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ABSTRACT This paper studies the output-feedback control for stochastic feedforward nonlinear systems
with Markovian switching and unknown measurement sensitivity. By developing a stochastic dual-
domination design approach, a state observer and an output feedback control law are designed. By using the
generalized Ito formula and Dynkin formula for Markovian switching systems, it is shown that the closed-
loop system has a unique solution and the solution of the closed-loop systems is almost surely asymptotically
stable. Finally, a simulation example is given to illustrate the effectiveness of the control scheme.

INDEX TERMS Stochastic feedforward nonlinear systems, Markovian switching, output feedback control.

I. INTRODUCTION

Research on the control design of feedforward nonlinear
systems (also known as upper-triangular nonlinear systems)
has attracted much attention in the past two decades due
to their wide practical applications such as planar vertical
landing aircraft in [1] and the cart-pendulum system in [2].
For this kind of problems, [3] design control laws by nesting
saturation functions for uncertain feedforward nonlinear sys-
tems; [4] studies the adaptive controller design for systems
with delays of unknown length.

Most researches in the above literature assume that there
is no noise in the studied systems. However, real systems
are often subject to stochastic noise [5]-[8] in uncertain
environments. Therefore, it is necessary and beneficial to
study the control of stochastic feedforward nonlinear sys-
tems. For the state-feedback control, [9], [10] investigates
stochastic feedforward nonlinear systems with time-varying
delay; [11] focuses on the decentralized stabilization for
large-scale stochastic feedforward nonlinear systems; [12]
studies the cooperative control of stochastic feedforward
nonlinear multi-agent systems under directed network topol-
ogy. For the output-feedback control, [13] investigates the
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output-feedback control of stochastic feedforward nonlinear
systems with state time delay; [14] extends the results in [13]
to stochastic high-order case; [15] studied the approximate
sampled-data observer design for a class of stochastic nonlin-
ear systems with exact output function y = h(xy); [16] studied
the ILC problem for a class of stochastic systems with mea-
surement noise; [17] considers output-feedback control of
stochastic feedforward systems with unknown control coef-
ficients and unknown output function; Besides, [18] investi-
gates the problem of output feedback control for a class of
stochastic feedforward systems with unknown measurement
sensitivity.

It is worth pointing out that, all the output-feedback con-
trol schemes provided in [13]-[17], are limited to a special
class of systems with strict conditions, where systems are
free of sensor sensitivity error and do not consider Marko-
vian switching. And [18] do not consider Markovian switch-
ing. However, in practice, there always exists a sensitivity
error [19]-[21]. Besides, many physical systems are subject
to abrupt variations in their structures, due to random failures
or repairs of components and sudden environmental distur-
bances, which can be effectively described by the differential
equations with Markovian switching [22], [23]. Therefore,
study of output-feedback control for stochastic feedforward
nonlinear systems with Markovian switching and unknown
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measurement sensitivity is of practical significance and thus
warranted. To our best knowledge, there is no results in open
literature on this topic.

Inspired by [24]-[27] and [31], this paper attempts to
solve output-feedback stabilization problem of stochastic
feedforward nonlinear systems with Markovian switching
and unknown measurement sensitivity. The main features and
contributions of this paper are summarized as follows:

(1) This paper is the first result on output-feedback control
of stochastic feedforward nonlinear systems with unknown
measurement sensitivity. To deal with stochastic noise and the
unknown measurement sensitivity simultaneously, stochastic
dual-domination approach is developed to construct a state
observer and an output-feedback controller. In the stochastic
dual-domination design, two gains are designed. One gain is
designed to deal with the unknown measurement sensitivity,
and the other gain is designed to deal with the feedforward
system structure.

(2) Even for the state-feedback control of stochastic feed-
forward nonlinear systems with Markovian switching, this
paper is new since this paper is the first attempt to introduce
Markovian switching into stochastic feedforward systems.
How to deal with the interconnected term in the infinitesi-
mal generator of Lyapunov function produced by Markovian
switching is nontrivial.

The remainder of this paper is organized as follows.
Section II is on preliminaries. Section III is for problem
formulation. Section IV focuses on controller design and
stability analysis. Section V gives a numerical example to
show the effectiveness of the theoretical results. Section VI
includes some concluding remarks.

Il. PRELIMINARY RESULTS AND USEFUL LEMMAS

The following notations will be used throughout this paper.
R denotes the set of all nonnegative real numbers, and R"
denotes the real n-dimensional space. For a given vector or
matrix X, X7 denotes its transpose, Tr{X} denotes its trace
when X is square, and |X| is the Eucllidean norm of a vector X.

