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ABSTRACT In this paper, we investigate the distributed output-feedback tracking control for stochastic
nonlinear multi-agent systems (MASs) with time-varying delays. We propose a new distributed stochastic
homogeneous domination method. Specifically, we first design distributed output-feedback controllers for
the corresponding nominal systems. Then, by selecting the gains of controllers and observers, we solve the
distributed tracking problem for stochastic MASs. After that, based on the coordinates transformation, with
a proper Lyapunov-Krasoviskii (L-K) functional, it can be shown that the tracking error can be adjusted to
arbitrarily small and all the states of the closed-loop system are bounded in probability. Finally, we give a
simulation example to demonstrate the effectiveness of the control scheme.

INDEX TERMS Distributed stochastic homogeneous domination, stochastic nonlinear multi-agent systems,

output-feedback tracking, time-varying delays.

I. INTRODUCTION

Due to the ubiquity of stochastic noise in applications,
the study on stochastic systems has attracted attention in
the fields of biology and environmental science. Since
stochastic stabilization theory was proposed by [1], the
research on its design and stabilization problem has been
made great progress [2]-[6]. Zhang et al. [7] studied the
finite-time stabilization of the feedforward systems by adding
a power integrator and sign function. In addition, stability
of time-delay systems is also an important topic [8]-[10].
Based on matrix inequality, the H-index with Markov jump
systems and its application in H-fault detection filter (FDF)
were studied in [11].

Multi-agent systems (MASs) exist widely in control
engineering, such as power and traffic systems [12], [13].
It has received widespread concern. For nonlinear MASs,
by inequality technique, a leader-following consensus prob-
lem was considered in [14]. Draw support from neural
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network (NN) approximation, [15] solved the unknown
dynamics problem. Wang et al. [16] adopted a two-layer
distributed hierarchical control strategy to deal with systems
with unknown and inconsistent control direction. For stochas-
tic nonlinear MASs, [17] investigated consensus of partially
mixed impulse time-delay systems by comparison principle.
In particular, distributed output tracking is becoming more
and more popular. Li ef al. [18], [19] solved the stochastic
distributed output tracking problems by developing a new
distributed integrator backstepping method. Xing et al. [20]
proposed a distributed hybrid event-triggered mechanism to
save communication resources. But the schemes in [18]-[20]
required the all the states of agents are available.

From practical perspectives, the agents’ states may not
always be known or measurable. For this reason, it is
necessary to study output-feedback tracking schemes. For
single-agent systems, [21], [22] first designed homogeneous
observers to estimate unmeasurable states, and then the
output-feedback controller was designed to solve the track-
ing problem. For multi-agent systems, [23], [24] solved
distributed output-feedback tracking problems for nonlinear
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systems. However, there are rare results on distributed
output-feedback tracking control for stochastic systems with
time-varying delay.

Inspired by the previous discussion, this paper studies
the distributed tracking problem of stochastic nonlinear
time-delay MASs by output-feedback. The main contribu-
tions include:

1) The systems under investigation is more general than
that in [18] and [19]. Li er al. [18], Li et al. [19] did
not consider time-delay, and required that all the states
are measurable. The existence of time-varying delay makes
it difficult to select a proper Lyapunov-Krasoviskii (L-K)
functional. The unmeasurable states makes the distributed
controllers design more challenging.

2) Due to the influence of the Hessian term and time-
varying delay, the distributed homogeneous domination
approach developed in [23] is invalid. A new design scheme
is developed in this paper.

The remainder of this paper is organized as follows.
Section II is for preliminaries and problem formulation.
In Section III states the main results. Section IV gives a
simulation example. Section V is the conclusion.

Il. PROBLEM FORMULATION AND PRELIMINARIES
A. PRELIMINARIES
Consider the stochastic time-delay system

dx(t) = f(t,x(t), x(t — d(t)))dt

+87 (1, x(1), x(t —d(®)dw, V>0, (1)
with initial data {x(¢) : —-d < 6 < 0} =
¢ € Ch(—d,0;R", where d(t) : Ry — [0,d

is time-varying delay; » is an m-dimensional standard
Wiener process defined on the complete probability space
(2, F, {Fi}i=0.P);f : Ry x R" x R* - R", g : R} x
R" x R" — R™™ are locally Lipschitz with f(z, 0,0) = 0,
g(t,0,0)=0.

