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ABSTRACT Synchro-phasor technology, using Phasor Measurement Unit (PMU), has improved the way
power system data is collected for monitoring through state estimation. The placement of PMUs in a power
system presents technical benefits, but it comes with high infrastructural costs. It is, therefore, necessary to
install the minimum number of PMUs at optimal locations subject to power system observability, creating the
Optimal PMU Placement Problem (OPPP). Some factors may be considered constraints in the OPPP, such
as PMU outage. The main challenge with incorporating such constraints in the PMU placement problem
is that the minimum number of PMUs required for system observation increases, contributing to the high
infrastructural costs. This paper, therefore, proposes using a Linear Hybrid State Estimator (LHSE) that
considers existing Remote Terminal Unit (RTU) measurements randomly distributed within the system
and optimally placed Phasor Measurement Unit (PMU) measurements. The proposed LHSE addresses
challenges associated with nonlinearity in state estimation. The LHSE is also based on the Weighted Least
Absolute Value (WLAV) criterion, considered robust and able to detect and discard bad data during the
estimation process. The proposed LHSE can address state estimation reliability and resiliency, specifically
the PMU outage contingency, by employing existing RTU measurements and optimally placed PMU
measurements based on the Artificial Bee Colony (ABC) optimization technique. The proposed approach
also leverages RTU and PMU measurements to address PMU loss contingency instead of utilizing PMU
measurements only as in existing studies. Three test cases (IEEE 14 Bus, IEEE 30 Bus, and IEEE 57 Bus)
are considered, with the simulations performed in MATLAB using MATPOWER data. The performance
of LHSE is evaluated considering PMU/RTU measurements and PMU measurements only scenarios. Both
RTU/PMU measurements present a lower Normalized Cumulative Error (NCE) performance index than
PMU measurements only. In case of a single PMU outage, the proposed LHSE can estimate all states based
on RTU/PMU measurements instead of only PMU measurements that fail.

INDEX TERMS Linear hybrid state estimator, optimal PMU placement, phasor measurement unit, remote
terminal unit, PMU outage.

I. INTRODUCTION
State estimation, a key function served by an energy control
center, is essential for the real-time monitoring of a power
system [1]. Conventionally, state estimators rely heavily on
measurements obtained through the Supervisory Control and
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Data Acquisition (SCADA) system, using Remote Terminal
Units (RTUs) to measure power injections at buses and power
flows through the transmission lines, and voltage magnitude
at the system buses. Some of the inadequacies associated
with RTU measurements include low resolution and unsyn-
chronized measurements that cannot capture the real-time
dynamics of a power system [2]. With synchro-phasor tech-
nology, modern state estimators can use Phasor Measurement
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Units (PMUs) data for state estimation, such as voltage and
current phasors. PMUs can also measure the frequency and
rate of change of frequency of the electrical signals using a
source of time synchronization, the global positioning sys-
tem. On top of state estimation, PMU data has a wide range
of applications in real-time operations of power transmission
systems [3].

The integration of RTU and PMU measurements results
in a Hybrid State Estimator (HSE) associated with various
formulation challenges. First, an iterative state estimation
algorithm is used due to the nonlinearity posed by RTU mea-
surements, resulting in initialization, convergence, and com-
putational burden challenges. Second is the inclusion of PMU
current phasor in the measurement vector since the presence
of current measurements tends to deteriorate the performance
of the state estimator [4]. The third is integrating both mea-
surements considering the different sampling/refresh rates
associated with RTU and PMU measurements and corre-
sponding bad data detection and elimination. Fourth is the
optimal placement of PMUs within the power system. The
integration of PMUs into a power transmission network
presents numerous technical benefits, but it comes with high
infrastructural costs. For this reason, a tradeoff is necessary.
While the cost of PMU devices, associated infrastructure,
the cost of upgrading existing substations if not compatible
with PMU technology, and the cost of handling big data
make it uneconomical to place PMUs in all buses within a
power system network, an optimal number of PMUs deployed
within the network can improve state estimation in terms of
robustness and accuracy [5], [6].

The conventional Optimal Phasor Placement Prob-
lem (OPPP) is formulated to determine the minimum number
of PMUs required together with their specific locations to
make the system completely observable [7]–[10]. Various
constraints have been considered in the OPPP, including
contingencies such as single or multiple PMU loss and single
branch outage. These contingencies are treated as constraints
during the formulation of the PMU placement problem.
Integration of these constraints results in an increased number
of minimum PMUs required for observability and system
resiliency as per the results obtained in [11], [12], translating
to a higher PMU installation cost.

With the vast deployment of RTU meters in the power
system, some applications such as state estimators can greatly
benefit from both PMU and RTU measurements. Therefore,
the redundant placement of conventional RTU meters would
greatly enhance state estimation accuracy, and measurement
redundancy and eliminate some of the constraints consid-
ered in OPPP, such as PMU loss/outage, while considering
PMU measurements only. Furthermore, another challenge
associated with integrating RTU and PMUmeasurements for
state estimation is developing an appropriate measurement
model to eliminate the nonlinearity associated with RTU
measurements in state estimation, such as high computational
burden and iterative algorithms. Therefore, a need to develop
a robust Linear Hybrid State Estimator (LHSE) arises with

the inclusion of RTU measurements in the state estimation
model.

II. RELATED STUDIES
Integration of RTU and PMU measurements into HSE has
been published in the literature, considering diverse measure-
ment model formulations and PMU placement approaches
to enhance state estimation performance. The HSE formula-
tions fall either under two-stage (including both linear and
nonlinear) HSE, single-stage nonlinear HSE, or single-stage
linear HSE.

