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ABSTRACT The robot kinematic error model may include redundant parameters, which require removal
prior to the identification of kinematic parameters to ensure the accuracy and stability of such. Traditionally,
the redundant parameters are determined by the numerical analysis. This paper presents an analytical method
to determine the identifiable kinematic parameters for serial-robot calibration under various identification
conditions. Among various kinematic models of robots, the DH (Denavit-Hartenberg) model is the most
commonly used, so the analysis of redundant parameters is based on the DH error model. The correlation
between the columns of the Jacobian matrix is analyzed by theoretical methods, resulting in the linear
relationship between these columns. The redundant error parameters and the linear independent parameters
after removing redundancies from robots with different measurement conditions and different configu-
rations are clearly given. Thus, the redundant parameters can be easily determined based on the values
of kinematic parameters, which facilitates the determination of the non-redundant kinematic calibration
model. In addition, the physical meanings of redundant parameters are also elaborated, which can reveal
the inherent principle of the error parameters’ linear correlation. Finally, the parameter identification
simulation experiment shows that the identification results, after removing the redundant parameters, all
converge to the true values when the random noise is not considered, which verifies the correctness of the
parameter redundancy analysis results. In the case of considering random noise, the non-redundant parameter
identification has better convergence than the full parameter identification. This study can provide theoretical
and application references for robot kinematic calibration.

INDEX TERMS Robot, kinematic parameters, identification, redundant, Jacobian matrix, calibration.

I. INTRODUCTION
High-end positioning accuracy is required for space robots
capturing space targets in orbit and installing equipment, for
assembly robots on production lines, and for robots for med-
ical services. Presently, the repeating positioning accuracy of
the industrial robots is high, but the absolute accuracy is still
not high [1], [2]. Robot machining and assembly errors, joint
clearance, and arm deformation can cause robot end errors.
The geometric errors generated during the machining and
assembly of the robot components are the most important
factors affecting the robot end accuracy. This part of the
error accounts for 90% of all the error sources [1]. Therefore,
to improve the absolute accuracy of a robot, it is necessary

The associate editor coordinating the review of this manuscript and

approving it for publication was Hui Xie .

to identify the kinematic parameter error of the robot and
compensate for it [3]–[5].

A robot’s kinematic parameter identification needs to
obtain its end pose data through experimental measurement
and then, acquire the error of the kinematic parameters based
on the specific identification model and algorithm. However,
because some kinematic parameters have the same effects
on the end pose, it is impossible to distinguish the size
of each kinematic parameter error based on the end error;
namely, there are redundant parameters in the identifica-
tion model [6]–[8]. Because the noise in the experimen-
tal measurement is unavoidable, the existence of redundant
parameters adversely affects the accuracy and stability of the
kinematic parameter identification of the robot, thus influenc-
ing the optimization effect of the end precision of the robot.
Therefore, it is necessary to remove the redundant parameters
before identification [9]–[12].
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If there exist redundant parameters, only the linear com-
bination of these kinematic parameters can be identified.
The redundant parameters are determined by the kinematic
model of the robot, regardless of which identification algo-
rithm is used. Up till now, various kinematic models of
robots have been proposed, such as DH (Denavit-Hartenberg)
model [13]–[17], CPC (Complete and Parametrically
Continuous) model [18], [19], S model [20]–[22], zero ref-
erence model [6], [23] and POE (Product of Exponentials)
model [11], [24]. On the research of redundant parameters,
Everett et al. [25], [26] analyzed the maximum number of
independent kinematic parameters of robots with rotary and
translational joints for the first time, and demonstrated how
to model any manipulator so that a minimum size Jacobian is
used, thus reducing the computation required for calibration.
However, the redundant parameters for robots with different
configurations cannot be determined. Zhuang et al. [18],
[19] proposed the CPC model to describe the motion of
robots, each joint contains six kinematic parameters, among
them three parameters are used to describe the direction of
joint axis, while the others are used to describe the position
relationship between the adjacent joints. Although some of
these parameters are redundant parameters, they can be sys-
tematically eliminated in the process of constructing the error
models. Gupta [23] established the zero reference model,
in which the direction and position of each joint axis are
described relative to a zero reference configuration, and there
exist redundant parameters in the kinematic error model. For
specific cases, the redundant parameters may be eliminated
by ignoring the revolute and translation error in the particular
direction, but the general validation is absent now [27].
Meggiolaro and Dubowsky [28] analyzed the redundancy of
generalized errors, in which the analytical expressions of the
redundant parameters are presented. On the basis of these
expressions, the redundant parameters can be eliminated
from the error model. In order to analyze the redundant
parameters in POE model, Chen et al. [29], [30] constructed
an orthogonal partitioning matrix in a straightforward way
and then the redundant error parameters can be determined
and eliminated from the POE model.

