adaptive frame-
work is presented to design a robust longitudinal dynamics
controller for the AHV [24]. In [25], authors proposed a
nonlinear adaptive dynamic surface air speed and a flight path
angle control design procedure for the longitudinal dynamics
of the AHV.

When backstepping is applied to AHV, for the convenience
of controller design, the AHV model can be described as a
kind of strict feedback nonlinear system based on the reason-
able assumption. For the control problem of uncertainty and
external disturbance, the disturbance observers can reduce
the influences of the unknown uncertainties and disturbances,
and enhance the robustness of the closed loop systems.
In [26], authors present a general design method of new non-
linear disturbance observer (NDO) based on TD for uncertain
dynamic systems. To enhance the controller’s robustness,
a new TD is designed based on hyperbolic sine function
and a new NDO is constructed using the TD to estimate the
model uncertainties and varying disturbances [27]. In [28],
a fault-tolerant output tracking control method is proposed
for AHV, and a disturbance observer is utilized to estimate the
lumped effect of model uncertainties, external disturbances,
and actuator faults. In [29], a disturbance observer based gain
adaptation high-order sliding mode control method is pro-
posed for AHV, where the observer is employed to estimate
and reject the uncertainties and external disturbance.

In this paper, a novel robust backstepping approach for
the longitudinal dynamical model of AHV is proposed. The
contributions of this paper can be concluded as follows:

1) According to the nonlinear systems theory, the longi-
tudinal dynamical model of AHV is described as a strict
feedback nonlinear form with mismatched disturbances.
Furthermore, the equations of the mismatching uncertainties
terms are presented.

2) The Anti-disturbance dynamic surface controller based
on NDO is designed for AHV with the uncertain parameters
and the varying disturbance. Meanwhile, the block diagrams
of the overall control scheme of the DSC and the NDO
design are presented. Furthermore, the tuning guidelines of
the control parameters are given.

3) In order to solve the problem of ‘‘explosion of terms’’,
a new TD based on the inverse hyperbolic sine function
is designed for each step of the virtual control laws. More
specially, in order to enhance the robustness of system by
estimating and compensating the model uncertainties and
disturbances, a novel NDO based on the proposed TD is
designed. The proposed NDO does not need any prior infor-
mation of unknown disturbance, and has simple structure and
few design parameters. Therefore, it has a certain application
prospect.

4) The stabilities of the proposed TD, NDO and the
closed-loop system are analyzed and proved based on the
Lyapunov theory, respectively. Furthermore, the efficiency
and robustness of the proposed control method are demon-
strated by numerical simulations.

The remainder of this paper is organized as follows.
In Section 2, the longitudinal dynamical model of AHV is
described as a strict feedback nonlinear form with unmatched
disturbances. Section 3 presents the design of DSC including
a new TD based on the inverse hyperbolic sine function
and a new NDO based on the proposed TD. The design
method and the convergence of TD and NDO are discussed
respectively, and the stability of the closed-loop system is
also proved. The AHV case simulations and discussions
are provided in Section 4, followed by the conclusion in
Section 5.

II. PRELIMINARIES
A. AHV MODEL DESCRIPTION
AHV has extremely complex dynamic characteristics.
In order to simplify the modeling problem without losing
generality, the following assumptions could be made in the
modeling process of AHV.
Assumption 1: The AHV is an ideal rigid body and the

elastic degrees of freedom of wing, fuselage and tail are not
considered in the modeling process.
Assumption 2: The influence of earth rotation on aircraft

modeling is not considered, and the ground is assumed to be
locally flat with constant gravitational acceleration.
Assumption 3: The geometric shape and internal mass

distribution of AHV are symmetrical.
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FIGURE 1. Block diagram of the DSC design.

Assumption 4: Ignoring the influence of asymmetry, com-
pressibility and gust and other factors of air flow.