In the two-stage HSE, the first stage comprises a nonlin-
ear estimator based on RTU measurements. Power system
states obtained from the first stage are improved using a sec-
ond estimator that uses PMU measurements only [13]–[15].
A modified two-stage HSE meant to address the different
refresh rates comprises a nonlinear stage based on RTU and
PMU measurements integrated into a nonlinear estimator
at the instants when all the measurements are refreshed.
A linear estimator is employed when only PMU measure-
ments are refreshed [16]–[19]. For instance, the authors in
[20] propose a modified two-stage HSE with the state vec-
tor expressed in rectangular coordinates with a sub-optimal
number of PMUs employed in the HSE. A nonlinear State
Estimator (SE) is used at a time instant when both RTU
and PMU measurements are refreshed. A linear state esti-
mator is used for the time instant between two consecutive
RTU scans, using pseudo measurements to achieve system
observability. In [21], the modified two-stage SE is also
proposed for tracking dynamics of a power system states
following a fault based on a partial observable network using
PMUs. The proposed SE utilizes nonlinear (for RTU and
PMU measurements) and linear (for PMU measurements
only) estimators. The authors in [22] propose a multi-time
interval HSE, subdivided into a steady, quasi-steady, and
fluctuant area. The HSE formulation is based on a fusion
of parallel estimators (linear and nonlinear) for each area to
produce the final estimate. The authors in [23] also proposed
a nonlinear SE processing both RTU and PMUmeasurements
when both sets are refreshed and a robust linear SE based on
LAV processing PMUmeasurements at their refresh instants.
A limited number of PMUs is considered in the study, with the
placement of PMUs assumed to be strategically important.
The main challenge associated with these two-stage HSE is
using nonlinear algorithms resulting in computational burden
and the need for an extra stage for bad data processing.

The single-stage nonlinear HSE combines RTU and PMU
measurements into a single nonlinear estimator [24], [25].
In [26], RTU and PMU measurements are integrated into
a single-stage nonlinear HSE, with the current phasor mea-
surements related to power system states via constraints.
The PMU placement implemented is based on converting
critical measurements to redundant measurements yielding
partial system observability using PMUs. The authors in
[27] also developed a single-stage nonlinear HSE and further
analyzed the HSE performance with the PMU current phasor
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measurement formulated in rectangular or polar coordinates.
Incremental PMU placement is considered using various case
studies, with partial and complete system observability via
PMUs. A single-stage nonlinear HSE is also proposed in [28],
with the PMU current phasors formulated in rectangular
coordinates and the state vectors in polar form. The devel-
oped HSE utilizes a different number of PMUs, with better
results obtained when more PMUs are utilized. The authors
in [29] develop a single-stage nonlinear HSE to track power
system dynamics while addressing bad data detection using
a robust state estimator based on a weight assignment func-
tion. This category of HSE is faced with various challenges,
such as addressing different measurement refresh rates, bad
data processing, and the use of a nonlinear estimation
algorithm.

The nonlinearity challenges mentioned previously can be
addressed using a single-stage Linear Hybrid State Estimator
(LHSE). The single-stage LHSE integrates RTU and PMU
measurements into a single linear estimator. The main chal-
lenge is the inclusion of RTU measurements into the mea-
surement vector to obtain a linear relationship between the
measurement vector and the power system states. Based on
recent studies, various methods of including RTU measure-
ments into the measurement vector have been proposed. The
authors in [30] developed a linear HSE based on complex
linear equations that use a redundant voltage phase angle
vector. The formulation is based on the general pi model
for transmission lines and transformers. The state estima-
tion algorithm employs the least absolute value algorithm
to eliminate the need for a separate bad data processing
stage. This linear formulation is extended in [31] using
IRLS and M-estimator to address bad data detection. The
authors in [32] formulate a linear HSE using an equivalent
circuit formulation, an approach that describes the power
system in terms of voltage and current variables in rectangular
coordinates. Linear circuit models for RTU measurements
are developed using equivalent split-circuit representation.
Authors in [33] leverage the equivalent circuit formula-
tion approach to establish an entirely linear HSE by refor-
mulating the RTU measurement circuit models based on
the circuit analysis principles. The developed HSE model
is evaluated based on the Weighted Least Squares (WLS)
method and the largest normalized residue for bad data
processing.

Various optimization techniques have been proposed for
the OPPP using mathematical and metaheuristic algorithms.
Mathematical algorithms include Integer linear program-
ming [34]–[37] and exhaustive search [38], [39], while
metaheuristic algorithms include Genetic Algorithms, Differ-
ential Evolution, Particle Swarm Optimization, and Artificial
Bee Colony (ABC). A review by [40] indicates potential
research areas for the OPPP since different solutions produce
the same number of PMUs at different locations. Mathe-
matical algorithms direct to only one solution while more
than one solution may be present. Metaheuristic algorithms
can give various solutions, which can be evaluated for the

best outcome depending on system constraints. A common
evaluation criterion is observability indices such as System
Observability Redundant Index (SORI) and Bus Observabil-
ity Index (BOI). The optimal solution with the highest SORI
index is the best set.