As analyzing the linear correlation columns of the identi-
fication matrix is relatively complicated, most of the prior art
on redundant parameters focused on the analysis for specific
cases, which especially lacked the versatility analysis and
verification for DH parameters. In this paper, modeling and
parameter redundancy analyses are carried out accordingly.

This paper first establishes the robot kinematic error model
for parameter identification. On this basis, the paper analyzes
the redundancy of the parameters, resulting in the redundant
parameters and linear independent parameters under different
conditions. The physical meanings have also been explained.
Finally, simulation experiments verify the redundancy anal-
ysis results. There are two main innovations in this work.
First, this paper analyzes the redundant DH parameters of
any serial robot under different measurement conditions and
geometric configurations, with a demonstrated universality.

FIGURE 1. The position vectors of point P in the two coordinate systems.

The resulted redundant parameters and the linear independent
parameter list can be used to quickly determine the redun-
dant parameters of the robot and to perform non-redundant
parameter identification. Second, this paper explains the
physical meanings of different redundant DH parameters and
reveals the inherent principle of the error parameters’ linear
correlation.

II. ROBOT KINEMATIC ERROR MODEL
A. KINEMATIC DESCRIPTION
Robot kinematics modeling refers to calculating the end posi-
tion and attitude of a robot under the condition that the robot
joint variables and geometric parameters are known. First,
the homogeneous coordinate transformation between the two
coordinate systems is discussed, and then, the kinematic
model of the robot is given based on the DH parameters.

Figure 1 shows the position vectors of point P in two
coordinate systems, where the coordinate system Fxyz is the
reference coordinate system, and Fnoa is the relative coor-
dinate system. The unit vectors of the coordinate system
Fnoa in the three directions are n, o, a, respectively, which
are indicated in the reference coordinate system Fxyz. The
position vectors of an arbitrary point P in the two coordinate
systems are given in the figure.

The homogeneous transformation matrix is defined as fol-
lows [31]:

xyzAnoa =


nx ox ax dx
ny oy ay dy
nz oz az dz
0 0 0 1

 (1)

The homogeneous transformation matrix in the above
equation consists of four vectors, including three direction
vectors and one position vector. The homogeneous trans-
formation matrix can simultaneously transform the position
and attitude between the two coordinate systems. To realize
the linear transformation of the position vectors between the
different coordinate systems, it is necessary to represent the
position of point P as the 4 × 1 vector.

p =
[
px py pz 1

]T (2)
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At this time, the relationship of the position vectors of Point
P in the two coordinate systems can be expressed as follows:

pxyz =
xyzAnoa pnoa (3)

In this paper, the DH method, which was proposed by
Denavit and Hartenberg [13] is used to model the kinematic
parameters of the robots. There are four DH parameters for
each joint, namely the joint distance di, joint angle θi, rod
length ai, and rod twist angle αi. For a rotating joint, di, ai, and
αi are constant values, whereas θi changes as the joint rotates.
The specific definitions of each parameter are as follows:

(1) Joint distance di: The distance from axis Xi−1 to axis
Xi. The direction towards axis Zi−1 is defined as positive;
(2) Joint angle θi: The angle from axis Xi−1 to axis Xi. The

positive rotation around axis Zi−1 is defined as positive;
(3) Rod length ai: the distance from axis Zi−1 to axis Zi.