2 .
Defining |A| = | >0, >0, aizj for matrix A. C' denotes

the set of all functions with continuous ith partial derivatives.
Consider the following stochastic nonlinear system

dx(t) = fo (x(1), )dt + go (x(1), Hdw, ey

where x(#) € R" is the state of system, the Borel measurable
functions f; (x(¢), t) and g, (x(¢), t) are locally Lipschitz in
x € R" for all t > 0, and w is an m-dimensional independent
standard Wiener process defined on the complete probability
space (L2, F, F;, P) with a filtration F; satisfying the usual
conditions (i.e., it is increasing and right continuous while
JFo contains all P-null sets). Let o (¢) (written as o for short
in this paper) be a right-continuous homogeneous Markov
process on the probability space taking values in a finite state
space S = {1, 2, ..., N} with generator I' = (y,)nxn given
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by
Ppy(t) = Plo(t + 5) = qlo(s) = p}
_ ] Ypgt +00) ifp#q
L+ yppt +0@) ifp=gq

for any 5,7 > 0. Here y,; > 0 is the transition rate from p

to g if p # g while y,, = — Z;V:l’q#p Ypg- forany s, > 0.
Here yp, > 0 is the transition rate from p to g if p # g while

N
Yo = = Dg=1.qp Vra-
For system (1) and V € CZI(R" x R4+ x S; Ry), introduce
the infinitesimal generator by

EV(X’ tvp) = V[(X, tvp) + Vx(x7 tvp)f(-x7 tvp)
1
+5Te [ Gt pVarle, 1 I 1)

+1IV,

where IV = Ziqv=1 YogV(x,t,q), Vilx,t,p) = —av%‘;””’ ,
aV(x,t, AV (x.1,

Vetrt,p) = (Aetn) VD) o p) =

a2
(%)nxn :

The following definition and lemmas are useful for the
controller design and stability analysis.

Definition 1 [28]: A stochastic process x(f) is said to
be bounded in probability if the random variable |x(¢)| is
bounded in probability uniformly in ¢#; that is

lim sup P{|x(¢)| > ¢} = 0.
>0 5y

Lemma 1 [24]: For any [ > 0, define the first exit time »;
as

m = inf{t : t > 1o, |x(1)| > 1}.

Assume that there exist a positive function V e C>!'(R" x
R4+ x S; Ry), parameters d and D > 0 such that

EV(x,m At,o(y AtL)) < DedN=10),

R—oco=—=Vg= inf V(x,t,o())— oco.
t>tg,|x|>R

Then for every x(fp) = xop € R" and o(ty) = ip € S,
there exists a solution x(¢) = x(xo, ip; ¢, o(¢)), unique up to
equivalence, of system (1).

Lemma 2 [25]: Let V e C>'(R" x Ry x S;R,) and
71, T2 be bounded stopping times such that 0 < 71 < 15 a.s..
IfV(x,t,0@))and LV (x,t, o(t)) areboundedont € [1], 1]
a.s., then

ElV(x, 12,0(12)) — V(x, 71, 0(71))]
2]
= E/ LV(x,t,o())dt.

Lemma 3 [28]: For (x,y) € R2, the following inequality
holds:

VP 1
xy < —x|P + —yl9,
p v

where v > 0, the constants p > 1 and p > 1 satisfy

p—-D@g-D=1
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Lemma 4 [29]: For p € [l,00) and any x;
i=1,...,n,the following inequality holds:

€ R,

(xil 4 A Pl < P g P+ A al?).

lll. PROBLEM FORMULATION
Consider the stochastic feedforward nonlinear systems with
Markovian switching and unknown measurement described
by

dxi = xpdt + fo1(%3)dt + g5 (%3)dw,

dxy = x3dt + for(Ra)dt + g1, (Fa)dw,

dxp—2 = Xp_1dt + fon—2(F)dt + gL ,_En)dw,

dxn*] = xndta
dx, = udt,
y = 0(0)x1, 2

where %; = (x;, -+ ,x,)7 € "7 y e Randy € R are the
state, the input, and the output of the system, repectively. The
functions f,; and g,; are smooth with f5;(0) = 0, g+;(0) = 0.
The sensor sensitivity 8(¢) is a bounded unknown continuous
function of r € R. The definitions of Wiener process w and
Markov process o (t) (written as o for short) can be found
in system (1). We assume that the Markov process o (¢) is
independent of the Brownian motion w.

For system (2), we need the following assumption.

Assumption 1: Fori = 1,--- ,n — 2, there exist positive
constants b,; and c4; such that

lfai()zi+2)| < boi(|xi+2| +-+ |xn|)7
Igoi(Xir2)| < coillxipal + -+ + |xul)

Remark 1: What should be emphasized is that, for
the output-feedback control of system (2), the existing
results [13] and [14] are based on the ideal condition 6(¢) = 1.
However, in practice, a sensitivity error in 6(¢) often exists
for manufacturing reasons, which makes 6(¢) deviate from its
real value 8y = 1. For instance, as demonstrated by [20], in a
magnetic bearing suspension system, there exists £10% sen-
sitivity error for the displacement sensor. Thus, the output of
this sensor may differ from the actual value with +10% varia-
tion. Therefore, with the effect of the sensor sensitivity error,
the output-feedback stabilization problem for system (2) is
nontrivial.

Remark 2: To the best of our knowledge, all the exist-
ing results about stochastic feedforward nonlinear systems,
such as [9]-[17], either for state-feedback control or output-
feedback control, did not consider Markovian switching.
Considering that many physical systems are subject to abrupt
variations in their structures, system (2) is more practical
model than that considered in [9]-[17].

