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ABSTRACT For the high-resolution DoA (Direction of Arrival) estimation, various multiplexing schemes
are considered for the multi-input multi-output (MIMO) fast chirp frequency-modulated continuous-wave
(FMCW) radar. However, current schemes such as time-division multiplexing (TDM) and binary-phase
modulation (BPM) may reduce the maximum detectable velocity, which causes the velocity ambiguity
problem. As an extension of the BPM scheme to mitigate this issue, we propose a novel multiplexing scheme
using M phase-shift keying (MPSK) code which duplicates shifted target peaks at unequal intervals over the
velocity domain. The proposed scheme finds the true peaks to resolve the velocity ambiguity problem by the
inversion of the circulant matrix with low additional computation. In addition, the successful implementation
of the proposed scheme is conducted with 4 by 8 MIMO uniform linear array (ULA) antennas through the
state-of-the-art FMCW radar. Finally, the proposed scheme is compared to the conventional TDM based
MIMO scheme regarding signal to noise ratio (SNR) and phase calibration issues for moving targets. The
proposed scheme is to estimate the accurate 4D information of targets while resolving the velocity ambiguity
problem in the MIMO FMCW radar systems.

INDEX TERMS FMCW, MIMO, MPSK code, velocity ambiguity, DoA estimation.

I. INTRODUCTION
Heading towards the era of autonomous driving systems, the
fast chirp frequency-modulated continuous-wave (FMCW)
radar is widely used as an important sensor for its reliable and
cost-effective advantages [1]–[3]. With its ability to obtain
4D information (i.e., range, velocity, azimuth, and elevation
angle) of targets, it can localize the target and construct its
image for reliable autonomous driving [4], [5]. Above all, one
of the most challenging issues is enhancing angle estimation
performance which requires multiple receiving (Rx) antenna
elements [6], [7]. However, the increased number of Rx
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antenna elements leads to higher cost and excessive antenna
aperture size, resulting in additional design difficulties.

As a solution to the forementioned issues, the multi-
input multi-output (MIMO) antenna array with various
multiplexing schemes can be applied to chirp units [8]. Var-
ious multiplexing schemes for the MIMO radar, such as
time-division multiplexing (TDM) [9], [10], code-division
multiplexing (CDM) [11], [12], and frequency divisionmulti-
plexing (FDM) [13], ensure orthogonality between Tx signals
so that they can be separated in each Rx signal. Consequently,
the MIMO antenna array with NTx Tx antenna elements and
NRx Rx antenna elements can be configured to a virtual
antenna array with a single Tx antenna element and NTxNRx
virtual Rx antenna elements.
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However, the main problem of the MIMO antenna array
with the above multiplexing schemes is that the maximum
detectable velocity decreases in proportion to NTx. Since the
state-of-the-art 4D imaging radar uses tens of Tx antenna
elements as listed in Table. 1, it leads to severe velocity
ambiguity problems which can be detrimental to autonomous
driving systems.

To solve the forementioned velocity ambiguity problem,
some previous works used different chirp configurations with
different maximum detectable velocities to estimate the exact
velocity of the target using the Chinese remainder theo-
rem [17] or clustering algorithms [18]. However, small veloc-
ity estimation errors for different chirp configurations make
it hard to determine the exact velocity of the target, which
is inevitable in real scenarios. Another method using the
hypothetical phase compensation(HPC) based on the TDM
scheme [19] determined the target’s velocity by selecting the
velocity with the best angle estimation performance. How-
ever, it requires additional angle estimation for each hypo-
thetical velocity and tends to show unstable performance.
Furthermore, both methods cannot fully use all the time slots,
which leads to the reduction of signal to noise ratio (SNR) or
frame per second (FPS).

