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ABSTRACT Hybrid beamforming is an attractive solution to build cost-effective and energy-efficient
transceivers for millimeter-wave and terahertz systems. However, conventional hybrid beamforming tech-
niques rely on analog components that generate a frequency flat response such as phase-shifters and switches,
which limits the flexibility of the achievable beam patterns. As a novel alternative, this paper proposes a new
class of hybrid beamforming called Joint phase-time arrays (JPTA), that additionally use true-time delay
elements in the analog beamforming to create frequency-dependent analog beams. Using as an example two
important frequency-dependent beam behaviors, the numerous benefits of such flexibility are exemplified.
Subsequently, the JPTA beamformer design problem to generate any desired beam behavior is formulated
and near-optimal algorithms to the problem are proposed. Simulations show that the proposed algorithms
can outperform heuristics solutions for JPTA beamformer update. Furthermore, it is shown that JPTA can
achieve the two exemplified beam behaviors with one radio-frequency chain, while conventional hybrid
beamforming requires the radio-frequency chains to scale with the number of antennas to achieve similar
performance. Finally, a wide range of problems to further tap into the potential of JPTA are also listed as
future directions.

INDEX TERMS Millimeter-wave, terahertz, true time delay, beamforming, JPTA, beyond 5G, 6G.

I. INTRODUCTION
Due to the rising demand for traffic, wireless systems are
moving towards higher frequency of operation, such as
millimeter-wave (mm-wave) and terahertz (THz) frequen-
cies, where abundant spectrum is available [1]. However, the
higher frequencies also suffer from a high isotropic channel
propagation loss, and therefore require a large antenna array
to create sufficient beamforming gain to ensure sufficient
link budget for operation. Thus, these high frequency sys-
tems are usually built with a massive antenna array at the
transmitter (TX) and/or the receiver (RX) containing many
individual antenna elements. At the operating bandwidths of
these mm-wave and THz systems, the cost and power con-
sumption of radio-frequency (RF) chain components such as
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analog-to-digital converters (ADCs) and/or digital-to-analog
converters (DACs) also grows tremendously [2]. Thus fully
digital transceiver implementations, where each antenna ele-
ment of the massive array is fed by a dedicated RF chain, are
very challenging. To keep the hardware cost and power con-
sumption of such massive antenna arrays manageable, typ-
ically a hybrid beamforming (HBF) architecture is adopted
where the antenna array is fed with a much smaller num-
ber of RF chains via the use of analog hardware such as
phase-shifters and switches [3]–[6].

A plethora of HBF architectures have been proposed in lit-
erature that use as analog hardware: phase-shifters [7]–[11],
switches [12]–[14], a combination of phase-shifters and
switches [3], [15], [16], Rotman lens [17], [18] etc. A vari-
ety of ways of connecting the analog hardware to the
antenna elements have also been explored such as fully-
connected [7], [8], [19], partially-connected [20], dynamic
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architectures [16], [21] etc. In such architectures, a combina-
tion of beamforming in the digital-domain using RF chains,
and in the analog-domain (using phase-shifters or switches)
are used to create the overall desired beam-shape in the
desired direction. One of the drawbacks of such conven-
tional HBF architectures is that the analog phase-shifters and
switches have a frequency-flat response,1 i.e., all components
of the input signal frequency undergo a similar transformation
after passing through them. This reduces the flexibility of
the effective beam-shape that can be created using HBF,
in comparison to fully-digital implementations where each
antenna array is fed with a dedicated RF chain. For example,
in HBF with 1 RF chain, all signal frequencies experience
the same beam shape, and thus serving different locations
on different frequency sub-bands with good beamforming
gain is infeasible. The impact of this drawback is further
exacerbated at the mm-wave and THz frequencies, where the
frequency-dependent beam shapes are beneficial for many
applications such as coverage extension, efficient uplink con-
trol channel realization, beam-tracking, initial access, fre-
quency multiplexing of users etc, as shall be detailed in
Section II.2

In this work, we propose a new class of hybrid architectures
called Joint phase-time arrays (JPTA) that uses, in addition
to the aforementioned frequency-flat analog hardware, true-
time delay (TTD) elements, to perform the analog beamform-
ing. Unlike switches and phase-shifters, TTDs can realize a
frequency-dependent phase-shift, i.e., different components
of the input signal frequency undergo different transforma-
tions after passing through them. This allows the effective
analog beam shape created by JPTA to vary with the fre-
quency of the signal, thus removing the draw-back of con-
ventional HBF of only realizing frequency-flat analog beams.
As shall be shown in Section II this can be beneficial for many
applications. In recent times, significant progress has been
made in the implementation of tunable TTDs [22], [23] that
use either optical components [24], [25] or CMOS compo-
nents operating at base-band [26]–[28], cm-wave [29], [30]
or mm-wave [31] frequencies. From a system perspective, the
use of TTDs in wide-band multi-antenna systems to prevent
beam-squinting effects by creating unidirectional, frequency-
flat beams was explored in [32]–[35]. The use of TTDs to
reduce beam training overhead in multi-antenna systems by
creating a rainbow beam-pattern is considered in [36]–[40].
Finally, the use of TTDs for low-latency channel access by
creating a rainbow beam-pattern is considered in [41], [42],
and the use of multiple RF chains to create multiple such
rainbow beam-patterns is considered in [43].

1Strictly speaking, the beam squint phenomenon in the HBF is also
frequency-dependent. However, the angular dispersion in the frequency
domain due to the beam squint is relatively small and, more importantly,
cannot be adaptively controlled which is the requirement considered in this
paper.

2Conventional HBF architectures can still realize frequency-dependent
beam variation using digital beamforming. However this needs multiple RF
chains (as shall be shown in Section VIII), which increases cost and power
consumption.

