
Received 13 June 2022, accepted 11 July 2022, date of publication 14 July 2022, date of current version 20 July 2022.

Digital Object Identifier 10.1109/ACCESS.2022.3190955

Path Tracking Control With Four-Wheel
Independent Steering, Driving and Braking
Systems for Autonomous Electric Vehicles
YONGHWAN JEONG 1 AND SEONGJIN YIM 2, (Member, IEEE)
1Department of Mechanical and Automotive Engineering, Seoul National University of Science and Technology, Seoul 01811, Republic of Korea
2Research Center for Electrical and Information Technology, Seoul National University of Science and Technology, Seoul 01811, Republic of Korea

Corresponding author: Seongjin Yim (acebtif@seoultech.ac.kr)

This work was supported by the Ministry of Education through the National Research Foundation of Korea (NRF) under Basic Science
Research Program (NRF-2019R1A6A1A03032119).

ABSTRACT This paper presents a method to design a path tracking controller with four-wheel independent
braking (4WIB), drive (4WID) and steering (4WIS) systems equipped in in-wheel motor-driven electric vehi-
cles (IWM-EVs). Generally, it is difficult to calculate the steering angles of 4WIS and the braking/traction
torques of 4WIB/4WID for path tracking control.Moreover, there have been limitations of an error dynamics-
based path tracking controller, which requires assumptions on a target path. To cope with these problems, the
path tracking problem on a target path is converted into the yaw rate tracking one with a reference yaw rate in
this paper. Two methods are adopted for the purpose of calculating a reference yaw rate. The first is to use a
pure pursuit method, which generates a steering angle for path tracking. From the steering angle, a reference
yaw rate is calculated. The second is to derive a reference yaw rate from a target path and a current vehicle
position. For yaw rate tracking, direct yaw moment control is adopted to generate a control yaw moment.
A control allocation method is adopted to distribute a control yaw moment into tire forces, generated by
4WIS, 4WID and 4WIB. Several actuator combinations are represented by various sets of virtual weights
in the control allocation method. A simulation with a vehicle simulation program, CarSim R©, shows that
the proposed path tracking controller is effective in enhancing the path tracking performance with 4WIS,
4WID and 4WIB. From the simulation, effects of actuator combinations on path tracking performance are
analyzed.

INDEX TERMS Path tracking control, Yaw rate tracking control, 4-wheel independent steering (4WIS),
4-wheel independent drive (4WID), 4-wheel independent braking (4WIB), in-wheel motor (IWM) system.

I. INTRODUCTION
The introduction of the active safety system has improved
driving convenience and road safety by preventing acci-
dents due to driver carelessness or unexpected external dis-
turbances. The success of the active safety system led to
the research on autonomous driving. Autonomous driving is
expected as a solution for future transportation. Particularly,
the road safety, traffic flow, and convenience of passengers
can be improved by virtue of autonomous driving [1], [2].

The associate editor coordinating the review of this manuscript and

approving it for publication was Nasim Ullah .

In the earlier days, autonomous driving research was
conducted on motorways, which have a relatively sim-
ple driving environment. To extend the operational design
domain (ODD) of autonomous driving, various methodolo-
gies have been proposed and developed to cope with more
complicated driving conditions [3]. Based on these studies,
the ODD of autonomous driving has been expanded not
only to highways, but also to parking lots, urban roads, and
unstructured environments. These advances have required the
development of both software and hardware for autonomous
driving. In the case of software, various methods have been
proposed to improve the perception, decision, and control.
For hardware, the number of sensors and processors have
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been increased to acquire and process the more information.
In addition, the number of actuators also increased to improve
control performance and to achieve fault tolerant capability.
As a result, the control allocation problem was formulated
because an autonomous vehicle has multiple actuators for
control purpose [4]. This problem should be solved to opti-
mize control efforts needed for multiple actuators [5]–[12].
Recently, a purpose-built vehicle (PBV) began to adopt
in-wheel motors (IWM), electro-mechanical brake (EMB)
and 4-wheel independent steering (4WIS) modules to real-
ize a flexible platform for various purpose of autonomous
driving [13]–[18]. As a consequence, various researches have
been conducted in the perspective of controller design for
over-actuated vehicles.

To date, additional actuators have been introduced to
improve the maneuverability and agility of a human driven
vehicle. For example, electronic stability control (ESC),
torque vectoring devices (TVD), 4-wheel drive (4WD),
rear wheel steering (RWS) and 4-wheel steering (4WS)
were introduced as an actuator for vehicle stability con-
trol [17]–[20]. Initially, an individual algorithm for a particu-
lar actuator were developed [21]–[24]. Recently, an integrated
controller has been designed to achieve better performance by
coordinating control efforts of multiple actuators.

Recent electrification changes the powertrain of a vehicle.
In view of an actuator, E-corner module has been proposed
as a future actuator for electric vehicles [25], [26]. Gen-
erally, the E-corner module consists of IWM, EMB, elec-
tric steering module, and active suspension. Therefore, the
E-corner module has the four-wheel independent steering,
driving, and braking functions (4WIS, 4WID, and 4WIB)
[17]. Therefore, 4WIS, 4WID, and 4WIB can improve the
control performance of not only a human-driven vehicle but
also an autonomous vehicle.

