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ABSTRACT In this article, the spectrum trading problem between primary users and secondary networks is
investigated. The secondary network requests multiple channels with the targeted availability to satisfy its
users’ demands. Due to the uncertainty about the channels availability, stochastic optimization techniques
are adopted to find the optimal set of channels for each secondary network for the lowest cost. Two different
constraints on the secondary demand are defined. The first one is when the throughput has to be fully satisfied
for a certain percentage of time, and the second one is when the expected value of the throughput has
to exceed a certain percentage of the requested one. Also, the possibility for channel subleasing among
the secondary networks is investigated to reduce the demand shortage. The results show that demanding
simultaneous channels increases the cost as it reaches up to 20% higher than if the same resources were
requested individually. Also, channels subleasing reduces the demand shortage probability and increases
the achieved throughput, especially at low value of requested demand. In this case, the demand satisfaction
probability increases by around 30% while the achieved throughput increases up to 40% compared to the
scenario where channels subleasing is not allowed.

INDEX TERMS Dynamic spectrum access, cognitive radio, spectrum trading, stochastic optimization.

I. INTRODUCTION
Dynamic Spectrum Access (DSA) has been proposed as a
promising solution to overcome the spectrum scarcity prob-
lem. In DSA systems, unused spectrum (time slots/frequency
bands) of the incumbent user (Primary User (PU)) may be uti-
lized by another unlicensed user (Secondary User (SU)) using
an accessmechanism that does not cause any service degrada-
tion for the PU. Cognitive Radio (CR) is the enabling technol-
ogy behind DSA systems. A radio transceiver equipped with
CR technology continuously senses the available channels
and switches among them to find the best one to use without
interfering with the PU’s transmission. There are many chal-
lenges facing the CR realization. Some of these challenges
require modifying conventional wireless technologies like
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physical layer [1], MAC layer [2], and higher layers like
routing [3] and security [4]–[6] to cope with the DSA network
characteristics. Other challenges rise due to the probabilistic
nature of the DSA networks. Two of these challenges are the
resource allocation (spectrum sharing between PUs and SUs),
and the secondary network channel access mechanism.

In our previous work [7], we investigated the joint problem
of price-based spectrum trading and channel access in oppor-
tunistic DSA networks where the secondary system consists
of a single Secondary Network (SN)1 and a number of PUs
who wish to trade their free spectrum time. The objective is
to achieve an optimal spectrum trade and resource allocation
agreement between the SN and the licensed PUs such that
the SN pays the lowest cost for the minimum amount of
resources that satisfy its SUs’ demand. To facilitate the SUs

1SN refers to an infrastructure based network which serves a number of
SUs and control their access to the PUs’ channel.
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FIGURE 1. (a) SN φ and its SUs operating over two PU channels (b) The Markov Chain depicts the access
mechanism of SU 3 and SU 5 to PU 5’s channel (c) PU 3 and PU 5 channels utilization over time (d) Overall
network model (e) PUs’ channel availability at different scenarios.

access to the shared channels, a novel probabilistic channel
access mechanism has been designed which accounts for the
possibility of a PU interrupting the ongoing transmission.
The main contribution of this work is the probabilistic access
mechanism used by the SN which allows the PUs to act
freely over their channels without the need to change their
transmission behavior to adapt for the SUs transmissions.
In this work, the uncertainty problem domain is limited to
a single channel where the PU access is not predictable. This
problem was solved by applying the proposed probabilistic
secondary access mechanism.
In this paper, we extend our work such that the price-based
spectrum trading problem is investigated from a macro-
scopic point of view. Instead of limiting the problem scope
to one SN and directly satisfying its SUs demand (which
is considered a microscopic point of view for the prob-
lem), this work considers the scenario in which there are
more than one SN, each tries to construct its own operating
frequency bands by selecting a group of PUs channels to
achieve a certain overall availability probability to satisfy
its SUs overall demands. However, as each PU channel has
a probabilistic availability pattern which is different from
one to the other, deciding the overall availability probability

