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ABSTRACT The problem of event-triggered fuzzy adaptive finite-time tracking for flexible hypersonic
flight vehicles is considered in this work. A new switching event-triggered mechanism is devised to mitigate
the unnecessary resources waste in the process of system communication and sampled data computation.
Compared with the traditional event-triggered mechanism, an exponential term with regard to tracking
error is introduced into the proposed switching event-triggered function, which significantly reduces the
frequencies of data transmission. To evade singularity issue typical of traditional recursive finite-time design
methods, we introduce a new piecewise switching controller whose continuity and differentiability are
ensured everywhere via an appropriate design. Stability of the proposed design is proved using asymmetric
barrier Lyapunov functions, which are devised to tackle the fact that the operating regions of the flight state
variables are asymmetric in actual engineering. Finally, comparative simulations are designed to illustrate
the effectiveness and superiority of the presented methodology.

INDEX TERMS Switching event-triggered mechanism, singularity-free design, hypersonic flight vehicle,
finite-time stability.

I. INTRODUCTION
In recent decades, hypersonic flight vehicles (HFVs)
equipped with air-breathing supersonic combustion ram-
jet (scramjets) have been widely researched owing to their
excellent advantages in flight speed, penetration ability, and
cost-effectiveness [1]–[4]. In order to reinforce the control
performance, tremendous advanced control schemes have
been resorted successively for HFVs dynamics, such as
sliding-mode control [5], robust control [6], fault-tolerant
control [7], and adaptive backstepping control [8]. However,
it is worth noting that most of the existing results [5]–[8]
can only realize infinite-time tracking, which implies that the
system tracking error converge into an user-defined compact
set when time goes to infinite. In view of high flight speed of
HFVs exceeding Mach 5, fast convergence rate is necessary
for hypersonic flight control.

To further enhance system convergence speed, the
so-called finite-time tracking control methodology has
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been skillfully developed for the nonstrict-feedback sys-
tems [9], nontriangular stochastic systems [10], discrete
time switched linear systems [11], and so on. To list a
few, the finite-time adaptive fuzzy decentralized control
problem is addressed in [9] for a class of interconnected
large scale nonstrict-feedback systems with output con-
straint. In [10], the stochastically finite-time control issue
is solved for a class of stochastic nontriangular systems.
The problems of finite-time extended dissipative analysis and
non-fragile tracking control are researched in [11] for uncer-
tain discrete-time systems in switched linear form. How-
ever, there exists an overlooked singularity issue in existing
results [9]–[11], derived from the fact that the corresponding
virtual and actual control laws designed at each step are
possibly non-differentiable, as the tracking error approaches
zero. Based on this, a singularity-free design going beyond
the available designs need to be sought to guarantee the
finite-time stability, while guaranteeing the controller to be
continuous and differentiable.

On the other hand, to mitigate the communication bur-
den while guaranteeing satisfactory control performance, the
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event-triggered control technique [12]–[16] has been receiv-
ing more and more attention gradually compared with the
classical periodic sampling control strategy. For example,
Xu and Ma [13] investigated event-triggered exponential
synchronization for a class of master-slave chaotic Lur’e
systems. The relative position coordinated control problem
is investigated in [14] for a class of uncertain spacecraft
formation system flying under an undirected communica-
tion graph. In [15], a distributed adaptive control method is
presented for a group of nonlinear systems under directed
communication condition with event-triggered communica-
tion strategy. On account of the fixed and relative thresh-
old strategy, Xing and Wen [16] propose a novel algorithm
called the switching threshold strategy. However, the switch-
ing event-triggered mechanism proposed in [16] do not syn-
thetically consider the effects of transient performances on
inter-execution intervals. To this end, it is necessary to fur-
ther develop a new error-dependent switching event-triggered
mechanism to further mitigate the unnecessary resources
waste in the process of system communication and sam-
pled data computation. Motivated by above observations, the
main contributions of this paper are listed in the following
three-folds:

1) In contrast to the existing event-triggered mech-
anism [12]–[16], we develop a new switching
event-triggered mechanism in the sense that introduc-
ing an exponential term with regard to tracking error
into the switching event-triggered function, reducing
the frequencies of data transmission significantly.

2) Different from traditional recursive finite-time design
methods [9]–[11], we skillfully avoid the potential sin-
gularity issue by introducing a piecewise switching
controller that guarantees the continuity and differen-
tiability everywhere via an appropriate design.

3) In addition to solving singularity issue, some sys-
tem states are constrained within some asymmetric
sets by using asymmetric barrier Lyapunov functions.
Remarkably, constrained flight state variables can also
preserve the validity of fuzzy logic systems.

The rest of this paper is arranged in the following organi-
zation. Section II gives the preliminaries and problem state-
ment. The finite-time fuzzy adaptive control design is devised
in Section III. Section IV as well as Appendix show the
stability analysis. Comparative simulations are provided in
Section V to illustrate the effectiveness and superiority of
the presentedmethodology. Section VI summarizes our paper
finally.

II. PRELIMINARIES AND PROBLEM STATEMENT
A. HFVs LONGITUDINAL DYNAMICS MODEL
The considered HFVs longitudinal dynamic can be formu-
lated as [17]–[19]:

V̇ =
T cos(θ − γ )− D

m
− g sin γ, (1)

ḣ = V sin γ, (2)

γ̇ =
L + T sin(θ − γ )

mV
−

g
V

cos γ, (3)

θ̇ = Q, (4)

Q̇ =
M + ψ̃1η̈1 + ψ̃2η̈2

Iyy
, (5)

k1η̈1 = −2ζ1ω1η̇1 − ω
2
1η1 + N1 − ψ̃1

M
Iyy
−
ψ̃1ψ̃2η̈2

Iyy
, (6)

k2η̈2 = −2ζ2ω2η̇2 − ω
2
2η2 + N2 − ψ̃2

M
Iyy
−
ψ̃2ψ̃1η̈1

Iyy
, (7)

where T , D, L,M , N1 and N2 are the thrust force, drag force,
lift force, pitching moment, the first generalized force, and
the second generalized force, respectively. The above forces
and moment are defined as:

T = β1(h, q̄)8α3+β2(h, q̄)α3+β3(h, q̄)8α2+β4(h, q̄)α2

+β5(h, q̄)8α + β6(h, q̄)α + β7(h, q̄)8+ β8(h, q̄) ,

D = q̄S
(
Cα

2

D α
2
+ CαDα + C

0
D

)
,

L = q̄S
(
CαL α + CδeL δe + C

0
L

)
,

M = zTT + q̄Sc̄
(
Cα

2

M ,αα
2
+ CαM ,αα + C

0
M ,α + ceδe

)
,

N1 = Nα
2

1 α2 + Nα1 α + N
0
1 ,

N2 = Nα
2

2 α2 + Nα2 α + N
δe
2 δe + N

0
2 ,

q̄ =
1
2
ρ̄V 2, ρ̄ = ρ̄0 exp

(
h0 − h
hs

)
.