The PMU inclusion in the previous studies is based on a
limited number of PMUs to evaluate the HSE performance.
This work considers existing RTU measurements integrated
with optimally placed PMUs to achieve power system observ-
ability and resilience against measurement loss. Therefore,
this paper proposes an LHSE that can simultaneously handle
RTU and PMUmeasurements. RTU measurements are trans-
formed to current measurements and based on Kirchhoff’s
Current Law (KCL), a linear measurement model is devel-
oped. The proposed state estimator uses real and imaginary
voltages as the state variables, later converted to phasor
form to obtain estimated voltage magnitude and phase angle.
The PMU measurements are utilized in their rectangular
form (real and imaginary values). The estimator employs the
Weighted Least Absolute Value (WLAV) criterion, a robust
method for linear state estimators. The RTU measurements
employed in the estimator are randomly distributed within
a transmission network representing a system with existing
RTU meters. PMUmeasurements are optimally placed based
on the ABC algorithm. The accuracy of the proposed estima-
tor is evaluated based on voltage magnitude error, absolute
angle error, and Normalized Cumulative Error (NCE) perfor-
mance index [41]. The proposed estimator is tested on three
standard transmission systems (IEEE 14-Bus, 30-Bus, and
57-Bus).

The main contributions of this paper are:
i. A fully linear measurement model for the proposed

LHSE is developed. The formulation is based on mod-
eling a transmission line using voltage and current
state variables in rectangular coordinates. The RTU
and PMU measurements are further integrated into the
LHSE using the voltage and current state variables. The
developed LHSE model integrates randomly existing
RTU devices and optimally placed PMU devices. The
proposed estimator can run on a linear programming
solver with no iterative procedure.

ii. The proposed LHSE model can process measure-
ments from RTU meters separately, PMU meters,
or hybrid RTU/PMU meters. It is anchored on an
existing SCADA system fully observable with RTU
meters. The PMUs integrated into the LHSE model are
also optimally placed based on SORI and measurement
redundancy, guaranteeing observability in either of the
scenarios. The proposed approach also guarantees the
system monitoring reliability against PMU failure by
utilizing hybrid measurements instead of working with
PMU measurements only, as in existing studies. The
evaluation of the proposed LHSE validates the pro-
posed approach.

iii. An algorithm for the proposed LHSE is developed to
make it robust against bad data using WLAV. With the
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estimator model being linear, the computational burden
due to the use of WLAV is also addressed.

The rest of the paper is organized as follows; Section III
gives a methodology for mathematical formulation of pro-
posed LHSE, PMU placement, description of existing RTU
measurements considered, and simulation setup description.
Section IV gives results and discussion with a conclusion
drawn in Section V.

III. METHODOLOGY
The methodology describes the formulation of the proposed
LHSE, optimal PMU placement using the ABC algorithm,
a description of existing RTUmeasurements employed in this
study, and a simulation description for the state estimation
process.

A. PROPOSED LINEAR HYBRID STATE ESTIMATOR (LHSE)
The proposed LHSE mathematical model formulation inte-
grates the use of both RTU and PMU measurements. The
power system states in this paper are modeled in a rectangular
format comprising real and imaginary bus voltages. RTU
measurements conventionally have a nonlinear relationship
with system states; hence to develop a linear relationship, the
RTU measurements are transformed into equivalent current
measurements based on equation (1).

I∗ =
P+ jQ
V

(1)

Given a transmission line connecting buses k and m, the
relationship between the current flow (in rectangular form)
along the line from either of the buses and the voltage (in rect-
angular form) at the buses are linked by the branch admittance
matrix as shown by equation (2), [42].
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The mathematical formulation gives a linear hybrid mea-
surement model shown in equation (3) for the transmission
line connecting buses k and m. Based on Kirchhoff’s Current
Law (KCL), the total current injected at a particular node
should be equal to zero. Based on this, the RTU measure-
ments are finally implemented in the measurement model
as zero values with the constant components H11 up to H44
obtained from the application of KCL relating the zero val-
ues to power system states. The PMU measurements are
also utilized in their rectangular format. The power system
state variables, vRk , v

R
m, v

I
k and vIm are real and imaginary

forms of the voltages at buses k and m, respectively. The
real and imaginary voltage values measured using PMUs
are vRk,pmu, v

R
m,pmu, v

I
k,pmu and v

I
m,pmu. The real and imaginary

current valuesmeasured using PMUs are iRk,pmu, i
R
m,pmu, i

I
k,pmu

and iIm,pmu. The PMU voltage measurements are related to

state variables using a unity matrix, and PMU current mea-
surements are related to state variables using the branch
admittance matrix. Finally, e vector represents real and imag-
inary errors emanating from voltage phasor, current phasor,
and RTU measurements. Equation (3) can be summarized as
a linear measurement model given in equation (4), where Z
represents PMU voltage and current measured values in rect-
angular form and zero values resulting from the application
of KCL for current measurements (obtained from RTU mea-
surements). The H components represent a constant matrix
relating Z to power system state variables denoted by x.
All the errors arising from both RTU and PMU measure-
ments are denoted by e. The proposed linear measurement
model allows system state variables to be determined using a
non-iterative state estimation criterion. The system states in
this paper are thus obtained using theWLAV criterionmethod
based on linear programming in MATLAB. The WLAV esti-
mation criterion is selected based on its robustness.
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(3)

Z = H .x+ e (4)

The proposed LHSE utilizes PMU and RTU measurements
in the same model. The measurements have different refresh
rates. To account for this, with the availability of RTU/PMU
measurements simultaneously, the estimator provides state
estimates based on all the measurements. With the arrival of
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RTUmeasurements only, the linear estimation is based on this
type of measurement to produce estimates since the existing
RTU measurements are redundant enough to make the entire
system observable. With the availability of PMU measure-
ments only, the LHSE depends on these measurements to pro-
duce estimates, given that there are optimal PMUs within the
system for complete observability. For estimation reliability,
in case of system contingency such as PMU loss at the instant
of PMU measurement availability, the method proposed in
[43] could be applied.