of the constructed spectrum band, which is formed from
multiple PUs’ channels, is not a straight forward function.
This creates a complex resource allocation problem with
uncertainty domain that spans multiple channels and affects
the value of the achieved demand. For that, the investigated
problem is considered a joint spectrum trading and stochas-
tic resource allocation one. Fig. 1 explains the difference
between the work presented in [7] and this paper. As shown
in Fig. 1 (a), the previous work deals with one secondary
network where the Secondary Network controller (SNC) has
to find the optimal channel allocation for its SUs. The SNC
has to deal with the uncertainty of each PU’s availability alone
as no SU is able to use multiple PU channels simultaneously.
The SNCs have to know the channel utilization of every
PU and based on the free channel time, they reallocate the
SUs over the available channel and distribute the resources
(channels; free time slots) according to the SUs demands.
As a result, linear programming formulation was used to find
the optimal allocation of resources. The uncertainty problem
appears when the SNC has to coordinate the SUs access to a
single PU’s channel taking into consideration the uncertainty
about the PU’s activity and the possibility of its interruption to
the ongoing SU’s transmissions. This problem was solved by
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adopting a probabilistic channel access mechanism based on
Markov chainmodel for SUs access to the shared channel that
captures the PU’s activities and the probability of the PU’s
interruption. This probabilistic model assigns a set of channel
access probabilities to each SU as shown in Fig. 1(b) based
on their demand and PU’s activity. By adopting this access
probabilities, the SUs can access the PU channel and utilize
its available free time slots as shown in Fig. 1(c).

On the other side, this paper adopts the model in which
there are multiple secondary networks trying to find the opti-
mal (lowest cost) combination of the PUs channels that meets
their SUs demand as shown in Fig. 1(d). The uncertainty
problem arises as the SNC, whose duty is to satisfy its SUs
demand and regulate their access to the shared channels,
has to collect more than one PUs’ channel to construct its
spectrum band with certain availability threshold. However,
as their PU’s activities are in general independent, the SNCs
have to consider different realization scenarios and their
probabilities to find the net availability that satisfies its SUs
demands as shown in Fig. 1(e). Hence, the resource allocation
problem will be faced by uncertainty of the simultaneous
availability of resources.2 To solve the channel allocation
problem under the previously mentioned challenge, the deter-
ministic optimization approaches like those used in [7], are
not usable due to the uncertainty of the problem’s feasibility
region. To overcome this problem, stochastic optimization
techniques such as those described in [9]–[11] are adopted
to deal with the uncertainty in resource availability.

A. OUR CONTRIBUTION
This paper proposes a framework based on stochastic opti-
mization techniques to solve the joint price-based spectrum
trading and resource allocation problem under two different
demand constraints:
• Minimum Demand Availability Threshold
Problem (MinDAT) In the MinDAT problem, the
SNs objective is to achieve a minimum throughput
demand (which may be translated to a number of usable
channels with minimum overall availability) with a
probability higher than a certain threshold (α) at all sce-
narios. In other words, the requested demand has to be
fully satisfiedα%of the time. The problem is formulated
as a chance constraints one in its probabilistic form, then
its deterministic counterpart is formulated and solved.
The analysis is then extended to include a second stage
problemwhich enables channel sharing among SNs after
the optimal resources are assigned to each secondary
network and hence named MinDAT_CSh. In this stage,
at a certain scenario, an SN with over-satisfied demand,
may sublease3 some of the assigned channels to another
SN with under satisfied demand given that the donor SN

2Here, it is assumed that there is a spectrum manager who is able to sell
the PUs channels to the SNCs and coordinate between them [8].

3In this manuscript, the term ‘‘sublease’’ refers to the process in which the
SN frees some of its assigned resources (channels) and gives them to another
SN for a limited time.

will not be come under-satisfied. The goal of this stage
is to lower the dissatisfaction rate of all the SNs.

• Minimum Expected Demand Problem
(MinExD) In the MinDAT problem, the targeted
demand has to be fully satisfied α% of the time which
requires a high number of resources, especially at higher
values of α%. The SN may relax its objective such that
its expected achieved throughput that is higher than a
certain level (β%) of the requested one regardless of the
exact achieved throughput at any given scenario.

Each of the two formulations MinDAT and MinExD is
useful in certain network models and has some limitations.
The MinDAT formulation is more suitable to be used for
an SN which requires a high Quality of Service (QoS). For
example, when the requested channels must have a simulta-
neous availability to satisfy a high throughput demand. On the
other hand, The MinDATmay not be useful in case of limited
resources. The MinExD formulation is useful in scenarios
where the different SUs have low throughput demand, i.e.,
where the SN is able to distribute any small blocks of avail-
able resources among the SUs regardless of their availability
schedule, to satisfy the SUs needs.

B. PAPER ORGANIZATION
The rest of the paper is organized as follows: The related work
is presented in Section II. The network model is described in
Section III. The mathematical formulations of the problems
are presented in Section IV. Detailed performance evaluation
is provided in Section V. Finally, the paper is concluded
in Section VI.