Model (1)-(7) has been widely adopted in related literature
(e.g. [17]–[19]): it contains 5 rigid body states (velocity V ,
altitude h, flight path angle γ , pitch angle θ , and pitch rateQ),
2 flexible states (i-th generalized flexible coordinate ηi,
i = 1, 2), and 2 control inputs (fuel equivalence ratio 8
and elevator angular deflection δe). For more details on the
various parameters, the reader is referred to [17].

B. MODEL DECOMPOSITION
Along the similar model decomposition strategy as in [20],
we can derive the velocity subsystem as follows

V̇ = fV (V )+ gV (V )8, (8)

where gV = cosα
[
β1 (h, q̄) α3+β3 (h, q̄) α2+β5 (h, q̄) α+

β7 (h, q̄)
]/
m, fV = −q̄S

(
Cα

2

D α
2
+CαDα+C

0
D

)/
m − g sin γ

+ cosα
[
β2(h, q̄)α3+β4(h, q̄)α2+β6(h, q̄)α+β8(h, q̄)

]/
m.

It is worth mentioning that, due to parametric uncertainty,
the nonlinear functions fV and gV are unknown and cannot
be used for control design.

Literature typically simplifies the altitude subsystem
(2)-(7) by considering small flight path angles (sin γ ≈ γ )
[17]–[20]. This results in{

ḣ = Vγ, γ̇ = fγ (h, γ )+ gγ (h)θ,
θ̇ = Q, Q̇ = fQ(h, γ, θ )+ gQ(h)δe,

(9)
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FIGURE 1. (a) The responses of V̇ along with the varying of 8 and δe; (b) The trajectories of γ̇ along with the varying of 8 and θ ; (c) The
evolutions of Q̇ along with the varying of 8 and δe.

where the functions fγ =
(
q̄S(C0

L − C
α
L γ )+T sinα

)/
(mV )−

g cos γ
/
V , gγ = q̄SCαL

/
(mV ), fQ =

(
zTT + q̄Sc̄CM ,α(α)+

ψ̃1η̈1 + ψ̃2η̈2
)/
Iyy, and gQ = q̄Sc̄ce

/
Iyy are also unknown

due to parametric uncertainty and cannot be used for control
design. Along the standard ideas as [17]–[20], we assume that
there exist positive lower bounds g

V
, g

γ
, g

Q
, and positive

upper bounds gV , gγ , gQ such that g
V
≤ gV ≤ gV , gγ ≤

gγ ≤ gγ and g
Q
≤ gQ ≤ gQ.

Remark 1: Using the aerodynamic data from [17],
Fig. 1 demonstrates that the decomposition method is mean-
ingful. More specifically, Fig. 1(a) shows that V̇ is affected
by input8much more than input δe, whereas Fig. 1(c) shows
that Q̇ is affected by input δemuchmore than input8. Finally,
Fig. 1(b) shows that γ̇ is mostly affected by the variable θ ,
which can be considered as an intermediate control input to
be appropriately designed.

It is worth mentioning that the states in (1)-(7) should
operate in the asymmetric constrained regions as follows [8]:

� =
{
85000 ≤ h ≤ 135000[ft], 7500 ≤ V ≤ 11500[ft/s],

−5≤θ≤10[deg],−10≤Q≤10[deg/s],−5≤γ ≤7[deg]
}
.

We shall handle such asymmetric regions through asym-
metric thresholds −ka? (lower threshold) and kb? (upper
threshold) for the corresponding state tracking errors (in the
following, the symbol ? will be used as a short notation for
the subscripts V , h, θ , γ , and Q). The goal of this work
is to develop the tracking controllers 8 and δe for system
(1)-(7) such that the system outputs V and h follow the
reference commands Vref and href within finite time, while
the asymmetric state constraints are not violated.

At this stage, we shall introduce some technical lemmas,
which are used for stability analysis.
Lemma 1 [21]: Consider the Lyapunov characterization of

finite-time stability in the form L̇(x) ≤ −ς1L(x) − ς2L l(x),
where ς1 > 0, ς2 > 0, and 0 < l < 1 are any real numbers.
Then, L(x) is convergent to a residual set with a finite settling
time T0 ≤ ς

−1
1 (1− l)−1 ln

[(
ς1L1−l(x0)+ ς2

)
ς−12

]
.

Lemma 2 [22]: For x, y ∈ R, if 0 < l = l1/l2 < 1
with l1 and l2 being positive odd integers, then the inequal-
ity xyl ≤ −ξx1+l + ζ (x + y)1+l holds, where ξ =

(1+ l)−1
(
2l−1 − 2(l−1)(l+1)

)
, ζ = (1+ l)−1

[
(1+ l)−1l +

1− 2(l−1) + (1+ l)−12−(l−1)
2(l+1)

]
.