Additionally, at the instant when only RTU measurements
are received, the state estimation problem is formulated using
a reference bus with the phase angle set to zero since the
measurements are not GPS synchronized. With the availabil-
ity of PMU measurements in the measurement set, the state
estimation problem is formulated without using a reference
bus, given that PMU measurements are GPS synchronized.
To validate the proposed method, state estimation in this
paper is solved using two different measurement refresh
instances:

i. LHSE model using WLAV with updated RTU/PMU
measurements.

ii. LHSE model using WLAV with updated PMU mea-
surements only.

B. OPTIMAL PMU PLACEMENT
The OPPP primarily investigates the minimum number of
PMUs required to achieve observability for the entire power
system network. A power system is entirely observable if the
available measurement infrastructure allows the determina-
tion of voltage and phase angle at every bus of the network
[44]. A PMU installed at a bus can measure the bus voltage
phasor and the current phasor in the branches connected to the
considered bus. With the line parameters known, the voltage
of the adjacent buses can also be computed. Conventionally,
determining the minimum number and specific PMU loca-
tions can be formulated as a constrained optimization prob-
lem. The objective function minimizes the total number of
PMUs to be placed, while the observability of each bus in the
network is the constraint. It is possible to get multiple optimal
solutions with the same number of PMUs. In this research,
Bus Observability Index (BOI) and System Observability
Redundancy Index SORI evaluate the quality of the solution.
BOI represents the times that a particular bus is observed and
is given by the total number of PMUs observing a specific
bus. SORI is obtained as a sum of BOI at all buses installed
with PMUs in the entire system.

1) PROBLEM FORMULATION CONSIDERING NORMAL CASE
In the normal case, the PMUplacement objective is to achieve
full system observability without considering any system
contingency. The objective function is an optimization prob-
lem that minimizes the number of PMUs placed in a system
considering observability constraint. The objective function

is formulated in equation (5), [2].

F = min
N∑
k=1

wkxk (5)

where F is the objective function for OPPP
N refers to the total number of buses in a particular net-

work.
X = [x1, · · · , xn] is a binary decision variable associated

with bus k;

xk =

{
1 if a PMU is placed at bus k
0 if no PMU is placed a bus k

wk represents possible weight assigned to the k th bus
The objective function is subject to observability constraint

given in equation (6),

f (X) ≥ 1̂ (6)

where f (X ) is a vector, which depends on the PMUs set,
expressing the observability of each node as;

fk =

{
1 if bus k is observable
0 if bus k is unobservable

1̂ is [1, · · · , 1], an N size vector whose entries are all 1.
The observability constraint of each bus, given by the vec-

tor function f (X ) of equation (6), is expressed through a set
of linear equations derived frommatrix multiplication ofA.X ,
where A represents a binary connectivitymatrix that indicates
a connection between buses associated to the topology of a
particular power system network, whose entries are given in
equation (7).

Akm =


1 if k = m
1 if buses k and m are connected
0 if buses k and m are not connected

(7)

For instance, given the IEEE 14-Bus system, the objective
function is given in equation (8). The weight assigned to the
k th bus in this paper is 1 when finding the optimal number of
PMUs, indicating that the cost of deploying PMUs at all the
buses is equal.

F = min
14∑
k=1

xk (8)

The constraint f (X ) is derived from IEEE 14 bus connectivity
matrix given in equation (9) with the constraints given in
equation (10). BOI is derived from the connectivity matrix,
provided by the sum of each row with a PMU installed at
bus 1 has a BOI of 3, as shown in equation (11). The Sum of
BOI for all buses installed with PMUs gives the entire system
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SORI as given in equation (12).

A =



1 1 0 0 1 0 0 0 0 0 0 0 0 0
1 1 1 1 1 0 0 0 0 0 0 0 0 0
0 1 1 1 0 0 0 0 0 0 0 0 0 0
0 1 1 1 1 0 1 0 1 0 0 0 0 0
1 1 0 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0 1 1 1 0
0 0 0 1 0 0 1 1 1 0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0
0 0 0 1 0 0 1 0 1 1 0 0 0 1
0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 0 0 1 1 1 0 0 0
0 0 0 0 0 1 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 0 1 0 0 0 1 1



(9)

f1 = x1 + x2 + x5 ≥ 1

f2 = x1 + x2 + x3 + x4 + x5 ≥ 1

f3 = x2 + x3 + x4 ≥ 1

f4 = x2 + x3 + x4 + x5 + x7 + x9 ≥ 1

f5 = x1 + x2 + x4 + x5 + x6 ≥ 1

f6 = x5 + x6 + x11 + x12 + x13 ≥ 1

f7 = x4 + x7 + x8 + x9 ≥ 1

f8 = x7 + x8 ≥ 1

f9 = x4 + x7 + x9 + x10 + x14 ≥ 1

f10 = x9 + x10 + x11 ≥ 1

f11 = x6 + x10 + x11 ≥ 1

f12 = x6 + x12 + x13 ≥ 1

f13 = x6 + x12 + x13 + x14 ≥ 1

f14 = x9 + x13 + x14 ≥ 1 (10)

BOI =
N∑
k=1

Ak (11)

SORI =
N∑
k=1

BOI k (12)

2) PROBLEM FORMULATION CONSIDERING
SINGLE PMU FAILURE
For a system installed with PMUs, there is a need to
enhance power system monitoring resilience and reliabil-
ity against PMU failure. If a state estimation depends on
PMU measurements only, a single PMU failure is addressed
when each bus in the power system is observed by at
least two PMUs. The observability constraint given in
equation (6) is thus modified where 1̂ becomes [2, 2, · · · , 2],
an N size vector whose entries are 2. A PMU failure is
more severe than other contingencies, such as a single
line/branch outage [45]. Therefore, if a bus is observed by
two PMUs, a branch loss will not affect the power system
observability.