Although the aforementioned works have considered
several different use cases of TTDs in multi-antenna sys-
tems, they focus on realizing a specific type of beam-
pattern, e.g. a uni-directional beam-pattern or a rainbow
beam-pattern, and use a specific TTD architecture. The use
of TTDs to realize a new class of hybrid beamforming
architectures, viz. JPTA, that can realize different desirable
frequency-dependent beam variations has not been explored
before. Furthermore, a generic architecture for connecting the
TTDs to the antenna elements and the generic beamformer
design problem have not been explored before. The contribu-
tions of this paper are as follows:

• We propose a new type of architecture (JPTA) that can
realize frequency-dependent analog beamforming.

• We formulate the JPTA beamformer design problem
to adapt the TTDs and phase-shifters to achieve the
desired frequency-dependent analog beams, and pro-
pose an algorithm to find near-optimal solutions to this
problem.

• We pick two important desirable beam behaviors that
have many use cases, and present good heuristic solu-
tions to the beamformer design problem for these behav-
iors to serve as baseline.

• We perform a detailed investigation on the ability of
JPTA to achieve these beam behaviors under various
system parameter settings.

• Wealso perform an investigation of howmanyRF chains
are required by conventional HBF solutions to replicate
similar beam behavior as JPTA with one RF chain, and
compare the resulting hardware costs.

• Finally, we also enumerate other potential use-cases and
future directions for the proposed JPTA architecture.

The organization of the paper is as follows: benefits of
frequency-dependent beam variations are exemplified in
Section II, the system model is discussed in Section III; the
optimal design of the analog hardware is formulated in IV; the
proposed algorithm is described in Section V and some base-
line heuristics for comparison are proposed in Section VI; the
efficacy of JPTA to achieve different beam behaviors under
varying system parameters is discussed in Section VII and
the comparison to conventional HBF is listed in Section VIII;
the future directions are discussed in Section IX and the
conclusions are summarized in Section X.

Notation: scalars are represented by light-case letters; vec-
tors and matrices by bold-case letters; and sets by light-case
calligraphic letters. Additionally, j =

√
−1, AT is the

transpose of a matrix A, A∗ is the element-wise com-
plex conjugate of a matrix A, A† is the Hermitian trans-
pose of a matrix A (i.e., A†

= [AT]
∗
). The element

in i-th row and j-th column of the matrix A is denoted
by [A]i,j. Furthermore, [a]m represents the m-th element
of a vector a, ‖a‖ represents the `2 norm of a vector a,
ea represents the element-wise exponentiation of a vector
a, 6 a represents the vector of element-wise phase angles
of a vector a. Furthermore, Re{·} and Im{·} refer to the
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element-wise real and imaginary components, respectively,
of a vector or scalar, N is the set of natural numbers and
O(a) is the big-O notation implying that the parameter scales
linearly with a.

II. DESIRED BEAM-BEHAVIORS AND THEIR
APPLICATIONS
In this section, we consider two important frequency-
dependent beam-behaviors that have multiple applications
for mm-wave and THz systems. Other potentially useful
behaviors are discussed briefly later in Section IX. Note
that a ‘similar effect’ to any frequency-dependent beamform-
ing can be realized with conventional frequency-flat beam-
forming by time-multiplexing over multiple frequency-flat
beams. However, this time multiplexing can have a large
overhead, can suffer from a larger latency and can also be
spectrally-inefficient, as discussed in the example scenarios
below.

A. BEHAVIOR 1
In this behavior, at any signal frequency f , the desired beam
creates the maximum possible array-gain in one angular
direction θ (f ). As f varies linearly over the system band-
width, the angular direction θ (f ) also sweeps linearly over
a certain angular region [θ0−1θ/2, θ0+1θ/2] as shown in
Fig. 1a. This beam behavior can be useful at a BS to reduce
the communication overhead, in scenarios where many users
are uniformly distributed in an angular region and require
simultaneous channel access for low-latency and low-data-
rate service in uplink and/or downlink. An example is the
physical uplink control channel (PUCCH) where all the users
that require channel access, to send HARQ-ACK (hybrid
automatic repeat request acknowledgement) and channel-
state information (CSI) reports, can be served simultane-
ously on different portions of the bandwidth. By avoiding
the need to time-multiplex beams to serve these users, this
can significantly reduce the PUCCH overhead. Additionally,
if this beam behavior is used for the physical downlink shared
channel (PDSCH), the required CSI feedback from each user
in the PUCCH is also reduced to that of one sub-band, fur-
ther reducing PUCCH overhead. This beam behavior is also
useful for uplink coverage extension – a crucial requirement
for mm-wave and THz systems. By allowing simultaneous
PUCCH and physical uplink shared channel (PUSCH) access
to multiple cell-edge users on different sub-bands, each user
can transmit uplink signals for a longer time, thus accumu-
lating more signal power to improve signal-to-noise ratio,
leading to cell coverage extension [44]. Finally, since such
a behavior can enable a BS to maintain a large beamforming
gain over a wide region on different sub-bands, it is benefi-
cial in beam-tracking and maintaining good link reliability
for a high velocity users, and also in significantly reducing
the overhead of cell discovery and initial beam alignment,
as considered in [36], [39] where it is referred to as rainbow
beamforming.

FIGURE 1. Illustration of the desired frequency-dependent beam shapes
and their applications.

B. BEHAVIOR 2
In this behavior, again, at any signal frequency f , it is desir-
able for the beam to create the maximum possible array-gain
in one angular direction θ (f ). However, here θ (f ) = θ1 for
the lower half of the signal bandwidth and another angle
θ (f ) = θ2 for the upper half bandwidth, as shown in Fig. 1b.
This behavior is useful in scenarios where the users are
sparsely distributed in the angular domain, and we wish to
provide service to multiple users simultaneously on different
portions of the large available system bandwidth. Such a
behavior is also useful, for example, when the BS supports
a large system bandwidth covering two sub-bands, while
each user device only supports operation on one sub-band
at a time, thus requiring scheduling of different users on
the lower and upper sub-bands. Other reasons may include
location-specific bandwidth availability to mitigate interfer-
ence to incumbents, exploiting multi-user diversity to counter
frequency-dependent fading etc.