III. CONTROL DESIGN FOR HFVs DYNAMICS
A. VELOCITY CONTROL DESIGN
Define the velocity tracking error zV = V − Vref , and design
the following asymmetric BLF candidate:

LV =
1
2
h̄(zV ) ln

k2bV
k2bV − z

2
V

+
1
2

(
1− h̄(zV )

)
ln

k2aV
k2aV − z

2
V

,

(10)

where ln(·) represents the natural logarithm of ·, and

h̄(·) ,

{
1, if · > 0,
0, if · ≤ 0,

(11)

Hereafter, we abbreviate h̄(·) by h̄ for convenience. Accord-
ing to Lemma 2 of [24], LV in (10) is positive definite and
differentiable in the set zV ∈ (−kaV , kbV ). According to (8)
and (10) that the time derivative of LV is

L̇V =
( h̄

k2bV − z
2
V

+
1− h̄

k2aV − z
2
V

)
zV gV 8̌+ zVFV (xV ), (12)

where unknown dynamics FV (xV ) =
( h̄
k2bV −z

2
V
+

(1−h̄)
k2aV −z

2
V

)
×(fV + gV eV − V̇ref ) with xV = V , 8̌ and eV will be defined
later. According to [23], FV (xV ) can be approximated by an
fuzzy logic system (FLS) such as FV (xV ) = W∗TV ϕV (xV ) +
εV , where W∗V is the optimal parameter vector, ϕV (xV ) is
the fuzzy basis function vector, εV is the minimum fuzzy
approximation error and there exists ε∗V ∈ R+ such that
|εV | ≤ ε

∗
V .

The intermediate control law 8̌ can be devised as

8̌ = −cV zV − κVφV (zV )−
ψVµV z3V

4
−
ψV z3V 4̂V2V

4l4V
,

(13)
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where ψV = h̄
(
k2bV − z

2
V

)
+ (1− h̄)

(
k2aV − z

2
V

)
, cV , µV , κV

are positive design constants, 4̂V is the estimate of 4V =

||W∗V ||
4, 2V = ||ϕV (xV )||

4, and φV (zV ) is designed as

φV (zV ) = ST (zV )9(zV ), (14)

where S(·) is the following vector of switching functions
(whose rationale is clarified in Remark 2)

S(·) =


[1, 0, 0, 0]T , if · ≥ τV ,
[0, 1, 0, 0]T , if 0 < · < τV ,

[0, 0, 1, 0]T , if − τV < · ≤ 0,
[0, 0, 0, 1]T , if · ≤ −τV ,

and 9(zV ) =
[
zlV
(
k2bV − z2V

)p
, υVbz3V + oVbz5V , υVaz

3
V +

oVaz5V , z
l
V

(
k2aV − z2V

)p]T
with υVa = τ l−3V (k2aV − τ

2
V )

p
−

oVaτ 2V , oVa = (l − 3)τ l−5V

(
k2aV − τ

2
V

)p
/2 −

(
k2aV − τ

2
V

)−q
p

τ l−3V , υVb = τ l−3V (k2bV − τ
2
V )

p
− oVbτ 2V , oVb = (l − 3)τ l−5V(

k2bV − τ
2
V

)p
/2 −

(
k2bV − τ

2
V

)−q
pτ l−3V , 0 < l = l1/l2 <

1, l1, l2 being positive odd integers, p = (1− l)
/
2, q =

(1+ l)
/
2, and τV being a small positive constant.

Let us now design the adaptation law ˙̂4V as

˙̂
4V = −σV1ρV 4̂V − σV2ρV 4̂

l
V +

ρV z4V2V

4l4V
, (15)

where σV1 and σV2 are positive design constants. By setting
4̂V (0) ≥ 0, and noting that ˙̂4V ≥ 0 when 4̂V (t) = 0, we can
get that 4̂V (t) ≥ 0 for ∀t > 0.
A novel switching event-triggered mechanism is devised

as follows:

8(t) = 8̌(tk ), ∀t ∈ [tk , tk+1), k ∈ N+, (16)

tk+1 = inf
{
t ∈ R+

∣∣∣ t > tk ∧ eV (tk , t)

−M>
(
8̌(t) |ξV

)
Y
(
8̌(t)

)
≥ 0

}
, (17)

where sampling error eV (tk , t) = 8̌(tk )− 8̌(t), the switching
function

M
(
8̌(t) |ξV

)
=

{ [
1, 0

]
>, if |8̌(t)| < ξV ,[

0, 1
]
>, otherwise,

(18)

and vector function Y
(
8̌(t)

)
=
[
κV ,1 + ρV |8̌(t)| + ζV (t),

κV ,2
]
> with κV ,2 = cV ,1 exp(cV ,0) + ρV ξV + κV ,1, ζV (t) =

cV ,1 exp(−z2V (t) + cV ,0), ρV < 1, ξV , κV ,1, cV ,0, and cV ,1
being positive design parameters. The details of the proposed
threshold strategy can be found in Algorithm 1.

Substituting (13) and (16) into (12), and using the lower
bound g

V
yields

L̇V ≤ −
h̄κV gV zVφV (zV )

k2bV − z
2
V

−
(1− h̄)κV gV zVφV (zV )

k2aV − z
2
V

−
h̄cV gV z

2
V

k2bV − z
2
V

−
(1− h̄)cV gV z

2
V

k2aV − z
2
V

+
3l

4
3
V

4

Algorithm 1: Compute the Event-Triggered Signal

Input : Sliding mode tracking error 8̌(t) and relative
tracking error zV (t)

Output: Event-triggered signal 8̌(tk )
1 Initialize: 8̌(t0) = 8̌(0), t0 = 0, k = 1, M ∈ N+
2 Choose positive design parameters ξV , κV ,1, κV ,2, cV ,0,

cV ,1, and ρV , and positive continuous function

ζV (t) = cV ,1 exp(−z2V (t)+ cV ,0)

3 for k = 1→ M do
4 if |8̌(t)| < ξV then
5 if |eV (tk , t)| ≥ κV ,1 + ρV |8̌(t)| + ζV (t) then
6 8̌(tk ) = 8̌(t), tk = t , k = k + 1
7 else if |eV (tk , t)| < κV ,1+ ρV |8̌(t)| + ζV (t) then
8 8̌(tk ) = 8̌(tk−1)
9 end

10 else if |8̌(t)| ≥ ξV then
11 if |eV (tk , t)| ≥ κV ,2 then
12 8̌(tk ) = 8̌(t), tk = t , k = k + 1
13 else if |eV (tk , t)| < κV ,2 then
14 8̌(tk ) = 8̌(tk−1)
15 end
16 end
17 end

−
µV gV z

4
V

4
+
z4V 4̃V2V

4l4V
+ zV εV , (19)

where 4̂V ≥ 0 and 4̃V = 4V − gV 4̂V , and lV is a positive
design constant.