Since the CDM scheme can fully use all the time slots and
can solve the above stability issues, our approach focuses on
the CDM scheme to resolve the velocity ambiguity problem.
Existing CDM based schemes use binary phase modula-
tion (BPM) to resolve the velocity ambiguity problem by
comparing the power of each peak to separate Tx signals [20],
[21]. However, different radar channels between each Tx-Rx
pair cause another ambiguity in distinguishing each peak.
In [21], peaks replicated by binary codes are matched to each
Tx antenna element, and angle estimations are performed for
all possible matchings. However, this method requires signif-
icant amount of computation, especially when NTx increases.
To mitigate the above issues in BPM, the M phase-shift
keying (MPSK) code for the MIMO radar was first proposed
in [22]. This method finds an arithmetic sequence of the
phase of each peak to separate Tx signals. However, due
to phase distortion caused by reflected signal’s incoherency
and hardware issues, this method becomes more vulnerable
to errors as NTx increases. Therefore, the feasibility of the
MIMO FMCW radar using the MPSK code to resolve the
velocity ambiguity problem still remains questionable.

As a robust solution to the velocity ambiguity problem in
the MIMO FMCW radar using the MPSK code, we propose
a novel multiplexing scheme assigning a MPSK code to the
chirp-sequence which shifts target peaks with unequal inter-
vals over the velocity domain. Regardless of the phase distor-
tion and the computation complexity issues in the previous
methods, the proposed schemewas successfully implemented
with the state-of-the-art FMCW radar evaluation kit. Fur-
thermore, we showed that the proposed scheme has various
advantages over the conventional TDM scheme. Along with
the advantage of resolving the velocity ambiguity problem,
the proposed scheme showed higher SNR properties and

FIGURE 1. Basic signal structure of FMCW radar.

more accurate angle estimation performance for moving tar-
gets compared to the TDM based MIMO radar.

The remainder of this paper is organized as follows. First,
the range, velocity and angle estimation of the FMCW radar
system is introduced in Section II. In Section III, Multiplex-
ing schemes for the MIMO FMCW radar to enhance DoA
estimation are presented. In addition, related works to resolve
the velocity ambiguity problem for the MIMO FMCW radar
are presented. In section IV, the novel multiplexing scheme
assigning a specific MPSK code for each chirp-sequence is
proposed with simulation results. Consequently, the imple-
mentation of the proposed scheme using a commercial radar
and performance comparisons with the TDM scheme are
shown in Section V. Finally, conclusions are provided in
Section VI.

II. SYSTEM MODEL
In this paper, the fast chirp FMCW radar system is consid-
ered. The received signals of the single-input multi-output
(SIMO) array from the targets are modeled and the corre-
sponding range, velocity and angle estimation schemes are
introduced.

Fig. 1 shows the basic structure of the fast chirp FMCW
radar signal. One signal frame of the FMCW radar consists of
M (an even number) repeating chirp signals, whose frequency
increases linearly with time. The transmitted signal of each
chirp with time t can be expressed as

s(t) = exp
{
j2π (fct +

B
2Tc

t2)
}
rect

(
Tc − t
Tc

)
, (1)

where c, fc, B, and Tc denote the speed of light, the carrier
frequency, the bandwidth, and the duration of the chirp signal.
rect(·) indicates the rectangular shaping filter expressed as

rect(u) =

{
1, if 0 < u < 1
0, otherwise.

(2)

If we assume the maximum delay from the target which is
located at distance R from the radar is smaller than the chirp
rest time Tr (i.e 2R

c < Tr), the received signal of them-th chirp
reflected from a single target with the distance of R and the
radial velocity of v can be expressed as

smr (t) = s
(
t −

2(R+ v(m(Tr + Tc)+ t))
c

)
. (3)

After mixing the transmitted signal and the received signal,
and passing through the low pass filter, the continuous signal
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TABLE 1. Number of Tx antenna elements for various 4D imaging radar.

is converted to the discrete signal with N samples per chirp
(i.e sampling time Ts = Tc/N ). Then, we can obtain the
discrete beat signal

sb[n,m] = exp
{
j2π

(
2RB
Tcc

nT s+
2fcv
c
m(Tc + Tr)+ φ

)}
(n = 0, 1 · · ·N − 1,m = 0, 1 · · ·M − 1), (4)

where sb[n,m] and φ denote the n-th sample of the beat signal
at the m-th chirp and a constant phase component.