II. RELATED WORK
In this section we discuss the different models of channel
sharing and the related work in this area. In the DSA systems,
there are Two channel sharing concepts. The first one is
the Dynamic Spectrum Leasing (DSL) [12], in which the
SUs gain an opportunistic access to the PUs channels when
these channels are not utilized. In this way, the SUs do not
guarantee any protection against the PUs’ interruption. The
other concept is the Licensed Shared Access (LSA) [13], [14]
which gives the SUs an authorized access to the spectrum
according to a set of rules both the SUs and PUs have agreed
on. By this way, the SUs transmission is protected from being
interrupted by that of the PU. In this paper we focus on the
DSL type of channel sharing.

The dynamic spectrum trading and the resource allocation
problems in DSA have a probabilistic nature due to the
uncertainty about the channels availability over time. There-
fore, there is uncertainty about the exact throughput value
achieved over these channels. The channel access mechanism
in DSA has to take into account the possibility of the PU’s
interruptions to the ongoing SUs’ transmissions. Also, the
mechanism has to control the way the SUs access the shared
resources and satisfy their demand. A spectrum management
framework [15] is required to facilitate the operation of DSA
systems and to overcome these challenges. The Spectrum
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management framework consists of a number of functions:
namely, spectrum sensing, spectrum decision, spectrum shar-
ing, and spectrum mobility. In dynamic spectrum trading
framework, incentive rewards are offered to the PUs in return
for using their channels in a dynamic way [16]. In this
case, trading may take one of two forms. The first one is
the resource exchange model. In this model, the SU sac-
rifices part of its energy to enhance the PU transmission
characteristics by acting as an intermediate relay for the PU.
In return, the PU allows the SU to access its channel based
on a mutual agreement [17], [18]. To realize this model,
different approaches have been used to facilitate the trading
agreement between the PU and the SUwhich include contract
theory [19], [20], Stackelberg game [21], [22], matching
theory [23], and bargaining theory [24].

The other approach in spectrum trading is the price-based
one. In this approach, a monetary reward is given from the
SU to the PU as payment for the leased spectrum. To find
the fair price for the leased resources, different techniques
have been used including auction theory [25]–[29], market
equilibrium pricing mechanism [30]–[34], Bertrand game
model [35], matching theory [36], bargaining theory [37],
contract theory [38], bilateral negotiation [39], and optimiza-
tion techniques [40], [41].

The previously mentioned research work focused on
achieving an acceptable agreement between the spectrum
owner and the unlicensed user using game theory models or
optimization techniques. However, they did not investigate
how this deal will be facilitated, especially for an oppor-
tunistic SU who is characterized by its random access to the
spectrum and its transmission being prone to PUs interrup-
tion. Also, they do not investigate the case where there is an
uncertainty regarding the availability of the simultaneously
available resources (PU channels).

III. NETWORK MODELS
The proposed network model consists of multiple SNs n ∈
N = {1, 2, . . . ,Ns}. The SNs operate in a geographical
area covered by a number of PU channels C ∈ C =
{1, 2, . . . ,Nc} each with a PU activity probability equals
to ρc. Each PU offers its channels to the SUs for a utiliza-
tion cost σc which is set to be proportional to its channel
availability probability(1−ρc). Each secondary network SUs
operate under a common administration of a SNC. Each
SN n has a certain demand dn it tries to satisfy by choosing
the appropriate set of PU channels for the lowest cost.4

In this paper, the secondary network demands are assumed
to be in one of the following two forms:
• (MinDAT Problem): In this form, the SNC requests a
number of PU channels (or a certain throughput demand)
to be fully available satisfied) at least α% of the time.

4In this paper, the SNs demand a certain throughput limit. However, the
overall demand is expressed by the required number of channels needed with
a certain availability assuming that SUs are able to transmit over all channels
using the same rate and the only difference between channels is the channel
utilization level.

TABLE 1. Mathematical Notations.

• (MinExD Problem): In this form, the SNC relaxes its
demand compared to MinDAT, where the SNC tries to
achieve an expected throughput value which is, at least,
β% of the requested throughput regardless of the exact
channels availability at each scenario.

Table 1 lists the different mathematical symbols used in the
paper.

IV. PROBLEM FORMULATION
In this section, the mathematical formulations of the
proposed technique are introduced. First, the stochastic
optimization problems different formulations and their solu-
tions techniques are introduced. Then, the MinDAT problem,
in its probabilistic and deterministic forms, is introduced and

VOLUME 10, 2022 73777



M. Abdelraheem, M. M. Abdellatif: Stochastic Spectrum Trading and Resource Allocation Framework

solved. After that, the second stage channel sharing problem
MinDAT_CSh is presented. Finally, the MinExD problem is
formulated and solved.