III. SYSTEM MODEL
We consider a layout with a single base-station (BS) serv-
ing many users in its coverage area and operating with a
system bandwidth W around a center frequency f0. The BS
is assumed to have a uniform linear antenna array having
M elements, and only NRF = 1 RF chain.3 The antenna
spacing is half-wavelength at the center frequency f0. Each
of theM antennas has a dedicated phase-shifter, and they are
connected to the single RF chain via a network of N ≤ M
TTDs as shown in Fig. 2. Here P is a fixed M × N mapping
matrix, where each rowm has exactly one non-zero entry and
determines which of the N TTDs antenna m is connected to.
The TTDs are assumed to be configurable, with a delay vari-
ation range of 0 ≤ τ ≤ κ/W , where κ is a design parameter
to be selected. The phase-shifters are assumed to have unit

3The presented results can be directly extended to planar array configura-
tions. Extensions that consider multiple RF chains will be explored in future
work.
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FIGURE 2. Illustration of the BS JPTA architecture with 1 RF chain and
single phase-shifter per antenna element.

magnitude and have arbitrarily reconfigurable phase −π ≤
φ < π . Transmission in both uplink and downlink directions
is performed using OFDM with K subcarriers indexed as
K = {b 1−K2 c, . . . , b

K−1
2 c}. Then, the M × 1 downlink TX

signal on sub-carrier k ∈ K for a representative OFDM
symbol can be expressed as:

xk =
1
√
M


ejφ1 0 . . . 0
0 ejφ2 . . . 0
...

...
. . .

...

0 0 . . . ejφM


︸ ︷︷ ︸

T

P


e−j2π fkτ1

e−j2π fkτ2
...

e−j2π fkτN


︸ ︷︷ ︸

dk
×αksk

= TPdkαksk , (1)

where sk and αk are the scalar data and digital beamforming
on the k-th subcarrier, fk is the frequency of the k-th sub-
carrier (including the carrier frequency), τn is the delay of the
n-th TTD andφm is the phase of them phase-shifter connected
to the m-th antenna. Note that from (1) the total transmit
power of the BS can be given by Psum =

∑
k∈K |αk |

2.
Note that for this JPTA architecture, the effective downlink
unit-norm analog beamformer on sub-carrier k is TPdk ,
where the M × M diagonal matrix T captures the effect of
phase-shifters and the N × 1 vector dk captures the effect
of TTDs. It can be shown that the same beamformer is also
applicable at the BS for uplink scenario. For a target desired
beam-behavior, we shall also assume knowledge of the
desiredM×1 beamforming vector as a function of sub-carrier
index as: B = {bk |k ∈ K}, that satisfies

∑
k∈K ‖bk‖

2
≤

Psum. For example, for beam behavior 1 in Section II, this
desired target beam is: bk =

√
Psum/MKak

(
θ0 + k1θ/K

)
and for beam behavior 2, we have bk =

√
Psum/MKak

(
θ1
)

for k < 0 and bk =
√
Psum/MKak

(
θ2
)
for k ≥ 0, where

ak (θ ) is the array response vector at the BS for a given angle
θ given by:

ak (θ ) =
[
1 ej

π sin(θ )fk
f0 . . . e

j (M−1)π sin(θ)fk
f0

]T
. (2)

Note that here the array response vector ak (θ ) is a function of
k since we do not ignore the beam-squint effects [27], [32],
[34] which can be significant in wide-band systems.

IV. PROBLEM FORMULATION
For a given set of JPTA parameters α , {αk |k ∈ K}, τ ,
{τn|1 ≤ n ≤ N }, φ , {φm|1 ≤ m ≤ M}, we quantify the
matching to the desired beamformer B as:

F̃obj(α, τ ,φ,B) =
∑
k∈K

1
K

[
(‖bk‖ − |αk |)2

+ωk

∥∥∥∥ bk
‖bk‖

− TPdkej
6 αk

∥∥∥∥2], (3)

where ωk is an arbitrary non-negative, sub-carrier weighting
function. Some candidate choices for ωk include: ωk = 1,
ωk = ‖bk‖2, ωk = ‖bk‖2

/(
1+ ‖bk‖2

)
, etc. In (3), the

first term of F̃obj(·) takes care of matching the desired power
allocation, while the second term is used to design the analog
precoding. Note that this objective is different from the least
squares metric:

∑
k∈K ‖bk − TPdkαk‖2/K used in conven-

tional HBF design [8], and is chosen since it achieves better
fairness across the sub-carriers. Noting that ‖TPdk‖ = 1,
the design of the JPTA analog beamformer that minimizes
F̃obj(·) is given by:

τ ◦,φ◦, 6 α◦

= argmax
τ ,φ, 6 α

{∑
k∈K

ωkRe
[
ej
6 αk b̄†kTPdk

]}
, (4)

where we define b̄k , bk/‖bk‖ and 6 α , {6 αk |k ∈ K}
and use ◦ to indicate optimality of the result. In the rest of
the paper, without loss of generality, for (4) we shall use the
search ranges − κ

2W ≤ τn ≤
κ
2W , −π ≤ φm ≤ π and

−π ≤ 6 αk ≤ π . The final TTD values in range [0, κ/W ] can
then simply be obtained by using τn← τn−min1≤n̄≤N {τn̄} –
a step which doesn’t affect optimality and which shall be
assumed to be implicitly performed at the end. Similarly, the
optimal JPTA digital power allocation |α| , {|αk ||k ∈ K}
that minimizes F̃obj(·) is given by:

|α|◦ = argmin
|α|

{∑
k∈K

1
K
(‖bk‖ − |αk |)2

}
, (5)

subject to
∑

k∈K |αk |
2
≤ Psum, where we use ◦ to indicate

the optimality of the result.4

V. DIGITAL AND ANALOG PRECODER DESIGN
Since the desired beamformer set {bk |k ∈ K} satisfies the
power constraint,

∑
k∈K ‖bk‖

2
≤ Psum, the optimal solution

to (5) is |αk |◦ = ‖bk‖. Unfortunately, however, finding
the joint optimal solution to φ, τ , 6 α that maximizes (4)
is intractable. Therefore, we consider an alternating opti-
mization approach where we find the conditionally optimal
φ, τ for a given 6 α and vice-versa. By iterating over these
optimizations for a few steps, the JPTA approximation to
the desired beamformer can be obtained. For a given set