A. RANGE-VELOCITY ESTIMATION
The range of the target is estimatedwith the delay of the signal
reflected from the target. Since mixing the Tx and Rx signals
generates the first phase term in the exponent as given in (4),
linearly increasing phases over the samples can be obtained
for a given chirp index. Similarly, the velocity of the target is
estimated through the phase shift over the chirps due to the
target’s motion. As given in (4), linearly increasing phases
over the chirps proportional to the target’s velocity can be
obtained for a given sample index. Based on these properties,
the range-velocity profile of the target can be obtained by
applying 2-D Fourier transform to sb[n,m] as shown in Fig. 2.
As we denote the sample index and the chirp index of the
resulting peak as (̂n, m̂), the range and velocity of the target
can be achieved by

R =
c
2B

n̂

v =


c

2Mfc(Tc + Tr)
m̂, if 0 ≤ m̂ ≤ [

M
2
]

c
2Mfc(Tc + Tr)

(m̂−M ), otherwise,
(5)

where [·] indicates gaussian function where [x] is the largest
integer not greater than x. Note that the estimated velocity’s
denominator term has a factor of 2 to be able to return a
positive or negative velocity value. The resolution of the
range and velocity are determined by the interval between two
adjacent estimated values in (5). In addition, the maximum
detectable range and velocity are determined by the (5) when
n̂ = N and m̂ = M

2 . In short, it can be written as

Rres =
c
2B
, Ramb =

cN
2B

vres =
c

2Mfc(Tc + Tr)
, vamb =

c
4fc(Tc + Tr)

, (6)

where Rres, Ramb, vres, and vamb represent the range reso-
lution, the maximum detectable range (ambiguous range),
the velocity resolution, and the maximum detectable velocity
(ambiguous velocity), respectively.

FIGURE 2. R-v estimation of FMCW radar.

B. ANGLE ESTIMATION USING SIMO ARRAY
In this section, a SIMO array with one Tx antenna element
and multiple Rx antenna elements is considered as depicted
in Fig 3. Assume that the target is located at an angle of θ from
the radar and d represents the spacing between two adjacent
Rx antenna elements. Since the received signal reflected
from the target has a constant phase difference d sin(θ)

λ
(λ:

wavelength of the radar signal) between two adjacent Rx
antenna elements, Rx signal for each Rx antenna element can
be expressed as

sb[n,m, k] = exp
{
j2π

(
2RB
Tcc

nT s+
2fcv
c
m(Tc + Tr)

+
d sin(θ )
λ

k + φ
)}

(n = 0, 1 · · ·N − 1,m = 0, 1 · · ·M − 1,

k = 0, 1 · · ·NRx − 1), (7)

where k denotes Rx antenna element index. Similar to R-v
estimation process, Fourier transform can be applied over
Rx antenna index k to estimate the target’s angle θ . Fur-
thermore, multiple signal classification (MUSIC) can be
used to improve the angle estimation performance by sep-
arating the noise subspace and the signal subspace [1],
[23], [24]. In this paper, MUSIC is used to examine the
DoA estimation performance of the proposed scheme and
more specific descriptions will be given in the following
section.

III. MULTIPLEXING SCHEME FOR MIMO RADAR
For high-resolution DoA estimation, more Rx antenna ele-
ments are required. The virtual antenna array with a single
Tx antenna element and multiple Rx antenna elements is
configured by separating Tx signals. In this section, we intro-
duce how to configure a virtual array for the MIMO system
under the assumption that Tx signals are to be separated.
In addition, we introduce more specific descriptions of the
existing TDM and CDM schemes and effective methods to
separate Tx signals in both schemes.
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FIGURE 3. Angle estimation of FMCW radar with a SIMO array.