According to [14], [30], and [31], the nonlinear equations
of the longitudinal motion are formulated as

v̇ =
Tcosα − D

m
− gsinγ

γ̇ =
L + Tsinα

mv
−

(µ− v2r)cosγ
vr2

q̇ =
My

Iy
α̇ = q− γ̇
ḣ = v sin γ
β̈ = −2ξωβ̇ − ω2β + ω2βc,

(1)

where v, γ , q, α, h are the flight velocity, the track angle, the
pitch angle rate, the attack angle, the flight altitude, respec-
tively; βc, ωn and ξ are the throttle setting, the engine natural
frequency and the damp ratio, respectively. The parameters
of the lift L, the dragD, the thrust T and the pitching moment
My are given as follows

L =
1
2
ρv2sCL

D =
1
2
ρv2sCD

T =
1
2
ρv2sCT

My =
1
2
ρv2sc(CαM + C

q
M + C

δe
M ),

(2)

where CL ,CD,CT ,CαM ,C
q
M ,C

δe
M are coefficients for the lift,

the drag, the thrust and the pitch moment, respectively. The
curve-fitted approximations are expressed as

CL = CαL α

CD = Cα
2

D α
2
+ CαDα + C

0
D

CT = CβT β + C
0
T

CαM = Cα,α
2

M α2 + Cα,αM α + Cα,0M

Cq
M = Cq,α2

M α2 + Cq,α
M α + Cq,0

M

CδeM = ce(δe − α).

(3)

According to (2) and (3), one can get the functional rela-
tionships between the lift L, the drag D, the thrust T
and the pitching moment My and variables of ρ, v, α, β
and q. 

L = fL(ρ, v, α)
D = fD(ρ, v, α)
T = fT (ρ, v, α, β)
My = fMy (ρ, v, α, q)+ fδeδe.

(4)

Considering all parameters of AHV are uncertain, they are
expressed as i = i0(1+1i), i = m, s, c, ce, Iyy, CαL , C

α2

D , CαD,

C0
D, C

β
T , C

0
T , C

α,α2

M , Cα,αM , Cα,0M , Cq,α2

M , Cq,α
M , Cq,0

M . where i
represents the real value of parameter, i0 denotes the nominal
value, and 1i indicates the unknown constant. The state v in
Equation (1) can be rewritten as

v̇ = −gsinγ +
(T0 +1T )cosα − (D0 +1D)

m0 +1m
= −gsinγ

+
q̄(s0 +1s)((CT0 +1CT )cosα − (CD0 +1CD))

m0 +1m

= −gsinγ +
T0cosα − D0

m0 +1m
+1vλ1 +1vλ2 +1vλ3

= v̇0 +1vλ (5)

γ̇ =
−gcosγ

v
+

(T0 +1T )sinα + (L0 +1L)
(m0 +1m)v

=
−gcosγ

v

+
q̄(s0 +1s)((CT0 +1CT )sinα + (CL0 +1CL))

(m0 +1m)v

=
−gcosγ

v
+
T0sinα + L0
(m0 +1m)v

+1γλ1 +1γλ2 +1γλ3

= γ̇0 +1γλ (6)

q̇ =
q̄(s0 +1s)(c̄0 +1c̄)(CM0 +1CM )

Iyy0 +1Iyy

=
q̄s0c̄0(CαM0 + C

q
M0 + C

δe
M0)

Iyy0 +1Iyy
+1qλ1 +1qλ2 +1qλ3

= q̇0 +1qλ (7)
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where,

q̄ = 0.5ρv2

v̇0 = −gsinγ +
T0cosα − D0

m0 +1m

γ̇0 =
−gcosγ

v
+
T0sinα + L0
(m0 +1m)v

q̇0 =
q̄s0c̄0(CαM0 + C

q
M0 + C

δe
M0)

Iyy0 +1Iyy
CM0 = CαM0 + C

q
M0 + C

δe
M0

1CM = 1CαM +1C
q
M +1C

δe
M

1vλ = 1vλ1 +1vλ2 +1vλ3
1γλ = 1γλ1 +1γλ2 +1γλ3

1qλ = 1qλ1 +1qλ2 +1qλ3,

(8)



1vλ1 =
1Tλ1cosα −1Dλ1

m0 +1m

1vλ2 =
1Tλ2cosα −1Dλ2

m0 +1m

1vλ3 =
1Tλ3cosα −1Dλ3

m0 +1m

1γλ1 =
1Tλ1sinα +1Lλ1

(m0 +1m)v

1γλ2 =
1Tλ2sinα +1Lλ2

(m0 +1m)v

1γλ3 =
1Tλ3sinα +1Lλ3

(m0 +1m)v

1qλ1 =
q̄s0c̄01CM
Iyy0 +1Iyy

1qλ2 =
q̄(s01c̄+1sc̄0 +1s1c̄)CM0

Iyy0 +1Iyy

1qλ3 =
q̄(s01c̄+1sc̄0 +1s1c̄)1CM

Iyy0 +1Iyy
,

(9)