Since current autonomous vehicles use an electric power
steering (EPS), a path tracking controller has been designed
for a front wheel steering (FWS) vehicle. Recent advances
in path tracking control were summarized in the litera-
ture [27]–[32]. Among them, the path tracking control was
investigated for a vehicle with 4WS or 4WD [4], [9],
[16], [33]–[40]. The recent studies on the path tracking
control with 4WS and 4WD are summarized in Table 1.
In these researches, linear–quadratic regulator (LQR), H∞
control, sliding mode control (SMC) and model predictive
control (MPC) were adopted as a controller design method-
ology. As shown in Table 1, most of these researches have
adopted the error dynamics basedmodel for controller design.
Because the path tracking problem is one of reference track-
ing one, various controllers have been designed to regulate
path tracking errors. The lateral and heading errors were used
to define the error dynamics. However, in this case, assump-
tions about the reference path are required. As a consequence,
it is difficult to guarantee performance in various cases. For
actuators, the 4WS system is considered as the integration
of the FWS and RWS. In other words, the steering inputs
of the left and right wheels were not calculated separately.

Therefore, the effect of 4WIS on path tracking is not well
discussed.

According to a careful review of the previous studies,
4WIS, 4WIB, and 4WID have been originally adopted for
vehicle stability control [6], [17], [18], [41], [42]. On the
contrary, there have been little studies on the path tracking
control with a vehicle with 4WIS and/or 4WID [7], [10]–[12],
[14], [15]. The recent studies on the path tracking control
with 4WIS, 4WID and 4WIB are summarized in Table 1.
With the view that 4WIS is an advanced system of 4WS,
the steering angles of front and rear wheels were determined
by 4WS based path tracking controller. Then, the control
inputs were converted into steering angles of four wheels by a
geometric relationship. However, it is difficult to fully utilize
the advantages of 4WIS by simply distributing the steering
angle to left and right by geometric relationships. Moreover,
the error dynamics-based model were adopted in the other
studies [7], [10], [15]. Therefore, the disadvantages of the
error dynamics-based path tracking controller for the FWS
or 4WS vehicles appear the same for 4WIS system.

Among the previous studies, a few papers did not adopt
the error dynamics based model for path tracking controller
design. The most notable feature of these papers is that the
path tracking problem is converted into the yaw rate tracking
one [11], [12], [14]. Similar to the chassis control methods,
a reference yaw rate was derived from the steering angle
of front wheels [11], [14]. In these papers, a driver model
was adopted for steering angle generation. For example, the
yaw angle tracking method was used to determine the front
steering angle [14]. Since the reference yaw rate is derived
from the front wheel steering model, it is difficult to use the
possible yaw motion of 4WIS vehicles. To overcome this
problem, a reference yaw rate was derived not from a driver
model but from a target path [12]. For the reason, this research
did not need a driver model.

In the previous study, the control inputs to 4WIS and
4WID were generated by separate controllers [14]. On the
contrary, the other study determined the steering and driving
torque of each wheel by adopting two-level control struc-
ture: upper- and lower-level controllers [11]. In the upper-
level controller, a yaw moment is generated from PID and
sliding mode controller. In the lower-level controller, the
yaw moment is distributed into driving torques of 4WID
and steering angles of 4WIS by considering the tire force
under friction constraints. In addition, a optimization based
control allocation method is proposed to distribute the yaw
moment to four wheels [4], [17]–[20]. Another study adopted
MPC to generate driving torques of 4WID and steering angles
of 4WIS for yaw rate tracking. Different from the previous
study [11], MPC can directly determine the driving torques
and the steering angles without the upper- and lower-level
controllers [12]. However, MPC requires a large amount of
computation time in real application.

The problem formulation of this paper is summarized as
the following paragraph. This paper follows the idea that the
path tracking problem is converted into yaw rate tracking one
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TABLE 1. Survey on recent studies for path tracking control with 4WS, 4WD, 4WIS, 4WID and 4WIB.

FIGURE 1. Schematic diagram of the path tracking controller.

and that a controller has two-level structure [11]. Fig. 1 shows
the schematic diagram of the path tracking controller pro-
posed in this paper. As shown in Fig. 1, the reference yaw
rate is generated in Reference Yaw Rate Generation module.
In the module, the reference yaw rate is generated from
two sources. The first is the steering angle of front wheels
generated by a driver model [11]. The second is a target
path [12]. A vehicle has 4WIS, 4WID and 4WIB functions.
Yaw Rate Tracking Controller in Fig. 1 has two-level struc-
ture: the upper- and lower-level controllers. For yaw rate
tracking with the vehicle, a direct yaw moment controller is
designed in the upper-level controller. This controller gener-
ates a control yaw moment needed to make a vehicle follow
the reference yaw rate. In the lower-level controller, a con-
trol allocation scheme is adopted to distribute the control
yaw moment into tire forces generated by the actuators [4].
Weighted pseudo-inverse based control allocation (WPCA)
was adopted as the control allocation method. WPCA is an
equality-constrained quadratic programming, which can be
algebraically solved in real-time [17]–[20]. The optimum
tire forces obtained by WPCA are converted into the driv-
ing/braking torques of 4WID and 4WIB, and into the steering
angles of 4WIS, respectively. Generally, 4WID and 4WIB
have been developed and studied for vehicle stability control.
In other words, these actuators are needed on low-friction
roads, where a vehicle can easily lose its lateral stability.
However, 4WID and 4WIB have little effects on the control
performance for vehicle stability according to the previous

study [17]. For the reason, the effects of 4WID and 4WIB are
checked on the path tracking performance.

The key contributions in this work are summarized as
follows:

1. To solve the path tracking problem for a vehicle with
4WIS, 4WID and 4WIB, it is converted to the yaw tracking
one. Then, the yaw rate tracking controller which has two-
level control structure is designed.

2. The reference yaw rate is generated from two sources.
The first is the steering angles of front wheels generated by
a driver model. The second is a target path. These methods
do not require assumptions on the road shapes and vehicle
models. The path tracking performance of these two methods
is compared with each other.