A. RESOURCE ALLOCATION PROBLEM WITH RANDOM
CHANNEL AVAILABILITY
In the resource allocation problem in DSA networks, the
channel availability is not deterministic and its availability
can be represented by a random variable ζ̃ . Such that the
general resource allocation optimization problem can be for-
mulated as:

min{f (x)|g(x, ζ̃ ) ≥ λ}, (1)

where x is the decision variable, ζ̃ is the random variable,
f (x) is the objective function, g(x, ζ ) is the constraint map-
ping function and λ is the minimum threshold to satisfy.
The stochastic optimization problem described in (1) may
be solved by three ways according to the format of the
constraints which contain the random variable ζ̃ . The three
methods are [42]:
• Chance constraints: In this case, the problem takes the
following general form

min{f (x)|P{g(x, ζ̃ ) ≥ d} ≥ α}. (2)

The chance constraints formulation provides a robust
solution where the availability constraint is satisfied
with a certain probability. However, it comes with a
higher cost compared to the expectation constraints and
may not exist at higher probability values.

• Expectation constraints: In this case, the problem takes
the following form

min{f (x)|g(x,E{ζ̃ }) ≥ β}. (3)

In this problem, the constraint on the expected value
of the random variable provides a relaxed solution for a
lower cost compared to the chance constraints case.

• Worst-case constraints: In this formulation, the prob-
lem takes the following form:

min{f (x)|g(x, ζ̃ ) ≥ β} ∀ζ̃ . (4)

This formulation requires that the constraint is satisfied
at all scenarios. Generally, the problem in this form does
not have a solution or can be achieved for a very high
cost.

In this paper, the chance constraints formulation is adopted
to solve the MinDAT problem where the demand has to
be fully satisfied with a certain probability. While the
expectation constraint formula will be used for the more
relaxed problem MinExD, where the expected SN through-
put demand has to exceed a certain threshold level. In both
cases, the problems formulation is converted from the prob-
abilistic form, which contains the random variable, to the

deterministic equivalent form, where there is no random vari-
ables in it. The deterministic forms are considered a Lin-
ear Integer programming (LIP) problems which are solved
using Branch and Bound algorithm implemented using IBM
CPLEX solver [43].

B. MINIMUM DEMAND AVAILABILITY PROBLEM
(MinDAT)
To describe the PU channel uncertainty, a random variable
ζ̃c is defined to describe the channel c availability from the
SU’s point of view. If ρc represents the PU’s utilization
probability of channel c, then ζ̃c equals 0 with a probability
of ρc and 1 with probability of (1 − ρc). To formulate the
resources (channels) allocation problem, a binary decision
variable named xcn is defined as follows:

xcn =

{
1, if channel c is allocated to SN n
0, otherwise

In this formulation, the objective is to minimize the total cost
of constructing the SNs spectrum band from the PUs channels
and at the same time, to satisfy their demand. Hence the
chance constrains problem is defined as follows:
MinDAT (Probabilistic form):

min.{ xcn
∀n∈N ,c∈C

}
{

C∑
c=1

σc · xcn

}
(5)

subject to:
Ns∑
n=1

xcn ≤ 1, ∀c ∈ C (6)

Pr
{( Nc∑

c=1

Rnc · xcn · ζ̃c

)
≥ dn

}
≥ αn

∀n ∈ N (7)

xcn ∈ {0, 1} , ∀c ∈ C & ∀n ∈ N . (8)

Constraint (6) is used to ensure that each PU channel is
assigned initially to at most one SN. The chance constraint (7)
enforces that the demand is satisfied with a probability for
time higher than the minimum threshold. The term Rnc refers
to the data rate achieved by the SUs of SN n over channel c.
However, we assume that the different SUs are able to trans-
mit/receive over all PUs’ channels with the same data rate
and so, the only factor controlling the achieved throughput
is the channel availability. For that, while keeping it in the
formulations, the value of Rnc is set to 1Mbps ∀n ∈ N and
∀c ∈ C when evaluating the different formulations perfor-
mance. Because of the random variable ζ̃c found in the chance
constraint (7), it cannot be solved directly by determinis-
tic programming methods. To overcome this problem, the
deterministic equivalent problem is derived for the stochastic
one where the random variables are omitted. To solve this
problem, the various channel availability scenarios are listed
and the probability of each one is determined. Then, a group
of channels are selected for every SN such that, in different
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realization scenarios, the SN’s demand is satisfied with a
probability higher than a certain threshold α.