Remark 3: As shown in [13]-[17], Assumption 1 is a stan-
dard assumption for the output-feedback control of stochastic
feedforward nonlinear systems, which is frequently used in
the observer and output-feedback controller design.
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The objective of this paper is to construct a state observer
and an output-feedback controller to solve the output-
feedback stabilization problem for system (2).

IV. CONTROLLER DESIGN AND STABILITY ANALYSIS
In this section, we aim to solve the output-feedback stabi-
lization problem for system (2) under Assumption 1 via the
following four steps:

A) Design a Linear Observer;

B) Construct the output feedback controller;

C) Design the dual domination gains; and

D) Stability of the closed-loop control system is studied.

A. LINEAR OBSERVER DESIGN
Construct the linear observer as

d)Acl = )?zdt — Eal)’hdt,
dx

)’53dt — 82a2fth,

dx, = udt — &"a,xdt, 3)

where 0 < ¢ < 1 is a design parameter to be determined
later,anda; > 0,i =1, ..., n, are coefficients of the Hurwitz
polynomial h1(s) = 5" + a1s" ' 4+ -+ + a,_15 + a,.

Define the estimation error
Xi — )AC,‘

i=1,....n )

Denoting e = (e, - - - , ey)!, from (2)-(4) we have

de = (eAze + eBoxi + Fyp)dt + GL aw, (5)
where
a —d] 1 0
B, = ol Ae= : : N -,
: —a,; 0 - 1
fn —ay 0 .- 0
_ =y g = 1 ~ T AT _
Foe = [fo1(X3), gfaZ(x4)a T sn__3fcr,n—2(xn), 0,01°, Gal =
(gL, (Fs), 28T, (). -+ . ozgl ,_5(%), 0,01 Since A, is a

Hurwitz matrix, there exists a positive-definite matrix P,
satisfying AeTPe + P,A, = —1,.
Choosing Vp(e) = eTPe, by (5) we get

LVo(e) = (¢Ape + eBex| + Fye) Poe + €' Po(cAce
1 3V 4
+SBeX1 +Fge)+§Tr GU1WG01

+ Vyp(e)
= —¢le|> + 2¢e’ P,B,x| + 2¢' P.F,

1 3PV
+ =Tr Gglmcal +HVO(€)

2
< —&le|* + 2¢lel|Pel|Be||x1| + 2le||Pe|Foel
1 PV 4
—i—ETr GUIWG(H + IIVy(e), (6)
74631
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where [IVy(e) = Zlqul ¥pgVo(e). From Lemma 3 we have Substituting (7), (9), and (10) into (6) yields
LVo(e)

1
2elel|PelBellxi| < Selel® +2elPePIBe’xf.  (7) 1
< —5elel +be’(n = D1 = )|Pe]lel’

By Assumption 1 we obtain

1, x32 Xn
n—2 +§b€(n—2)|Pe| =t ot =5
2le||Pel|Fgel < 2ble||P,| |x3|+-“+8n—_3|xn| ) (8) &

2
s 4(m—1Dn—2) x;
+let———— P, ot
where b = YV | Py 2 byj. ©F 2 [Pl g2n—2
By Lemma 3 we get + 26| Pel?|Bel*x + Hvo<e>
1 1
lellx3| < el + —2, < —sélel’ +be*(n — (n — 2)|P,|le?
4g2 2
1 1 1
“lellxal < &le + s, +5&%[b(n = 2) + *e*(n = 1)(n = )]|Pe|
e
1 1 1,
: X3 + X4 + -+ mxn
1 1
—glelbnl < e%lel” + fov +28|Pe| lBel 2x2 + Vo (e)
1
which substituting into (8) yields < —Eslel2 + be(n — 1)(n — 2)|P|le]?
1
2lellPe[|Foel | | +—82[b(n—2)+c2(n— D — 2)1|1Pe|
< 2b|P, |<8 |e| + x +2¢2 |e| + 2—x + - 1 1 1
4 3 4 4 . < x% + X4 + -+ mx,%)
1, €
+(n —2)e%|el? +(n—2)4 - n) +2¢|P,|? |Be| 2x? 4+ Vo e). (11)
< 2b|P,| |:82|e|2(1 +24-+n—2) B. OUTPUT FEEDBACK CONTROLLER DESIGN
Consider the following augmented systems
+ 4'9 <€—4x3 +oot 82n—2x" dx1 = xpdt + f1dt + ggldw,
= be*(n — 1)(n — 2)|P,||e|? dxy = Zadt + €2ax(ey — x))dt,
1, 1, n—2 , diy = Zadt + 3az(e) — x1)dt,
+ Ebé‘ |Pe| 8—4X3 +-- 4+ 82n_—2x"
: :
< be*(n— 1)(n —2)|P,|le|* + Ebsz(n —2)|P,| d%y = udt + &"ay(e) — x1)dt. (12)
) (%)%z NI 52:_2 x,%) 9) We design the output feedback controller as
) v=—bpy —bp120— - —brzp—1 —b1zo,  (13)
By Assumption 1 and Lemma 4 we can get
5 where b; > 0,i = 1, ..., n, are coefficients of the Hurwitz
lTr{G s 97V G } polynomial hy(s) = s + bys" ! +--- 4+ b,_1s + b, and the
2 7 change of coordinates are defined by
|go n2|2> 2.
= |P 24y Bonmel B . _u o
| e|<|gal| 22n—6 2 A =X,4G= DT V= L i=2,...,n, (14)
< A|P,| <(| x3] 4 o A+ xa)? - |x”| ) with L > 1 being a design parameter to be determined later.
e From (12) and (14) we have
< A|P| ((n — )5+ x) + 2,;’ 6) dzy = Lezydt + eexdt + fordt + g7 dw,
eayn eay
—Dn—-2 dzp = Lezzdt + —ejdt — —z1dt,
§C2|Pe|<(n_2)x§++%x3> 2 3 L 1 L 1
2 ¢ ) dzz = Lezadt + eldt 3 Zldt
§csf|P|—4 -+82n—_2 (10)
eay
where ¢ = Zz : Z 1 cij. dz, = Levdt + I eldt Ln_lzldt. (15)
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Substituting (13) into (15) we get
dz = (sLAzz + eLB.b,(1 — 6(t))z1 + €Dsrer