Definition 1 [10]: For any given V(x(t),t) € c>!
associated with system (1), the differential operator L is
defined as

av. v
LV = —+ — =
ot + 8xf + 2
Lemma 1 [22]: For (x,y) € R? the inequality holds:
W 1
xy < —xlP 4+ — |yl
p qv?

where v > O, the constants p > 1 and ¢ > 1 satisfy
@P—Dg—-DH=1

Lemma 2 [10]: Let x1,x2, -
numbers, then

, X, p be positive real

(x1 +x2 + - + x,)P < max{n’~!, 1}(xf —l—xlz7 + -+ xP).

In this paper, we consider a network G = (]_}, 5_)
including N followers and one leader (labeled by O0).
Define the matrix B = diag(by, b2, --- ,bn), where
b; > 0 if the leader can directly send information to the
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ith follower, and b; = 0, otherwise. Let the followers’
digraph be G = (V,&,A). The Laplacian of G is set

as L = diag(} icn, 1y Djepn, A2 s DjeNy AN —
(ajj)NxN. Define H = B + L. More notations about graph
theory can be found in [28].

B. PROBLEM FORMULATION
The followers’ dynamics are described by

dxjt (1) = xp()dt + fir (¢, X1 (8), xi1 (¢ — iy (1)))dlt
+ gl (t, xi1 (1), xi1 (t — din (1))aw,

dxpp(t) = ui(t)dt + fio(t, Xpp(t), Xpp(t — dip(2)))dt
+gh(t, Xp(t), Xp(t — din(1)))dw,

yi(t) = Z a;j(xi1 (1) — x;1(1)) + bi(x;1 (1) — yo(2)), (2)
JeN;

where ¥p(1) = (xi1 (1), x(t))T € R?, u; € R, and y; € R are
the state, input, output of the ith follower, respectively. d;;(¢) :
R4+ — [0,d],j = 1, 2, are time-varying delay. The unknown
functions fj; and g;; are C ! functions with fij(t,0,0) = 0,
8ij#,0,0) =0,i=1,2,---,N,j = 1,2. yo(t) € Ris the
leader’s output.

Assumption 1: There are constants u; > 0, u; > 0, and
7; > 0 such that

[fi1 (2, xi1(2), xi1 (¢ — din (1))
< Hi(lxil(t)l + |xin(t — dil(t))|> + T,
[fia (2, Xi2(2), Xipp(t — din (1))

2 2
< m(z (O] + Y et d,-k<t)>|) + 1
k=1 k=1

i1t xi1 (1), xi1( — din(1)))]
< lli<|xi1(t)| + |xi (t — dil(t))|> + 17,
I8t Fo(0), Fialt — din(1)))]

2 2
< 1-(2 ik (] + Y (e — d,»k<r>)|) + 11,
k=1 k=1

Assumption 2: yo(t) € R and yo(¢) are bounded and only
apply to those followers satisfying 0 € A, i=1,2,--- ,N.

Assumption 3: The leader is the root of a spanning tree
inG.

Assumption 4: Time-varying delay dj;(r) satisfy d > max
{dij(),i=1,2,--- ,N,j=1,2},and djj(¢t) < y < 1, where
y < 1is a constant.

Remark 1: When t; = 0, Assumption 1 reduces to that
in [25]. In fact, t; admits constant disturbances, while wu;
and [; allow diminishing disturbances. 7; is independent
of w; and ;.
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Ill. MAIN RESULTS
A. NOMINAL MASs ANALYSIS

Consider the following nominal MASs:

zi1 = dizip — Z ajjzj,
JjeN;:
i = Vi,

Yi = Zil, i=1721"'1N7 (3)

where d; = b; + Zje/\fi ajj.
From [18, Lemma 1] and Assumption 3, we can conclude
H is invertible. Define

hiy hi -+ hin

. hat hy -+ hon
H =1 S o )

hnyit By -+ han

According to [23], we construct distributed reduced-order
observers for (3) as

N N
W2 = —dwip + Y _aygwp — dizin + Y agzi +ui (5)
j=1 j=1

and the distributed output-feedback controller as

N
Vi = —a; (2;‘2 + Z hijcjlzj1>, (6)