Applying Young’s inequality to (19) yields

L̇V ≤ −
(1−h̄)κV gV zVφV (zV )

k2aV − z
2
V

−
h̄κV gV zVφV (zV )

k2bV − z
2
V

−
h̄cV gV z

2
V

k2bV − z
2
V

−
(1− h̄)cV gV z

2
V

k2aV − z
2
V

+
3l

4
3
V

4

+
z4V 4̃V2V

4l4V
+

3ε
∗
4
3

V

4(µV gV )
1
3

. (20)

which shall be utilized for stability analysis later.
Remark 2: Different from the traditional switching

event-triggered mechanism [16], the key features of the pre-
sented design lie in introducing an error-dependent monoton-
ically decreasing exponential term ζV (t) into the triggering
function as in (17). This design can give a larger triggering
threshold when tracking errors zV become small. In practical
engineering, the too small inter-execution interval is unneces-
sary as long as good tracking performance has been realized.

B. ALTITUDE CONTROL DESIGN
Because the altitude subsystem consists of four states, the
control design requires four iterative steps. The first three
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FIGURE 2. The framework of the proposed control structure.

steps are meant to design three virtual control laws γd , θd ,
Qd , whereas the last step is meant to design the actual control
law δe.
Step 1: Let us define the altitude tracking error

zh = h − href , and design the following asymmetric BLF
candidate:

Lh =
1
2
h̄ ln

k2bh
k2bh − z

2
h

+
1
2

(
1− h̄

)
ln

k2ah
k2ah− z

2
h

, (21)

Recalling (9) and (21) gives

L̇h =

(
h̄

k2bh− z
2
h

+
1− h̄

k2ah− z
2
h

) (
zhVγ − zhḣref

)
, (22)

Define the following error dynamics:{
zγ = γ − γc, zθ = θ − θc, zQ = Q− Qc,
yγ = γc − γd , yθ = θc − θd , yQ = Qc − Qd ,

(23)

in which tracking errors zγ , zθ , and zQ, virtual control laws
γd , θd , and Qd , boundary layer errors yγ , yθ , and yQ, and
first-order filters outputsγc, θc, and Qc are defined as follows

γ̇c = −τγ 1yγ − τγ 2ylγ ,
θ̇c = −τθ1yθ − τθ2ylθ ,
Q̇c = −τQ1yQ − τQ2ylQ,

(24)

where τγ 1, τγ 2, τθ1, τθ2, τQ1, τQ2 are positive design param-
eters, and 0 < l = l1/l2 < 1 with l1, l2 being positive odd
integers.

Subsequently, let us devise the virtual control law γd as

γd = −V−1chzh − V−1κhφh(zh)− V−1ḣref , (25)

where ch, µh, κh are positive design constants, and φh(zh) is
designed as

φh(zh) = ST (zh)9(zh), (26)

where 9(zh) =
[
zlh
(
k2bh − z2h

)p
, υhbz3h + ohbz5h, υhaz

3
h +

ohaz5h, z
l
h

(
k2ah− z2h

)p]T with υha = τ l−3h (k2ah− τ
2
h )
p
− ohaτ 2h ,

oha = (l− 3)τ l−5h

(
k2ah− τ

2
h

)p
/2 −

(
k2ah− τ

2
h

)−q
pτ l−3h , υhb =

τ l−3h (k2bh − τ
2
h )
p
− ohbτ 2h , ohb = (l− 3)τ l−5h

(
k2bh − τ

2
h

)p
/2−(

k2bh − τ
2
h

)−q
pτ l−3h , and τh being a small positive constant.

Remark 3: The introduction of switching function S(zh)
stems from the requirement for differentiability in finite-
time control. Noticing that traditional methodologies typi-
cally devise φh(zh) = zlh with 0 < l < 1 for ∀zh ∈ R to realize
finite-time tracking [9]–[11]. However, this choice might lead
to φ̇h(zh) = lzl−1h → ∞ as zh → 0, causing a singularity
issue. To overcome this singularity issue, we skillfully design
the switching function φh(zh) (26). For this function, we could
reveal the continuity of φh and φ̇h such as:

lim
zh→τ

−

h

φh(zh) = lim
zh→τ

+

h

φh(zh) = τ lh
(
k2bh − τ

2
h

)p
,

lim
zh→τ

−

h

φ̇h(zh) = lim
zh→τ

+

h

φ̇h(zh) =
[
lτ l−1h

(
k2bh − τ

2
h

)p
−2pτ l+1h

(
k2bh − τ

2
h

)p−1]
(Vγ − ḣref ),

lim
zh→0−

φh(zh) = lim
zh→0+

φh(zh) = 0,

lim
zh→0−

φ̇h(zh) = lim
zh→0+

φ̇h(zh) = 0,

lim
zh→−τ

−

h

φh(zh) = lim
zh→−τ

+

h

φh(zh) = −τ lh
(
k2ah − τ

2
h

)p
,

lim
zh→−τ

−

h

φ̇h(zh) = lim
zh→−τ

+

h

φ̇h(zh) =
[
lτ l−1h

(
k2ah − τ

2
h

)p
−2pτ l+1h

(
k2ah − τ

2
h

)p−1]
(Vγ − ḣref ).

which further guarantees the absence of the singularity issue
in γd .