&
+ —~Di(er —z1) + Faz)dt + GL,aw, (16)

L
where
_ 0 -

_ ap

21 0 1

—as
= > BZ = S D] = L ’
| 2 1 :
1
L Ln—Za” |
-1 0 1 0
D2 = ' £ AZ = . £

A 0 0 1

0
- —by, —by1 —b

and
fal 851
0 T
FUZ - ’ G02 = :
0 0

Since A, is a Hurwitz matrix, there exists a positive-definite
matrix P, satisfying AT P, + P,A, = —I,.
Choosing Vi(z) = z' Pz, from (16 )we have

£V1(Z)
= —¢eL|z|*> 4 2eLz’ P.B.b,(1 — 6(1))z

T & &
+27 P, ZD161 +eDsep — ZDm

1 2

+ - Tr{ng

14 T
7 G(,2 + 27" P,Fy, + IV((2)

IA

—eL|z)? + 2bpeL|1 — O(O||IP]|2)* + 2ZIZIIPZ|
-|D1lle| + 2¢|z||P;|le| + 2|P;||F ]|zl

1 92V
+ =Tr G02_2

5 o ng} + 11V (2), (17)

where 1IV1(2) = 301 ¥pgV1(2), Bl = 1, 1Da] = 1.
By Lemma 3 we obtain

1 2 8 2
IZIIP ID1lle] = zelel” + =7~ IP 21z,

2¢|z||P L 8e|P,|%|z|?
elz||P|le| < 8elel + 8e|P,|7|z|",

where |D;| < (27:2 aiz)% =y.
Similarly, from Lemma 3 we have

1
2
.x3,

21,12
lzllx3] < e”z)” + 102
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2

1 2.2
EIZIIMI =&z + 2

2
Jg2n—aTn (18)

lzllxa] < €%12)% +

n—3
which together with Assumption 1 and the definition of F,,
yields
21z[|P||Fol
< 2bi1olPelzl(lx3| + - - -

1
= 2b10|Pz||Z|(|x3| + g|x4| +eee Tt

+ [xu))

1
—=3 1l
1 »
e2n—2 xn)

= 2b10e3(n — 2>|1°Z||z|2 + 5b1082|Pz|
1 2 1 2
. (8—4x3 4+t 82n_2xn>, (19)
where b]() = Zli]bil'

From Assumption 1, Lemma 4, and the definition of G4,
we obtain

1 92V
—Tr{ Gyo G

< 2blo|P le2(n — 2)|2/?

1,
+ b10|P|8 X3+t

2 2922
= |Pz||gol|
< cfolPaA(x3] + - - + Ja)?
< Ay =2IP|(F + - +x2)

IA

2 1 1 2
cio(n — 2)|P,] —x3 +---+ 52rz_—4xn

1 1
e (n —2)|P,) (8—4x§ +o SZn_zx,f), (20)

where cl0 = le'ilcil'
Substituting (18)-(20) into (17) yields

LV1(2)

! 8
—eL(1 = 2by[1 = BONIPDIZ + elel* + %

A

2ye
-&|P,? (21> + 8e|P,*|z1* + T|Pz||z|2 4262
2 1 2 2
+bioGn = DIP:lzf* + S (bio + 21 = 2)cf)

1 1
~|Pz|<8—4x§+ + s ,,)+Hv1(z>

1
—eL(1 = 2b,|1 — 6(D)IIP;zI* + Zelelz
k k 1
+8L< ! + —2) IZI2 + 582(171() +2(n—2)

1
.C%0)|pz|<8—4x32 Lt 82”—2x,3> +1Vi(z), (21

where

ki = 2y(1 + 4y|P:))|P| + 8|P;|?
ko = 2b1o(n — 2)|P,| > 0.
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C. DUAL DOMINATION GAINS DESIGN
Noting that x; = z1,x; = e le; + (L) 'z, i =2,...,n,
from Lemma 4 we get