3) OPTIMIZATION ALGORITHM USING ABC
ABC optimization algorithm is employed to find optimal
PMU locations for the OPPP with its efficiency and excellent
exploration depicted in existing studies [10], [46]. It is a
metaheuristic algorithm proposed in [47] and inspired by the
intelligent behavior of bee swarms. The algorithm has been
applied in solving several optimization problems, mostly in
engineering, because of its robustness and ease of implemen-
tation [48]. The bee swarms are categorized into three groups,
employed bees, onlooker bees, and scout bees.
The role of employed bees is to explore nectar (food)

sources and pass the information about the nectar amount
to onlooker bees. If an employed or onlooker bee exhausts
a food source, the corresponding bee will play the role of a
scout bee to search randomly to get out of a local trap. Once
a scout bee finds a solution, it becomes an employed bee.
Thus, the ABC algorithm comprises four sequential phases:
initialization, employed bee phase, onlooker bee, and scout
bee phase [49]. ABC algorithm has been applied in solving
the OPPP in various studies [10], [46]. The initialization
phase involves the definition of ABC parameters that include
colony size, number of food sources (Np), system size, limit
for scout bee to take over, and maximum iterations. System
information such as objective function and constraints are
also initialized at this phase. Food sources (F ij ) represent
a possible solution for PMU placement which is randomly
generated using equation (13). Where i = 1, 2, · · ·Np, j =
1, 2, · · ·D, with D being a randomly generated D dimensional
vector.

F ij = Fminj + rand(Fmaxj − Fminj ) (13)

The employed bee phase explores new solutions representing
new PMU locations using equation (14), with k not equal to i.
ψ i
j is a randomly generated number between −1 and 1.

Fnewij = F ij + ψ
i
j (F

i
j − F

k
j ) (14)

Next, the fitness value fvi of the generated PMU locations
is obtained using equation (15). Consequently, the best solu-
tions are used to update new PMU locations.

fvi =


1

1+ fi
fi ≥ 0

1+ |fi| fi < 0

 (15)

The onlooker bee phase selects a solution based on a probabil-
ityPi given by equation (16). The selected solution undergoes
employed bee phase steps to generate a new solution.

Pi =
fvi∑Np
n=1 fvn

(16)

After a search reaches a set limit without achieving a better
solution, the search randomly moves to a scout bee phase
to find a new solution based on equation (13). The search
process for optimal PMU locations undergoes all the phases
until all conditions are met, giving an output consisting of the
minimum optimal number and specific PMU locations.
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TABLE 1. Existing RTU measurement configuration.

C. EXISTING SCADA-BASED RTU MEASUREMENTS
In the proposed LHSE, the power system is assumed to
have existing SCADA-based RTU meters enough to make
the system observable. The RTU measurements considered
comprise voltage magnitude, real and reactive power injec-
tion, and real and reactive power flow from/to a bus. The
RTU measurements are given in table 1, where the various
measurements are assumed to be randomly distributed within
the system to achieve a measurement redundancy greater
than 1.

In a particular power system, the number of branches is
usually higher than the number of buses; thus, the number
of voltage magnitudes measurements and power injection
is less than corresponding power flow measurements. From
the measurements assumed, the redundancy of IEEE 14 bus,
IEEE 30 bus, and IEEE 57 bus is 2.04, 2.13, and 2.28,
respectively. The specific RTU measurement locations are
randomly determined in MATLAB using the randperm func-
tion. The specific locations for the three test cases are given in
table 2. For instance, the five voltagemagnitudemeasurement
locations for IEEE 30 bus are located at buses 1, 3, 4, 11, and
13, while the 14-voltage magnitude measurement locations
for IEEE 30 buses are located at buses 1, 3, 4, 5, 8, 10, 12, 18,
21, 24, 25, 26, 28, and 29.

D. SIMULATION DESCRIPTION
The simulations are performed in MATLAB2019a using
MATPOWER with the test case data available online by
MATPOWER 7.0. The MATLAB is implemented on a 8 GB
RAM, Intel(R) Core (TM) i7-8565U CPU @ 1.80GHz
1.99 GHz, processor. The optimal PMU placement locations
are determined through simulation using system data for each
test case and ABC algorithm. The ABC algorithm parameter
settings are shown in table 3. The basic ABC algorithm flow
chart is given in figure 1. The algorithm’s output comprises

TABLE 2. RTU measurement locations for three test cases.

TABLE 3. ABC algorithm parameter settings.

different OPPP solutions with specific PMU locations, corre-
sponding SORI, and bus redundancy for a particular solution.