3. Difference from theMPC proposed in the previouswork,
WPCA is adopted for yaw moment distribution in this paper.
WPCA is relevant to real-time applications because it can
algebraically solve the quadratic programming.

This paper is organized as follows: Section II describes
how to generate a reference yaw rate from a driver model or
a target path. In Section III, the yaw rate tracing controller
is designed and control allocation method is introduced. The
proposed method is evaluated on vehicle simulation software,
CarSim, and is compared with conventional approaches in
Section IV. Section V provides conclusions and future works
regarding the proposed method.

II. DERIVATION OF REFERENCE YAW RATE
A path tracking controller has been designed with lateral
offset and heading errors between a target path and vehi-
cle position [25]–[30]. For path tracking control, a driver
model has been commonly used on a FWS vehicle [27], [31].
A driver model is a controller which tries to make the errors
zero. A driver model calculates the steering angle of front
wheels.

Typical driver model for path tracking control is pure
pursuit and Stanley methods. Another method is to use an
error dynamics on a target path and to apply optimal control
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FIGURE 2. The geometry of pure pursuit method.

methodologies or sliding mode control with it for controller
design [33]–[40]. In the method, the errors of the lateral offset
and heading are used to define the plant model for controller
design. However, it is difficult to correlate the lateral behavior
of a vehicle to those errors because those have a different
dimension from the lateral motion described by yaw rate and
lateral acceleration. Moreover, an assumption on road geom-
etry is required to derive the error dynamics. The state vector
of the error dynamics consists of the lateral offset and heading
errors. This means that a road shape should be defined as
a differentiable function when obtaining the derivative of
those errors. Therefore, there is a possibility that the path
tracking performance may not be achieved in several driving
situations where assumptions on road shapes cannot be held.
To overcome these limitations of the path tracking controllers
designed with error dynamics, a controller which does not
need the error dynamics was proposed in the previous study
[11], [12]. This paper adopts the idea of the paper.

A. PURE PURSUIT METHOD FOR STEERING ANGLE
GENERATION
In this paper, a pure pursuit method is adopted as a
driver model. Fig. 2 shows the geometry for pure pursuit
method [32]. In Fig. 2, P(x0, y0) and P(x1, y1) are the points
located on the center of rear axle and the target point on the
target path, respectively. ρ is the angle between the vehicle’s
heading vector and the look-ahead one, which is called head-
ing error. Lp and R are the look-ahead distance and the radius
of the circular arc, respectively. In the pure pursuit method,
the steering angle is determined only with Lp and ρ. From
Fig. 2, the curvature κ of the circular arc connecting P(x0, y0)
and P(x1, y1) is calculated as (1). With the definition of κ , the
front steering angle is calculated as (2) [32]. In (2), L is the
wheelbase, i.e., the distance between the front and rear axles.

κ =
2 sin ρ
Lp

(1)

FIGURE 3. 2-DOF bicycle model.

δf = tan−1 (κL) = tan−1
(
2L sin ρ
Lp

)
(2)

As shown in (2), the pure pursuit method generates the
steering angle of a vehicle with FWS, which is the most
common case. However, it is difficult for one to derive the
steering angles of 4WIS from (2) with the pure pursuit
method. This fact is common to the other driver models
such as Stanley method and PID control [31]. The error
dynamics based path tracking controller can be used for a
vehicle with 4WS because the front and rear steering angles
are explicitly expressed as a control input of the controllers
such as LQR and MPC [33]–[40]. However, in this case,
assumptions on a target path are required to build the error
dynamics. Therefore, it is difficult to guarantee the path track-
ing performance on various road conditions. On the other
hand, 4WS and 4WIS were adopted as a steering actuator for
yaw rate tracking controller in the previous studies [17], [18].
In other words, 4WS and 4WIS can be easily handled from
the viewpoint of yaw rate tracking control. For the reason, the
path tracking control is converted into the yaw rate tracking
one in this paper.When using the yaw rate tracking controller,
it is necessary to derive the reference yaw rate from the front
steering angle.

B. DERIVATION OF REFERENCE YAW RATE FROM A
BICYCLE MODEL
The most commonly adopted method to generate the refer-
ence yaw rate from the steering angle is to use the steady-state
motion of a bicycle model. Fig. 3 shows the free-body dia-
gram of 2-DOF bicycle model [17]–[20], [43], [44]. This
model describes the motions of yaw and lateral directions
under the assumption that the longitudinal velocity vx is
constant. Hence, there are two state variables in the model:
the yaw rate, γ , and the lateral velocity, vy. With the state
variables, the equations of motions for this model are derived
as (3) [43], [44]. Tire slip angles of the front and rear wheels,
αf and αr , are calculated as (4) using γ , vy, and vx . In (3), the
lateral tire forces of the front and rear wheels, Fyf and Fyr ,
are assumed to be proportional to the tire slip angles, αf and
αr , as given in (5), respectively. The reference yaw rate, γd ,
is derived as (6) using the steering angle of front wheels, δf ,
and the longitudinal velocity, vx , from steady-state relation
between steering angle and radius of vehicle trajectory [44].
As shown in (6), the reference yaw rate is directly calculated
from the front steering angle. This means that the reference
yaw rate can be easily calculated from the front steering
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FIGURE 4. Geometry of the desired and target paths with the preview
point.

angle regardless of a driver model used for steering angle
generation. The steering angle of front wheels is generated by
the pure pursuit method. Let the reference yaw rate derived
from the pure pursuit method as PPM-RYR.m

(
v̇y + γ vx

)
= Fyf cos δf + Fyr cos δr

Izγ̇ = lf Fyf cos δf − lrFyr cos δr +1MB
(3)