The direction towards axis Xi is positive; and
(4) Rod twist angle αi: The angle from axis Zi−1 to axis Zi.

The positive rotation around axis Xi is defined as positive.
The homogeneous transformation matrix of coordinate

system Fi corresponding to the coordinate system Fi−1 is the
product of four basic transformations:
i−1Ai = ATrans(0, 0, di)ARot (zi, θi)ATrans(ai, 0, 0)ARot (xi, αi)

=


cos θi − cosαi sin θi sinαi sin θi ai cos θi
sin θi cosαi cos θi − sinαi cos θi ai sin θi
0 sinαi cosαi di
0 0 0 1


(4)

Here, ATrans and ARot are the homogeneous transformation
matrices of the translation and rotation operation for the coor-
dinate system. For the robot with N degrees of freedom, the
homogeneous coordinate transformation matrix from coordi-
nate system FN to F0 is

0AN = 0A1
1A2 · · ·

N−2AN−1N−1AN (5)

B. ERROR MODEL DERIVATION
To identify the kinematic parameters of the robot, it is
necessary to obtain the kinematic error model of the robot—
specifically, the relationship between the pose error of the end
actuator and the slight deviation of the kinematic parameters.
The relationship between the two is determined by the param-
eter identification Jacobian matrix.

1) ERROR MODEL BETWEEN ADJACENT JOINT
COORDINATE SYSTEMS
First, the error model between the adjacent two joint
coordinate systems is given; namely, the joint pose error
are calculated according to the joint DH parameter error.
Assuming the DH parameter error of joint i is 1X i =[
1θi 1αi 1di 1ai

]T, the robot joint pose error is Di =[
dxi dyi dzi δxi δyi δzi

]T, where dxi, dyi, and dzi are the
infinitesimal translational displacement, δxi, δyi, and δzi are
the infinitesimal rotation angles around axes xi, yi, and zi,
respectively.

The variation of the homogeneous transformation matrix
caused by the robot DH parameter error dAi can be expressed
as [32]

dAi =
∂Ai
θi
1θi +

∂Ai
αi
1αi +

∂Ai
di
1di +

∂Ai
ai
1ai (6)

which can be simplified as follows (7), as shown at the bottom
of the next page.

The variation of the homogeneous transformation matrix
caused by the robot joint pose error dAi satisfies the
following:

Ai + dAi
= Ai(ATrans(dxi, dyi, dzi)ARot (xi, δxi)ARot (yi, δyi)

×ARot (zi, δzi))

= AiδAi (8)

Considering Di is a tiny item, the second-order small
amount can be ignored in the calculation.

δAi =


1 −δzi δyi dxi
δzi 1 −δxi dyi
−δyi δxi 1 dzi
0 0 0 1

 (9)

The relationship between the joint pose error and
the DH parameter error can be obtained by combining
equations (7)–(9):

dxi
dyi
dzi
δxi
δyi
δzi

 =


0 0 0 1
ai cosαi 0 sinαi 0
−ai sinαi 0 cosαi 0

0 1 0 0
sinαi 0 0 0
cosαi 0 0 0



1θi
1αi
1di
1ai

 (10)

which can be simplified as follows:

Di = Li1X i (11)

2) ERROR MODEL OF END COORDINATE SYSTEM
For the robot with N degrees of freedom, the error model
of the robot end coordinate system can be obtained from
the error model between the two joint coordinate systems
obtained in the previous section. There are 4N unknown error
parameters in the robotic kinematic error models. Consider-
ing the small parameter error, the high-order small amount
can be ignored in the calculation. At this time, the robot
end pose error is a linear superposition of the end pose error
caused by the DH parameter error of each joint:

ED =
N∑
i=1

EDi =
N∑
i=1

E
i F · Di (12)

Here, EDi is the robot end pose error when only the param-
eter error of the joint i is considered. The superscript E
indicates that they are all defined in the end coordinate sys-
tem. Moreover, Ei F is the transformation matrix for the pose
errors from the joint i coordinate system to the end coordinate
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system, which can be expressed as the continuous product
of the transformation matrix for the adjacent joint coordinate
systems:

E
i F =

{
FN · FN−1 · · ·Fi+1 i ≤ N − 1
I i = N

(13)

Here, Fi indicates the pose error transformation matrix
from the coordinate system of joint i-1 to that of joint i,
expressed as follows (14), as shown at the bottom of the next
page.