J=1

where Zjp = zj1 + wi, @; and ¢j1 > 0 are constants.
For system (3), construct the Lyapunov function as

V(En(t), e(t)) = UGn(n) + W(e)),
_ 1 Y
Ua() = 7 3 (O +E30),

i=1

W(e(t)) = (et)e” (1)) Ple(t)e (1)), 7

N
where &1 = zi1, & = 70 — 25, 2 = — Dy hijcinzin, 7y =
—aiép,en =72 — Zn,e = (e12, -+ ,eN2),i=1,2,--- | N.
Defining
T
Z =(211,212, - * »IN1, N2> W12, W22, " -+ , WN2),
from (3), (5), and (6), we get
Z = E(2)
N N

= (dizin — Y_ ayzn, vi, -+, dvava — Y anjza,
J=1 J=1

VNafZV+ls"'sj%N)Tv (8)

where o+ = —diwpp + Zjv=1 aijwpp — dizj1 + Z]N=1 aijzj1 +
u,i=1,2,---,N

Lemma 3: 1) E(Z) and V(Z2) are homogeneous of degree

1 and 3 respectively, with the dilation weight:

A=(1, 1,

for zi1,z12,+

719 1517 17 "'71)' (9)

JIN1,2N2 for win,+ W2
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2) the derivative of V(Z) satisfies
V(Z)=

oV
—E(Z) < —¢llIZII. (10
where constant ¢, > 0 and |Z|a = (1, |zi1 |2
Yyl + Xy w2,
Remark 2: In the corresponding results on deterministic
systems [23], it uses the Lyapunov function of the form

1 N
=5 D &1 +Ep) e Pe. (10
i=1

Due to the existence of %Tr{g%z—‘z/gT} in stochastic differ-
ential, the Lyapunov function (11) is invalid for stochastic

system.
Let’s consider a simple example
dx = udt + dw,
y=x—yt),

where y,(¢) = sint.
Definey = z, v = u/L, where L > 1 is a design parameter.
We have

dz = (Lv — cos t)dt + dw,

y —_— Zs
where f = —cost, g = 1. Clearly, Assumptions 1 is satisfied
with u; = u1 = 1,71 = 1. When we choose V = ézz,
we get
1T{ % T} 1 ’ 3’V 4
1185758 =5 8
2 22 2" 18782 0
1 3%V
S ar ngg
- (12)
— 2'

Obviously, by adjusting the gain L, ITr { g% v gT} cannot

be made arbitrarily small. In this paper, we employ quartic
Lyapunov functions.

B. DISTRIBUTED OUTPUT-FEEDBACK
CONTROLLER DESIGN
We introduce the following coordinates transformations
N
Zi1 = Zalj/(xu — xj1) + bi(xj1 — yo),
j=1
Xi2 Ui .
le:f’ Vi=ﬁ9 l=1327"'7N’ (13)
where L > 1 is a design constant.
Using (13), systems (2) becomes
N
dzii (1) = L(dizin(t) = ) ajizp(0)dt
j=1
+fu(t, 2 (0), it — din(0))dt
+2h(t, 20 (1), 2o (1 — din(0))aw,
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dzin(t) = Lvi(t)dt + fo(t, Zo(t), Zn(t — dip(1)))dt
+ 851, (1), Zn(t — din(2)))dw,
yi(t):Zil(t)’ l: 172""' ’N7 (14)

where

fin(t, zin (1), zin(t — din (1))

N
= =Y afyn(t, x;1 (1), x;1(t — djn (1)) — bio(1)
=1
+difin (t, xi1 (1), xi1 (t — din (1)),
fa(t. Zo(), Zn(t — di(1)))
1
= Zfiz(t, Xp(1), Xpp(t — dip(1))),
gin(t, zin(), zin(t — din (1))
N
= — > aygn(t, xj1(1), xj1(t — djn (1))
=1
+digin(t, xi1(t), xi1(t — din (1)),
gin(t, Zn(), Zn(t — dp(1)))
1
= Zgiz(t,iiz(t),iiz(t —dp(1))).