αf = δf −
vy + lf γ

vx
αr = δr −

vy − lrγ
vx

(4)

Fyf = −2Cf αf ,Fyr = −2Crαr (5)

γd =
Cf · Cr ·

(
lf + lr

)
· vx

Cf · Cr ·
(
lf + lr

)2
+ m · v2x ·

(
lr · Cr − lf · Cf

) · δf
(6)

C. DERIVATION OF REFERENCE YAW RATE FROM TARGET
PATH
The reference yaw rate can be derived from a target path
without a bicycle model or error dynamics [12]. Fig. 4 shows
the desired and target paths with the preview point. In Fig. 4,
the target path is marked as a black line. The desired path,
marked as a dotted line in Fig. 4, is defined by connecting
the center of gravity (C.G.) of the vehicle, P(x0, y0), with the
preview point on the target path, P(x1, y1). To get the point,
P(x1, y1), a preview distance Lp is determined by the formula,
k · vx , where k is the proportional gain. The value of the
proportional gain k is set to 1.2. The desired path is used to
determine the reference yaw rate, which means the yaw rate
needed to move the vehicle to the preview point.

Under the assumption that a side-slip angle of the vehicle
is small and, then, negligible, the reference yaw rate can be
calculated from the curvature κd of the desired path. Because
the point P(x1, y1) is not far from the vehicle, the desired
path can be modeled as a 2nd-order polynomial as given
in (7). To determine the coefficients of (7), three constraints
are needed because it has three unknowns. For position con-
straints, the coordinates of two points, P(x0, y0) and P(x1, y1),
are used. The slope at P(x0, y0) is used as the heading con-
straint. With the information, three constraints are obtained

as (8). Thus, the coefficients of (7) are obtained by solving
(8). With the desired path (7) determined by (8), the curvature
κd at the point P(x0, y0) is calculated as (9). Finally, the
reference yaw rate γd for path tracking is calculated as (10)
[12]. Let the reference yaw rate derived from a target path as
PATH-RYR.

y(x) = ax2 + bx + c (7)
y0

y1

y′(x0)

 =

x20 x0 1

x21 x1 1

2x0 1 0



a

b

c

 (8)

κd =
y′′ (x0){

1+ y′ (x0)2
}3/2 = 2a{

1+ (2ax0 + b)2
}3/2

(9)

γd = vx · κd (10)

III. DESIGN OF YAW RATE TRACKING CONTROLLER
A. DESIGN OF REFERENCE TRACKING CONTROLLER
To make a vehicle follow the reference yaw rate γd for path
tracking, a direct yaw moment control has been adopted with
2-DOF bicycle model, as given in Fig. 3 [17]–[20]. In this
paper, the direct yaw moment control is adopted for yaw rate
tracking.

The basic objective of the yaw rate tracking controller is to
make a vehicle follow the reference yaw rate. In other words,
the difference or error between the reference yaw rate and
real one should be minimized or zero. Another objective is
to minimize the side-slip angle, β, defined in (11). β should
be maintained less than 3◦ for lateral stability, especially on
slippery roads [18], [43], [44]. The error surface is defined
as (12). In (12), η is the parameter used to tune the trade-
off between the yaw rate tracking and the lateral stability.
The value of η is set to 1 for all simulation cases. The
convergence condition for the error surface is given as (13).
This condition should be satisfied to make the error surface
zero [17]–[20], [44]. From (12), (13) and (3), the control yaw
moment1MB is obtained as (14). In (11), the lateral velocity
vy is estimated with the estimator presented in the previous
study [45]. In (14), it is difficult or too expensive to measure
Fyf and Fyr with a sensor. Thus, Fyf and Fyr are estimated by
a sliding mode observer, as given in [46].

β = tan−1
(
vy
vx

)
(11)

eγ = (γ − γd )+ ηβ (12)

ėγ = −Kγ eγ
(
Kγ > 0

)
(13)

1MB = Iz · γ̇d

+ Iz · η ·
(
Fyf cos δf + Fyr cos δr

mvx
− γ

)
− lf Fyf cos δf + lrFyr cos δr − Iz · K · eγ (14)
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FIGURE 5. Coordinate system corresponding to tire forces and control
yaw moment.

B. CONTROL ALLOCATION FROM THE CONTROL YAW
MOMENT TO TIRE FORCES
Subsequent to computation of 1MB from the direct yaw
moment control, it should be distributed into tire forces,
generated by actuators, with a control allocation algorithm.
Fig. 5 shows 1MB and the tire forces at four wheels in a
vehicle. In Fig. 5, the wheel indices 1,2,3, and 4 represent
the front left, front right, rear left and rear right wheels,
respectively. In Fig. 5, the lateral tire forces,Fy1,Fy2,Fy3, and
Fy4, are generated by 4WIS, and the longitudinal tire forces,
Fx1, Fx2, Fx3 and Fx4, representing braking or traction one,
are generated by 4WID or 4WIB.

In this paper, it is assumed that there are three steering actu-
ators: FWS, 4WS and 4WIS. In Fig. 5, the steering angles, δ1,
δ2, δ3, and δ4, generated by a steering actuator can be set for
FWS, 4WS and 4WIS. In this case, FWS and 4WS are the
subfunctions of 4WIS. For example, the steering angles are
set to δ1 = δ2, δ3 = δ4 = 0 if FWS is adopted as a steering
actuator. From the fact, the steering angles are set as (15) for
each steering actuator. These steering angles are calculated
from the lateral tire forces, Fy1, Fy2, Fy3 and Fy4.