1Tλ1 = q̄s01CT
1Tλ2 = q̄1sCT0
1Tλ3 = q̄1s1CT
1T = 1Tλ1 +1Tλ2 +1Tλ3
1Dλ1 = q̄s01CD
1Dλ2 = q̄1sCD0

1Dλ3 = q̄1s1CD
1D = 1Dλ1 +1Dλ2 +1Dλ3
1Lλ1 = q̄s01CL
1Lλ2 = q̄1sCL0
1Lλ3 = q̄1s1CL
1L = 1Lλ1 +1Lλ2 +1Lλ3,

(10)



1CL = 1CαL α

1CT = 1C
β
T β +1C

0
T

1CD = 1Cα
2

D α
2
+1CαDα +1C

0
D

1CαM = 1C
α,α2

M α2 +1Cα,αM α +1Cα,0M

1Cq
M = 1C

q,α2

M α2 +1Cq,α
M α +1Cq,0

M .

(11)

Define the state vector as x = [v, γ, q, α, h], according to
the nonlinear system theory and the concept of Lie derivative,
one gets



v̇ = v̇0 +1vλ = f1(x)+1f1(x)

v̈ =
∂(f1(x)+1f1(x))

∂x
ẋ = ω1ẋ+1ω1ẋ

...
v = ẋT

∂(ω1 +1ω1)
∂x

ẋ+ (ω1 +1ω1)ẍ

= (ω1 +1ω1)ẍ+ ẋT(ω2 +1ω2)ẋ,

(12)

where f1(x) = v̇0,1f1(x) = 1vλ, ω1 =
∂f1(x)
∂x , ω2 =

∂ω1
∂x ,1ω1 =

∂1f1(x)
∂x ,1ω2 =

∂1ω1
∂x .



ḣ = v sin γ

ḧ = v̇ sin γ + vγ̇ cos γ
...
h = v̈ sin γ + 2v̇γ̇ cos γ − vγ̇ 2 sin γ + vγ̈ cos γ

h(4) =
...
v sin γ + 3v̈γ̇ cos γ − 3v̇γ 2 sin γ

+ 3v̇γ̈ cos γ − vγ̇ 3 cos γ

− 3vγ̇ γ̈ sin γ + v
...
γ cos γ,

(13)

where the first, second, and third derivatives of γ are obtained
according to (6) as



γ̇ = γ̇0 +1γλ = f2(x)+1f2(x)

γ̈ =
∂(f2(x)+1f2(x))

∂x
ẋ = π1ẋ+1π1ẋ

...
γ = ẋT

∂(π1 +1π1)
∂x

ẋ+ (π1 +1π1)ẍ

= (π1 +1π1)ẍ+ ẋT(π2 +1π2)ẋ,

(14)

where f2(x) = γ̇0,1f2(x) = 1γλ, π1 =
∂f2(x)
∂x , π2 =

∂π1
∂x ,1π1 =

∂1f2(x)
∂x ,1π2 =

∂1π1
∂x .

According to (12), (13) and (14), the velocity channel and
altitude channel in (1) can be re-described as



v̇1 = v2 +8v1

v̇2 = v3 +8v2

v̇3 = Fv + BvU+8v3

ḣ1 = h2 = vsinγ

ḣ2 = h3 +8h2

ḣ3 = h4 +8h3

ḣ4 = Fh + BhU+8h4 ,

(15)

where B = [Bv,Bh]T = [b11, b12; b21, b22]; U = [βc, δe]T

indicates the control inputs; 8vi , i = (1, 2, 3) and 8hj , j =
(1, 2, 3, 4) indicate the mismatching uncertainties terms.
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Combine (12) (13) and (14), one obtains

Fv =
ω1ẍ0 + ẋTω2ẋ
m0 +1m

Fh = 3v̈γ̇ cos γ − 3v̇γ 2 sin γ
+ 3v̇γ̈ cos γ − vγ̇ 3 cos γ

− 3vγ̇ γ̈ sin γ +
(ω1ẍ0 + ẋTω2ẋ) sin γ

m0 +1m
+ v cos γ (π1ẍ0 + ẋTπ2ẋ)

b11 =
ω2 cosα
m0 +1m

∂(T +1T )
∂β

b12 =
ρv2(s0 +1s)(c̄0 +1c̄)(ce0 +1ce)

2(m0 +1m)(Iyy0 +1Iyy)

(
∂(T +1T )