FIGURE 4. Virtual array configuration.

A. VIRTUAL ARRAY CONFIGURATION FOR MIMO SYSTEM
Fig. 4 shows the real and virtual antenna array configurations.
NTx×NRx MIMOULAwas considered. The spacing between
two adjacent Rx and Tx antenna elements are set to be d and
NRxd , respectively.

Since the phase difference of the received signal between
two adjacent Rx antenna elements is d sin θ

λ
, and the phase

difference between two adjacent Tx antenna elements is equal
to NRx

d sin θ
λ

, the signal from the i-th Tx to the j-th Rx has
a phase difference of (iNRx + j) d sin θ

λ
with respect to the

0-th Tx element and the 0-th Rx element. If the received
signals from different Tx antenna elements are separated,
all phase differences from 0 to (NRxNTx − 1) d sin θ

λ
can be

obtained by interval of d sin θ
λ

. In other words, it is equivalent
to receive NTxNRx signals with uniform phase difference of
d sin θ
λ

. Hence, a NTx × NRx MIMO array can be configured
as an 1× NTxNRx SIMO virtual array.

B. TIME DIVISION MULTIPLEXING (TDM)
The most widely used multiplexing scheme for the MIMO
radar is known to be the TDM scheme, which divides time
slots and allocates them to different Tx antenna elements
alternately. For example, 3 Tx antenna elements alternately
transmitting signals in different time slots are shown in
Fig. 5(a). Since the received signal from different Tx antenna

FIGURE 5. Example of the multiplexing scheme (a) TDM (b) BPM.

FIGURE 6. Detected peaks with an orthogonal code in [20].

elements can be separated by reconstructing each time slot
signal, the TDM scheme is simple to implement and guaran-
tees ideal orthogonality [7].

However, the TDM scheme has a major disadvantage that
the maximum detectable velocity reduces by 1/NTx times.
This is because the time interval (Tc + Tr) between two
consecutive chirps increases by NTx times due to alternate
transmissions in NTx time slots. Therefore, referring to Equa-
tion 6, the maximum detectable velocity (vamb) reduces by
1/NTx times, which is a severe problem in the TDM MIMO
scheme.

C. CODE DIVISION MULTIPLEXING (CDM)
Unlike the TDM scheme, the CDM scheme fully use all
the time slots by assigning an orthogonal code for the
chirp-sequences. For example, Fig. 5(b) shows the CDM
scheme with the binary phase modulation(BPM) that repeats
[1 0−1 0] binary code for Tx1. Since Tx0 transmits the signal
in every time slots, it ensures more transmitting power. There-
fore, the CDM scheme can enhance SNR by NTx times than
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FIGURE 7. Processing for the proposed multiplexing scheme.

the TDM scheme. However, the repetition of an orthogonal
code in the CDM scheme still causes the reduction of the
maximum detectable velocity. Since the detected target peaks
over the velocity domain include the ghost target peaks due
to the repetition of an orthogonal code, the true target peaks
should be found to solve the velocity ambiguity problem.

To overcome this issue, authors in [20] used the binary
phase modulation that repeats the [1 0 −1 0] binary code for
Tx1 as shown in Fig. 5(b). As a result, the target peak of Tx1’s
signal was shown to be shifted to both sides by M/4 index
over the velocity domain as shown in Fig. 6 and the high-
est peak was determined as the true peak. Similarly, binary
phase modulation with Hadamard code was used in [21] and
the MPSK code was used in [22]. To resolve the velocity
ambiguity problem, detected target peaks including the ghost
target peaks by an orthogonal code are matched to each Tx
antenna element and true peaks are found. However, these
methods have some limitations to implement on real device as
mentioned in section 2. To overcome these issues, we propose
a novelmultiplexing scheme to resolve the velocity ambiguity
problem and to enhance DoA estimation performance in the
following section.