The proposed hybrid state estimation utilizing RTUs and
optimally placed PMUs is done using the following steps;
Step 1: Input test case data
Step 2: Find optimal PMU locations using the ABC

algorithm
Step 3: Find RTU locations randomly
Step 4: Perform load flow calculation and store the results

(voltage magnitude, phase angle, real/reactive power injec-
tion, real/reactive power flow). The voltage magnitude and
phase angle are used as reference values in state estimation.
Step 5: Extract PMU and RTU measurements from load

flow results
Step 6: Model mathematically accuracy of measurement

meters as noise which is induced into the PMU and RTU
measurements using equation (17),

z = (σ ∗ randn (1)+ A) (17)
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FIGURE 1. ABC algorithm flow chart.

where Z is the new value for PMU and RTU measurements
after adding noise, σ is the standard deviation associated
with various measurements as given in table 4, obtained
from [50]. The term randn(1) is a random number with
zero mean and normal distribution varying between −1 and
1. The Load flow value for a particular measurement is
given by A.
Step 7: Store the new measurement sets (with noise added)

for PMU and RTU measurements.
Step 8: Generate the proposed LHSE measurement model

using new PMU and RTU measurements.
Step 9: Run state estimation for different cases under eval-

uation, as shown in table 5.

TABLE 4. The standard deviation used for various RTU and PMU
measurements.

TABLE 5. The different cases under evaluation for the proposed LHSE.

Step 10: Output the state estimation results, voltage mag-
nitude, phase angle errors, and NCE values considering
the different cases. The NCE value is calculated using
equation (18), where n is the number of buses per test case.

NCE =
1
2n

(
2n∑
i=1

|Actual valuei − Estimated valuei| (18)

IV. RESULTS AND DISCUSSION
This section presents the results obtained from optimal PMU
placement and discusses the selection of a particular solu-
tion. State estimation is performed considering three different
cases; first, the availability of all optimal PMUmeasurements
is referred to as PMU normal operation. Secondly, state esti-
mation considers single PMU loss with all measurements
from a single PMU not available for state estimation due
to a PMU failure contingency. Finally, the robustness of the
proposed LHSE considering bad data is also presented.

A. OPTIMAL PMU PLACEMENT CONSIDERING
NORMAL CASE
The optimal PMU placement locations are obtained based
on the ABC algorithm. The results obtained consider the
normal state of the power system without including either
contingencies or zero injection buses. It also considers a PMU
with enough channels for connection to transmission lines.
Five different placement solutions for IEEE 14-bus are shown
in table 6.

All the solutions obtained require a minimum of four
PMUs to be placed in the IEEE 14 bus system for complete
observability. The solutions are given alongside respective
BOI for a particular PMU solution showing the number
of times the available PMUs observe a bus within a given
solution. The optimal PMU placement solution selected for
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TABLE 6. IEEE 14-bus different placement solutions.

this test case comprises PMU locations at buses 2, 6, 7, and
9, given that it has the highest SORI of 19 and also a bus
redundancy of 4 with buses 4, 5, 7, and 9 being observed by
more than one PMU. Bus redundancy in this context means
the total number of buses observed more than once by a
particular PMU solution.

For the IEEE 30-bus system, nine different placement solu-
tions are obtained, as shown in table 7. The minimum number
of PMUs required for complete observability is ten for all
solutions obtained. The solution with the highest SORI of
50 and bus redundancy of 14 is selected as the optimal set
with the PMU locations at buses 1, 2, 6, 9, 10, 12, 15, 19, 25,
and 27. With this PMU set, the redundant buses are 1, 2, 4, 6,
9, 10, 12, 14, 15, 18, 20, 25, 27, and 28.

Table 8 shows four different solutions obtained for the
IEEE 57-bus test case with a minimum of 17 PMUs required
for the complete system observability. The optimal PMU set
selected comprises PMU locations at buses 1, 4, 6, 9, 15, 20,
24, 28, 31, 32, 36, 38, 39, 41, 47, 50, and 53 with a SORI of
72 and bus redundancy of 14. The buses observed more than
once by the PMU set are 1, 3, 4, 5, 6, 8, 11, 13, 15, 31, 32,
37, 48, and 49.

To validate the ABC algorithm under normal operation,
a comparison between the placement solutions obtained using
the proposed ABC algorithm in this research with other exist-
ing ABC studies is given in table 9. The results indicate that

TABLE 7. IEEE 30-bus different placement solutions.

the minimum number of PMUs obtained is 4, 10, and 17 for
the three test cases. The computation time obtained varies
based on the computational environment employed.

A comparison of the minimum number of PMUs obtained
using the ABC algorithm with that of different algorithms in
the literature is shown in table 10. For IEEE 14-bus systems,
a minimum of 4 PMUs are required for complete observ-
ability. For IEEE 30-bus and IEEE 57-bus, a minimum of
10 and 17 PMUs have been obtained using other algorithms.
The variation observed is based on the SORI value despite
presenting an equal optimal number of PMUs.

B. OPTIMAL PMU PLACEMENT CONSIDERING
SINGLE PMU LOSS
For a system based on PMU devices only, the solutions
given in table 11 were obtained for the PMU placement
considering a single PMU failure in the problem formula-
tion. IEEE 14-bus, 30-bus, and 57-bus require a minimum
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TABLE 8. IEEE 57-bus different placement solutions.

TABLE 9. The comparison of obtained results with the ABC algorithm in
other studies.

of 9, 21, and 33 PMUs, respectively, for the system to be
resilient against a single PMU failure. The results obtained
show that for a system depending on PMUs only, shielding
the system against PMU loss increases the cost. The number
of PMUs required under a normal case needs to be increased
to improve system reliability. For instance, the number of
PMUs for the IEEE 14-bus rises from 4 to 9, while that of
the IEEE 57-bus increases from 17 to 33.

In this work, the optimal number of PMUs under the nor-
mal case is integrated with existing RTU devices to achieve
the same reliability and resilience against single PMU loss.