We design the observers as
N N
Wi = L( —diwp + Z ajwp — dizji1 + Z aijzj1 + u,'),
j=1 j=1
(15)
and distributed output-feedback controllers as

N
Vi = —; <2i2 + ZhijCﬂZj]). (16)

j=1
Then from (14)—(16) we have

Z = (LE(2) + F(Z))dt + G" (Z)aw, (17)
where
F(Z) = (fl]’f129 Tt af‘Nl5fN2507 e 70)T7
G(Z) = (éllvélZv 7§N1’ gNZ’Or 7O)T~

Lemma 4: 1f Assumptions 1-4 hold, we get

A% _ _ _ _
‘B_ZF(Z)‘ < (o1 + CosL'? + cosL " HIZ0)I1%

N 2
+ao7 Y Y 2@ — dp @)}

j=1 k=1

1
+ Z(L_3/2 +L7h,

lTr GiG < (¢20 4+ &3 LY? 4 &3L7!
2 922 -

+E3LTHIZOI%
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+c3422||2(t — di(t)

i=1 j=I

+ E(L‘l/2 +L7 LY,

where ¢, Coi, and ¢3;,i = 1,5,6,7,j = 1,---,4, are
positive constants.
Proof. From (13) and [18, Lemma 1], we have
211 X11 — Y0
=H : . (18)
N1 XN1 — Y0
From (4) and (18), we then have
N
xip=yo+ Y hyjzi, i=1,2-- N (19
j=1
According to Assumption 2, we get
[yol + [yol =M, (20)

where M > 0 is a constant.
From (19)—(20), Assumption 1, and [22, Lemma 2.2],
we obtain

N
il = ‘ = it xp (0, x(t — djn (1)) — bigo(t)
j=1
+ |difin (¢, xi1 (1), xi1 (7 — dil(t)))‘
N N

< Zaijﬂj(|xj1(t)| + X1t — dpn(@))) + Zaijfj
=1 =1
¥ dipi(fn ()] + bt = dn (1)) + dit; + biM
< dim( D Ihilizn O+ Y hyllzin e — djy (r))|>

j=1 Jj=1
N

N
+2dipM + ) ai,-u,-( > Iz (t — d (1)

j=1 v 1
+ Z |h,v||zv1<t)|> +2ZaouM + Zaurj
+d t,+bM

< di; Z Iyl 1z (] + 121 (2 —
j=1

N N
Z Z agijlhs|(Iz1 (O] + 251 (¢ = dsa (1))

di(M)))) + biM

N N
Z aijiiM + diti + Z a;jtj + 2diuiM
=1 =1

< Z ainj(lz1 (O] + 11t = din()) + Bin
J=1 N
< ZuUIZ0la + Y12 —da@)lla) + B, 1)

J=1
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where ¢o1 > 0 is a constant, o;; = duilh;| +
SN aisislhgl, B = 2diwiM + 2% @M + diti +
Y1 ait + biM.

Similarly, by (19)-(20),
[22, Lemma 2.2], we get

Assumption 1, and

- 1
2l = ‘ZfiZ(t,?_CiZ(t),)_CiZ(t — diz(l‘)))'

2
1 1
< Zui<2|xlk<r)|+2|xlk(r— ,k<r>>|) T
k=1
1 N
< Zm(Z Iijllzj (t — djn ()] + Z Ihijllzj1 (0]
j=1 j=1

1
+ Llzio(t — dip(1))] + 2lyo (1) + le(ﬂl) + 7

IA

ZMZ Z| l]|(|zj1(t)| + |Zjl(t - jl(t))|) + ZTI

J=1

1
+ wi(lzn@| + 1zt — dpp(®)]) + 2.“1

(L' E0 + 603)(2 Z 12t = da®)lla

j=1 k=1

IA

+ ||Z<r)||A) +L7'QuiM + ), (22)

where ¢g» > 0 and ¢g3 > 0 are constants.
By (7) and [22, Lemma 2.2], we obtain da_g is homo-
geneous of degree 3. From (21)—(22), using [22 Lemmas

2.1 and 2.2], we have
avV | ~
P lﬁzl)

v N o lav .
’ﬁF(Z)' < ;( — |l + ’7

9zi1

N 2
< (Go1 + aozL—1><||Z<r>||1 +Y D I2C - djkm)ni)

2 (5

N 2
< @o1 + 2oL HUZONR + Y Y 12 — du@)lID)
i=1 k=1

aV
0z

Bin + ‘ L™ QuiM + Ti))