Substituting equation (11) into equation (12), and then, the
relationship between the robot end pose error and the DH
parameter error of each joint can be obtained as follows:

ED =
N∑
i=1

E
i FLi1X i (15)

This can be written into a matrix form as included below:

ED =
[ E
1FL1

E
2FL2 · · ·

E
N−1FLN−1

E
NFLN

]

×


1X1
1X2
...

1XN−1
1XN

 = J1X (16)

The above equation is the error model of the robot end
coordinate system, where J is the Jacobian matrix for the
parameters identification, and 1X is the DH parameter error
of all joints.

The robot end coordinate system error model includes
two parts: the end position error model and the end attitude
error model. Therefore, equation (16) can also be written as
follows: [ Ed

Eδ

]
=

[ dJ
δJ

]
1X (17)

III. DH PARAMETER REDUNDANCY ANALYSIS
In the actual parameter calibration experiment, noise is
inevitably accompanied when measuring the end position
of the robot and the angle value of each joint, resulting in
the deviations in the identification results [33], [34]. The
impacts of random noise on the identification results are
closely related to the identification model. If there are redun-
dant parameters in the identification model, the identification
Jacobian matrix J is rank deficit. According to the definition
of the matrix condition number, the condition number of
matrix J will be infinite, and the existence of noise can affect
the accuracy of parameter identification to a large extent,

thus affecting the optimization effect of the end precision
of the robot. Therefore, the parameter redundancy needs
to be analyzed before performing parameter identification,
and then, the redundant parameters should be removed from
the identification model to obtain linear independent error
parameters. This ensures the accuracy and stability of param-
eter identification.

A. CORRELATION ANALYSIS
If there are redundant parameters in the parameter identifi-
cation model, the identification Jacobian matrix J must not
be the full column rank. Therefore, some sub-columns of the
Jacobianmatrix are linearly correlated. Assuming the number
of redundant parameters is r , then the highest rank of the
matrix is 4N − r—meaning, the Jacobian matrix has a group
of r linearly correlated sub-columns.
According to the equation (16), the parameter identifica-

tion Jacobian matrix is

J =
[ E
1FL1

E
2FL2 · · ·

E
N−1FLN−1

E
NFLN

]
(18)

For the serial robots, the linear combination of all the
sub-columns of the Jacobian matrix can be represented by
the linear combination of the two adjacent joint coordinate
systems. The parameter identification Jacobian matrix of the
joint i and joint i− 1 are as follows:

J i−1 = FN · FN−1 · · ·Fi+1 · FiLi−1 = E
i F · F

iLi−1
=

E
i F · J

∗

i−1 (19)

J i = FN · FN−1 · · ·Fi+1 · Li = E
i F · Li =

E
i F · J

∗
i (20)

For the adjacent, two joint coordinate systems, the follow-
ing linear combination is considered to exist:

k1Jθi−1 + k2Jαi−1 + k3Jdi−1 + k4Jai−1
= k5Jθi + k6Jαi + k7Jdi + k8Jai (21)

Here, k1 · · · k8 are arbitrary constants. If both of them are
zero, then

[
J i−1 J i

]
is a full rank matrix, and there is no

redundant parameter.
Because there is no parameter correlated to joints i and

i − 1 in E
i F, matrices

[
J i−1 J i

]
and

[
J∗i−1 J∗i

]
have same

linear combinations, according to equation (19) and equation
(20). Therefore, it is not necessary to calculate the specific
expression of the Jacobian matrix. The linear correlation
columns of the Jacobian matrix can be obtained through J∗i−1
and J∗i .