Similarly to Sect. III. A, substituting (25) into (22) and
using γ = eγ + yγ + γd yields

L̇h =
( h̄

k2bh − z
2
h

+
1− h̄

k2ah − z
2
h

)
zhV (zγ + yγ )

−
(1−h̄)κhzhφh(zh)

k2ah − z
2
h

−
h̄κhzhφh(zh)

k2bh − z
2
h

−
h̄chz2h
k2bh − z

2
h

−
(1− h̄)chz2h
k2ah − z

2
h

. (27)

According to (25) we can known that γd and γ̇d are two
functions with respect to zh, ḣref and zh, zγ , yγ , ḣref , ḧref ,
respectively. Owing to the presence of the smooth switching
signal φh(zh), functions γd and γ̇d are both continuous. Thus,
we can get from (23) and (24) that ẏγ = −τγ 1yγ − τγ 2ylγ +
ιγ (zh, zγ , yγ , ḣref , ḧref ) with ιγ (·) a continuous function.
Step 2: Let us design the BLF candidate as follows

Lγ =
1
2
h̄ ln

k2bγ
k2bγ − z

2
γ

+
1
2

(
1− h̄

)
ln

k2aγ
k2aγ − z

2
γ

. (28)

Recalling (9) and (28) gives

L̇γ ≤ −
( h̄

k2bh− z
2
h

+
1−h̄

k2ah− z
2
h

)
zhV (zγ+yγ )+ Fγ (xγ )

+

( h̄

k2bγ − z
2
γ

+
1−h̄

k2aγ − z
2
γ

)
zγ gγ (zθ + yθ + θd ), (29)
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where unknown dynamics Fγ (xγ ) =
(

h̄
k2bγ −z

2
γ

+
1−h̄

k2aγ −z
2
γ

)
×

(fγ − γ̇c) + (Vzhyγ /zγ + Vzh)
(

h̄
k2bh−z

2
h
+

1−h̄
k2ah−z

2
h

)
with

xγ =
[
h, γ

]
∈R2. According to [23], Fγ (xγ ) can be approxi-

mated by an FLS as Fγ (xγ ) = W∗Tγ ϕγ (xγ )+ εγ , where εγ is
the fuzzy approximation error and there exists ε∗γ ∈ R+ such
that |εγ | ≤ ε∗γ .
Devise the virtual control law as well as the adaptation law

as

θd = −
ψγ z3γ 4̂γ2γ

4l4γ
−
ψγµγ z3γ

4
− κγφγ (zγ )− cγ zγ , (30)

˙̂
4γ = −ργ σγ 14̂γ − ργ σγ 24̂

l
γ +

ργ z4γ2γ
4l4γ

, (31)

whereψγ = h̄
(
k2bγ − z

2
γ

)
+(1−h̄)

(
k2aγ − z

2
γ

)
, cγ ,µγ , κγ , ργ ,

σγ 1, and σγ 2 are positive design constants, 4̂γ is the estimate
of 4γ = ||W∗γ ||

4 with 4̂γ (0) ≥ 0, 2γ = ||ϕγ (xγ )||
4, and

φγ (zγ ) is designed similar to (14) and (26).
Subsequently, along the similar steps as (27), one has

L̇γ ≤ −
( h̄

k2bh− z
2
h

+
1−h̄

k2ah− z
2
h

)
zhV (zγ + yγ )+

3ε
∗
4
3

γ

4(µγ gγ )
1
3

−

h̄cγ gγ z
2
γ

k2bγ − z
2
γ

−

(1− h̄)cγ gγ z
2
γ

k2aγ − z
2
γ

+
z4γ 4̃γ2γ

4l4γ
+

3l
4
3
γ

4

−

h̄κγ gγ zγφγ (zγ )

k2bγ − z
2
γ

−

(1− h̄)κγ gγ zγφγ (zγ )

k2aγ − z
2
γ

+

( h̄

k2bγ − z
2
γ

+
1− h̄

k2aγ − z
2
γ

)
zγ gγ (zθ + yθ ), (32)

with 4̃γ = 4γ − g
γ
4̂γ and lγ being a posi-

tive design constant. Similarly, in accordance with (23)
and (24), we arrive ẏθ = −τθ1yθ − τθ2ylθ +
ιθ (zh, zγ , zθ , 4̂γ , yγ , yθ , href , ḣref , ḧref ) with ιθ (·) being a
continuous function.
Step 3: Design the BLF candidate as follows

Lθ =
1
2
h̄ ln

k2bθ
k2bθ − z

2
θ

+
1
2

(
1− h̄

)
ln

k2aθ
k2aθ− z

2
θ

, (33)

whose time derivative along (9) and (33) is

L̇θ =

(
h̄

k2bθ− z
2
θ

+
1− h̄

k2aθ− z
2
θ

)
zθ (zQ + yQ + Qd )

−

(
h̄

k2bγ − z
2
γ

+
1− h̄
k2aγ − z

2
γ

)
zγ gγ (zθ + yθ )

+
z4θ4θ2θ

4l4θ
+

3l
4
3
θ

4
+ zθεθ , (34)

where unknown dynamics Fθ (xθ ) =
(

h̄
k2bγ −z

2
γ

+
1−h̄

k2aγ −z
2
γ

)
×

(zγ gγ + zγ gγ yθ/zθ ) −

(
h̄

k2bθ−z
2
θ

+
1−h̄
k2aθ−z

2
θ

)
θ̇c with

xθ = [h, γ, θ ] ∈ R3. According to [23], Fθ (xθ ) can be
approximated by an FLS asFθ (xθ ) = W∗Tθ ϕθ (xθ )+εθ , where
εθ is the fuzzy approximation error and there exists ε∗θ ∈ R+
such that |εθ | ≤ ε∗θ .

Along Steps 1-2, devise the virtual control law as well as
the adaptation law as

Qd = −
ψθ z3θ 4̂θ2θ

4l4θ
−
ψθµθ z3θ

4
− κθφθ (zθ )− cθ zθ , (35)

˙̂
4θ = −ρθσθ14̂θ − ρθσθ24̂

l
θ +

ρθ z4θ2θ
4l4θ

, (36)

whereψθ = h̄
(
k2bθ − z

2
θ

)
+(1− h̄)

(
k2aθ − z

2
θ

)
, cθ ,µθ , κθ , ρθ ,

σθ1, and σθ2 are positive design constants, 4̂θ is the estimate
of 4θ = ||W∗θ ||

4 with 4̂θ (0) ≥ 0, 2θ = ||ϕθ (xθ )||
4, and

φθ (zθ ) is devised similar to (14) and (26).
Then, similar to (27), we arrive at

L̇θ ≤ −
h̄cθ z2θ
k2bθ − z

2
θ

−
(1− h̄)cθ z2θ
k2aθ − z

2
θ

−
(1− h̄)κθ zθφθ (zθ )

k2aθ − z
2
θ

−
h̄κθ zθφθ (zθ )

k2bθ − z
2
θ

+
z4θ 4̃θ2θ

4l4θ
+

3ε
∗
4
3

θ

4(µθgθ )
1
3

+
3l

4
3
θ

4

−

(
h̄

k2bγ − z
2
γ

+
1− h̄
k2aγ − z

2
γ

)
zγ gγ (zθ + yθ )

+

(
h̄

k2bθ− z
2
θ

+
1− h̄

k2aθ− z
2
θ

)
zθ (zQ + yQ), (37)

where 4̃θ = 4θ − 4̂θ , lθ is a positive design constant, and
ẏQ = −τQ1yQ − τQ2ylQ + ιQ(zh, zγ , zθ , zQ, 4̂γ , yγ , yθ , yQ,
href , ḣref , ḧref ) with ιQ(·) being a continuous function.
Step 4: Let us design the actual control law δe in this step.