4Note that if the channel coefficients are known, a final update to this
digital power allocation can be made based on the the analog precoding, for
e.g., via water-filling.
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of digital-beamforming phases 6 α the optimal JPTA analog
precoder can be obtained as:

τ ◦( 6 α),φ◦(6 α) = argmax
τ ,φ

{
∑
k∈K

ωkRe
[
ej
6 αk b̄†kTPdk

] }
. (6)

Using the expressions for T and dk from (1), it can be shown
that (6) can be decoupled for each TTD n. For any TTD
n ∈ {1, . . . ,N } let us define the set of antenna elements (and
phase-shifters) connected to it be represented by Mn. Then
(6) can be decoupled into N optimization problems with the
n-th one being:

τ ◦n (6 α), {φ
◦
m( 6 α)|m ∈Mn}

= argmax
τn,{φm|m∈Mn}

{
∑
k∈K

∑
m∈Mn

ωkRe
[
ej
6 αk [b̄k ]

∗

me
jφme−j2π fkτn

] }
. (7)

The optimal solution to (7) for any n and m ∈ Mn can be
easily shown to be:

τ ◦n ( 6 α) = argmax
τn

{
∑

m∈Mn

∣∣∣∣∣∑
k∈K

ωkej
6 αk [b̄k ]

∗

me
−j2π fkτn

∣∣∣∣∣
}

(8a)

φ◦m( 6 α) = 6

[∑
k∈K

ωke−j
6 αk [b̄k ]me

j2π fkτ ◦n

]
. (8b)

Note that although (8a) is not in closed form, it can be solved
using a line-search over all values of τn within the candidate
range: 0 ≤ τn ≤ κ/W . Alternatively. we have the following
lemma:
Lemma 1: An approximate closed-form solution to (8a)

can be obtained, by solving as a first step, the following
unconstrained weighted least squares (wLS) problem:

τ ◦n (6 α) = argmin
τn

min
{φm|m∈Mn}

{ ∑
m∈Mn

∑
k∈K

ωk

×
∣∣[b̄k ]m∣∣[2π fkτn−φm+U

(
6 [b̄k ]m − 6 αk

)]2}
,

(9)

where U (·) is the phase unwrapping function that for each
k adds integer shifts of 2π to the argument to ensure that
phase-difference between adjacent sub-carriers satisfies:∣∣∣U (

6 [b̄k ]m − 6 αk
)
−U

(
6 [b̄k−1]m − 6 αk−1

)∣∣∣ ≤ π
And then as a second step, performing clipping operations:

τn = mod
{
τn +

K
2W

,
K
W

}
−

K
2W

, (10a)

τn = max
{
min

{
τn,

κ

2W

}
,−

κ

2W

}
. (10b)

Proof: See Appendix A. �
Next, for a given φ, τ , the optimal solution to 6 α in (4) can

be found as:

6 αk = 6

 N∑
n=1

∑
m∈Mn

[b̄k ]me
−jφmej2π fkτn

 . (11)

Now using (8a), (8b) and (11) recursively, we can design the
JPTA analog beamformer. This iterative approach is summa-
rized in Algorithm 1, where we also use an intermediate step
of adding a constant offset to all the TTD values to push
them to the middle of the ‘feasible’ range. It can be verified
that removing a common offset τ̄ from all the TTDs doesn’t
affect the optimality of the solution {τn|1 ≤ n ≤ N } since
the change in JPTA beamformer phase can be countered by
adding 6 αk ← 6 αk + 2π fk τ̄ . Note that in this work we have

Algorithm 1 Iterative Optimization of τ, φ, 6 α
Given: bk for k ∈ K
Compute |αk | = ‖bk‖ for each k ∈ K.
Compute b̄k , bk/‖bk‖ for each k ∈ K.
Initialize 6 αk = 0 for each k ∈ K.
for i = 1 : 1 : max-iter do
% Optimize τ, φ for given 6 α
for n = 1 : 1 : N do
Compute τn using either (8a) or Lemma 1.
Compute φm using (8b) for each m ∈Mn.

end for
% Push τ to center of the allowed range.
τmin = minn{τn}
τmax = maxn{τn}
τ̄ = max

{
min

{∑
n
τn
N ,

κ
2W + τmin

}
, τmax −

κ
2W

}
Set τn← τn − τ̄ for each n.
Set 6 αk ← 6 αk + 2π fk τ̄ for each k ∈ K
% Optimize 6 α for given τ, φ
for k ∈ K do
Compute 6 αk using (11).

end for
end for
Return values of {τn|1 ≤ n ≤ N }, {φm|1 ≤ m ≤ M} and
{αk |k ∈ K}.

considered a continuous TTD range of 0 ≤ τn ≤ κ/W . If we
consider a discrete set of feasible values for TTDs, we have
the following remark:
Remark 1: If the TTD feasible range is a discrete set, (8a)

can be solved by a line-search over the discrete set. Due to the
convexity of the objective, (9) can be solved by first obtaining
the TTD solution considering a continuous TTD range, and
then rounding it to the nearest discrete value.

VI. BASELINE ALGORITHMS
In this section, we propose some simple heuristic designs
of JPTA parameters to realize beam behaviors 1 and 2.
While providing closed-form (unlike Algorithm 1) solutions
for these beam behaviors, they also serve as baselines to
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evaluate the efficacy of Algorithm 1. However, it should
be emphasized that unlike these heuristics, Algorithm 1 can
approximate any desired beam behavior {bk |k ∈ K} as shall
also be shown in Section IX.