dAi = Ai


0 − cosαi1θi sinαi1θi 1ai

cosαi1θi 0 −1αi ai cosαi1θi + sinαi1di
− sinαi1θi 1αi 0 −ai sinαi1θi + cosαi1di

0 0 0 0

 (7)
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B. LINEARLY CORRELATED COLUMNS
OF JACOBIAN MATRIX
In this section, the redundant error parameters of the robot
are obtained by analyzing the linearly correlated columns of
the Jacobian matrix with different identification conditions
(such as measuring the end pose or only measuring the end
position) and different configurations.

1) MEASURING THE END POSE
Matrices J∗i−1 and J∗i can be obtained with the following
equation:

J∗i−1 = FiLi−1, J∗i = Li (22)

According to equations (21) and (22) as given in (23), as
shown at the bottom of the next page.

For a joint-rotating robot, θi is the variable. The above
equation holds true in the cases included below.

1. If sinαi−1 6= 0, i.e., αi−1 6= 0 and αi−1 6= 180◦, then

k1 = k2 = k6 = 0, k5 = 0

k3 = k4 = k8 = 0, k7 = 0 (24)

There is no linearly correlated column in the Jacobian
matrix at this time, so there are no redundant parameters.

2. If sinαi−1 = 0, i.e., αi−1 = 0 and αi−1 = 180◦, then

k2 = k6 = 0, k1 = ±k5
±k1 sin θiai−1 + k4 cos θi = k8 (25)

Now, we calculate k1 · · · k8 with different values of ai−1 to
obtain linearly correlated columns in the Jacobian matrix.

a) If ai−1 6= 0, then

k2 = k6 = 0, k1 = k5 = k4 = k8 = 0

k3 = ±k7 (26)

If we substitute the above equation into the equation (21),
it results in the following linear relationship existing in the
Jacobian matrix:

Jdi−1 = ±Jdi (27)

b) If ai−1 = 0, then

k2 = k6 = 0, k1 = ±k5
k4 = k8 = 0, k3 = ±k7 (28)

Then, we substitute the above equation into equation (21)
resulting in the following linear relationship:

Jdi−1 = ±Jdi

Jθi−1 = ±Jθi (29)

2) MEASURE ONLY THE END POSITION
Because it is difficult to measure the end attitude accu-
rately, when performing the calibration of the robot kinematic
parameters, it is common only to measure the end posi-
tion. Therefore, if the parameter identification is performed
only based on the end position, other linearly correlated
sub-columns of the Jacobian matrix may exist in the identi-
fication model, which is in addition to the linear relationship
shown in equations (27) and (29). In which case, only the
first three rows of the Jacobian matrix need to be analyzed,
resulting in the additional linearly correlated sub-columns of
the Jacobian matrix:

1. If aN 6= 0, then
dJαN = 0 (30)

2. If aN = 0 and dN 6= 0, then
dJαN = 0
dJθN = 0

dJθN−1 = −
aN−1 cosαN−1

dN
dJαN−1 + dN sinαN−1dJaN−1

− aN−1 sinαN−1dJdN
dJdN−1 = −

sinαN−1
dN

dJαN−1 + cosαN−1dJdN (31)

IV. ANALYSIS OF REDUNDANT DH ERROR PARAMETERS
AND THEIR PHYSICAL MEANING
In the previous section, the linearly-correlated columns of
Jacobian matrices under different conditions were obtained
through theoretical derivation. In kinematic parameter iden-
tification, the linearly-correlated sub-columns of Jacobian
matrices and the corresponding redundant parameters need
to be removed. According to equations (29) and (31):