FWS : δ1 = δ2 (δ3 = δ4 = 0)

4WS : δ1 = δ2, δ3 = δ4
4WIS : δ1, δ2, δ3, δ4 (15)

From Fig. 4, the geometric relationship between the tire
forces and 1MB is derived as (16) from force-moment equi-
librium. The elements of the vector g in (16) are derived as
(17) from Fig. 5. In Fig. 5, the tire forces should be deter-
mined such that (16) is satisfied. This is called the control
allocation problem [4]. The control allocation of 1MB into
tire forces is called the yaw moment distribution [17]–[20].
For yaw moment distribution, the WPCA is adopted in this

paper [18]–[20], [45], [46].

[
a1 a2 a3 a4 a5 a6 a7 a8

]︸ ︷︷ ︸
g



Fy1
Fy2
Fy3
Fy4
Fx1
Fx2
Fx3
Fx4


︸ ︷︷ ︸

x

= 1MB (16)

a1 = −lf cos δ1 − tf sin δ1, a2 = −lf cos δ2 + tf sin δ2,

a3 = lr cos δ3 − tr sin δ3, a4 = lr cos δ4 + tr sin δ4,

a5 = −lf sin δ1 + tf cos δ1, a6 = −lf sin δ2 − tf cos δ2,

a7 = lr sin δ3 + tr cos δ3, a8 = lr sin δ4 − tr cos δ4 (17)

There are no constraints on the lateral forces in (16), which
means that the steering angles, δ1, δ2, δ3, and δ4, can be
freely generated by 4WIS. However, this cannot represent the
constrains on the steering angles imposed by FWS and 4WS,
as given in (15). The conditions of (15) representing FWS
and 4WS can be represented by the equality constraints, (18)
and (19), with the vector x, respectively [18]. By incorporat-
ing (18) and (19) into (16), new equality constraints for FWS
and 4WS are obtained as (20) and (21), respectively.

[
1 −1 0 0 0 0 0 0

]
x = 0 (18)[

1 −1 0 0 0 0 0 0
0 0 1 −1 0 0 0 0

]
x =

[
0
0

]
(19)[

g
1 −1 0 0 0 0 0 0

]
︸ ︷︷ ︸

H

x =
[
1MB
0

]
︸ ︷︷ ︸

M

(20)

 g
1 −1 0 0 0 0 0 0
0 0 1 −1 0 0 0 0


︸ ︷︷ ︸

H

x =

1MB
0
0


︸ ︷︷ ︸

M

(21)

To determine the tire forces in Fig. 5, an optimization
problem is formulated. The quadratic objective function is
defined as (22). In (22), the term, µFzi, product of the tire-
road friction coefficient µ and the vertical tire force Fzi,
stands for the radius of friction circle at each wheel [48]. This
value cannot be measured. So, it should be estimated. The
vertical tire force Fzi can be estimated from the longitudinal
and lateral acceleration signals. In (22), ρ is the vector of
virtual weights ρi, as defined in (23). The optimization prob-
lem, as given in (16) and (22), is a quadratic programming
problem with a single equality constraint. By applying the
method of Lagrange multiplier to the problem, the optimum
solution is easily calculated as (24). This is called weighted
pseudo-inverse based control allocation (WPCA) [17]–[20],

74738 VOLUME 10, 2022



Y. Jeong, S. Yim: Path Tracking Control With 4WIS, 4WID and 4WIB Systems for Autonomous Electric Vehicles

[47], [48]. 

J =
ρ1F2

y1+ρ5F
2
x1

µF2
z1

+
ρ2F2

y2+ρ6F
2
x2

µF2
z2

+
ρ3F2

y3+ρ7F
2
x3

µF2
z3

+
ρ4F2

y4+ρ8F
2
x4

µF2
z4

= xTWx

v =
[

1
µF2

z1

1
µF2

z2

1
µF2

z3

1
µF2

z4

]
W = diag

[
v v

]
ρ

(22)

ρ =
[
ρ1 ρ2 ρ3 ρ4 ρ5 ρ6 ρ7 ρ8

]T (23)

xopt =

{
W−1gT

(
gW−1gT

)−1
1MB, 4WIS

W−1HT
(
HW−1HT

)−1
M, FWS, 4WS

(24)

The vector of virtual weights, ρ, has been used to repre-
sent several actuator combinations. For example, one of the
steering actuators, FWS, 4WS and 4WIS can be combined
with one of 4WID, 4WIB, and 4WID+4WIB [17]–[20]. The
first four elements in ρ represent the availability of 4WIS,
and the last four elements in ρ do the availability of 4WID and
4WIB at each wheel. It is assumed that ε is a very small value,
i.e., 1e-4. The steering actuators, FWS, 4WS and 4WIS, are
represented with the ρ given in (25). Under the first condition
of (25), only the lateral tire forces, Fy1 and Fy2, are generated
as non-zero values from the optimization, and the other lateral
tire forces are obtained as zero. The vectors of virtual weights
representing the actuator combinations, 4WID, 4WIB and
4WIS+4WIB, are given in (26), (27) and (28), respectively.
If 4WIS, 4WID and 4WIB are available, then all the vir-
tual weights in ρ are set to a particular non-zero identical
value. The detailed explanation on how to represent several
actuator combinations with ρ can be found in the previous
studies [17]–[20].ρ =

[
ε ε 1 1 • • • •

]T
, FWS

ρ =
[
ε ε ε ε • • • •

]T
, 4WS,4WIS

(25)

ρ =
[
• • • • 1 ε 1 ε

]T
, 1MB > 0

ρ =
[
• • • • ε 1 ε 1

]T
, 1MB < 0

(26)

ρ =
[
• • • • ε 1 ε 1

]T
, 1MB > 0

ρ =
[
• • • • 1 ε 1 ε

]T
, 1MB < 0

(27)

ρ =
[
• • • • ε ε ε ε

]T
, 1MB > 0

ρ =
[
• • • • ε ε ε ε

]T
, 1MB < 0

(28)

As mentioned earlier, the target vehicle is equipped with an
IWM system. Generally, 4WID is natural in the IWM system
because an electric motor in a wheel can be driven indepen-
dently. In this paper, it is assumed that an electro-mechanical
braking (EMB) system is equipped with the IWM system.
If EMB is available on each IWM system, the vehicle has
4WIB function. It is also assumed that regenerative braking
is not used or activated for braking in this paper.