1) BEHAVIOR 1
For beam behavior 1, we have:

[b̄k ]m = e
jπm sin

(
θ1+

k
K 1θ

)
fk/f0

/
√
M ,

which has an ‘almost’ linear phase variation as a function
of k with a slope of: mπ [sin(θ0 + 1θ

2 )fmax − sin(θ0 −
1θ
2 )fmin]/(Wf0), where fmax , fb(K−1)/2c, fmin , fb(1−K )/2c
and W = fmax − fmin is the system bandwidth. This linear
phase-variation can be realized using a TTD. Since all anten-
nas in set Mn share the same TTD τn, we take the mean of
the phase-variation slopes for these antennas to compute the
value of τn. The phase-shifts φm are then set to ensure an exact
match to [b̄k ]m at the center sub-carrier k = 0. This algorithm
is summarized in Algorithm 2.5

2) BEHAVIOR 2
For beam behavior 2, note that:

[b̄k ]m =

{
ejπm sin(θ1)fk/f0/

√
M for k < 0

ejπm sin(θ2)fk/f0/
√
M for k ≥ 0

,

i.e., a ‘step-function’ like phase-variation is required with
k for each antenna m. Since such a sharp step-function
can’t achieved using TTDs, we design the TTDs to realize
a linear-phase approximation to this step function, that also
passes through the sum of the two array responses:

[̃b]m = [ejπm sin(θ2) + ejπm sin(θ2)]
/√

2M .

The slope of the linear-approximation is then given by:
36
[
[̃b]∗me

jπm sin(θ2)fk/f0
]
/W . Since all antennas in set Mn

share the same TTD τn, we take the mean of the
phase-variation slopes for these antennas to compute the
value of τn. The phase-shifts φm are set to ensure that at
k = 0 the beam shape is aligned with b̃. This algorithm
is summarized in Algorithm 3. Based on the heuristic algo-
rithms we also have the following remark:
Remark 2: The maximum TTD delays required to real-

ize beam-behaviors 1 and 2 using the heuristic solutions
in Algorithms 2 and 3 (without the need for clipping) are:
M | sin(1θ/2)|/W and 3/W, respectively.

In other words, the required TTD range scales linearly with
number of antennas M for behavior 1 but doesn’t scale with
M for behavior 2.

VII. SIMULATION RESULTS
For simulations we consider the downlink of a THz sys-
tem, operating at a carrier frequency of 100 GHz and
OFDM modulation with K = 2048 sub-carriers indexed as

5This algorithm can be interpreted as a generalization of the heuristic
proposed in [34], [37], [39].

Algorithm 2 Heuristic Solution for Behavior 1
Given θ0,1θ .
Compute |αk | =

√
Psum/K for each k ∈ K.

Define fmax , fb(K−1)/2c, fmin , fb(1−K )/2c
for n = 1 : 1 : N do
τn =

∑
m∈Mn

m[sin(θ0−1θ2 )fmin−sin(θ0+1θ2 )fmax]
2Wf0|Mn|

.
end for
Set τ̄ =

∑N
n=1 τn/N .

Set τn← τn − τ̄ for each n.
Set τn← min

{
max{τn,− κ

2W },
κ
2W

}
for each n

for n = 1 : 1 : N do
for m ∈Mn do
φm = π (m− 1) sin(θ0)+ 2π f0τn.
φm← mod {φm + π, 2π} − π .

end for
end for
for k ∈ K do
Compute 6 αk using (11).

end for
Return values of {τn|1 ≤ n ≤ N }, {φm|1 ≤ m ≤ M} and
{αk |k ∈ K}.

Algorithm 3 Heuristic Solution for Behavior 2
Given θ1, θ2.
Compute |αk | =

√
Psum/K for each k ∈ K.

[̃b]m = [ejπm sin(θ2) + ejπm sin(θ2)]
/√

2M .
for n = 1 : 1 : N do
τn =

−3
2πW

6

(∑
m∈Mn

[̃b]∗me
jπm sin(θ2)fbK/3c/f0

)
.

end for
Set τ̄ =

∑N
n=1 τn/N .

Set τn← τn − τ̄ for each n.
Set τn← min

{
max{τn,− κ

2W },
κ
2W

}
for each n.

for n = 1 : 1 : N do
for m ∈Mn do
φm = 6 [̃b]m + 2π f0τn.
φm← mod {φm + π, 2π} − π .

end for
end for
for k ∈ K do
Compute 6 αk using (11).

end for
Return values of {τn|1 ≤ n ≤ N }, {φm|1 ≤ m ≤ M} and
{αk |k ∈ K}.

K = {−1024, . . . , 1023}. The system bandwidth is set to
W = 10 GHz with the sub-carrier frequencies set as: fk =
100 + 10k/K GHz.6 The BS has half-wavelength-spaced
(at 100GHz) uniform linear array with N = 64 antenna
elements. The BS has a JPTA architecture with one RF chain,
N ≤ M TTDs andM phase-shifters, and the mapping matrix
P is such that we have Mn = {m ∈ N|(n − 1)M/N < m ≤
nM/N }. This connection structure is illustrated in Fig. 3. Note

6The impact of cyclic prefix on bandwidth is ignored here for convenience.
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FIGURE 3. Illustration of the proposed architecture for the mapping
matrix P. In these figures, each TTD is connected to M̄ = M/N antennas.

that this allows adjacent antenna elements to share the same
TTD when N < M , which makes hardware routing easier.
Several other architectures with varying complexity that are
well suited for different beam-behaviors, a few of which are
discussed later in Section IX. For emulating behavior 1 and 2,
we use the parameters θ0 = π/6, 1θ = π/4, θ1 = −π/4,
θ2 = π/6. For all the results in this section, we set the
sub-carrier weights as: ωk = 1 for all k ∈ K.
First we consider the optimistic scenario with one TTD

per antenna N = M and a large adjustable TTD range
κ = M (this implies an TTD adjustable range [0, 6.4] ns). For
this case, the achieved beamforming gain with JPTA using
Algorithm 1 are compared to the ideal beamformers {b̄k |k ∈
K} in Fig. 4. As can be seen from the results, JPTA with
abundant TTDs and a large adjustable range can accurately
achieve the desired beam behavior 1. For behavior 2, although
the desired sharp transition cannot be achieved, we indeed
observe that the main beam lobe switches from one angle to
another gradually, achieving the desired behavior. Since (5)
can be solved exactly, in the rest of the section we shall use
the objective in (4), i.e.,

Fobj =
∑
k∈K

ωk

∣∣∣b̄†kTPdk ∣∣∣/∑
k̄∈K

ωk̄ , (12)

to quantify the ‘goodness of fit’ between JPTA beamforming
and the desired behavior B.