J
+ (o3 + CaL " HIIZ0)I3

=

2
< @o1 + el VUZOIA + D D IZE — d@)IIR)
j=1 k=1
345310 3—4/3 -1 4 L2417
+(4 ey L2+ 38 L7 )IZONE + ——
—4/3

_ 3_ _ 3
s<cm+zc3§3L1/2+(coz+ SeLT )nzmn‘g

N 2
+@o1 + 2l ™) YD T IZE — dy)}
i=1 j=1
1
+ T+ L7h, (23)

where constants cg; > 0,i =1, 2, 3, 4,.
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Since L > 1, we get

_ 3
<c01+ché3Ll/2+(coz+ SeL” )

1 _ _
-||Z(r)||1+Z<L 24 L7Y + (@on

N 2
+e) ) Y NIZa -

i=1 j=1
< (o1 + CosL'? + cosL " HIZ(0) 1%

)4

N 2
+ao7 Y Y NZ@ —dg)lin

i=1 j=1
1
+ T+,

where cop;, i = 5, 6, 7, are positive constants.
Similarly to (21)—(22), by (19)—(20), Assumption 1, and
[22, Lemma 2.2], we obtain

N N
3l <Y agilxin () + xpt — da()l + > ay
j=1 j=1
+ difilxi (1) + xin (t — din(0))| + diTi

< D0 aishislhyl(1zp (O] + 1212 — din ()]
j=1 s=1

N
+difi Z hijl(1zj1 (O] + |21t — djr (2))])
=1
N N
+ Z a;Ti +2 Z aijiyM + 2d;piM + dit;
Jj=1 J=1
N

< Y (Ol + 151 — djn @)D + B

N
< AlZOla+ Y NZ@ —da@)lla) + B 24

J=1

where c; > 0 is a constant and

N
oi1j = dijtilhij| + Zaisﬂslhsjl,
s=1
N N
Bil = 2d;uiM + 2 ZaijﬂjM +diti + Zaijtj.
=1 j=1
By (19)—(20), Assumption 1, and [22, Lemma 2.2], we get
1 2 1
2l < Zm(Dx,k(m +Z|x,k<t - mm) T
k=1 k=1
- 1
< Th le (121 O + L2 (¢ = djn (D) + 77
=

1
+ 1ilz2O] + |zt = dpO)) + 7 2M
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N 2
<@ 'en+ cm(z D 12— di@)lla

j=1 k=1
+ ||Z(r)||A> +L7'QuM + w), (25)

where c11 and ¢, are positive constants.
From (24), Lemmas 1-2, we have

N
Zhllznl < FUZ@la+ Y120 —da@)la) + B]
- J=1 N
+2Bucri (1208 + Y 126 = dp@)lla)
- N j:1
< QN+ ﬂilcl)< S IZC - di oI
j=1
+ ||Z<r)||i> +2fine1 + B
N
< &I ZON% + D IZ@ = dp@)l) +n,
j=1

(26)

where constants ¢jg > 0 and ¢;; > 0.
By (24)—(25), using [22, Lemma 2.1] and Lemmas 1-2,
we obtain

18011802] < @L™ ' +E3L72 + auo)<||2(r>||2A

N 2
+Y D IZ¢ - djk(t»ni) +&5L72

=1 k=1
+eal 7t

N 2
2511zl < <616+617L—1)(ZZ 12 — dy )3
j=1 k=1

+ ||Z(r)||i> + (18 4+ ¢19L 7, 27)

where ¢y, =2,3,---,9, 10 are positive constants.
From (26)—(27), using [22, Lemmas 2.1 and 2.2], and
Lemma 1, we have

1 V
ET {G(Z)@G (Z)}
92V

1
< —r G(Z)EGT(Z)’

-2
T
G(Z) 522 G (Z)'

bfzzz(

Iéis|>
i=1 m= 1

(€20 + en L™ + czzL—%uZ(r)ni + (4L}

N 2
+e3 4L Y Y IZE — di@)
j=1 k=1
+ (26 + E7 L1 + 2L Z ()4, (28)

IA

~T
8im

I A

azzmazzs

IA

where ¢p;,i =0, 1, - - - , 8 are positive constants.
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By using Lemma 1, we obtain

el 20115

A

1. 1 _
SV 2% + L7V,

2 2

| 4 1

< SLTNZOIG + 517

1.,  _ 1 _

EcégL 2||Z(r>||2+§L 29

L Zm0A

A

el 2205

IA

Noting L > 1 and substituting (29) into (28), we get

1

5 {G(Z)—GT<Z>}

022

- 1. . 1. _ -
< (Czo + EC%6L1/2 + (¢21 + §C§7)L '@

1~ - ~ ~ —
+ iczs)L 2) IZ@O)|% + (@23 + Ep4L ™!