To convert the problem to its deterministic equivalent form,
the set of all possible PU channels’ availability scenarios
A = {1, 2, 3, . . . , s, . . . .Ls} are defined where each scenario
s has a realization probability P(s). Each scenario represents
one possible combination where some of the channels are
available and others are not. A new binary variable u(s)n for
SN n and scenario s is introduced such that:

u(s)n =

{
1, if SN n demand is satisfied in scenario s
0, otherwise

and a binary variable z(s)c that represents the channel c avail-
ability at scenario s as follows:

z(s)c =

{
1, if channel c is available in scenario s
0, otherwise

The equivalent deterministic problem will be in the following
form:
MinDAT (Deterministic form):

min.{
xcn,u

(s)
n

∀n∈N ,c∈C,s∈S

}
{ Nc∑
c=1

σc · xcn

}
(9)

subject to:
C∑
c=1

Rnc · xcn · z(s)c ≥ dn · u
(s)
n

∀n ∈ N and ∀s ∈ S (10)
S∑
s=1

P(s) · u(s)n ≥ αn, ∀n ∈ NS (11)

xcn ∈ {0, 1} , ∀c ∈ C & ∀n ∈ N , (12)

u(s)n ∈ {0, 1} , ∀n ∈ N & ∀s ∈ S, (13)

z(s)c ∈ {0, 1} , ∀c ∈ C & ∀s ∈ S, (14)

and (6).

In the deterministic equivalent formulation, constraints (10),
and (11) replaced constrained (7) in the original problem.
In (10) for SN n at scenario s, if the achieved throughput is
higher than the requested one, the constraint is satisfied and
the decision variable can be 0 or 1. However, it will be set
to 1 by constraint (11). On the other hand, if the throughput
is lower than the requested demand, the constraint forces the
decision variable to be equal to 0. Constraint (11) ensures that
the SU (n) demand is satisfied with a probability higher than
or equal to the minimum availability threshold αn. In other
words, these two constraints ensure that every SN n gets
access to PUs’ channels in a sufficient number of scenarios
such that its demand is satisfied with availability probability
higher than αn.

C. MINIMUM DEMAND AVAILABILITY THRESHOLD WITH
CHANNEL SHARING PROBLEM (MinDAT_CSh)
The previous formulations try to satisfy each SN demand by
accounting for the channels availability at different scenarios.

However, this formulation may result in a situation where,
in some scenarios, one (or more) SN does not satisfy its
demand (the number of available channels at this specific
scenario assigned to it is below the required minimum) while
others have extra channels which are not necessary at this
scenario and not utilized by the SNs. While the availability
demand over all scenarios are satisfied, the performance of
the network can be enhanced and the throughput satisfaction
rate of the SNs is raised by allowing channel sharing between
the SNs where SNs with extra not utilized channels are able
to sub-lease them to the SNs which are not able to satisfy
their demand at this specific scenario. To overcome this point,
channel sharing between more than one SN is allowed. This
process is carried out by a central entity like the spectrum
manager or network operator. The new formulation consists
of two stages. The first is identical to the previous problem,
in which the channels are optimally allocated to SNs for the
given demand. In the second stage, based on the optimal
allocation, the channels are allowed to be released from their
assigned SNs to those SNs who cannot satisfy their minimum
demand at a specific scenario. This is only allowed if the
donor SNs will not suffer from demand dissatisfaction at this
specific scenario.

A binary sharing decision variable y(s)cm is defined such that:

y(s)cm =

{
1, if channel c is released to SN m at scenario s
0, otherwise

Here, the objective is to maximize the SNs total achieved
throughput using the MinDAT_CSh initial allocation. This
can be translated to maximizing the number of leased chan-
nels and the problem may be formulated as follows:

MinDAT_CSh:

max.
{y(s)cm}


Nc∑
c=1

Ns∑
n=1

(Rnc

(
xcn +

∑
m∈N
n 6=m

y(s)cm

)
)


∀s ∈ S (15)

which may be reduced to

max.
{y(s)cm}

{ Nc∑
c=1

Ns∑
m=1

Ls∑
s=1

y(s)cm

}
(16)

subject to:

y(s)cm ≤ xcn, ∀c ∈ C,m, n ∈ N , and s ∈ S (17)( C∑
c=1

Rnc · xcn−
( ∑
m∈N
n 6=m

Rmc ·y(s)cm

))
·z(s)c ≥dn ·u

(s)
n

∀n ∈ N and ∀s ∈ S (18)
C∑
c=1

(Rnc · xcm + Rmc · y(s)cm) · z
(s)
c ≥ dm

∀m ∈ N and s ∈ S (19)( C∑
h=1

Rhc · xhm · z
(s)
h

)
· y(s)cm ≤ dm
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∀m ∈ N , ∀c ∈ C and ∀s ∈ S (20)
Ns∑
m=1

y(s)cm ≤
Ns∑
n=1

xcn, ∀c ∈ C, s ∈ S (21)

y(s)cm ∈ {0, 1} , ∀c ∈ C & ∀m ∈ N , and s ∈ S.
(22)