1> <2lef* +2L% 2|73, i=3,...,n,

222 Ixi

which means that

1
—4x32 < 2le|? + 2L 7%,
e

1
—6xf < 2|e|2 + 2L6|Z|2,
€

SZHx,f < 2le|* 4+ 2L*" 272 (22)

From (22) we have

lsz[b(n —2)+ A= D(n —2)]|P.|
2 e

~(8i4x32+~~+82n;_2x3>
< %ez[b(n —2)+ A — D(n = D]IP|[2(n — 2)le|*
F2LL3 LS+ -+ L2,
which substitutings into (11) results in
LVoy(e)
< ekl + b2 — i — DIPellel?

1
+261Pe?|Be["x} + S&%[b(n —2)
+ A — D)(n — DNIPR2(0n — 2)lef?
+ 2L+ L + - 4+ LP73)22] + 1TV (e)
1
< —§8|e|2 + &2[b(n — D)(n — 2)|P.| + (b(n — 2)
+ A — 1)(n — 2))(n — 2)|Pelllel* + [2¢|P.|?
|Be|* + Le?[b(n — 2) + (n — 1)(n — 2)]
(L2 H L+ -+ L) P11z + TV (e)
1 n
= —§s|e|2 + Qe|P?|B.|* + £*Lko)|z|?
+&%kile|* + 1Vo(e), (23)
where
ki = b(n — D)(n — 2)|P.| + [b(n — 2)
+ A — 1)(n — 2)I(n — 2)|P,| > 0,
ko = [b(n —2) + (n — DH(n — L3 + L
4+ LP,| > 0.

Similar to (23), substituting (22) into (21) we obtain

LV1(2)
< —eL(1 = 2b,|1 — 6)||P;])]z?

| . ki, ek
— Ll =+~ =
+48|e| +¢ (L + - |Z]

74634

1
+ 582(1710 + 2¢3o(n — 2)|P,I[2(n — 2)|e|?
4L+ L 4+ L7+ 1V (2)
1
= —eL(1 — 2by|1 — O(D)[|Pz|* + 28'6'2 +eL

L
-(n = 2)|P|le|* + Le(bro + 2c25(n — 2))(L>
+L% 4+ L3 P,z + Vi (2)

1
= —eL(1 — 2b,|1 — OO||P.])|z|* + Z€|e|2 + 6L

ki &%k
- (—1 + 72) l2I> + £2(b1o + 2cTp(n — 2)

L &
-(n = 2)|P,|le|* + Le*k3|z)> + 11Vi(2), (24)

ki e’k
: (—1 + 2) 121 + 2(b1o + 263 (n — 2))

where k3 = (b19+2¢3)(n—2))(L3+L+- - -+L>73)|P,| > 0.
Choosing Lyapunov function V = Vy(e)+ V1 (z), from (23)
and (24) we have

LV = LVy(e) + LV 1(2)
1 N
< —§a|e|2 + (2¢|P,|*|B.|?* + e’ Lk)|z|?
+ &2k lel* — eL(1 — 2b,|1 — 6(0)||P,])]zI*

1 k 2k
+ Ze|e|2 + sL(zl + 88—2>|z|2
+&2(b1o + 2¢3o(n — 2))(n — 2)| P, |le|?
+Le%ks|z)* + 10V, (25)

where

IV = 1Vp(e) + 11V 1(2)

N N
= Z )/quO(E) + Z ypqvl(z)'

q=1 gq=1
Now, we choose the allowable sensitive error 6 as

- 1

0 <6* = , (26)
2by| P

where 0% is the upper-bound of the allowable sensitivity error.
From (26) and 1 — 6 < 6(t) < 1+ 6 we get

1 =2b,y|1 = 0)||P:| = p, (27)
where 0 < p =1 —2b,0|P,| < 1.
Substituting (27) into (25) we obtain
LV = LVy(e) + LV1(2)

2|1P,1%|B,|* + k .
_8L(p_M_g(k2+k2

IA

L

n 1
+k3)) 21> — 8(1 — el(b1o + 2¢35(n — 2))
“(n—2)|P,]| +121]>|e|2 +1v

k - 1.
= —5L<,o — ZZ — 8k3>|z|2 - 8<Z - 8k1>|€|2

+1IV, (28)
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where

ki = (bio 4 2¢3y(n — 2)(n — 2)|P| + ki > 0,
ky = 2|Pe|*|Be|* + ki > 0,
/;3 = k2+/22+/€3 > 0.

We choose the parameters ¢ and L in the following order:

{ 4122}
L >max3l, —4%,
3p
2 —
0<£§min{1,Li, f}, (29)
8k 8k,
which with (28) yields
LV < —§|e|2 - §|z|2 IV, (30)

D. STABILITY ANALYSIS
Now, we are in a position to state the main results of this
paper.

Theorem 1: If Assumption 1 holds for system (2), with the
observer (3) and output feedback control law (13), then we
have

(1) for every x(t9) = xp € R" and o(fg) = ip € S, the
closed-loop system composed of (2), (3), (14), (13), and (29)
has a solution, unique up to equivalence.