∂α
− (T +1T ) sinα −

∂(D+1D)
∂α

)

b21 =
ω2 sin(α + γ )
m0 +1m

∂(T +1T )
∂β

b22 =
ρv2(s0 +1s)(c̄0 +1c̄)(ce0 +1ce)

2(m0 +1m)(Iyy0 +1Iyy)

(
∂(T +1T )

∂α
sin(α + γ )

+ (T +1T ) cos(α + γ )

+
∂(L +1L)

∂α
cos γ −

∂(D+1D)
∂α

sin γ ),

(16)



8v1 = 1f1

8v2 = 1ω1ẋ

8v3 = 1ω1ẍ0 + ẋT1ω2ẋ

8h2 = 1f1sinγ + v1f2cosγ

8h3 = 1ω1ẋsinγ − v(2f21f2 +1f 22 )sinγ

+ 2(f11f2 +1f1f2 +1f11f2)cosγ

+ v1π1ẋcosγ

8h4 = 3(ω1ẋ1f2 +1ω1ẋf2 +1ω1ẋ1f2)cosγ

− v(3f21f 22 + 3f 22 1f2 +1f
3
2 )cosγ

+ 3(π1ẋ1f1 +1π1ẋf1 +1π1ẋ1f1)cosγ
− 3v(π1ẋ1f2 +1π1ẋf2 +1π1ẋ1f2)sinγ

+ v(1π1ẍ0 + ẋT1π2ẋ)cosγ − 31f1γ 2sinγ
+ (1ω1ẍ0 + ẋT1ω2ẋ)sinγ,

(17)

where the function f1(x) and f2(x) are removed in brief.

III. CONTROLLER DESIGN
The equations of motion are decomposed into velocity sub-
system and altitude subsystem. The block diagram of the
overall control scheme of the DSC design is shown in
Fig. 1 and Fig. 2. The controller uses the following parameters
to control the AHV, including the signals from reference
trajectories vref and href , system states xv and xh, the estimates

of the NDO v̂, ˙̂v, ¨̂v, ĥ, ˙̂h, ¨̂h,
...
ĥ , d̂vi (i = 1, 2, 3), and d̂hj (j =

1, 2, 3, 4), the virtual control law zv1 , zv2 , zh1 , zh2 , and zh3 , the
actual control law uv and uh, the throttle setting βc and the
elevator deflection δe.

A. TRACKING DIFFERENTIATOR DESIGN
The anti-hyperbolic sine function is smooth and continuous,
which can eliminate the high-frequency flutter phenomenon.
The tracking differentiator based on the anti-hyperbolic sine
function can be described as

ẋ1(t) = x2(t)
ẋ2(t) = −02a12(b1(x1(t)− r(t)))
−02a22(b2x2(t)/0),

(18)

where 2(·) = arsh(·) represents the anti-hyperbolic sine
function; x1(t) and x2(t) are the system states; r(t) is the input
signal;0 > 0, ai > 0, bi > 0, i = (1, 2) are the system design
parameters.
Theorem 1: Consider the following second-order system{

ε̇1(t) = ε2(t)
ε̇2(t) = g(ε1(t), ε2(t)),

(19)

if the solutions of the system (19) satisfy limt→∞ ε1(t) =
0 and limt→∞ ε2(t) = 0, for any arbitrarily bounded and
integrable function r(t), the solution of the following system{

ż1(t) = z2(t)
ż2(t) = 02g((z1(t)− r(t)), z2(t)/0)), (0 > 0),

(20)

satisfies

lim
0→∞

∫ T

0
|ε1(t)− r(t)|dt = 0, (T > 0). (21)

Proof: Define a Lyapunov function as follow

L(ε1(t), ε2(t)) =
∫ ε1(t)

0
a12(b1τ )dτ + 0.5ε22(t)

= a1ε1(t)2(b1δ)+ 0.5ε22(t), (0 < δ < ε1(t)).

(22)

Since 2(·) is an odd function, if a1 > 0, b1 > 0, ε1(t) > 0,
one has a1ε1(t)2(b1δ) > 0, then L(ε1(t), ε2(t)) > 0.
Define g(ε1(t), ε2(t)) = −a12(b1ε1(t)) − a22(b2ε2(t)).