Construct the BLF candidate as follows

LQ =
1
2
h̄ ln

k2bQ
k2bQ − z

2
Q

+
1
2

(
1− h̄

)
ln

k2aQ
k2aQ− z

2
Q

. (38)

Similarly, let us design the intermediate actual control law
as well as the adaptation law as

δ̌e = −cQzQ− κQφQ(zQ)

−
ψQz3Q4̂Q2Q

4l4Q
−
ψQµQz3Q

4
, (39)

˙̂
4Q = −ρQσQ14̂Q − ρQσQ24̂

l
Q +

ρQz4Q2Q

4l4Q
, (40)

whereψQ = h̄
(
k2bQ − z

2
Q

)
+(1−h̄)

(
k2aQ − z

2
Q

)
, cQ,µQ, κQ, ρQ,

σQ1, and σQ2 are positive design constants, 4̂Q is the estimate
of4Q with 4̂Q(0) ≥ 0, and φQ(zQ) is designed similar to (14)
and (26).

Similar to velocity subsystem, a novel switching
event-triggered mechanism is devised as follows:

δe(t) = δ̌e(tk ), ∀t ∈ [tk , tk+1), k ∈ N+, (41)
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tk+1 = inf
{
t ∈ R+

∣∣∣ t > tk ∧ eh(tk , t)

−M>
(
δ̌e(t) |ξh

)
Y
(
δ̌e(t)

)
≥ 0

}
, (42)

where sampling error eh(tk , t) = δ̌e(tk )− δ̌e(t), the switching
function

M
(
δ̌e(t) |ξh

)
=

{ [
1, 0

]
>, if |δ̌e(t)| < ξh,[

0, 1
]
>, otherwise,

(43)

and Y
(
δ̌e(t)

)
=
[
κh,1 + ρh|δ̌e(t)| + ζh(t), κh,2

]
> with κ2 =

ch,1 exp(ch,0) + ρhξh + κh,1, ζh(t) = ch,1 exp(−z2h(t) +
ch,0), ρh < 1, ξh, κh,1, ch,0, and ch,1 being positive design
parameters.
Subsequently, along the similar steps as (27), one has

L̇Q ≤ −
h̄cQgQz

2
Q

k2bQ− z
2
Q

−

(1−h̄)cQgQz
2
Q

k2aQ− z
2
Q

−

h̄κQgQzQφQ(zQ)

k2bQ− z
2
Q

−

(1−h̄)κQgQzQφQ(zQ)

k2aQ − z
2
Q

+
z4Q4̃Q2Q

4l4Q
+

3ε
∗
4
3

Q

4(µQgQ)
1
3

−

( h̄

k2bθ− z
2
θ

+
1−h̄

k2aθ− z
2
θ

)
zθ (zQ + yQ)+

3l
4
3
Q

4
, (44)

with 4̃Q = 4Q − gQ4̂Q.

IV. STABILITY ANALYSIS
Theorem 1: Consider the HFVs dynamics (1)-(7), control

laws (16), (25), (30), (35), and (41), adaptation laws (15),
(31), (36), and (40), and switching event-triggered mecha-
nism (17) and (42). Given initial conditions satisfying that
L(0) ≤ 11, z?(0) ∈ (−ka? , kb? ) where 11 > max

{
kb? , ka?

}
is a positive constant. Then, the following properties holds:
1) all closed-loop signals z?, 4̃V , 4̃γ , 4̃θ , 4̃Q, yγ , yθ ,
and yQ are semi-globally-uniformly-ultimately-bounded, and
can converge to the residual sets within finite time T ≤
1
κ1p

ln ((2κ1Lp(0)+ κ2)/κ2); 2) tracking errors z? will always
stay in the compact sets �?=

{
z?: − ka?≤z? ≤ kb?

}
; 3) Zeno

behavior is excluded.
Proof: See Appendix. �

Remark 4: In the absence of fractional term on the Lya-
punov expression of Lemma 1, finite-time stability is lost: in
such a case it is still possible to let the trajectories converge
into arbitrarily small regions, but no time guarantees can be
given. Notice that if we choose l = 1 and τ? = 0, the
proposed finite-time control laws reduces to the standard (call
it infinite-time) control laws:

8̌ = −(cV + κV )zV −
ψV z3V 4̂V2V

4l4V
−
ψVµV z3V

4
,

γd = −V−1(ch + κh)zh − V−1ḣref ,

θd = −(cγ + κγ )zγ −
ψγ z3γ 4̂γ2γ

4l4γ
−
ψγµγ z3γ

4
,

FIGURE 3. Tracking performances of velocity.

Qd = −(cθ + κθ )zθ −
ψθ z3θ 4̂θ2θ

4l4θ
−
ψθµθ z3θ

4
,

δ̌e = −(cQ + κQ)zQ −
ψQz3Q4̂Q2Q

4l4Q
−
ψQµQz3Q

4
,

which are in line with the design in [20], [24]. For all these
design, the convergence time cannot be prescribed.