(2) for any xp € R" and ip € S, the solution of the closed-
loop systems is almost surely asymptotically stable.

Proof: Denote x(t) = (eT(t), zT(T))T, from the defini-
tion of V we can conclude that

Vg = Vix(@®) > 0o <= R — oo. 31

inf
1=1o,|x(1)|>R
Since V is independent of Markov nodes, we obtain
that ITV = 0.
For any / > 0, define the first exit time

m =inf{t 1t > 1o, [x ()] = I}. (32)

Let#; = g At for any t > #. Since |x(¢)| is bounded in
the interval [#p, #] a.s., which implies that V(x) is bounded
on [ty, #] a.s.. From (30), it can be obtained that LV is also
bounded on [fy, 1] a.s..

From (30) and Lemma 2 we have

EV(x (1)) = EV(x(t0)). (33)

By (31), (33), and Lemma 1, we can get conclusion (1).

From (2), (30), and the definition of V, by using
Theorem 2.1 in [30], conclusion (2) holds.

Remark 4: In this section, A stochastic dual-domination
design technique is developed for the output-feedback control
for stochastic feedforward nonlinear systems, in which a
high-gain L > 1 and a low-gain 0 < ¢ < 1 are intro-
duced. From sections A-C, we can see that this method can
effectively deal with the unknown measurement sensitivity,
stochastic noise and Markovian switching simultaneously.
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FIGURE 1. The responses of states x(t) for the closed-loop system
(34)-(37).

T .
1T T
i \J | \W‘V\“,‘\j

Observer states

FIGURE 2. The responses of estimations x(t) for the closed-loop
system (34)-(37).

V. A SIMULATION EXAMPLE
Consider system (2) with two modes. The Markov process
o (t) belongs to the space S = {1, 2} with generator I' =
(Vpg)ax2 given by y11 = —4,y12 = 4,21 = 3 and y2» =
—3. We can get m; = %, Ty = ‘71.

When o (f) = 1, the systems is described by

1
dx; = xodt + §x3dt + sinxzdw,

dxr = x3dt,
dxz = udt,
y = 0(t)xy. (34)

When o (t) = 2, the systems can be written as

1
dx) = xpdt + sin(x3)dt + ngda),

dxr, = x3dt,
dx3 = udt,
y = 0(t)x1. 35)

In (34)-(35), we choose 9(t) = 1 4+ 0.25sin(|10¢]), which
means that = 0.25 < 6* where 0* = 0.2667.

By following the design procedure developed in section IV,
we can design the observer as

d)?l = )’Ezdl — eal)’eldl‘,
d)ACQ )AC3dt — 82a2)A61dt,
dis = udt — azxydt, (36)
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Errors

FIGURE 3. The responses of errors e for the closed-loop system (34)-(37).

60 -

o} 4

25
Time(Sec)

FIGURE 4. The responses of control u for the closed-loop system
(34)-(37).

Markov process o)

25
Time(Sec)

FIGURE 5. The response of Markov process o ().

and the controller as
u = —140.3789y — 85.0781x; — 12.3750x3. (37)

In the practical simulation, we choose a; = 4,a, =
2,az = 1,by = 15/bp = 125,b3 = 0.25, the
parameters L = 15,¢ = 0.55, and the initial states
x0) = 1, »x0) = 5 x30) = -1, x50 = 1,
X2(0) = —0.5, x3(0) = —1. Fig.1-Fig.4 give the responses of
closed-loop system (34)-(37). From Fig.1-Fig.4, we can see

that lim x; = lim X, = lim ¢ = lim u = 0 a.s,,
_t—>+400 t—~+00 . >0 l*)“rOO.
which verifies the conclusions in Theorem 1, i = 1,2, 3.

Fig.5 gives the response of the Markov process o (7).

VI. CONCLUSION

The output-feedback control for stochastic feedforward non-
linear systems with Markovian switching and unknown
measurement sensitivity is investigated. A stochastic

74636

dual-domination design technique is developed, by which a
state observer and an output-feedback controller are designed
to guarantee that the closed-loop system has a unique solution
and the solution of the closed-loop systems is almost surely
asymptotically stable.

For the output-feedback control of stochastic feedforward
nonlinear systems, many important issues are still open and
worth investigating, such as the generalization of the results
in this paper to more general systems [32]-[38].

REFERENCES

[1] A. R. Teel, “A nonlinear small gain theorem for the analysis of control
systems with saturation,” IEEE Trans. Autom. Control, vol. 41, no. 9,
pp. 1256-1270, Sep. 1996.

[2] F. Mazenc and S. Bowong, “Tracking trajectories of the cart-pendulum
system,” Automatica, vol. 39, no. 4, pp. 677-684, 2003.

[3] L. Marconi and A. Isidori, “Robust global stabilization of a class of
uncertain feedforward nonlinear systems,” Syst. Control Lett., vol. 41,
no. 4, pp. 281-290, Nov. 2000.