C. EVALUATION OF THE PROPOSED LHSE CONSIDERING
THE NORMAL OPERATION
With optimal PMU locations identified, the respective mea-
surements are integrated with RTUmeasurements for the pro-
posed estimator. The proposed LHSE is evaluated based on

TABLE 10. Comparison of obtained results with that of other OPPP
algorithms.

individual estimated states (voltage and phase angle) errors
and the NCE performance index. The difference between the
reference values (based on load flow results) and estimated
values for all system buses give the errors. The simulation
results are shown in figures 2 to 7. For all three test cases,
state estimation based on PMU/RTU measurements presents
less estimation error for both voltage magnitude and absolute
phase angle for most system buses.

For further performance evaluation, NCE values indicating
the estimation accuracy based on various measurements are
shown in table 12. A lower NCE value indicates higher
estimation accuracy. For the three test cases, state estimation
based on the combination of PMU and RTU measurements
records a lower NCE value than estimation based on PMU
measurements. As the system size increases, the NCE values
also increase; this may be attributed to the number of buses
adding to individual estimated value errors. The computa-
tional time for the state estimation process is given in table 13.
The estimation based on PMU/RTU measurements requires
almost equal estimation time as the use of PMU measure-
ments only.

D. EVALUATION OF THE PROPOSED LHSE CONSIDERING
SINGLE PMU LOSS
Evaluation of the proposed LHSE involves initiating a single
PMU loss for the three test cases. A single PMU loss means
the absence of all measurements from one PMU due to a
contingency such as PMU failure. The single PMU loss is
randomly initiated in each test case to indicate unpredictabil-
ity in PMU failure. For the IEEE 14-bus test case, the optimal
PMU locations considered, as shown in table 5, are 2, 6, 7,
and 9. PMU loss may be initiated at either of the four PMU
locations and for IEEE 14 bus, a PMU loss is initiated at bus
6. Therefore, the voltage phasor at bus six and the current
phasors for the connected transmission lines are no longer
used in state estimation. The estimator’s performance in terms
of voltage magnitude error and absolute angle error is given
in figures 8 and 9, respectively. The estimation error is high
for buses 6, 11, 12, and 13 for both voltage and phase angle
when using PMU measurements only.

To further examine the performance of the IEEE 14 bus,
the reference values are compared with estimated values.
Considering single PMU loss at bus 6, figures 10 and 11
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TABLE 11. Optimal solutions considering single PMU loss for a system based on PMU measurements only.

FIGURE 2. Voltage magnitude error for IEEE 14-bus.

TABLE 12. NCE values considering normal system operation.

show voltage magnitude and absolute phase angle for ref-
erence values based on load flow, estimated values based
on PMU measurements only, and estimated values based
on PMU/RTU measurements. It is shown that there are no
estimated values at buses 6, 11, 12, and 13 for both voltage
and phase angle when using PMU measurements only. The
error obtained at the said buses is thus attributed to estimation
failure at the specific buses due to unobservability. For the

TABLE 13. State estimation computational time considering normal
system operation.

estimator utilizing both PMU and RTU measurements, volt-
age magnitude and phase angle estimates for all the buses are
obtained.

The performance is further illustrated in table 14, showing
the actual estimated values for IEEE 14-bus considering PMU
loss at bus 6. Zero values for four buses (6, 11, 12, 13) indicate
estimation failure at the buses. The estimation failure for the
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FIGURE 3. Absolute phase angle error for IEEE 14-bus.

FIGURE 4. Voltage magnitude error for IEEE 30-bus.

case of PMU measurements only could be explained using
the IEEE 14-bus topology shown in figure 12. The buses in
red indicate PMU placement on such buses. Buses directly
connected to the red buses are observable, indicating that
their voltage phasors can be calculated based on the PMU
readings. Therefore, bus six is directly connected to buses 5,
11, 12, and 13; a failure in PMU placed at bus six renders

buses 6, 11, 12, and 13 unobservable, resulting in estimation
failure. Bus 5 is a redundant bus observed by two PMUs
placed at buses 6 and 2, and consequently, with PMU failure
at bus 6, its state can still be estimated relying on PMU at bus
2. Hybrid estimation based on PMU and RTU measurements
is not affected by PMU loss at bus six, even with the RTU
measurements randomly distributed.
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FIGURE 5. Absolute phase angle error for IEEE 30-bus.

FIGURE 6. Voltage magnitude error for IEEE 57-bus.

For IEEE 30-bus test case shown in figure 13, ten PMUs
are placed at buses 1, 2, 6, 9, 10, 12, 15, 19, 25, and
27, as shown in figure 13. A single PMU loss is initiated
randomly at bus 10. The voltage magnitude error and
absolute phase angle error are shown in figures 14 and 15,

respectively. With a single PMU loss at bus 10 for the
IEEE 30-bus system, state estimation based on PMU mea-
surements fails for buses 17, 21, and 22, as indicated
by both voltage and phase angle error at the respective
buses.
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FIGURE 7. Absolute phase angle error for IEEE 57-bus.

TABLE 14. IEEE 14-bus reference and estimated values considering PMU loss at bus 6.

The PMU located at bus ten as per the topology given in
figure 13, serves buses 6, 9, 10, 17, 20, 21, and 22. Buses 6,
9, 10, and 20 states are obtained since the buses are redundant,
as shown in table 7. Using PMU/RTU measurements, all
states are estimated due to redundancy provided by the RTU
measurements in the event of a single PMU loss.