FIGURE 6. Characteristic curve of motor in IWM system.

After obtaining the solution of the optimization, xopt , the
longitudinal tire force, Fxi, of the wheel i are converted into
the traction torque, TDi, as given in (29) if Fxi is positive.
In (29), rwi is the radius of the wheel i, and ωi and g are the
rotational speed and reduction gear ratio of an electric motor
in IWM. In (29), h(•) represents the constraint imposed by a
capacity curve of an electric motor in IWM. Fig. 6 shows the
capacity curve of the electric motor used for an electric vehi-
cle with independent rear-wheel drive [49]. If Fxi is negative,
the braking torque, TBi, is calculated with (30), and directly
applied to the wheel i. The braking torque can be generated
by an EMB in IWM system. The method how to decide the
steering angles of 4WIS will be given in the next subsection.

TDi =

{
h
(
rwiFxi
g , ωi

)
if Fxi > 0

0 if Fxi ≤ 0
(29)

TBi =

{
rwi |Fxi| if Fxi > 0
0 if Fxi ≤ 0

(30)

C. HOW TO DETERMINE STEERING ANGLES OF 4WS AND
4WIS FROM TIRE FORCES
After obtaining the lateral tire forces, Fy1∼4, from the opti-
mization problem, these should be converted into appropriate
steering angles of FWS, 4WS and 4WIS. In the previous
study, five methods were proposed for the purpose [18].
In this paper, two methods are adopted among them.

The simplest method is to use a linearized model of Fyf
and Fyr , as shown in (5). From (5), δi can be obtained as (31)
by regarding the slip angle as the steering one [17], [18].
In (31), Fyi and αi are regarded as a linear relation and
nonlinearity between them is neglected. In (31), Ci is the
cornering stiffness of each wheel, and σ is the parameter used
to tune themagnitude ofCi. In fact, σ can be regarded as a slip
ratio between tire and road surface [42]. In general, reducing
σ can enhance cornering performance because it generates
larger δi. Let denote this method as Method#1.
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TABLE 2. Parameters of F-class sedan in CarSim.

Another method is to use the definition of the slip angle,
as given in (4) [12], [17], [18], [42]–[44]. Equation (4) is
derived from the bicycle model. So, it can be applied not
to 4WIS but to FWS and 4WS. From (4) and (31), the
steering angles of FWS and 4WS are calculated as (32) [42].
On the other hand, 4WIS has distinct slip angles for four
wheels. Hence, (32) is cannot be used for 4WIS. For the
vehicle with four wheels as given in Fig. 5, the slip angles of
each wheel are calculated with (33). From (31) and (33), the
steering angles of 4WIS are easily calculated as (34). For (32)
and (34), the lateral velocity vy is estimated with the estimator
presented in the previous study [50]. Let denote this method
asMethod#2. In this paper, these twomethods,Method#1 and
Method#2, are compared with each other.

αi = −
Fyi
σCi

, i = 1, 2, 3, 4 (31)

δf = −
Fyf
σCf
+
vy + lf γ

vx
, δr = −

Fyr
σCr
+
vy − lrγ

vx
(32)αi = δi −

vy+lf γ
vx+(−1)itf γ

, i = 1, 2

αi = δi −
vy−lrγ

vx+(−1)itrγ
, i = 3, 4

(33)

δi = −
Fyi
σCi
+

vy+lf γ
vx+(−1)itf γ

, i = 1, 2

δi = −
Fyi
σCi
+

vy−lrγ
vx+(−1)itrγ

, i = 3, 4
(34)

IV. VALIDATION WITH SIMULATION
In this section, simulation study has been done to verify the
performance of the path tracking controller for a vehicle with
4WIS, 4WIB and 4WID. Because 4WIS can play a role as
FWS and 4WS, three steering actuators, FWS, 4WS and
4WIS, are adopted for the yaw rate tracking controller.

The path tracking controller was implemented on MAT-
LAB/Simulink and CarSim [50]. As described in the previous
studies, the double lane change maneuver on moose test track
at high speed is so severe that any other maneuvers can
be covered by it [17]–[19]. Hence, this was adopted in the
simulation. The initial vehicle speed was set to 50 km/h and
maintained as constant using a speed controller of CarSim.
Tire-road friction coefficient, µ, was set to a constant value,
0.85, which stands for normal asphalt surface.

For the simulation, a F-segment sedan model was chosen,
which is a built-in model in CarSim. The parameters of
F-segment sedan are shown in Table 2. The actuators, 4WIS,
4WID and 4WIB, were modelled as the 1st-order system.
Time constants of these systems were set to 0.1. In 4WID,
the capacity curve and the maximum power of the electric

motor and the reduction gear ratio in IWM were cited from
the previous study [49].

For comparison, the pure pursuit method was adopted as
a base controller. Two path tracking controllers, i.e., yaw
rate tracking controllers with PPM-RYR and PATH-RYR, are
compared with each another.