[4] N. Bekiaris-Liberis and M. Krstic, “Delay-adaptive feedback for linear
feedforward systems,” Syst. Control Lett., vol. 59, no. 5, pp. 277-283,
May 2010.

[S] W.Liand M. Krstic, “Stochastic adaptive nonlinear control with filterless

least squares,” IEEE Trans. Autom. Control, vol. 66, no. 9, pp. 3893-3905,

Sep. 2021.

W. Li and M. Krstic, ‘““Mean-nonovershooting control of stochastic nonlin-

ear systems,” IEEE Trans. Autom. Control, vol. 66, no. 12, pp. 5756-5771,

Dec. 2021.

W. Li and M. Krstic, “Stochastic nonlinear prescribed-time stabilization

and inverse optimality,” IEEE Trans. Autom. Control, vol. 67, no. 3,

pp. 1179-1193, Mar. 2022.

[8] W. Li and M. Krstic, “Prescribed-time output-feedback control of
stochastic nonlinear systems,” IEEE Trans. Autom. Control, early access,
Feb. 14, 2022, doi: 10.1109/TAC.2022.3151587.

[9] L. Liu and X.-J. Xie, “State feedback stabilization for stochastic feed-
forward nonlinear systems with time-varying delay,” Automatica, vol. 49,
no. 4, pp. 936-942, Apr. 2013.

[10] C.-R. Zhao and X.-J. Xie, “Global stabilization of stochastic high-order
feedforward nonlinear systems with time-varying delay,” Automatica,
vol. 50, pp. 203-210, Jan. 2014.

[11] T. Jiao, S. Xu, Y. Wei, Y. Chu, and Y. Zou, “Decentralized global stabi-
lization for stochastic high-order feedforward nonlinear systems with time-
varying delays,” J. Franklin Inst., vol. 351, no. 10, pp. 4872-4891, 2014.

[12] W. Li, “Distributed cooperative control for a class of stochastic upper-
triangular nonlinear multi-agent systems,” Neurocomputing, vol. 216,
pp. 363-370, Dec. 2016.

[13] L.Liu, Z. D. Yu, J. Y. Yu, and Q. Zhou, “Global Output feedback stabil-
isation for a class of stochastic feedforward nonlinear systems with state
time delay,” IET Control Theory Appl., vol. 9, pp. 963-971, Apr. 2014.

[14] K.M.Zhang, C. Zhao, and X. J. Xie, ““Global output feedback stabilization
of stochastic high-order feedforward nonlinear systems with time-delay,”
Int. J. Control, vol. 88, pp. 2477-2487, Dec. 2015.

[15] X. Fu, Y. Kang, and P. Li, “Sampled-data observer design for a class of
stochastic nonlinear systems based on the approximate discretetime mod-
els,” IEEE/CAA J. Automat. Sinica, vol. 4, no. 3, pp. 507-511, Jul. 2017.

[16] G. Qu and D. Shen, “Stochastic iterative learning control with faded
signals,” IEEE/CAA J. Automat. Sinica, vol. 6, no. 5, pp. 1196-1208,
Sep. 2019.

[17] Q. Zhu and H. Wang, “Output feedback stabilization of stochastic feed-
forward systems with unknown control coefficients and unknown output
function,” Automatica, vol. 87, pp. 166—-175, Jan. 2018.

[18] H. Li, X. Zhang, and M. Li, “Design of output feedback controller for
stochastic feedforward systems with unknown measurement sensitivity,”
ISA Trans., vol. 97, pp. 182-188, Feb. 2020.

[19] J.J. Carr, Sensors Circuits. Upper Saddle River, NJ, USA: Prentice-Hall,
1993.

[20] E. Lantto, “Robust control of magnetic bearings in subcritical machine,”
Ph.D. dissertation, Dept. Automat. Syst. Technol., Helsinki Univ.,
Helsinki, Finland, 1999.

[21] D.S. Bernstein, “Sensor performance specifications,” IEEE Control Syst.,
vol. 21, no. 4, pp. 9-18, Aug. 2001.

[6

—

[7

—

VOLUME 10, 2022


http://dx.doi.org/10.1109/TAC.2022.3151587

H. Wang et al.: Output-Feedback Control for Stochastic Feedforward Nonlinear Systems With Markovian Switching I E E EACC@SS

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Y. Ji and H. J. Chizeck, “Controllability, stabilizability, and continuous-
time Markovian jump linear quadratic control,” IEEE Trans. Autom. Con-
trol, vol. 35, no. 7, pp. 777-788, Jul. 1990.

S. Li, W. H. Zhang, and M. Gao, “Some remarks on infinite horizon
stochastic Ha/H, control with (x, u, v)-dependent noise and Markov
jumps,” J. Franklin Inst., vol. 352, pp. 3929-3946, Oct. 2015.

Z.-J. Wu, X.-J. Xie, P. Shi, and Y.-Q. Xia, “Backstepping controller design
for a class of stochastic nonlinear systems with Markovian switching,”
Automatica, vol. 45, no. 4, pp. 997-1004, 2009.