Jdi−11di−1 + Jdi1di
= ±Jdi1di−1 + Jdi1di = Jdi1d̃i
Jθi−11θi−1 + Jθi1θi
= ±Jθi1θi−1 + Jθi1θi = Jθi1θ̃i
dJθN−11θN−1 +

dJdN−11dN−1 +
dJαN−11αN−1

+
dJaN−11aN−1 +

dJdN dN
=

dJαN−11α̃N−1 +
dJaN−11ãN−1 +

dJdN1d̃N (32)

where 1d̃i,1θ̃i,1α̃N−1,1ãN−1 and 1d̃N are the linear
independent parameters obtained after removing the

Fi =


cos θi sin θi 0 −di sin θi di cos θi 0

− sin θi cosαi cos θi cosαi sinαi ai sin θi sinαi − di cos θi cosαi −ai cos θi sinαi − di sin θi cosαi ai cosαi
sin θi sinαi − cos θi sinαi cosαi ai sin θi cosαi + di cos θi sinαi −ai cos θi cosαi + di sin θi sinαi −ai sinαi

0 0 0 cos θi sin θi 0
0 0 0 − sin θi cosαi cos θi cosαi sinαi
0 0 0 sin θi sinαi − cos θi sinαi cosαi


(14)
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redundant parameters. The redundant DH error parameters
and linear independent parameters of the robots with differ-
ent identification conditions and different configurations are
summarized as follows:

According to Table 1, firstly analyzed are the physical
meaning of redundant parameters when measuring the end
position and attitude.

If αi−1 6= 0 and αi−1 6= 180◦, the axes of the two adjacent
joint rotation axes are therefore not parallel, and there is no
redundant parameter at this time.

If αi−1 = 0 or αi−1 = 180◦, and ai−1 6= 0, the robot
configurations are shown in Figure 2(a). At this time, the axes
of the two adjacent joints are parallel but not collinear. The
translation along axis Zi−2, di−1 and the translation along axis
Zi−1, di have the same or opposite effects on the position
and attitude of point P. The current redundant parameter
is 1di−1.

If αi−1 = 0 or αi−1 = 180◦, and ai−1 = 0, the
robot configurations are shown in Figure 2(b) where the two
adjacent joint axes are parallel and collinear. Apart from the
correlation between the effects of di−1 and di on the position
and attitude of Point P, the rotation around axis Zi−2, θi−1
and the rotation around axis Zi−1, θi also have the same or
opposite effects on the position and attitude of point P. The
current redundant parameters are 1di−1,1θi−1.
In addition to the parameters of 1di−1,1θi−1, there are

other redundant parameters in the identification model when
only the end position is measured. The specific redundant
parameters are closely related to the robot’s configurations.

If aN 6= 0, the rotation angle around axis XN , αN only
affects the attitude of the end point Pe without affecting
the end position. The only additional redundant parameter
is 1αN .
If aN = 0 and dN 6= 0, for the convenience of analysis and

explanation, it can be divided into two cases: αN−1 = 0 and
αN−1 = 90◦, as shown in Figures 3 and 4. In addition to
dJαN = 0 and dJθN = 0, when αN−1 = 0, the linearly cor-
related sub-columns of the Jacobian matrix has the following
relationship at this time:

dJθN−1 = −
aN−1
dN

dJαN−1
dJdN−1 =

dJdN (33)

FIGURE 2. Configuration analysis upon the redundant parameters when
measuring the end position and attitude.

When αN−1 = 90◦, we have:

dJθN−1 = dN dJaN−1 − aN−1
dJdN

dJdN−1 = −
1
dN

dJαN−1 (34)

Figures 3 and 4 show the configuration in which redundant
parameters exist when the end position is the only one mea-
sured. The influence of different parameter errors on the end
position of the robot is described as follows. The dotted line
is the robot’s configuration when considering the parameter
errors. It can be seen that αN and θN do not affect the position
of end point regardless of the values of αN−1. Therefore,1αN
and 1θN are redundant parameters.