Taking the time derivation of L(ε1(t), ε2(t)), if a2 > 0, b2 >
0, one gets

L̇(ε1(t), ε2(t)) = a1ε̇1(t)2(b1ε1(t))+ ε2(t)ε̇2(t)

= a1ε2(t)2(b1ε1(t))

+ ε2(−a12(b1ε1(t))− a22(b2ε2(t)))

= −a2ε22(b2ε2(t)) ≤ 0. (23)

It can be seen from (23) that only when ε2(t) = 0,
L̇(ε1(t), ε2(t)) = 0. When L̇(ε1(t), ε2(t)) = 0, if ε1(t) 6= 0,
then ε̇2(t) 6= 0 according to (19). That is, ε2(t) = 0 is
instable if ε1(t) 6= 0. Through the above analysis, it can
be concluded that if and only if ε1(t) = ε2(t) = 0,
L̇(ε1(t), ε2(t)) = 0. Therefore, according to the Lyapunov
theorem, the system (20) is asymptotically stable at the origin
(0, 0). Moreover, when 0 is big enough, the solution x1(t)
of the system (18) can fully approach the input signal r(t),
it means that ẋ1(t) = x2(t) = ṙ(t). This is the end of the
proof. �
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FIGURE 2. Block diagram of the NDO design.

B. NONLINEAR DISTURBANCE OBSERVER DESIGN
Consider the following uncertain system

ż = φ(z)+ η(z)u+ d (24)

where φ(z) and η(z) are given functions, d denotes the system
disturbance. A new NDO can be expressed as{

˙̂z = φ(z)+ η(z)u+ d̂
˙̂d = −02(a12(b1(ẑ− z))+ a22(b2d̂/0)),

(25)

where 2(·) = arsh(·) represents the anti-hyperbolic sine
function, ẑ and d̂ represent the respective estimations of z and
d , 0 > 0, ai > 0, bi > 0, i = (1, 2) are the system design
parameters.
Theorem 2: consider the following system{

˙̂z = φ(z)+ η(z)u+ d̂
˙̂d = 024(ẑ− z, d̂/0),

(26)

if the system design parameter 0 > 0, one gets

lim
0→∞

∫ T

0
|ẑ− z|dt = 0, (T > 0). (27)

Furthermore, {
ẑ→ z
d̂ → d .

(28)

Proof: When the system design parameter 0 → ∞ in
the equation (26), one gets

|
˙̂d | = |024(ẑ− z, d̂/0)| → ∞. (29)

It can be seen from the equation (29) that d̂ varies much
faster than φ(z) + η(z)u when 0 → ∞. According to the
equation (26), we have

lim
0→∞

d(φ(z)+ η(z)u+ d̂)
dt

=
˙̂d

lim
0→∞

φ(z)+ η(z)u+ d̂
0

=
d̂
0
,

(30)

then we take φ(z)+ η(z)u+ d̂ as z2, the equation (26) can be
expressed as {

˙̂z1 = z2
˙̂z2 = 024(ẑ− z, d̂/0).

(31)

Thus according to Theorem 1, it is tempting to conclude that
the Theorem 2 holds. This is the end of the proof. �
It is worthy to point out that the characteristics of the

NDO are determined by TD. Due to disturbance is the input
signal of TD essentially, according to the requirements of TD
for input signal, the proposed NDO does not need the prior
information of disturbance.

76918 VOLUME 10, 2022



O. Li et al.: Anti-Disturbance Dynamic Surface Control for Air-Breathing Hypersonic Vehicles Based on NDO

C. DYNAMIC SURFACE CONTROLLER DESIGN
According to the velocity subsystem (15), consider the
following nonlinear system

v̇1 = v2 +8v1 + dv1
v̇2 = v3 +8v2 + dv2
v̇3 = Fv + Bvuv +8v3 + dv3 ,

(32)

where, vi, i = (1, 2, 3) and uv represent the states and control
input, respectively. 8vi, i = (1, 2, 3) and Fv are given func-
tions. di, i = (1, 2, 3) denotes the system disturbance.

Define the tracking errors of v1,v2,v3 as follows
ev1 = v1 − vref

ev2 = v2 − zv1
ev3 = v3 − zv2 .