The first stage formulation is used to calculate the value
of xcn. For proper formulation of the second stage sharing
technique, the following constraints are added:

1) To keep the same optimal cost, the channel may be
released to another SN only if it is already assigned
to one SN in the first stage. This is ensured using
constraint (17).

2) At a specific scenario s, the channel c is released from
SN n if it will not reduce its demand satisfaction below
the threshold. This condition is satisfied using con-
straint (18).

3) At a specific scenario s, the channel c is released to
SN m if it increases its demand satisfaction above its
minimum level which was not satisfied before at this
scenario. Constraint (19) and (20) satisfy this condition.
In constraint (19), if the decision variable y(s)cm = 1,
the constraint will be satisfied only if the SN m has an
under-satisfied demand in this specific scenario.

4) At a specific scenario s, the channel c can be released
to one SN only. This is ensured using constraint (21).5

D. MINIMUM EXPECTED THROUGHPUT PROBLEM
(MinExD)
In the previous formulations, the objectives were to satisfy
100% of the SNs demand (throughput or channels availabil-
ity) with a certain availability percentage α. This means,
in some scenarios, there are some free channels to use, how-
ever they are not sufficient to satisfy the SN total demand and
hence ignored in the calculation. Alternatively, the coordina-
tor may want to satisfy an expected throughput value which
is not less than β% of the requested throughput regardless of
the achievement time of this demand. For that, the resource
allocation problem is formulated as an expectation constraint
one as follows:
MinExD:

min.{
xcn,u

(s)
n

∀n∈N ,c∈C,s∈S

}
{ Nc∑
c=1

σc · xcn

}
(23)

subject to:
Ns∑
n=1

xcn = 1, ∀c ∈ C (24)

E{T (n)} ≥ βn · dn, ∀n ∈ N (25)

xcn ∈ {0, 1} , ∀c ∈ C & ∀n ∈ N (26)

5The term
∑Ns

n=1 xcn is always ≤ 1 according to constraint (6).

whereE{T (n)} represents the expected value of SN n realized
throughput which can be written as:

E{T (n)} = E{
C∑
c=1

Rnc · xcn · ζ̃c}. (27)

The above equation contains the random variable ζ̃c which
can be converted to its deterministic equivalent form by
replacing the random variable ζ̃c by the probability of each
scenario P(s) and summing over all possible scenarios.

E{T (n)} =
S∑
s=1

P(s) ·
C∑
c=1

Rnc · xcn · z(s)c . (28)

In this way, the deterministic equivalent of the MinExD
is obtained by replacing constraint (25) by its deterministic
equivalent (28).

V. PERFORMANCE EVALUATION
This section investigates the performance of the proposed
formulas. It starts by a simple illustrative example where
the mechanism of the proposed solution is illustrated. Then,
the proposed system is evaluated for different network
parameters.

A. ILLUSTRATIVE EXAMPLE
In this example, the mechanism of the proposed analytical
framework is illustrated. The example model consists of two
SNs (1, 2) and 5 PU channels with different availability
probabilities and costs where the cost is set to be propor-
tional to each channel availability. The MinDAT problem is
formulated for the example network where the SNs request a
throughput demandD = {2, 2}6 that will be satisfied by leas-
ing two PUs channels simultaneously for each SN. Recall that
Rnc = 1 Mbps ∀n ∈ N and ∀ c ∈ C. This demand must be
achieved with availability thresholds α = {0.4, 0.7} for SN 1,
and SN 2 respectively. As one or more SNs request more than
one channel to utilize, conventional resource allocation will
not be feasible to use and the different channels availability
scenarios should be taken into consideration. Fig. 2 (a) and
Fig. 2 (b) show the different channel availability scenarios
and their probabilities, respectively, for each of the scenarios
that were simulated. Fig. 2(c) shows the scenarios where
each SN satisfies its demand which is corresponding to the
value of the decision variable u(s)n . Fig. 2 (d) shows the
channels allocation among the two SNs. The vertical axis
represents the decision variable xcn. As can be inferred from
the figure, 3 channels are assigned to SN 2 as it requires at
least two channels for 70% of the time while SN 1 receives
only two channels as its availability threshold equals 40%.
Fig. 2 (e) shows the difference between the SNs requested
and achieved demand. As can be clearly noticed from the
figure, both SNs achieved demands higher than the requested
ones. On the other hand, if the problem is re-formulated as