Two set of simulaitons were done for the purpose of ver-
ifying the performance of the proposed path tracking con-
troller. The first set is conducted for comparison between the
proposed controller with the base controller. The second set
is conducted to verify the performance of several actuator
combinations such as 4WIS, 4WIS+4WID, 4WIS+4WIB
and 4WIS+4WID+4WIB in the path tracking controller.

A. PERFORMANCE OF THE PATH TRACKING CONTROLLER
The first simulation has been conducted to verify the perfor-
mance of the proposed path tracking controller. Three steer-
ing actuators, FWS, 4WS and 4WIS, are compared with one
another. PPM-RYR is used as a reference yaw rate. For steer-
ing angle determination from the optimal lateral tire forces,
Method#2 was adopted. Figs. 7 and 8 show the simulation
results and the steering angles for three steering actuators.
In those figures, the legend PPM represents the pure pursuit
method used without yaw rate tracking controller. In Fig. 8,
the legends FL, FR, RL and RR represents the front left,
front right, rear left and rear right wheels, respectively. In the
simulation results, the speed variation from the initial speed
was less than 1km/h. So, it was not presented in the simulation
results.

As shown in Fig. 7-(a), -(b), -(e) and -(f), the steering
wheel angles, yaw rates, trajectories and lateral offset errors
of FWS, 4WS and 4WIS with PPM-RYR are nearly identical
to one another. As shown in Fig.7-(d), 4WS gives the smallest
value of the maximum absolute value of the side-slip angle,
compared to those of each actuator. This is the feature of
4WIS presented in the previous studies [17]–[19]. However,
the yaw rate error of 4WIS is smaller than those of 4WS and
4WS, as shown in Fig. 7-(c). Nevertheless, the lateral offset
errors of FWS, 4WS and 4WIS are smaller than that of the
pure pursuit method. This means that the path tracking per-
formance of the yaw rate tracking controller with FWS, 4WS
and 4WIS is better than the pure pursuit method. As shown in
Fig. 8, the steering angles of FWS, 4WS and 4WIS are nearly
the same as the pure pursuit method because those are run on
the identical target path. As a consequence, FWS, 4WS and
4WIS are recommended as a steering actuator for the yaw rate
tracking controller. Among them, 4WS is recommended for
ride comfort because it can give the smallest side-slip angle.

The simulation was done to check the effects of the meth-
ods of the reference yaw rate generation and the steering
angle determination on the control performances. With FWS,
4WS and 4WIS, the simulation was done for four cases
corresponding to the combinations of PPM-RYR and PATH-
RYR with Method#1 and Method#2.

Fig. 9 shows themaximum absolute values of eachmeasure
for four cases. PPM-RYR.M1 in the tick labels of x-axis in

74740 VOLUME 10, 2022



Y. Jeong, S. Yim: Path Tracking Control With 4WIS, 4WID and 4WIB Systems for Autonomous Electric Vehicles

FIGURE 7. Simulation results for each controller with PATH-RYR.

Fig. 9 means that PPM-RYR and Method#1 are used for the
reference yaw rate generation and the steering angle determi-

FIGURE 8. Steering angles of wheels for the pure pursuit method, FWS,
4WS and 4WIS with PPM-RYR.

nation, respectively. As shown in Fig. 9-(a) and -(e), the steer-
ing wheel angles and lateral offset errors of PATH-RYR are
smaller than those of PPM-RYR regardless of the methods of
the steering angle determination. For the reason, PATH-RYR
is preferred to PPM-RYR for the path tracking performance.
On the other hand, as shown in Fig. 9-(d), the side-slip angle
of 4WS with Method#2 is much smaller than those of 4WS
with Method#1 or FWS and 4WIS with Method#2. Orig-
inally, 4WS has been known to be very effective for the
reduction of the side-slip angle [17]–[19]. In this simulation,
it is valid only for Method#2. On the contrary, 4WIS with
Method#1 gives much larger side-slip angles, as shown in
Fig. 9-(d). This means that it is not desirable to use 4WIS in
terms of ride comfort. There are little differences among the
reference yaw rates, the yaw rate errors and the lateral offset
errors for each case [17]. In summary, it is recommended that
PATH-RYR with 4WS and Method#2 is adopted for the path
tracking control.

B. EFFECTS OF ACTUATOR COMBINATIONS ON LOW
FRICTION ROAD
Generally, 4WID and 4WIB have little effects on the yaw rate
tracking performance [19] because 4WS and 4WIS are highly
effective enough for path tracking control. However, the
effects of 4WID and 4WIB on the path tracking performance
have not been checked. To check the effects of 4WID and
4WIB, the second simulation was conducted with four actu-
ator combinations, i.e., 4WIS, 4WIS+4WID, 4WIS+4WIB
and 4WIS+4WIB+4WID, in the proposed path tracking con-
troller. Let denote these actuator combinations as CASE1,
CASE2, CASE3 and CASE4, respectively. PATH-RYR and
Method#2 were used as the methods of the reference yaw rate
generation and the steering angle determination, respectively.
The simulation conditions were set to those given in the
previous subsection except the vehicle speed and the tire-road
friction coefficient were set to 50km/h and 0.6, respectively.
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FIGURE 9. Maximum absolute values of each measure for each method
and steering actuator.