IV. PROPOSED MPSK CHIRP CODE BASED
MULTIPLEXING SCHEME FOR MIMO RADAR
Fig. 7 shows the overall process of the proposed scheme. The
proposed multiplexing scheme for theMIMO system uses the
MPSK codewith the phase proportional to the chirp index and
multiplies it to a chirp sequence before transmission. After
mixing the received signal with the transmitted signal, the

mixed signal is converted into the discrete beat signal by the
down-converter and the analog-to-digital converter (ADC).
By the proposed post-processing for the received beat signal,
Tx signals are separated in each Rx antenna element and the
true velocities of the targets are estimated without the velocity
ambiguity problem. Finally, DoA of the detected targets are
estimated via MUSIC with a virtual antenna array. It will be
explained in more detail in the following section.

A. SIGNAL MODEL
Tx signals in the proposed scheme with the MPSK code is
expressed as

s(m,i)(t) = s(t) exp(−j2πmφi), (8)

where s(m,i)(t) denotes them-th chirp Tx signal for the i-th Tx
antenna element and φi denotes the MPSK code for the i-th
Tx antenna element. In this paper, the group of MPSK code
with Mcode=16 was considered (i.e. φi ∈ {0, 1

16 ,
2
16 · · ·

15
16 }).

The resulting discrete beat signal in (3) is modified to

sb[n,m, k] =
NTx−1∑
i=0

exp
{
j2π

(
2RB
Tcc

nTs

+
2fcv
c
m(Tc + Tr )− mφi +

d sin(θ )
λ

k + φ
)}

(n = 0, 1 · · ·N − 1,m = 0, 1 · · ·M − 1,

k = 0, 1 · · ·NRx − 1). (9)

As shown in (9), the proposed MPSK code term j2πmφi
shifts the peak of the target by -Mφi index in the velocity
domain. In other words, m̂ in (5) is changed to m̂ − Mφi by
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FIGURE 8. R-v estimation with the proposed scheme.

TABLE 2. Parameters and values of simulation.

the i-th Tx signal. For the simulation, Np = 3 targets with
(R(m), v(m/s), θ(rad)) = (10, 0, 0.2), (16, 10, −0.24), (25,
−5, 0.3) was assumed. NTx = 4, NRx = 8 and the MPSK
codes for each Tx antenna element, {φ0, φ1, φ2, φ3} is set to
be {0, 3

16 ,
10
16 ,

14
16}. Parameters of the radar are specified in

Table 2.
As we denote 2D FFT of sb for the k-th Rx antenna element

as Yk , 2D FFT of the received signal for each Rx antenna
element shows total 12 target peaks in the R-v domain as
shown in Fig. 8. True target peaks by Tx0 without the MPSK
code are marked with red triangle and the shifted ghost target
peaks by the MPSK code are marked with blue circle.

For the target detection, the constant false alarm
rate (CFAR) algorithm is used. CFAR is a detection technique
to maintain a constant false alarm probability in a complex
clutter environment [25], [26] with the thresholding factor
determined by the neighboring cells. We used the 2D cell
averaging (CA)-CFAR algorithm [26] which estimates the
clutter power Z by averaging the training cell values. Fig. 9(a)
shows a brief structure of 2D CA-CFAR. CA-CFAR with
false alarm rate (Pfa) = 10−7, guard band size (Ngx,Ngy) =
(2, 2), training band size (Ntx,Nty) = (6, 4) were used.
Assuming the additive gaussian noise, the scaling factor S
is determined by [27]

S = NT (P
−1/NT
fa − 1), (10)

where NT denotes number of training cells.

With the thresholding factor S · Z , Index_peak1 (I1) is
determined as

I1[n,m] =

{
1, if Y0[n,m] > S · Z
0, otherwise

(n = 0, 1 · · ·N − 1,m = 0, 1 · · ·M − 1). (11)

Index_peak1 (I1) has the value of 1 for the cells correspond-
ing to the detected targets, otherwise 0.