6D = {d1, d2, . . . , dn} is the set of requested demand in Mbps for
SN1, SN2, . . . , SN n.
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FIGURE 2. Illustrative example of two SNs which operate within the coverage of 5 PU channels where the channel availability probability
(1− ρ) = {0.5,0.6,0.7,0.8,0.9} and cost σc = (1− ρc ), (a) Channels availability at different scenarios, (b) Scenarios probabilities, (c) SNs demand
satisfaction at different scenarios, (d) Channels distribution among SNs, and (e) Spectrum availability for each SN.

an expectation constraint one like MinExD and for β =
{0.4, 0.7}, the number of resources needed is lower than the
case of MinDAT. Here, only 3 channels are needed where
channel 4 with availability probability (1 − ρ) = 80% is
assigned to SN 1 and channels number 1 and 5 are assigned
to SN no. 2. For example, SN 1 requests to achieve 40% of
its 2 Mbps demand which can be satisfied by using only
channel 4 with availability equals 80%.

B. THE EFFECT OF THE DEMAND AVAILABILITY
THRESHOLD α

In this subsection, the effect of the availability threshold on
the performance of the SNs is investigated. The same setup
used in the illustrative example for two SNs for two different
demands of values D = {1, 1} and {1, 2} is adopted in
this experiment. As can be inferred from Fig. 3 (a), as the
demand availability threshold of the SNs increases, the cost of
forming the SN spectrum band increases. Also, it is clear that
the cost increases exponentially as the threshold increases.
For example, when the availability threshold increases by just
0.1 from 85% to 95% the cost is doubled. Also, a threshold

above 95% cannot be satisfied for SN 1 when D = {1, 1}.
Fig. 3 (b) shows the number of channels needed to satisfy
the SNs availability demand. It is noticeable that at the two
demand values the number of channels stays constant for
some consecutive values of α but with different costs as
indicated by Fig. 3 (b). That is because the leased channels
are not the same at every value. For example, for D = {1, 1}
the SN 1 (blue bars) requires two channels for values of α
between 60% to 85%, but, at each of these values, the leased
channels may be changed to minimize the cost and satisfy the
availability demand of the SNs.

Fig. 4 shows the effect of the demand availability threshold
at much higher available resources (PU channels) to investi-
gate the highest availability that can be achieved. As can be
inferred from the graph, at higher demand i.e D = {3, 3} the
demand is satisfied only at lower values of the availability
threshold α and for the maximum possible number of chan-
nels. On the other hand, at lower value of demand i.e D =
{1, 1} the demand is satisfied up to higher values like 98%,
however it cannot exceed this value despite of availability of
unused resources (channels) as any additional channel with
availability less than 100% will not result in enhancement in
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FIGURE 3. The effect of SN demand availability threshold on (a) the total cost and, (b) the number of required PU channels.

FIGURE 4. The effect of SN demand availability threshold on the total
cost at (1− ρc ) = [0.5 : 0.05 : 0.9] for Nc = 9.

the overall demand availability of the SN. The last example
shows the significance of the requesting demand with certain
availability less than unity in scenarios where the channel
availability is not guaranteed all the time. Also, the SN may
tend to lower the requested availability in favor of reducing
the cost significantly as can be noticed in the D = {1, 1}
curve. In this case, the SNmay want to reduce the availability
threshold to 90% and, at the same time, to nearly halve the
cost at maximum availability of 98%.

Fig. 5 emphasizes the effect of requesting simultaneous
resources availability on the cost. In the first graph (in RED),
the number of demanded channels per SN is fixed to two
and the number of SNs is changed. In the second graph
(in BLUE), the number of SNs are fixed to two while the
number of demanded channels is variable. At point no.1, the
total requested channels in both cases are 2, but when one
SN asks for two channels, it pays a higher cost than when
two SNs each demand one channel with the same availability.

FIGURE 5. The effect of number of SN and number of required channels
for α = 70%.

The same can be noticed at point no.2 when a total of 6 chan-
nels are needed in the two cases. The first one is when two
SNs each asks for two channels and when three SNs each
asks for two channels for the same availability threshold. This
is due to the uncertainty nature of the PU channels. Here,
the same number of usable channels cost more if they are
requested to be available simultaneously compared to the case
when requested individually.