(33)

Based on the backstepping and dynamic inversion theory,
the virtual control law zv1 , zv2 and the actual control law uv
are chosen as

zv1 = −kv1,1ev1 − kv1,2
∫ t
0 ev1 (τ )dτ −8v1 − d̂v1 + v̇ref

zv2 = −kv2,1ev2 − kv2,2
∫ t
0 ev2 (τ )dτ −8v2 − d̂v2

+ ˙̂zv1 − ev1
uv = B−1v (−kv3,1ev3 − kv3,2

∫ t
0 ev3 (τ )dτ −8v3 − d̂v3

−Fv + ˙̂zv2 − ev2 ),
(34)

where ki,1 > 0, ki,2 > 0, ki,3 > 0 (i = v1, v2) are design
parameters. d̂v1 , d̂v2 and d̂v3 are the respective estimations
of dv1 , dv2 and dv3 . żv1 and żv2 are the respective derivatives
of virtual control law zv1 , zv2 , ˙̂zv1 and ˙̂zv2 are the respective
estimations of żv1 and żv2 . According to the equation (18) ˙̂zv1 ,
˙̂zv2 , dv1 , dv2 and dv3 can be express as

˙̂zv1 = ωv1

ω̇v1 = −0
2
1(a112(b11(ẑv1 − zv1 )+ a122(b12ωv1/01))

˙̂zv2 = ωv2

ω̇v2 = −0
2
2(a212(b21(ẑv2 − zv2 )+ a222(b22ωv2/02))

˙̂v1 = v2 +8v1 + d̂v1
˙̂dv1 = −0

2
3(a312(b31(v̂− v1)+ a322(b32d̂v1/03))

˙̂v2 = v3 +8v2 + d̂v2
˙̂dv2 = −0

2
4(a412(b41(v̂2 − v2)+ a422(b42d̂v2/04))

˙̂v3 = Fv + Bvuv +8v3 + d̂v3
˙̂dv3 = −0

2
5(a512(b51(v̂3 − v3)+ a522(b52d̂v3/05)).

(35)

Theorem 3: The closed-loop system (32), the virtual con-
trol laws and the actual control law (34), and the NDOs (35)
guaranteed to have all the signals in the closed-loop system
are semi-globally uniformly bounded.

Proof: The Lyapunov function is chosen as

L1 =
1
2
e2v1 +

1
2
kv1,2(

∫ t

0
ev1 (τ )dτ )

2

L2 = L1 +
1
2
e2v2 +

1
2
kv2,2(

∫ t

0
ev2 (τ )dτ )

2

L3 = L2 +
1
2
e2v3 +

1
2
kv3,2(

∫ t

0
ev3 (τ )dτ )

2.

(36)

Define the estimation errors of disturbances as ed1 = d1 −
d̂1, ed2 = d2−d̂2, and ed3 = d3−d̂3. According to Theorem 3,
taking the derivative of (36) and combining (33) and (34),
we have

L̇1 = −kv1,1e
2
v1 + ev1ev2 + ev1ed1

L̇2 = −kv1,1e
2
v1−kv2,1e

2
v2+ev2ev3+ev1ed1+ev2ed2

L̇3 = −kv1,1e
2
v1 − kv2,1e

2
v2 − kv3,1e

2
v3

+ ev1ed1 + ev2ed2 + ev3ed3 .

(37)

Consider the following inequality holds
ev1ed1 ≤

(ev1ed1 )
2
+ 1

2

ev2ed2 ≤
(ev2ed2 )

2
+ 1

2

ev3ed3 ≤
(ev3ed3 )

2
+ 1

2
,

(38)

L̇3 can be expressed as

L̇3 ≤ −kv1,1e
2
v1 − kv2,1e

2
v2 − kv3,1e

2
v3

+
1
2
(ev1ed1 )

2
+

1
2
(ev2ed2 )

2
+

1
2
(ev3ed3 )

2
+ 1.5

= −(kv1,1 −
1
2
e2d1 )e

2
v1 − (kv2,1 −

1
2
e2d2 )e

2
v2

− (kv3,1 −
1
2
e2d3 )e

2
v3 + 1.5. (39)

Define kv1,1 >
1
2e

2
d1
+δ, kv2,1 >

1
2e

2
d2
+δ and kv3,1 >

1
2e

2
d3
+δ,

one gets

L̇3 ≤ −δe2v1 − δe
2
v2 − δe

2
v3 + 1.5

= −2δ(
1
2
e2v1 +

1
2
e2v2 +

1
2
e2v3 )+ 1.5

≤ −2δL3 + 1.5, (40)

when δ ≥ 1.5
2L3

, one has L̇3 ≤ 0. Consequently, one can obtain
that

L3(t) ≤
0.75
δ
+ (L3(0)−

0.75
δ

)e2δt . (41)

By choosing appropriate design parameters kvi,1(i = 1, 2, 3),
the system tracking errors can be sufficient small. The proof
is completed. �
Similarly, according to the altitude subsystem (15), one has

ḣ1 = h2
ḣ2 = h3 +8h2 + dh2
ḣ3 = h4 +8h3 + dh3
ḣ4 = Fh + Bhuh +8h4 + dh4 .