B. TRANSMITTED SIGNAL SEPARATION METHOD
To find the true target peaks among the detected peaks over
the velocity domain, we used the property of the circulant
matrix to separate Tx signals. If N ×M matrix representing
the original target peaks is denoted as O, and the matrix
representing the target peaks shifted by l index in the row
direction is denoted as I, the relationship between O and I
can be expressed as follows

I = OAl . (12)

Al denotes M × M circulant matrix [28], and the peak of
the target is shifted by l index over the velocity domain by
multiplying Al . Al can be expressed as

Al =


a0 a1 · · · aM−2 aM−1

aM−1 a0 a1 · · · aM−2
...

. . .
. . .

. . .

a2 a3 · · · a0 a1
a1 a2 · · · aM−1 a0

 , (13)

where ai =

{
1, if i = l
0, otherwise

(i = 0, 1 · · ·M − 1).

Similarly, Index_peak2 (I2) representing the cells of the true
target peaks among the detected targets can be represented by
Index_Peak1 and the circulant matrix as follows

I1 = I2A, (14)

where A denotes circulant matrix with the coefficient
expressed as

A = AMφ0 + AMφ1 + AMφ2 + AMφ3 . (15)

Index_peak2 contains the location information of the true
target cells which is red-circled in Fig. 8. As the proposed
multiplexing scheme shifts target peaks by −Mφi index over
the velocity domain and the spacing between the shifted peaks
are unequal, Index_peak2 can be obtained by multiplying
inverse matrix of A. The invertible conditions of the circulant
matrix will be discussed in the following section V. In result,

I2 = I1A−1. (16)

To reduce the computation complexity, we notice that the
circulant matrix A can be readily diagonalized by

A = FHDF, (17)
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FIGURE 9. (a) Brief structure of 2D CA-CFAR algorithm, (b) the corresponding result.

FIGURE 10. (a) Detected true target cells (I_3) (b) DBSCAN.

, where F denotes Discrete Fourier Transform (DFT) matrix
and D denotes diagonal matrix [28]. Therefore, (16) can be
expressed as

I2 = I1FHD−1F. (18)

It is notable that matrix conversion in (16) has complexity
ofO(Mlog(M )) with fast Fourier transform (FFT) [29], which
ismore relaxed than generalmatrix inversionwith complexity
O(M3). Finally, elementwise product of I1 and I2 (I1 � I2)
with additional thresholding factor θ = 0.8 are used to filter
out the noise components. For the real experiment data, addi-
tional thresholding is necessary because all radar channels for
each transmitter-receiver pair are different. For example, few
cells corresponding to target1 can be detected in the Tx1-Rx1
channel but not in the Tx2-Rx1 channel.With the above steps,
we obtain Index_peak3 (I3) which represents the true peaks
of the targets.

I3[n,m] =

{
1, if I1[n,m]× I2[n,m] > θ

0, otherwise

(n = 0, 1 · · ·N − 1,m = 0, 1 · · ·M − 1). (19)

In this simulation, Index_peak3 (I3) shows 3 target peaks
in R-v domain as shown in Fig. 10. Consequently, we applied
a clustering algorithm, density-based spatial clustering of
applications with noise(DBSCAN) [30] to separate the peaks
and to estimate DoA for each target peak. Since the clustering
is not necessary step for the proposed scheme, we will skip

the specific description about DBSCAN algorithm. After the
peaks of targets are clustered in R-v domain, Index_peak3 is
divided according to the number of labels. As we denote the
peak of the np-th labeled target as I

(np)
3 , I3 =

∑Np−1
np=0

I
(np)
3 .