V. SIMULATION RESULTS
In this section, the proposed novel switching event-triggered
finite-time control scheme (PFC) is compared with the
conventional switching event-triggered infinite-time control
scheme (CCS) [16] to validate its superiority in commend
tracking performance. The vehicle climbs a maneuver from
initial values h = 88, 000 ft and V = 7700 ft/s to final
values h = 91, 000 ft and V = 8700 ft/s, respectively. The
reference commands of Vref and href are generated using the
following second-order filters with bandwidth 0.03rad/s and
damping 0.95:

Vref (s)
Vc(s)

=
href (s)
hc(s)

=
0.032

s2+2×0.95×0.03×s+0.032
. (45)

TheHFVsmodel parameter values are borrowed from [17],
and the BLF parameters are set as kaV = 2, kbV = 1, kah = 5,
kbh = 1, kaγ = 0.05, kbγ = 0.1, kaθ = 0.1, kbθ = 0.2, kaQ =
0.25, and kbQ = 0.5. The control parameters are chosen as
cV = 1.5, µV = 2, κV = 1, ch = 5, µh = 2, κh = 0.5,
cγ = 2,µγ = 1, κγ = 5, cθ = 1,µθ = 0.5, κθ = 2, cQ = 75,
µQ = 2, κQ = 3, l = 0.6, lV = 1, lγ = lθ = lQ = 0.5,
τV = τh = 0.01, and τγ = τθ = τQ = 0.001. Parameters
for event-triggered mechanism are given as ρV = 0.015,
ξV = 0.5, κV ,1 = 0.001, cV ,0 = 0.0001, cV ,1 = 0.007,
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FIGURE 4. Tracking performances of altitude.

FIGURE 5. Event-triggered control inputs.

ρh = 0.006, ξh = 13.5, κh,1 = 0.02, ch,0 = 0.0001,
ch,1 = 0.007. Parameters for adaptive laws are chosen as
ρV = 0.5, ργ = ρθ = ρQ = 0.75, σV1 = σV2 = 0.75,
σγ 1 = σγ 2 = σθ1 = σθ2 = 0.5, and σQ1 = σQ2 = 0.95. The
positive filter parameters are selected as τγ 1 = τθ1 = τQ1 =
5 and τγ 2 = τθ2 = τQ2 = 2.5. The initial system states are set
as V = 7699 ft/s, h = 87998 ft, γ = 0 deg, θ = 1.6325 deg,
and Q = 0 deg/s, and the initial values of 4̂V , 4̂γ , 4̂θ , and
4̂Q are selected as zero.

FIGURE 6. Sampling errors and triggering thresholds.

FIGURE 7. Sampling instants under two schemes.

FIGURE 8. Triggering times under two schemes.

TABLE 1. Triggering times and performance indice.

The fuzzy rules inW∗TV ϕV (xV ) are listed as
Rl : If V is F iV , then y is B

l , where i = 1, 2, 3; l = 1, 2, 3.
The fuzzy rules inW∗Tγ ϕγ (xγ ) are listed as

Rl : If h is F ih, and γ is F jγ , then y is Bl , where i = 1, 2, 3;
j = 1, 2, 3; l = 1, 2, . . . , 9.
Then, the fuzzy rules inW∗Tθ ϕθ (xθ ) are listed as
Rl : If h is F ih, and γ is F jγ , and θ is Fkθ , then y is B

l , where
i = 1, 2, 3; j = 1, 2, 3; k = 1, 2, 3; l = 1, 2, . . . , 27.
The fuzzy rules inW∗TQ ϕQ(xQ) are listed as

Rl : If h is F ih, and γ is F jγ , and θ is Fkθ , and Q is FpQ, then y
is Bl , where i = 1, 2, 3; j = 1, 2, 3; k = 1, 2, 3; p = 1, 2, 3;
l = 1, 2, . . . , 81.
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The fuzzy membership function is given as follows:

µF1
V
= exp

[
−
(V − 7000)2

500

]
, µF1

h
=exp

[
−
(h− 80000)2

5000

]
,

µF2
V
= exp

[
−
(V − 8000)2

500

]
, µF2

h
=exp

[
−
(h− 85000)2

5000

]
,

µF3
V
= exp

[
−
(V − 9000)2

500

]
, µF3

h
=exp

[
−
(h− 90000)2

5000

]
,

µF1
Q
= exp

[
−
(Q+ 0.03)2

0.002

]
, µF1

θ
= exp

[
−
(θ − 0)2

0.002

]
,

µF2
Q
= exp

[
−
(Q− 0)2

0.002

]
, µF2

θ
= exp

[
−
(θ − 0.02)2

0.002

]
,

µF3
Q
= exp

[
−
(Q− 0.03)2

0.002

]
, µF3

θ
= exp

[
−
(θ − 0.04)2

0.002

]
,

µF1
γ
= exp

[
−
(γ − 0)2

0.0005

]
, µF2

γ
= exp

[
−
(γ − 0.005)2

0.0005

]
,

µF3
γ
= exp

[
−
(γ − 0.01)2

0.0005

]
.

Simulation results can be seen in Figs. 3-8. The superiority
of the proposed controller over CCS in both transient and
steady-state performance is depicted in Figs. 3-4. The zooms
in Fig. 5 shows the boundedness of event-triggered control
inputs. Fig. 6 displays the trajectories of the sampling errors
and the proposed triggering thresholds, which illustrates that
the exponential term ζV (t) and ζh(t) give the larger triggering
thresholds when tracking errors zV (t) and zh(t) become suf-
ficiently small. Fig. 7 lists the sampling instants under two
schemes, from which it can be seen that tk+1 − tk > 0,
i.e., the proposed event-triggered mechanism is free from
Zeno behavior. The total triggering times comparisons of two
schemes are summarized in Fig. 8 and Table 1. It is appar-
ent that the inter-execution time of the proposed triggering
mechanism is longer than that of the conventional triggering
mechanism [16]. Furthermore, integral absolute error (IAE)[ ∫ T

0 |e(t)|dt
]
is utilized here as performance indice to evalu-

ate the tracking performances of PCS and CCS quantitatively.
The calculation results are summarized in Table 1, which
showing that the performance indexe of PCS is smaller than
that of CCS, i.e., our proposed control scheme can achieve
more accurate tracking.