In Fig. 5, we study the impact of reducing the number
of TTDs N on Fobj for both beam behavior 1 and 2. Here
we also include a comparison to the heuristic designs in
Algorithm 2 and 3. As can be observed from the results,
Algorithm 1 can outperform the heuristic methods for all
values of N . In addition, we observe that the use of Lemma 1
in Algorithm 1 reduces the computational complexity signif-
icantly, albeit with a negligibly small drop in Fobj. It can
also be observed that, in its proposed architecture, JPTA
can replicate behavior 1 more accurately than behavior 2.
However, behavior 2 is more robust to reducing the number
of TTDs N in comparison to behavior 1.
Next in Fig. 6, we study the impact of varying the

adjustable range of the TTDs κ on beam behavior 1 and 2.

FIGURE 4. Illustration of the array gain: |ak (θ)†TPdk |
2, achievable with

JPTA beamforming with Algorithm 1 (with (8a)) to replicate beam
behaviors 1 (θ0 = π/6, 1θ = π/4) and behavior 2 (θ1 = −π/4, θ2 = π/6).
Here we use max-iter = 10 for Algorithm 1.

As can be observed from the results, Algorithm 1 can out-
perform the heuristic methods for all values of κ . In addition,
we observe that the use of Lemma 1 in Algorithm 1 reduces
the computational complexity significantly, albeit with a neg-
ligibly small drop in Fobj. From the results, we also observe
that Fobj saturates beyond a value of κ = M sin(1θ ) for
behavior 1 and κ = 2 for behavior 2, which is in alignment
with Remark 2.
Finally, we study the convergence speed of Algorithm 1 as

a function of the number of iterations max-iter. Let us define
Fobj(i) to be the value in (12) achieved with max-iter = i in
Algorithm 1. In Fig. 7, the we plot the mean, 10th percentile
and 90th percentile values of Fobj(i)/Fobj(30), where the
statistics are computed over many different realizations of
κ,N , θ0,1θ for behavior 1 and κ,N , θ1, θ2 for behavior 2.
As can be seen from the results, max-iter = 10 is sufficient
to ensure Algorithm 1 converges for both beam behaviors,
although convergence is faster for beam-behavior 2.7

VIII. JPTA VERSUS CONVENTIONAL HBF
In conventional HBF, while the analog hardware compo-
nents have a frequency-flat response, frequency-dependent
beamforming can still be realized in the digital domain by
usingmultiple RF chains. Therefore, for comparison to JPTA,
in this section we study how many RF chains are required to
emulate the beam behaviors in Section II using conventional
HBF structures. In particular, we consider twoHBF structures
shown in FIGURE 8:

1) Fully-connected (FC) structure: In this architecture,
each antenna is connected to each RF chain via a

7Although we initialize 6 αk = 0 in Algorithm 1 to get these results,
similar convergence was also observed for other random initializations.
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FIGURE 5. Illustration of the objective Fobj achievable with JPTA under
different design algorithms, with varying number of TTDs used. Here we
use max-iter = 10 for Algorithm 1.

dedicated phase-shifter, thus requiring NRF RF chains
and NRFM phase-shifters.

2) Partially-connected (PC) structure: In this structure, the
whole antenna array is equally divided into NRF sub-
arrays, with antenna elements M̃n =

{
m ∈ N

∣∣(n −
1)M/NRF < m ≤ nM/NRF

}
, being connected to the

n-th RF chain. This structure requires NRF RF chains
and M phase-shifters.

It is worth highlighting that the main benefit of multiple
RF chains, i.e., spatial multiplexing, is not exploited when
emulating such behaviors 1 and 2. In addition, the hardware
cost and power consumption associated with JPTA with 1 RF
chain is much lower than that of HBF with multiple RF
chains. Finally, JPTA can also potentially be used in com-
bination with multiple RF chains. Thus this study may not
be a true apples-to-apples comparison between JPTA and
conventional HBF.

FIGURE 6. Illustration of the objective Fobj achievable with JPTA under
different design algorithms, with varying TTD range τn ∈ [0, κ/W ]. Here
we use max-iter = 10 for Algorithm 1.

3) FULLY-CONNECTED STRUCTURE (HBF-FC)
To emulate a desired beam behavior B with HBF-FC, we for-
mulate the beamformer design problem as:

min
FRF,fBB,k

∑
k∈K

∥∥bk − FRFfBB,k
∥∥2
F

s.t.
∣∣[FRF]i,j

∣∣ = 1,∀i, j,∑
k∈K

∥∥FRFfBB,k
∥∥2 = Psum, (13)

where FRF ∈ CM×NRF is the phase-shifter-based analog
beamforming matrix which is the same across the subcarri-
ers, and fBB,k ∈ CNRF×1 is the digital beamforming vector
at the k-th subcarrier. By stacking the desired beamformer
in a single matrix B ,

[
bb(1−K )/2c, · · · ,bb(K−1)/2c

]
∈

CM×K , and the digital beamforming in a single matrix
FBB ,

[
fBB,b(1−K )/2c, · · · , fBB,b(K−1)/2c

]
∈ CNRF×K , the
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FIGURE 7. Illustration of convergence speed of Algorithm 1 versus
max-iter. Results show statistics of Fobj(i )/Fobj(30) computed over
many different random realizations of beam parameters and JPTA
components.