N 2
L)Y D IZG —dp@)lA
j=1 k=1
1
+S TP+ LT
< @0+ EILP +EnLl ™ +ELTIZ0A

N 2
+ (@6 +E7+E8) Y Y N2 —dr @)l

j=1 k=1
1
+ E(L*‘/2 +L7' L7
< (20 + &LV 4 el + el H 2014

N 2
) 1
+e ) D N2 —dg)i; + S

i=1 j=1
+L7 L7,

where constants ¢3; > 0,i=1,--- ,4.

C. MAIN RESULTS

Theorem 1: If Assumptions 1-4 hold, under the dis-
tributed observer (15) and controller (16), the distributed
output-feedback tracking problem of the system (2) is
solvable. Specifically,

1) For any given ¢ and initial value x(#j), there is a finite-
time T (x(1g), €) such that
Elxi(t) —yo)|* <&, ¥Vt >T(x(tp),e),i=1,2,--- ,N.

2) All the states of the closed-loop system are bounded in
probability.

Proof. Step 1. We construct a L-K functional

t
=33 .

i=1 j=1
+ V(Z(1))
= Y(Z2(1) + V(Z2@)). (30)

e Z(0)Ado
djj(t)
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where cg7 and ¢34 are positive parameters and

_ cor+ea [T L 4
Y(Z() = ZZ(I_W /t_d,.,.me 12(0)I dor

i=1 j=1

We can verify that T(Z(¢)) is C? on Z(1). By [26, Lemma
4.3], there exist two class K, functions §; and §,, such that

s1(1ZM) = V(Z2(1) = &2(1Z@)D. €1y}

From djj(t) : Ry — [0, d], (31), and [22, Lemma 2.2], the_re
exist constants ¢ > 0, ¢ > 0 and a class K, functions 83, 3,
such that

Co7 + C34
(1—y)ed

t
< E/ 83| Z(0)|do
t—d;(1)

t
/ N 2(0)4do
tfd,:j(l)

o=s+t _ 0
< C/ 83| Z(s+t)|d(s+ 1)
—d;j(t)

¢ sup (831Z(s+1))

=
—d<s<0
< 53< sup IZ(s—i-t)I). (32)
d<s<0
Since |Z(s +1)] = sup [|Z(s + 1), 50 2(|2(s + 1)]) <
—d<s<0
82( sup | Z(s+ 1)]).
—d<s<0

Defining 84 = 8, + 83, from (30)—~(32), we get

112 = T(Z2(1) =84 sup |Z(s+0)]). (33)

—d<s<0

Step 2. From (30) and Lemmas 3—4, we have

LT(Z(1))
< Lg—;E(Z) + %F(Z) —Y(Z()
+ %Tr{G(Z)—aza‘gzz( g)) Gz )} + 21\/—(?’7 J;)C;f _
NZOF =3 o + 0l 2 — dyoyl
i=1 j=1

< -L <£o — (Cos + &31)L ™2 + (Co6 + E32)L 72

Co7 + C34

(1 —y)e
1 1

R A e A S AR b

x(Co1 + &20 + 2N )L+ 533L—3) IZ)%

Y(Z())
€07 + €34

1=yl

Y(Z(1) + B,

(34)

< —L(cy — (Co5 + €31 + Co1 + C20 + 2N

+ 206 + &3 + ELT VD Z0)N5 —

where
1 1 3 1
* [ —3/2 172 -1 12,
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Since ¢, is independent of ¢y, co;, and ¢3;,i = 1,5,6,7,
j=1,---,4, we can choose

1 _ - _ - _
L > max {_(COS + ¢31 + co1 + ¢20 + cos

<o
co7+ ¢ - -
+oN T s e 1. (39)
(1 —=y)e
Then for any constant ¢y > 0, (34) can be rewritten as
LT(Z(1) < —EllZI% — Y(2(1) + B*. (36)

By [22, Lemma 2.2], there are constants ¢ > 0, ¢ > 0 such
that

CIZI% < V(Z@) < ellZ]%. 37)
By (36) and (37) we get
LT(Z(1) < =8¢ 'V(Z1) — Y(Z(1) + B*
< —c{T(2(1) + p*, (38)

where ¢fj = min{%2, 1}.