C. EFFECT OF CHANNEL SHARING CAPABILITY (MinDAT
VS MinDAT_CSh)
In this subsection, the performance enhancement of the
(MinDAT_CSh) formulation is quantified and compared to
that of MinDAT. In this formulation, SNs start with the same
optimal initial channel allocation obtained from MinDAT.
But due to the minimum availability threshold, each SN
may be assigned a higher number of PU channels than that
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FIGURE 6. Comparison between MinDAT and MinDAT_CSh in terms of (a) achieved demand availability and (b) average achieved
throughput, for Nc = 9, (1− ρ) = [0.5 : 0.05 : 0.9].

actually needed at any specific scenario to ensure the min-
imum channels availability needed at all scenarios. So, at a
given scenario, the SN with over satisfied demand (excess
channels) can sub-lease one of its channels to another SN
(with unsatisfied demand) to enhance its demand availability
satisfaction. Fig. 6 (a) shows the average demand satisfac-
tion probability for problem MinDAT and MinDAT_CSh.
As shown in the figure, in MinDAT_CSh problem, the SNs
achieve a higher demand satisfaction compared to that in
MinDAT, which achieves slightly higher availability than the
minimum threshold, due to the ability of the system to supply
the under satisfied SNs with channels from over satisfied
ones. Fig. 6 (b) shows the average achieved throughput of
the SNs in the two formulations. The figure shows a sig-
nificant enhancement in the throughput performance when
MinDAT_CSh is applied. From Fig. 6 (a) and (b), it can
be inferred that the performance gap between MinDAT and
MinDAT_CSh increases as the threshold decreases. Fig. 7
justifies the last observation as it shows the number of
sub-leased channels at all scenarios at different values of α.
As shown in the figure, at low values of α the secondary
system has more flexibility and SNs have extra resources
which may not be needed in some scenarios and can be leased
to other SNs. On the other hand, at higher values of α the
number of leased channels is low as the SNs need almost
all their channels at each scenario to keep higher availability
demand.

D. MINIMUM EXPECTED DEMAND PROBLEM (MinExD)
PERFORMANCE
In this subsection, the performance of the SNs when apply-
ing the second objective MinExD is investigated. In this
formulation, the goal is to minimize the cost and satisfy a
threshold on the expected value of the achieved throughput
β rather than to meet demand availability threshold as in the

FIGURE 7. Number of leased channels at all scenarios in MinDAT_CSh
problem for two SNs at D = {2,2}.

first objective. To show the performance of this formulation,
we compare it with the MinDAT for the same values of the
thresholds (α and β) for MinDAT and MinExD, respectively.
Fig. 8 (a) shows the required cost in both formulations for
the same value of threshold (α and β). As can be inferred
from the figure, MinExD requires a lower cost for the same
threshold compared to MinDAT due to its ability to utilize
all the available resources at all scenarios which significantly
reduces the cost. Also, when the number of SNs is increased
to 4, the MinExD is able to satisfy the SN demand up to
higher values of demand threshold compared to MinDAT.
Fig. 8 (b) emphasizes the same observation by showing the
number of required channels in both cases. It is clear that
MinExD requires less resources compared toMinDAT for the
same threshold.
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FIGURE 8. Comparison between MinDAT and MinExD in terms of (a) total cost (b) number of channels for D = {2,2}.

VI. CONCLUSION
This article presented a stochastic spectrum trading and
resource allocation framework among multiple primary users
and multiple secondary networks. The proposed framework
aims to solve the uncertainty problem about the simultane-
ous availability of the selected channels by using stochastic
optimization technique. Two different formulations are used
to solve the problem according to the applied constraints on
the demanded throughput. The first is the chance constraints
formulation where the achieved throughput must not be lower
than the requested one for at least α% of the time. The other
one is the expectation constraints formula where the con-
strain is relaxed such that the expected value of the achieved
throughput should be higher than β% of the requested one.
The results show that the secondary network can reduce the
cost paid to the primary user if they accept a throughput
availability threshold slightly lower than 100%. Also, if the
expectation constraint is adopted, it will result in significant
reduction on the needed resources and so, the cost compared
to the chance constraints one. Finally, if the channel sub-
leasing is allowed between secondary networks, the demand
shortage of the secondary networks is reduced. In the future
work, we will investigate the special cases where each SU has
a different transmission rate over different channel. Addition-
ally, a more complex problem will be investigated in which
the same requested demand has to be satisfied over multiple
secondary networks simultaneously.
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