When αN−1 = 0, the rotation angle error around axis
ZN−2, 1θN−1 and axis XN−1, 1αN−1 have the same effects
on the displacement of the robot’s end point, as shown in
Figure 3(a). The resulting end errors are equal when the
parameter errors are1αN−1 = − (aN−1/dN ) ·1θN−1. Addi-
tionally, the translation error along axis ZN−2, 1dN−1 and
along axis ZN−1, 1dN also have the same effects on the end
point positions, as shown in Figure 3(b). The end errors are
equal when the parameter errors are 1dN = 1dN−1.
When αN−1 = 90◦, the rotation angle error around axis

ZN−2, 1θN−1 have the same effects on the displacement

k1(sin θiai−1 cosαi−1 + di cos θi sinαi−1)− k2di sin θi + k3 sin θi sinαi−1 + k4 cos θi = k8
k1[cos θi cosαiai−1 cosαi−1 − sinαiai−1 sinαi−1 − (ai cos θi sinαi + di sin θi cosαi) sinαi−1 + ai cosαi cosαi−1]

+ k2(ai sin θi sinαi−di cos θi cosαi)+k3(cos θi cosαi sinαi−1+sinαi cosαi−1)− k4 sin θi cosαi = k5ai cosαi + k7 sinαi
k1[− cos θi sinαiai−1 cosαi−1 − cosαiai−1 sinαi−1 + (−ai cos θi cosαi + di sin θi sinαi) sinαi−1 − ai sinαi cosαi−1]

+ k2(ai sin θi cosαi+di cos θi sinαi)+k3(− cos θi sinαi sinαi−1+cosαi cosαi−1)+k4 sin θi sinαi=−k5ai sinαi + k7 cosαi
k1 sin θi sinαi−1 + k2 cos θi = k6
k1(cos θi cosαi sinαi−1 + sinαi cosαi−1)− k2 sin θi cosαi = k5 sinαi
k1(− cos θi sinαi sinαi−1 + cosαi cosαi−1)+ k2 sin θi sinαi = k5 cosαi (23)
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TABLE 1. Redundant DH error parameters and linear independent parameters ((a) denotes measuring the end pose, (b) denotes measuring only the end
position).

FIGURE 3. Configuration analysis upon the redundant parameters when measuring only the end position
(aN = 0 dN 6= 0 αN−1 = 0). (a) Rotation around axis ZN−2. (b) Translation along axis ZN−2.

of the robot’s end point with the combined effects of the
translation error along axis XN−1, 1aN−1 and along axis
ZN−1, 1dN , as shown in Figure 4(a). The end errors are
equal when the parameter errors are 1aN−1 = dN1θN−1

and 1dN = −aN−11θN−1. Furthermore, the translation
error along axis ZN−2, 1dN−1 have the same effects on
the displacement of robot end points with the rotation angle
error around axis XN−1, 1aN−1, as shown in Figure 4(b).
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FIGURE 4. Configuration analysis upon the redundant parameters when measuring only the end position
(aN = 0 dN 6= 0 αN−1 = 90◦). (a) Rotation around axis ZN−2. (b) Translation along axis ZN−2.

The end errors are equal when the parameter errors are
1αN−1 = −1dN−1/dN .

V. VERIFICATION OF REDUNDANCY ANALYSIS RESULTS
THROUGH SIMULATION EXPERIMENT
Because it is usually difficult to measure the exact values of
the robot end attitude in the experiment, this paper only uses
the end position error to identify the kinematic parameters.
To solve all the unknown parameters, multiple sets of end
position data and corresponding joint angle data need to be
measured. Assuming there are r groups of end position data
and joint angle data, the kinematic parameter identification
model at this time is

Ed(q1)
Ed(q2)
...

Ed(qr )

 =

dJ(q1)
dJ(q2)

dJ(qr )

1X (35)

According to the linear equation group in the above equa-
tion, the least square method is used to identify the kinematic
parameter error 1X . Accordingly, the kinematic parameters
of the robot can be calibrated.