C. ANGLE ESTIMATION WITH VIRTUAL ARRAY
CONFIGURATION
By extracting the overlapping part of I3 and I1, it is possible
to obtain the signal from Tx0 for each Rx antenna element.
Similarly, I3Ai instead of I3 can be used to obtain the signal
by the i-th Tx antenna element for each Rx antenna element.
In result, total NTxNRx separated signals are constructed for
the virtual array. It can be written as

Q
(np)
i,k = NZ(Yk � (I

(np)
3 Ai))

(i = 0, 1 · · ·NTx − 1, k = 0, 1 · · ·NRx), (20)

where Q
(np)
i,k denotes the target peaks from the i-th Tx sep-

arated at the k-th Rx for the np-th labeled target. Since what
we need in Qi,k is only non-zero components, NZ(·) operation
which extracts the non-zero components of the matrix and
vectorize it to the row vector was used. To estimate DoA of
the np-th labeled target, Q

(np)
i,k s are stacked in the column for

the input signal data to the MUSIC algorithm, denoted as

X =


Q
(np)
0,0

Q
(np)
0,1
...

Q
(np)
NTx−1,NRx−1

 . (21)

It has the row size equal to the number of detected peak
cells for the np-th labeled target, and the column size equal
to NTxNRx. Through eigenvalue decomposition, XXH is
expressed as

XXH
= UDUH, (22)

where U is NTxNRx unitary matrix whose column vectors are
eigenvectors. D is NTxNRx ×NTxNRx diagonal matrix whose
components are eigenvalues in descending order. Except the
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FIGURE 11. DoA estimation result of labeled targets (a) 1 (b) 2 (c) 3.

FIGURE 12. Time complexity comparison.

eigenvector corresponding to the biggest eigenvalue, the rest
of eigenvectors represent the noise space. By investigating the
Euclidean distance between the steering vector and the noise
space (EN) [23], we obtain the spatial power spectrum. That
is,

PMU(θ ) =
1

a(θ)EH
NENa(θ )

H
, (23)

where the steering vector a(θ) is defined as

a(θ ) =
[
1, e

d sin(θ)
λ , e

2d sin(θ)
λ , · · · , e

(NTxNRx−1)d sin(θ)
λ

]
. (24)

By investigating the maximum value of PMU for each
labeled target, the corresponding angle will be the esti-
mated DoA. Note that angles for each target were set to be
(0.2,−0.24, 0.3). Angle estimation results for each labeled
target are shown in Fig. 11.

V. IMPLEMENTATION
A. IMPLEMENTATION ISSUES OF THE PROPOSED
SCHEME
Conditions for the proposed MPSK code: we need two con-
ditions for the MPSK code. Since we are dealing with the
discrete beat signals, Mφi must be integer value for all i =
0, · · · ,NTx − 1. Second, since we use inverse matrix of the
circulant matrix A of the MPSK code, it must be invertible.
For example, if the set of MPSK code of {0, 1/4, 2/4, 3/4} is

FIGURE 13. Experiment with two corner reflecters.

applied to the Tx antenna array with NTx = 4 as in [22], true
target peaks cannot be found since the circulant matrix of the
MPSK code is not invertible. Therefore, the MPSK code with
invertible circulant matrix must be designed. Fortunately, the
rank of the circulant matrix defined in Equation 13 is known
to be gcd(f (x), xn − 1) [31], where f (x) =

∑M−1
i=0 aix i. Once

the MPSK code is decided, the rank of the circulant matrix of
the MPSK code can be easily calculated by the polynomial
remainder theorem [32] and we can choose the MPSK code
which makes the circulant matrix invertible.

Complexity analysis: Compared to the TDM MIMO
scheme regarding to the computational complexity, the main
overhead for the proposed scheme is matrix inversion in (16).
We could lower the complexity of the matrix inversion by
using the diagonalization property of the circulant matrix.
The circulant matrix inversion using FFT has the complex-
ity of O(M logM ) since it is multiplied by each row of
Index_peak1(I1), it has a total complexity of O(MN logM ).
As 2D-FFT for the R-v domain has the complexity of
O(MN log(MN )), the proposed method does not significantly
affect the complexity of radar processing.