FIGURE 8. Illustration of two conventional HBF architectures.

optimization problem can be re-written as:

min
FRF,FBB

‖B− FRFFBB‖
2
F

s.t.
∣∣[FRF]i,j

∣∣ = 1,∀i, j,

‖FRFFBB‖
2
F = Psum. (14)

The optimization problem in (14) has the same form as the
one formulated in [8, Eqn. (15)], with the only difference
being that each column of B stands for one beamformer in

FIGURE 9. Illustration of the array gain achievable with HBF-FC and
HBF-PC when emulating behavior 1 (with θ0 = π/6, 1θ = π/4) and
behavior 2 (with (θ1 = −π/4, θ2 = π/6)).

the frequency domain. Consequently, the phase-extraction
alternating minimization (PE-AltMin) algorithm from [11]
can be adopted to find a local optimal solution.8

4) PARTIALLY-CONNECTED STRUCTURE
For the HBF-PC structure, the beamformer design problem is
similar to (14) with the additional constraints that [FRF]m,n =
0 for m 6= M̃n. We generate the analog and digital beam-
forming in an alternating minimization manner, the details of
which are skipped here for brevity.

For a transmitter with a M = 64 antenna elements, either
HBF-FC or HBF-PC structure, and similar signal parameters
as Section VII, the achievable array gain when emulating
behavior 1 (θ0 = π/6, 1θ = π/4) and behavior 2 (θ1 =
−π/4, θ2 = π/6) are illustrated in Fig. 9. By comparing to
Fig. 4, we observe that HBF can realize a sharper transition
of the beam pointing angle with frequency than JPTA, as also
reflected in theFobj value in Fig. 10. Next, the ability of HBF
to emulate behavior 1 and 2 as a function of NRF is studied
in Fig. 10. Here, for behavior 1, we illustrate two scenarios
with θ0 = π/6, 1θ = π/4 and θ0 = 0, 1θ = 2π/3,
respectively, while for behavior 2 we consider one scenario
with θ1 = −π/4, θ2 = π/6. As a reference, we also plot the
performance of JPTA with 1 RF chain and N = 64 TTDs.
As evident from the results, for these parameters, 22 RF
chains (behavior 1) and 2 RF chains (behavior 2), respectively
are required for HBF-FC to achieve similar performance
as JPTA. Similarly 32 RF chains (behavior 1) and 32 RF
chains (behavior 2), respectively are required for HBF-PC to
achieve similar performance as JPTA. With a larger number
of RF chains HBF can out-perform JPTA, albeit, at a huge

8We also tried the orthogonal matching pursuit (OMP) method proposed
in [8] and saw similar performance as PE-AltMin for our problem.
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FIGURE 10. Illustration of the objective Fobj (with ωk = 1) achievable
with HBF under different structures, with varying number of RF chains
used.

increase in hardware cost and energy consumption. It is worth
reiterating that JPTA can be used in conjunction with multiple
RF chains to give much better results, which will be explored
in future work. Finally, we also observe that the HBF-FC
structure can outperform the HBF-PC structure as expected.
Based on these and other experimental observations we also
have the following proposition for replicating behavior 1 with
HBF:
Proposition 1: To achieve behavior 1 with HBF-FC, the

required minimum number of RF chains is,

r ,
⌈
M
2

∣∣∣∣ sin(θ0 + 1θ2
) f
b
K−1
2 c

f0

− sin
(
θ0 −

1θ

2

) f
b
1−K
2 c

f0

∣∣∣∣⌉, (15)

while the required minimum number of RF chains for
HBF-PC is 2dlog2(r)e.

Proof: See Appendix B. �

TABLE 1. Required number of hardware components to realize both
behavior 1 and 2.

TABLE 2. Key metrics of transceiver components capable of operating at
f0 = 100 GHz and/or W = 10 GHz.

Note that this proposition implies that the required number
of RF chains to emulate these behaviors with conventional
HBF will grow linearly with the antenna array sizeM , unlike
with JPTA. A comparison of hardware components required
for these architectures are summarized below in Table 1.
Note that there are numerous proposed architectures for
phase-shifters and TTDs and thus a fair and comprehensive
comparison of their hardware costs is beyond the scope of this
paper. However, as a ball park, we also include a compar-
ison of the power consumption, insertion loss, and on-chip
area of some state-of-the-art implementations of a phase-
shifter, a TTD and an RF chain (which includes the mixer,
amplifier, and digital-to-analog converter etc.) in Table 2.
As observed from the results, research towards significantly
reducing TTD insertion loss is required to make them as
attractive analog-components as phase-shifters.

IX. FUTURE DIRECTIONS
Although this paper introduces the concept of JPTA and
proposes an algorithm for realizing a desired beam behav-
ior, it has to be emphasized that there is a vast range of
topics left to explore. For example, while this work high-
lights several potential use-cases of frequency-dependent
beamforming in Section II encompassing coverage exten-
sion, capacity enhancement and beam management effi-
ciency, such use-cases require further detailed investigation
via system-level analysis. In addition, this work only explores
a particular architecture for JPTA where each antenna is
connected to a single phase-shifter and TTD. Numerous other
multi-path or adaptive (using switches) structures are possi-
ble, as exemplified in Fig. 11, with varying levels of hardware
complexity. It is as of yet unclear what type of architecture
is most suitable for achieving a certain type of desired beam
behavior. Note that the proposed Algorithm 1 may be directly
applicable to several of these architectures. Similarly, the
present paper only considers the case with a single RF chain.
In practice, the transceiver may be equipped with multiple
RF chains and thus the JPTA design problem with multiple
RF chains and its achievable beam behaviors is an interesting
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FIGURE 11. Illustration of other potential architectures for JPTA that
involve L phase-shifters and TTDs for antenna.

FIGURE 12. Illustration of the ability of JPTA to form other complex beam
behaviors. Here we use Algorithm 1 with (8a) and max-iter = 10.

problem to explore. The TTD components may also suffer
from hardware impairments, as listed in [39], whose impact
requires further analysis.

Further, note that the analysis in the paper assumes apriori
knowledge of desired beam at each frequency i.e., {bk |k ∈
K}. However in some applications any solution {bρ(k)|k ∈ K}
is also acceptable, where ρ : K → K is any bijection.
In other words, which sub-carriers provide good coverage
to each angle in the coverage area may not be important.
Additionally, there may be scenarios where for each sub-
carrier k a desired set of coverage angles {θk,1, . . . , θk,D} can
be provided instead of a desired beamformer bk . Generalizing

Algorithm 1 to cater to such scenarios is also an interesting
direction for further exploration.