(42)
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Define the tracking errors of h1, h2, h3, and h4, respectively
as 

eh1 = h1 − href
eh2 = h2 − zh1
eh3 = h3 − zh2
eh4 = h4 − zh3 .

(43)

The virtual control laws zh1 , zh2 , zh3 and the actual control uh
are chosen as

zh1 = −kh1,1eh1 − kh1,2
∫ t
0 eh1 (τ )dτ − d̂h1 + v̇ref

zh2 = −kh2,1eh2 − kh2,2
∫ t
0 eh2 (τ )dτ −8h2 − d̂h2

+ ˙̂zh1 − eh1
zh3 = −kh3,1eh3 − kh3,2

∫ t
0 eh3 (τ )dτ −8h3 − d̂h3

+ ˙̂zh2 − eh2
uh = B−1h (−kh4,1eh4 − kh4,2

∫ t
0 eh4 (τ )dτ −8h4 − d̂h4

−Fh + ˙̂zh3 − eh3 ),

(44)

where ki,1 > 0, ki,2 > 0, ki,3 > 0 (i = h1, h2, h3) are
design parameters. d̂h1 , d̂h2 , d̂h3 and d̂h4 are the corresponding
estimations of dh1 , dh2 , dh3 and dh4 .
It is worth noting that there is a coupling phenomenon

between the velocity channel and the altitude channel, so the
actual control signals for the throttle setting and the elevator
deflection need to be decoupled. It means that the matrixB =
[b11, b12; b21, b22] must satisfy nonsingular. It is reasonable
to assume that the matrix B is nonsingular because the flight
path angle of the AHV satisfies γ 6= ±π2 in the whole flight
envelope.

IV. SIMULATIONS AND DISCUSSION
In this section, the numerical simulations are executed to
validate the efficiency and robustness of the proposed control
method, the mathematical model of the AHV is built on the
MATLAB/Simulink platform, and the designed controller is
also simulated and verified with MATLAB.

At the initial condition, Table 1 lists the initial flight condi-
tion and the uncertainty boundary. The external disturbances
are given in Table 2. The control input constraints used in
the AHV are shown in Table 3. The reference trajectories of
velocity and altitude are set as step signal and are generated
via the following filter:

vc(s)
vref (s)

=
0.005

s2 + 0.15s+ 0.005
hc(s)
href (s)

=
0.005

s2 + 0.15s+ 0.005
,

(45)

where vref (s) and href (s) represent the step signals of 50 (m/s)
and 50 (m), respectively. The parameters adopted for control
inputs are given in Table 4. Furthermore, the tuning guidelines
of the control parameters are presented as follows.

1) Increasing 0 can improve the TD response speed, track-
ing and differential accuracy, but it will reduce the noise
suppression ability. Too large 0 will lead to tracking and
differential output flutter.

TABLE 1. Initial flight condition and uncertainty boundary.

TABLE 2. External disturbances of the AHV.

TABLE 3. Control input constraints of the AHV.

TABLE 4. Parameters of the controller.

2) a1 is similarly to0. a2 has a great influence on the differ-
ential effect. Increasing a2 can improve the noise suppression
ability, but will reduce the response speed

3) Increasing b can improve the noise suppression ability,
but too lager value will increase the tracking error.

4) According to the control system structure and the back-
stepping control theory, in order to achieve better control
effect, it is necessary to satisfy the response speed of the
inner loop is faster than that of the outer loop. Thus, the
parameters can be designed as 0v2 > 0v1 , kv3 > kv2 > kv1 ,
0h3 > 0h2 > 0h1 , kh4 > kh3 > kh2 > kh1 .

In order to demonstrate the efficiency of the proposed
method, 5% to 15% parameter uncertainties and external
disturbances are considered. The simulation results are given
in Figs. 3–19. In these pictures,3ref represents the reference
value of 3, est − 3 represents the estimation value of 3,
and err − 3 represents the estimation error of 3. dv and
dh are the respective derivatives of velocity and altitude. zvi
(i = 1, 2) and zhj (j = 1, 2, 3) represent the virtual control law
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FIGURE 3. Responses of the velocity.

FIGURE 4. Responses of the altitude.