State estimation for IEEE 57-bus presents estimation
results consistent with the other two test cases. A single

PMU loss is initiated at bus 28 and the results presented
in figures 16 and 17 indicate state estimation failure at
buses 27, 28, and 29 when using PMU measurements
only. PMU installed at bus 28 serves buses 27, 28, and
29, as shown in figure 18, and none of these buses is
redundant, resulting in estimation failure. State estimation
for this test case using PMU/RTU measurements gives esti-
mation at all buses, further indicating the measurement
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FIGURE 8. Voltage magnitude error for IEEE 14-bus considering single
PMU loss at bus 6.

FIGURE 9. Absolute angle error for IEEE 14-bus considering single PMU
loss at bus 6.

FIGURE 10. Comparison between reference values and estimated values
for IEEE 14-bus voltage magnitude considering single PMU loss at bus 6.

redundancy provided by RTU measurements in state
estimation.

For the overall evaluation of the estimator considering sin-
gle PMU loss in each test case, the NCE value is determined.
The results are shown in table 15, with an estimation based on

FIGURE 11. Comparison between reference values and estimated values
for IEEE 14-bus absolute phase angle considering single PMU loss at
bus 6.

FIGURE 12. IEEE 14 -bus topology indicating buses installed with PMUs
in red.

TABLE 15. NCE values considering single PMU loss.

PMUmeasurements only giving a high NCE value for all test
cases. The high NCE value is attributed to estimation failure
at the unobservable buses resulting in a high estimation error
at such buses. Estimation based on hybrid PMU/ RTU mea-
surements presents relatively lowNCE values indicating high
estimation accuracy resulting from measurement redundancy
provided by RTU measurements. The computational time
for state estimation considering single PMU loss is given
in table 16.
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FIGURE 13. IEEE 30 -bus topology indicating buses installed with PMUs
in red.

FIGURE 14. Voltage magnitude error for IEEE 30-bus considering single
PMU loss at bus 10.

FIGURE 15. Absolute angle error for IEEE 30-bus considering single PMU
loss at bus 10.

E. EVALUATION OF THE PROPOSED LHSE CONSIDERING
BAD DATA EXISTENCE
The robustness of the proposed LHSE is tested by initiating
bad data manually. In this paper, bad data is characterized

FIGURE 16. Voltage magnitude error for IEEE 57-bus considering single
PMU loss at bus 28.

FIGURE 17. Absolute angle error for IEEE 57-bus considering single PMU
loss at bus 28.

TABLE 16. State estimation computational time considering single
PMU loss.

by either measurement with a large standard deviation more
than five times the normal deviation or negative values for
the measurements [6]. A single bad data is introduced in both
RTU and PMUmeasurement sets, as described in table 17 for
the three test cases.

The performance of the proposed LHSE considering
bad data is given in terms of NCE values in table 18.
The NCE values obtained show a small or no deviation
when the measurement sets contain bad data. Therefore, the
robustness of the WLAV estimation criterion is depicted
in the results obtained. The corresponding state estimation
computation time considering bad data existence is given
in table 19.
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FIGURE 18. IEEE 57 -bus topology indicating buses installed with PMUs in red.

TABLE 17. Bad data integration into the measurement sets.

TABLE 18. NCE values considering bad data existence.

TABLE 19. State estimation computational time considering bad data
existence.

V. CONCLUSION
This research proposes a linear hybrid state estimator capable
of simultaneously utilizing PMU and RTU measurements.

A major advantage is that it is linear, resulting in a non-
iterative state estimation process eliminating challenges asso-
ciated with nonlinear algorithms. The study also focuses on
evaluating the estimator’s performance in the presence of
either PMU measurements only or a combination of PMU
andRTUmeasurements. The evaluation is performed on three
standard test case systems assumed to have enough existing
RTU meters for complete system observability. PMU inclu-
sion in the system is based on optimal placement based on the
ABC algorithm, a metaheuristic optimization algorithm with
excellent exploration search techniques. The proposed LHSE
model offers several advantages since the system observ-
ability, and linearity are guaranteed whether in the presence
of measurements from RTU only, a combination of RTU
and PMU, or PMU measurements only. As hybrid estima-
tors leverage both measurement types to improve estimation
performance, the proposed LHSE approach leverages RTU
and PMU measurements to address PMU loss contingency.
The proposed approach looks into system reliability against
a single PMU loss contingency from a hybrid measurement
perspective and not PMU measurements only. Based on the
results obtained, the presence of RTU measurements mit-
igates single PMU loss effects. The estimator robustness
against bad data is addressed by developing a WLAV esti-
mation criterion.

The evaluation is inclined towards first establishing the
effectiveness of the proposed LHSE and, secondly, the esti-
mator’s performance working with an optimal number of
PMUs within the system and during a contingency such
as PMU loss. The proposed estimator is also evaluated for
robustness based on bad data existence. Simulation results
indicate the effectiveness of hybrid measurements in state
estimation, as shown byNCE values obtained for the different
test cases. Measurement redundancy is key for state estima-
tion. Therefore, system operators should consider integrating
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existing RTUmeasurements with PMUmeasurements during
the transition period and even in the future to address con-
straints such as cost and reliability. It is also prudent to install
the relatively cheaper RTU meters for new power systems
even if there are enough PMUs to make the system observ-
able. Single PMU loss is a constraint widely explored in
optimal PMU placement, which only increases the minimum
number of PMUs required for observability. Based on simu-
lation results obtained, PMU/RTU measurements address the
single PMU loss, further minimizing the PMUs required in
such contingency and reducing the infrastructural costs.

The future scope of this study will consider other con-
straints within the OPPP problem that always subject the
problem to an increased number of PMUs for observability
while working with the proposed LHSE.
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