By (38) and [27, Th.1] system (2) and (14) have an almost
surely unique solution on [0, co].

Let

=inf{t : t > 1o |Z(t)| = 1}, VI>0,

and #; = min{n, t} for any ¢ > 1. Since | Z(-)| is bounded on
[t0, ;] a.s., T(Z)is bounded on [1g, #;] a.s. It then follows from
(38) that LT is bounded on [fy, #;] a.s. By Dynkin formul,
we have

E(eVT(Z(y)) < E f

fo

]

O LT(Z(s))ds + ET(Z (1))

* n *
L0+ I / ECOT(Z(s)ds.  (39)
1

0

Note that llim n; = oo. Then, letting / — oo, we get
—00

t
CVE(T(Z1) < E [ ¢V LT (2(5)ds + ET(Z(to))
fo
t
04 GE [ BTN @0
fo
From (38), we get
IB_*ecat _ ﬂ_*ecgto
* * ’
o o

eV ET(Z(1)) < e9"ET(Z(tp)) +

or equivalently,

—c’(;(z—zo))_

ET(Z(t)) < e 0U"ET(Z(ty)) + ﬂ—:(l —e
&)
(41)

Step 3. Denoting z1(t) = (z11(?), - - - , zn1(1))T, by (41) we

can obtain
Elzi(0)* = E@ (1) + 5,0 + -+ + 25,1)°
< NEGH O +3,0)+ - +2x,0)
< 4ANET(Z(1)) .

< 4N (e—c(’?(f—m)ET(zao)) £
C
0
B i), (42)
)
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From (13), we get

N
21(t) = (Zals(xll(t) — X%51(1)) 4 b1(x11(2) — yo(1)),

s=1

N
co Y ansew () = X () + by Gev1 (1)

s=1

T
- yo(t)))

N N
= ( > ansGi) = yo0) = Y ansea (@)
s=1 s=1

—yo(1)) + b1(x11(t) — yo(2)),

N N
co D ansGeni () = yo(1) = Y ans(eni(0)

s=1 s=1
T
—yo(1)) + by (xn1(t) — yo(t))>
= H(x1(t) — 1yy0), 43)
where x1(r) = (@), - ,xavi@®)Y and 1y =

(I, 1,--, Dl
N————
N
By (42)—(43) we obtain
Elxi(t) — Iyyol* < 4N|H™! |4<e“3<”°>ET<Z(to)>

B* x

+ =1~ e“'o“‘fo))). (44)
o

Since g* = %L*3/2 + %L*I/z + %L’l + %L*Z, by tuning the
gain L, B* can be made arbitrarily small. From (44), we obtain
that for any ¢ > 0 and initial value x(#p), there is a finite-time
T (x(t9), €), such that

Elxin(t) —yo* <&, Vr>T(x(t0),€),i=1,2,---,N,

(45)
which means that conclusion 1) holds.
Step 4. From (41) we obtain
*
ET(2(0) = ET(ZG0) + (46)
0

Let& = Z(¢) and
ET(E) = /g .T(E)P(dW) > ‘g‘n>fc T@E)P(El > ¢). (47)

From (46)—(47) we have
ET(Z(10)) + %

P < 48
(1§51 > o) = nfTE (48)
|§>c
together with (41) we get
ET(Z(0)) + &
lim sup P(|&] > ¢) < lim sup ———2. (49)
o c—>0

C=>0 t>1q t>19

HTO
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By (49) and [19, Definition 1], £ is bounded in probability.
Using (43) and Assumption 2, we get y;(¢) = z;1(¢) is bounded
in probability, and

N
$i2=Zi2+ZhijCj1Zj1, i=1,---,N. (50

j=1
Notice that &;1(¢), £2(¢) and z;1 (¢) are bounded in probability,
by (50), we get zjp(¢) is bounded in probability, i =
1,2,---,N. By (13), we can conclude x;j;(#) and x;(¢) are
bounded in probability,i = 1, 2, -- - , N. Thence, we are able
to conclude that all the states of the closed-loop system are

bounded in probability.