FIGURE 5. Responses of the attack angle.

of velocity subsystem and altitude subsystem, respectively.
1 = 3% represents the parameter uncertain boundary,
it means 1i = i0 · 3% · sin(ωt), i = m, s, c, ce, Iyy, CαL ,

FIGURE 6. Responses of the flight path angle.

FIGURE 7. Responses of the throttle setting.

FIGURE 8. Responses of the elevator deflection.

Cα
2

D , CαD, C
0
D, C

β
T , C

0
T , C

α,α2

M , Cα,αM , Cα,0M , Cq,α2

M , Cq,α
M , Cq,0

M .
Fig. 3 and Fig. 4 present the tracking performance of altitude
and velocity. When the simulation time t = 150 (s), both
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FIGURE 9. Virtual control law of the velocity subsystem.

FIGURE 10. Virtual control law of the altitude subsystem.

FIGURE 11. Derivative of the velocity.

external disturbances and parameter uncertainties are added
to the velocity subsystem and the altitude subsystem. The
variations of parameter uncertainties increase from 1 = 5%
to 1 = 15% of their normal values. It can be seen that

FIGURE 12. Derivative of the altitude.

FIGURE 13. Estimations of dv1 .

FIGURE 14. Estimations of dv2 .

the closed-loop system is stable, the transient responses of
both altitude and velocity are with a smaller fluctuation. After
adding parameter uncertainties and external disturbances, the
system recovers to stability within 2 seconds. Fig. 5 and
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FIGURE 15. Estimations of dv3 .

FIGURE 16. Estimations of dh1
.

FIGURE 17. Estimations of dh2
.

Fig. 6 are the responses of attack angle and flight path angle;
Fig. 7 and Fig. 8 are control inputs of the throttle setting and
the elevator deflection. It is shown that the responses of both
flight states and control inputs are quite smooth and within

FIGURE 18. Estimations of dh3
.

FIGURE 19. Estimations of dh4
.

their rational bounds. The virtual control laws of velocity
subsystem and altitude subsystem are depicted in Fig. 9 and
Fig. 10, which guarantee that the proposed DSC strategy
meet the performance requirements for tracking velocity and
altitude reference trajectories.

The estimation performance of the proposed NDO is pre-
sented in Figs. 11-19. Fig. 11 and Fig. 12 show that the esti-
mations of the first derivative signal of velocity and altitude
under the parameter uncertainties with 1 = 5%, 1 = 10%
and 1 = 15%, respectively. Fig. 13 and Fig. 14 present
the estimation performance of velocity subsystem under the
external disturbances of dv1 and dv2 . The estimation perfor-
mance of altitude subsystem under the external disturbances
of dh1 , dh2 and dh3 are depicted in Figs. 16-18, respectively.
It is observed from Figs. 13-19 that the presented NDO
scheme can provide an accurate estimation of external dis-
turbances. The estimation errors of external disturbances of
each channel are very small. Fig. 15 and Fig. 19 present the
estimation performance of dv3 and dh4 , respectively. It can
be seen that the estimation of the velocity subsystem dv3 and
the altitude subsystem dh4 translate upward and downward
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slightly, respectively. Due to the modeling errors, with the
increase of the uncertainty boundary, some uncertain fac-
tors have effects on external disturbances, which are within
the rational bounds of the estimation performance of NDO.
The above simulation analyse show that the presented DSC
method can provide a stable tracking of velocity and altitude
commands in the presence of external disturbances, owing
to the effective estimations of disturbances provided by the
developed NDO.

V. CONCLUSION
In this paper, a novel dynamic surface controller (DSC) based
on nonlinear disturbance observer (NDO) approach is pro-
posed for air-breathing hypersonic vehicle (AHV) with the
mismatched uncertainties and external disturbances. In order
to obtain a practical control-oriented model, the longitudinal
dynamical model of AHV is described as a strict feedback
nonlinear form with mismatched disturbances. In order to
solve the problem of ‘‘explosion of terms’’, a new tracking
differentiator (TD) based on inverse hyperbolic sine func-
tion is designed for each step virtual control laws. For the
sake of enhancing the robustness of system by estimating
and compensating the model uncertainties and disturbances,
a new NDO based on the proposed TD is designed for AHV.
Simulation results demonstrate that the proposed DSC con-
trol method can provide a stable tracking of velocity and alti-
tude commands in the presence of mismatched uncertainties
and external disturbances.

In the future work, we will keep on improving the tracking
control performance of AHV flight controller. And other
forms of control method will be also taken into consideration,
such as intelligent control, adaptive control, and sliding mode
control, etc.
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