X. R. Mao and C. Yuan, Stochastic Differential Equations With Markovian
Switching. London, U.K.: Imperial College Press, 2006.

W. Q. Liand Z. J. Wu, “Output tracking of stochastic high-order nonlinear
systems with Markovian switching,” IEEE Trans. Autom. Control, vol. 58,
no. 6, pp. 1585-1590, Jun. 2013.

C.-C. Chen, C. Qian, Z.-Y. Sun, and Y.-W. Liang, “Global output feedback
stabilization of a class of nonlinear systems with unknown measurement
sensitivity,” IEEE Trans. Autom. Control, vol. 63, no. 7, pp. 2212-2217,
Jul. 2018.

M. Kirsti¢ and H. Deng, Stabilization of Uncertain Nonlinear Systems.
New York, NY, USA: Springer, 1998.

B. Yang and W. Lin, “Homogeneous observers, iterative design, and global
stabilization of high-order nonlinear systems by smooth output feedback,”
IEEE Trans. Autom. Control, vol. 49, no. 7, pp. 1069-1080, Jul. 2004.

C. Yuan and X. Mao, “Robust stability and controllability of stochastic dif-
ferential delay equations with Markovian switching,” Automatica, vol. 40,
no. 3, pp. 343-354, Mar. 2004.

Z.-Y. Sun, Y. Shao, C.-C. Chen, and Q. Meng, “Global output-feedback
stabilization for stochastic nonlinear systems: A double-domination
approach,” Int. J. Robust Nonlinear Control, vol. 28, pp.4635-4646,
Jun. 2018.

W. Li, L. Liu, and G. Feng, “Cooperative control of multiple nonlinear
benchmark systems perturbed by second-order moment processes,” I[EEE
Trans. Cybern., vol. 50, no. 3, pp. 902-910, Mar. 2020.

W. Li, L. Liu, and G. Feng, “Distributed output-feedback tracking of
multiple nonlinear systems with unmeasurable states,” IEEE Trans. Syst.,
Man, Cybern. Syst., vol. 51, no. 1, pp. 477-486, Jan. 2021.

W. Li, X. Yao, and M. Krstic, “Adaptive-gain observer-based stabilization
of stochastic strict-feedback systems with sensor uncertainty,” Automatica,
vol. 120, Oct. 2020, Art. no. 109112.

S. Sui and S. Tong, “FTC design for switched fractional-order non-
linear systems: An application in a permanent magnet synchronous
motor system,” I[EEE Trans. Cybern., early access, Nov. 15, 2022, doi:
10.1109/TCYB.2021.3123377.

H. Xu, D. Yu, S. Sui, Y.-P. Zhao, C. L. P. Chen, and Z. Wang, “Non-
singular practical fixed-time adaptive output feedback control of MIMO
nonlinear systems,” IEEE Trans. Neural Netw. Learn. Syst., early access,
Feb. 21, 2022, doi: 10.1109/TNNLS.2021.3139230.

W. Zou, P. Shi, Z. Xiang, and Y. Shi, “Finite-time consensus of second-
order switched nonlinear multi-agent systems,” [EEE Trans. Neural Netw.
Learn. Syst., vol. 31, no. 5, pp. 1757-1762, Jun. 2020.

W. Zou, C. Zhou, J. Guo, and Z. Xiang, “Global adaptive leader-following
consensus for second-order nonlinear multiagent systems with switching
topologies,” IEEE Trans. Circuits Syst. II, Exp. Briefs, vol. 68, no. 2,
pp. 702706, Feb. 2021.

VOLUME 10, 2022

HUI WANG received the M.S. degree in opera-
tional research and control theory from Ludong
University, China, in 2015. She is currently a
Lecturer with Ludong University. Her research
interests include stochastic nonlinear control and
distributed control of multi-agent systems.

XIAOXIAO YAO received the bachelor’s degree
from the Mathematics and Applied Mathematics
Department, Ludong University, Yantai, China,
in 2017, where she is currently pursuing the mas-
ter’s degree in system control and optimization
with the School of Mathematics and Statistical
Science. Her research interest includes stochastic
nonlinear systems control.

WUQUAN LI (Senior Member, IEEE) received
the Ph.D. degree from the College of Information
Science and Engineering, Northeastern University,
China, in 2011.

From 2012 to 2014, he was Postdoctoral
Researcher at the Institute of Systems Science,
Academy of Mathematics and Systems Science,
Chinese Academy of Sciences, China. He was a
Visiting Scholar at the University of California,
San Diego, USA. Since January 2011, he has been
with the School of Mathematics and Statistics Science, Ludong University,
where he is currently a Professor. He is a Young Taishan Scholar in China.
His research interests include stochastic nonlinear systems control and iden-
tification of nonlinear systems. He serves as an Associate Editor for two
international journals: Systems and Control Letters and Asian Journal of
Control.

74637


http://dx.doi.org/10.1109/TCYB.2021.3123377
http://dx.doi.org/10.1109/TNNLS.2021.3139230