Furthermore, the time complexity of the proposed method
and the existing method in [21] was compared. Since the
method in [21] requires the DoA estimation for all virtual
arrays, a large amount of computation is required for the
separation of Tx signals. However, the proposed method does
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FIGURE 14. Implementation of the proposed scheme with commercial radar.

FIGURE 15. Angle estimation performance of TDM vs proposed method for (a) the static target (b) the
moving target.

not require this step. Instead, it requires circulant matrix
inversion only once to find true peaks and to configure a
virtual array. In Fig. 12, the additional processing time to
separate Tx signals according to NTx are compared by the
simulation under the matlab 2019.b environment with CPU
i5-9600k. It shows that the proposed method has superb gain
in aspect of the time complexity.

B. EXPERIMENT
To evaluate the proposed scheme,MMWCAS-RF-EVM from
Texas Instrument, which is a cascade of 4 AWR2243 FMCW
radar chips was used. AWR2243 is composed of 3×4MIMO,
and a total of 12×16 antenna array by cascading 4 AWR2243
radar chips are exploited to enhance the angle estimation
performance. Among the antenna array, 4× 8 ULA antennas
with Tx antenna element spacing 4λ and Rx antenna ele-
ment spacing λ/2 were used for the experiment. AWR2243

provides a phase shift function for beam-forming, and we
used this function to apply different phase shift per chirps to
implement the proposed multiplexing scheme.

Fig.13 shows the experiment configuration with two corner
reflectors as targets. The first target was placed in front of the
radar at (10)-degree position from the normal direction with
distance 7.5m, and the second target was placed at (−20)-
degree position with distance 8m. The first corner target was
stationary, and the other corner reflector was moved in the
direction toward the radar. Radar parameters for the experi-
ment are in Table. 2 as same as the simulation in section IV.
Step by step results are shown in Fig. 14. Red, blue, and green
circles indicate real target peaks, ghost target peaks due to the
MPSK code, and the peak due to self-interference or ground
clutters, respectively.

Furthermore, an additional experiment was conducted to
compare the conventional TDM scheme and the proposed
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scheme. Along with the advantage of resolving the veloc-
ity ambiguity problem, the proposed scheme showed higher
SNR properties compared to the conventional TDM scheme.
The peak of the first target for the proposed scheme showed
12.9dB higher peak power on average. This result coincides
with the theoretical 12dB (≈10 log10(NTx)) SNR gain which
can be obtained by using all of the time slots.

In addition, the proposed scheme showed a more accurate
angle estimation performance compared to the TDM MIMO
scheme. For each scheme, a total 5 frames were captured
and radar parameters were set to be identical. As shown in
Fig. 15, the angle estimation result of the static target showed
stable performance for both schemes. However, the TDM
scheme showed unstable angle estimation performance for
the moving target. Since the TDM scheme requires phase
calibration of the moving target for each Tx signal [14],
inaccurate estimation of the target’s velocity leads to angle
estimation performance degradation.

VI. CONCLUSION
In this paper, we propose a novel multiplexing scheme for
MIMO radar using specific MPSK code and correspond-
ing post-processing steps to resolve the velocity ambiguity
problem. The proposed scheme includes the circulant matrix
inversion to find the true target peaks among the detected
peaks, which is computationally efficient. Consequently, the
proposed scheme was successfully implemented by the state-
of-the-art commercial radar regardless of phase distortion
issues which was major problem in the previous method.

In addition, the proposedmultiplexing scheme showed var-
ious advantages compared to the conventional TDM scheme
in the aspect of SNR and angle estimation performance for
moving targets. We hope that this scheme could alleviate
several issues in the conventional TDM scheme while resolv-
ing the velocity ambiguity problem and enables more exact
estimation of the target’s 4D information.
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