Finally, since the concept of frequency-dependent beam-
forming is new, there is no clear consensus on what
frequency-dependent beam variations are desirable. In fact,
apart from the behaviors discussed in Section II, there can
be numerous other examples of desired beam shapes, such as
extension of behavior 2 to 3 angles {θ1, θ2, θ3}, designing a
wide coverage-beamwith a frequency dependent beam-width
to minimize co-channel interference on a sub-band etc.
An illustration of the potential of JPTA to form such beams
behaviors is depicted in Fig. 12. It is also worth exploring
what are the fundamental limitations on the achievable beam
behaviors with JPTA.

X. CONCLUSION
In this work we propose a new type of hybrid architec-
ture called joint phase-time arrays (JPTA) that can realize
frequency-dependent beamforming in the analog domain.
We also identify two important frequency dependent beam
behaviors 1 & 2, and listed their various use-cases. It was
also shown that the JPTA beamformer design problem can
be formulated as an iterative weighted least-squares mini-
mization problem and an algorithm was proposed to solve
it. Simulations have shown that JPTA can replicate beam
behavior 1 more accurately than behavior 2 and the pro-
posed algorithm can beat other baseline heuristics. We also
observe that the proposed iterative algorithm typically con-
verges within 10 iterations. From the analysis and results,
we also infer that for JPTA, the maximum delay to replicate
behavior 1 grows linearly asM/W while that of behavior 2 is
a constant set to 3/W . In addition, beam behavior 2 is more
robust to reduction in the number of TTDs than behavior 1.
We also infer that for conventional hybrid beamforming with
partially connected structure, approximately O(M ) RF chains
are required to replicate behavior 1 and 2, respectively, while
JPTA only requires one RF chain. Finally, we also conclude
that JPTA can have many different architectures, different
optimization objectives and can potentially realize other com-
plex beam behaviors, which can unleash the untapped poten-
tial of this newly proposed architecture.

APPENDIX A
Proof of Lemma 1: Here we make the assumption that
for given digital phases 6 α, with the optimal parameters
τ ◦n ( 6 α), φ

◦
m( 6 α) the JPTA beamformer can realize a close

approximation (modulo 2π ) to the phase angles associated
with the desired beam set, i.e., 6 [b̄k ]m for all 1 ≤ m ≤ M , k ∈
K. This implies that at the optimal solution we have for all
n ∈ {1, . . . ,N },m ∈Mn, k ∈ K:

−2π fkτn + φm
mod2
≈ 6 [b̄k ]m − 6 αk

⇒ −2π fkτn + φm ≈ U
(
6 [b̄k ]m − 6 αk

)
, (16)

where U (·) is the phase-unwrapping function as defined in
Lemma 1 and the second step follows from the fact that the
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left hand side:−2π fkτn+φm can only vary smoothly with k .
Therefore, in the vicinity of the optimal solution, (7) can be
rewritten as:

argmax
τn,{φm|m∈Mn}

{∑
k∈K

∑
m∈Mn

ωk
∣∣[b̄k ]m∣∣Re[ej[6 αk−6 [b̄k ]m+φm−2π fkτn]}

≈ argmax
τn,{φm|m∈Mn}

{∑
k∈K

∑
m∈Mn

ωk
∣∣[b̄k ]m∣∣

×

[
1−

(
φm − 2π fkτn −U

(
6 [b̄k ]m − 6 αk

)2]}
,

(17)

where (17) follows by taking the 2nd order Taylor expansion
of the ex term, which is accurate near the optimal solution
as per (16). For any 6 α, (17) is a bounded wLS problem in
|Mn| + 1 variables: τn, {φm|m ∈ Mn}, weights ωk |[b̄k ]m|
and a bound |τn| ≤ κ/(2W ). Due to the fact that τn and τn +
K/W yield the value of (8a), and from the concavity of the
objective in (17), it follows that this bounded wLS can be
solved by solving the unconstrained wLS problem and then
applying (10). Ignoring the constant terms in (17) we obtain
(9). Note that although {φm|m ∈Mn} can also be obtained as
a solution of (17), we still use prefer using (8b) in Lemma 1
since (8b) is in closed form and doesn’t depend on the Taylor
approximation.

APPENDIX B
Proof of Proposition 1:We first define a kind ofM×1 vector

g(�) , [1 ejπ� · · · ejπ�(M−1)]T . (18)

It can be easily shown that when |�1 −�2| =
2k
M where k is

a non-zero integer, g(�1)†g(�2) = 0 which means that g(�1)
is orthogonal to g(�2).
In the matrix B, the first column is equal to

g
(
sin
(
θ0 −

1θ
2

) fb 1−K2 c
fc

)
and the last column is equal to

g
(
sin
(
θ0 +

1θ
2

) fbK−12 c

fc

)
. Therefore, there are r columns

in the M × K matrix B who are orthogonal to each other.
We assume that K � M in this paper (e.g., K = 2048,
M = 64). The rank of B is thus no less than r .
On the other side, the rank of the hybrid beamforming

FRFFBB is restricted by NRF, since K � M ≥ NRF and
rank(PQ) ≤ min(rank(P), rank(Q)). To approximate well
the rank-r (or ≥ r) matrix B, NRF has to be no less than r .
Therefore, we obtain the lower bound of NRF for HBF-FC in
the proposition.

For the case of HBF-PC, the structure limitation only
increases the difficulties of the replication, and more RF
chains are therefore needed. In addition, we assume that the
number of RF in HBF-PC is 2q where q ≥ 1 is an integer.

Lastly, note that when the bandwidth is small, i.e.,
f
b
K−1
2 c

f0
≈ 1 and

f
b
1−K
2 c

f0
≈ 1, an approximation of r is,

r ≈
⌈
M
2

∣∣∣∣sin(θ0 + 1θ2
)
− sin

(
θ0 −

1θ

2

)∣∣∣∣⌉ . (19)
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