The proof is completed.

Remark 3: The parameter ¢ is an arbitrary positive con-
stant, which is pre-given according to the control objective.
In the control scheme, We first set €, then we design the
control (depends on ¢). Usually, the smaller requires larger
control.

Remark 4: The nonlinear drift terms and nonlinear dif-
fusions terms in (2) make all the existing distributed control
methods invalid. To overcome this difficulty, we develop a
new distributed stochastic homogeneous domination method.
Specifically, we first focus on the nominal MASs analysis
to produce negative terms, then we use these negative terms
to dominate nonlinear terms appeared in the distributed
output-feedback control design. The novelty of this approach
is that no precise information of the nonlinearities is needed.
Thus, this approach provided a new perspective to deal with
the distributed output-feedback control problem.

IV. A SIMULATION EXAMPLE
Consider the following MASs. Fig. 1 shows the topology.

dxi (t) = xp(t)dt + fir (¢, xi1 (1), xi1 (t — diy (£)))dt
+ gl (t, xi1 (1), xi1 (t — dig ())aw,

dxp(t) = ui(t)dt + fio(t, X (1), Xpp(t — dip(1)))dt
+ gh(t, Xp(t), ¥(t — dip(t)))dw,

N

Yilt) =Y ay(xin(t) = 51(1)) + biCxin (1) = yo(t)),  (51)

j=1

\;Vherefu = x —dn®),gn = 0,fiz = 0,812 =
?X12(t — dia(1), for = x21(t — do1 (1)), 821 = $x21(0), fo2 =
3300(1), 822 = Lxoo(t — doa (1)), f31 = x31(t — d31(1)), g31 =
x31(0), 32 = x(t),82 = xn( — dn(),du@) =
psint,dip(t) = scost,dn(t) = isint,dn(t) =
jeost,dy(t) = gsint,dn() = {gsint,yo(t) = .
Assumptions 1 and 4 are satisfied with u; = u; = 1,1, =
1,dj(t) < land djj(t) < 1,i=1,2,3,j=1,2.

Following the design scheme in Section III, choosing c1; =
37012 =1l = %622 = 14.8,c31 = 45-1,032 = iaﬂd
L = 38, we can get the following distributed observers:

Wiz = L(—wi2 — y1 +up),
w2 = L(—w2 —y2 +y1 + u2),
W3z = L(—w3p — y3 + u3), (52)
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FIGURE 1. Directed topology G.
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FIGURE 2. The response of the closed-loop system (52)-(55).

and the following distributed controllers:

UG = — .8X — . w +_’

406.125
uy = —355.5x0; — 50.625x1; — 22.5wp + —,
1+t
=-72 3.2 + 72 (53)
Uz = .2x31 2w3p e

Letting e;» = zj» —zi1 —Wi2, we can get the following observer
errors:

1 1
€ol = TXIL = W12 = 22X12 + Trs
1
€02 = X11 —X21 — w2 + gﬁm,
1 1
= —x31 —wn+ —xn+——. 54
€03 Xt~ w2+ X+ (54)
The tracking errors is defined by
1
e =X11 - —,
v R
1
ey = x| — ——,
y2 21 1+1
1
=x31 — —. 55
&3 = X1 = 1 (55)

By choosing initial conditions x11(0) = 2.6, x12(0) = 10,
wi2(0) = 1, x21(0) = 1,x22(0) = 0.5, w22(0) = 1, x31(0) =
0.01,x32(0) = 0.01,w32(0) = —0.1. Fig. 2 shows the
responses of the closed-loop system (52)—(55).
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V. CONCLUSION
For stochastic nonlinear MASs, a new distributed output-
feedback tracking scheme is proposed in this paper. The
MASSs simultaneously consider time-varying delays, unmea-
surable states, and Hessian terms. We construct a L-K
functional to deal with the time-delays terms. Distributed
observers and distributed output-feedback controllers are
designed to solve the output tracking problem.

In the future work, we will consider generalizing the
results in this paper to more general systems such as
those in [28]-[30].
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