Figs. 10 and 11 show the simulation results and the con-
trol inputs for each actuator combination. In the simula-
tion results, the speed variation from the initial speed was
less than 1km/h. So, it was not presented in the simulation

FIGURE 10. Simulation results for each controller with PPM-RYR.

results. As shown in Fig. 10, there are little differences
among the actuator combinations in terms of the path tracking
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FIGURE 11. Steering angles of wheels for each case with PATH-RYR.

performance. Nevertheless, the path tracking performance
of these actuator combinations is slightly better than of the
pure pursuit method, as shown in Fig. 10-(e) and -(f). This
is caused by the fact that the traction and braking torques
of 4WID and 4WIB have an small effect on the control
performance, as shown in Fig. 11. In general, the steering
angles of active front steering (AFS) are reduced by the aid of
4WID, 4WIB and 4WID+4WIB [19]. However, the steering
angles of 4WIS were not reduced with 4WID or 4WIB,
as shown in Fig. 11-(a). This means that 4WIS itself is quite
effective in generating the control yaw moment calculated
from the upper-level controller. The identical results were
given in the previous study [17]. For the reason, even though

TABLE 3. Average values of measures of 4WIS and 4WS for all cases.

the simulation is done under the identical conditions on high-
friction roads, the identical conclusion can be drawn.

The simulation was done to check the effects of four actu-
ator combinations, i.e., 4WIS, 4WIS+4WID, 4WIS+4WIB
and 4WIS+4WIB+4WID, on low-friction roads. The sim-
ulation was done for the four cases corresponding to the
combinations of PPM-RYR and PATH-RYR with Method#1
and Method#2.

Fig. 12 shows the maximum absolute values of each mea-
sure for four cases with 4WIS. The tick labels of x-axis
in Fig. 12 are identical to those of Fig. 9. As shown in
Fig. 12-(e), PATH-RYR with Method#2 shows the smaller
lateral offset errors than the other combinations. On the other
hand, as shown in Fig. 12-(d), the side-slip angles of all
cases and combinations are quite large, compared to those of
Fig. 9-(d). This means that the vehicle behaves under-steer,
which is caused by the fact that the vehicle enters cornering
on low-friction roads without speed reduction. The large side-
slip angle can cause discomfort to passengers.

Fig. 13 shows the maximum absolute values of each mea-
sure for four cases with 4WS instead of 4WIS. Compared
with Fig. 12-(d), the side-slip angles of Method#2 were sig-
nificantly reduced with 4WS, as shown in Fig. 13-(d). This
is the main effect of 4WS over the other actuators [19].
This means that 4WS is preferred to 4WIS in terms of ride
comfort because large side-slip angle causes discomfort to
passengers. As shown in Fig. 13-(e), the lateral offset errors
of actuator combinations with 4WS gives nearly identical
values to one another. Moreover, these values are smaller than
those of 4WIS, as given in Fig. 12-(e). This means that there
are little differences among the actuator combinations, 4WS,
4WS+4WID, 4WS+4WIB, 4WS+4WID+4WIB, in terms
of the path tracking performance [17]. In summary, it is
recommended to use 4WS instead of 4WIS without 4WID
and 4WIB because 4WS is simple and cost-effective and can
give better path tracking performance on low-friction roads.

Table 3 shows the average values of measures of
4WIS and 4WS for all cases, which were calculated from
Figs 12 and 13. Table 4 shows the percentage reduction of
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FIGURE 12. Maximum absolute values of each measure for actuator
combinations with 4WIS.

average values of 4WS with respect to 4WIS for all cases,
which were calculated from Table 3. In these tables, SWA,
RefYR, YRError, SSA and LOE represent the steering wheel
angle, the reference yaw rate, the yaw rate error, the side-slip

FIGURE 13. Maximum absolute values of each measure for actuator
combinations with 4WS.

angle and the lateral offset error, respectively. As shown in
Table 3, the steering wheel angles and the reference yaw rates
of 4WS and 4WIS are nearly identical to each other. However,
the yaw rate errors, the side-slip angles and the lateral offset
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TABLE 4. Percentage reduction of average values of 4WS with respect to
4WIS for all cases.

errors of 4WS are much smaller than those of 4WIS. This
fact can be checked in Table 4. As shown in Table 4, the yaw
rate errors and the side-slip angles of 4WS were reduced over
50% to those of 4WIS. The lateral offset error of 4WS were
reduced over 25% to those of 4WIS. From these results, it can
be concluded that 4WS is preferred to 4WIS in terms of the
side-slip angle and the lateral offset error.

V. CONCLUSION
In this paper, the path tracking controller was designed for
an in-wheel motor-driven electric vehicle with 4WIS, 4WID
and 4WIB systems. The path tracking control problem is
converted into the yaw rate tracking one. To derive the ref-
erence yaw rate, the pure pursuit and the path based methods
were adopted. By using those methods, the drawbacks of the
error dynamics based method can be avoided. For yaw rate
tracking control, a direct yaw moment control was adopted
to calculate the control yawmoment. To distribute the control
yaw moment into tire forces generated by 4WIS, 4WID and
4WIB, the control allocation method, WPCA, was adopted.
In WPCA, several actuator combinations were represented
by corresponding vectors of virtual weights in the objective
function of WPCA. The proposed method was implemented
on MATLAB/Simulink and CarSim. Simulation was con-
ducted to verify the performance of the proposed method.
From the simulation results, it was shown that the proposed
method is effective when improving the path tracking per-
formance, and that 4WID and 4WIB have little effects on
the control performance of 4WS or 4WIS regardless of tire-
road friction. Moreover, it was also shown from the simu-
lation results that 4WS is preferred to 4WIS regardless of
tire-road friction and any actuator combinations in terms of
ride comfort because it can control the vehicle with 50%
smaller side-slip angle and 25% smaller lateral offset error
than 4WIS. Hence, it can be concluded that 4WS itself is
quite effective for path tracking control and ride comfort.
The drawback of the proposed method is that it cannot be
applied when the vehicle speed is very low. Therefore, further
research will include a path tracking control with 4WS or
4WIS at low speeds below 3m/s.
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