VI. CONCLUSION
In this paper, an event-triggered fuzzy adaptive finite-time
tracking control design is constructed for HFVs in the
presence of asymmetric full state constraints. To alleviate
the unnecessary communication resources waste, we skill-
fully devise a new switching event-triggered mechanism by
embedding an exponential term into the event-triggered func-
tion. It is shown that the proposed event-triggered mechanism
significantly reduces the frequencies of data transmission,
especially when tracking errors become sufficiently small.
In addition, a piecewise switching controller is constructed

to avoid singularity issue typical of traditional recursive
finite-time design methods.

APPENDIX
Proof of Theorem 1: construct the entire Lyapunov function
as follows

L = Lz + L4 + Ly, (46)

where

Lz = LV + Lh + Lγ + Lθ + LQ,

L4 =
4̃2
V

2ρV gV
+

4̃2
γ

2ργ gγ
+
4̃2
θ

2ρθ
+

4̃2
Q

2ρQgQ
,

Ly =
1
2
Vy2γ +

ḡ2γ
2g
γ

y2θ +
1
2
y2Q.

Differentiating Ly with respect to time, we arrive at

L̇y ≤ yQιQ
(
zh, zγ , zθ , zQ, 4̂γ , yγ , yθ , yQ, href , ḣref , ḧref

)
+
ḡ2γ yθ
g
γ

ιθ

(
zh, zγ , zθ , 4̂γ , yγ , yθ , href , ḣref , ḧref

)
+Vyγ ιγ

(
zh, zγ , yγ , ḣref , ḧref

)
− τγ 2Vyl+1γ

−
ḡ2γ τθ2y

l+1
θ

g
γ

−
ḡ2γ τθ1y

2
θ

g
γ

− τQ2y
l+1
Q

−τQ1y2Q − τγ 1Vy
2
γ . (47)

Construct a compact set as �n =
{
(zV , zh, zγ , zθ , zQ, 4̃V ,

4̃γ , 4̃θ , 4̃Q, yγ , yθ , yQ)|L(t) ≤ 11
}
, with 11 a positive

constant. If L(t) ≤ 11, together with (47), we can deduce
that ι?(·) ≤ 3? on the compact set �n ×�ref , where 3? is a
positive constant, ? denotes γ , θ , and Q.
Then, invoking Young’s inequality yields

L̇ ≤−
h̄cV gV z

2
V

k2bV − z
2
V

−
(1−h̄)cV gV z

2
V

k2aV − z
2
V

−
(1−h̄)κV gV zVφV (zV )

k2aV − z
2
V

−
h̄κV gV zVφV (zV )

k2bV − z
2
V

−
σV14̃

2
V

2
− σV2ξ4̃

1+l
V −

h̄chz2h
k2bh− z

2
h

−
h̄κhzhφh(zh)

k2bh − z
2
h

−
(1 − h̄)chz2h
k2ah− z

2
h

−
(1 − h̄)κhzhφh(zh)

k2ah − z
2
h

−

(1− h̄)κγ gγ zγφγ (zγ )

k2aγ − z
2
γ

−

(1− h̄)cγ gγ z
2
γ

k2aγ − z
2
γ

−

h̄cγ gγ z
2
γ

k2bγ − z
2
γ

−

h̄κγ gγ zγφγ (zγ )

k2bγ − z
2
γ

− σγ 2ξ4̃
1+l
γ −

σγ 14̃
2
γ

2
−

h̄cθ z2θ
k2bθ − z

2
θ

−
(1− h̄)κθ zθφθ (zθ )

k2aθ − z2θ
−

(1− h̄)cθ z2θ
k2aθ − z2θ

−
h̄κθ zθφθ (zθ )

k2bθ − z
2
θ

−
σθ14̃

2
θ

2
− σθ2ξ4̃

1+l
θ −

(1− h̄)cQgQz
2
Q

k2aQ − z
2
Q

−

h̄cQgQz
2
Q

k2bQ − z
2
Q
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−

h̄κQgQzQφQ(zQ)

k2bQ − z
2
Q

−

(1− h̄)κQgQzQφQ(zQ)

k2aQ − z
2
Q

+ d

−
σQ14̃

2
Q

2
− σQ2ξ4̃

1+l
Q − τγ 2yl+1γ − τθ2y

l+1
θ
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being positive constants, and ξ , ζ being defined in Lemma 2.
Here we choose τγ 1 > 1/(2χγ ), τθ1 > 1/(2χθ ), and τQ1 >

1/(2χQ) such that
_
τ γ 1 > 0, _τ θ1 > 0, and _

τQ1 > 0.
From the definition of φ?(z?), let us consider the following

two cases:
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The above inequality can be rewritten as

L ≤ L(0) exp
(
−
$

ω
t
)
+
dω
$
. (50)
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Case 2: When |z?| ≥ τ?, differentiating L yields
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Defining χ = min
{
cV gV , cγ gγ , cQgQ, ch, cθ ,

_
τ γ 1,

_
τ θ1,

_
τQ1, σV1/2, σγ 1/2, σθ1/2, σQ1/2
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{
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, and

following from (46) and (51) that

L̇ ≤ −κ1L − κ2Lq + d, (52)

where κ1 = χ/ω and κ2 = λ/ωq.
According to Theorem 5.2 of [25], there exists a finite

time t satisfying L ≥ (2d/κ2)(1/q) for all t ∈ [0, t]. As a
result, for all t ∈ [0, t], we have L̇ ≤ −κ1L − κ2Lq/2.
Invoking to Lemma 1 we can get the fast finite-time sta-
bility of the closed-loop system within a finite time T ≤
1
κ1p

ln ((2κ1Lp(0)+ κ2)/κ2). In addition, we can deduce that
t ≤ T . Thus, for ∀t > T , L ≤ (2d/κ2)(1/q). As such, all error
signals will converge into the following compact sets:
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(53)

in finite time. To prove that the constraints are never violated.
we can resort to Lemma 1 of [26], (50), and (53) to conclude
that z? ∈ (−ka? , kb? ) for ∀t > 0. In addition, according
to switching event-triggered mechanism (17) and (42), the
next event will not be triggered before eV (tk , t) = κV ,1 and
eh(tk , t) = κh,1. Thence, a minimum time interval between
two adjacent events is existent, indicating that no Zeno
behavior occurs. �
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