The least square method for error parameters identification
is given below. Equation (35) can be written in the following
form:

d = Jx (36)

where d = Ed ∈ Rm, J = dJ ∈ Rm×n, x = 1X ∈ Rn, and
m = 3r , n = 4N . Calculating x so that equation ‖d − Jx‖2
reaches the minimum value. At this time, x is called the least
square solution of equation (36).
Since the number of rows m of matrix J is greater than

the number of columns n, J is not a row-full-rank matrix.
Therefore, the generalized inverse of matrix is introduced to
give the general solution of the least square method.

Suppose there is a matrix B ∈ Rn×m that satisfies:

JBJ = J, BJB = B

(JB)T = JB, (BJ)T = BJ (37)

then B is called the generalized inverse of matrix J , denoted
as J+.
The general solution of x can be written as

x = J+d + (In − J+J)z (38)

where z is an arbitrary n-dimensional vector. Among these
general solutions, when x = J+d , ‖d − Jx‖2 reaches the
minimum value ( min

x=J+d
‖d − Jx‖2 =

∥∥(Im − JJ+)d∥∥2),
which means x = J+d is the least square solution.

A. KINEMATIC PARAMETER IDENTIFICATION SIMULATION
EXPERIMENT OF ROBOTS
The experiment object in this paper is a robot with six rotating
joints. Figure 5 is the schematic diagram of the robot joint
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FIGURE 5. Robot joint coordinate system.

TABLE 2. DH parameter nominal values and angle range of joint motion.

coordinate system. Table 2 shows the nominal values of the
DH parameters and the angle range of joint motion.

According to the nominal values of the DH parameters
shown in Table 2, we obtain α2 = 0, a2 = 705 6= 0,
a6 = 0, d6 = 85 6= 0, and a5 = 0, α5 = 90◦. Therefore,
according to Table 1, the following linearly-correlated sub-
columns of the Jacobian matrix can be obtained:

Jd2 = Jd3
dJα6 = 0
dJθ6 = 0
dJθ5 = d6dJa5
dJd5 = −

1
d6

dJα5 (39)

According to the above equation, the six-degree-of-
freedom robot shown in Figure 5 has five redundant DH
error parameters. It should be noted that the linearly corre-
lated parameters have equivalent effect on the end position
and attitude, so it is ok to remove any parameter from the
correlated parameters, and the effect on the end position
and attitude can be characterized by the retained parameters.
In this paper, 1d2,1α6,1θ6,1θ5 and 1d5 are selected as
redundant parameters. Before parameter identification, all
redundant parameters need to be removed, and the corre-
sponding columns of the identification Jacobian matrix are

FIGURE 6. Flow chart of simulation experiment.

removed to form a new Jacobian matrix (d J̃). At this point,
the kinematic parameter identification model becomes

d J̃1X̃ = Ed (40)

In the above equation, 1X̃ =
[
1d 1θ 1a 1α

]T are
the kinematic error parameters to be identified. After remov-
ing the redundant parameter, the unknown parameter to be
identified is reduced from 24 to 19, and each component is
shown as follows:

1d =
[
1d1 1d̃3 1d4 1d6

]
1θ =

[
1θ1 1θ2 1θ3 1θ4

]
1a =

[
1a1 1a2 1a3 1a4 1ã5 1a6

]
1α =

[
1α1 1α2 1α3 1α4 1α̃5

]
(41)

In the above equation, 1d̃3,1ã5,1α̃5 are the linearly-
independent parameters obtained after removing the redun-
dant parameters; the originally identified 1d3,1a5,1α5
become a linear combination of several other parameters,
according to Table 1.

1d̃3 = 1d2 +1d3
1ã5 = d61θ5 +1a5

1α̃5 = −
1
d6
1d5 +1α5 (42)

To perform the kinematic parameter identification simu-
lation experiment, it is necessary to first set the kinematic
parameter error to generate the identification data. Then,
multiple sets of joint rotation angles are generated within the
angle range of robot joint motion. According to the kinematic
model and kinematic parameter error, the ideal end position
and actual end position of the robot are obtained. To consider
the random noise caused by driving the joint and end mea-
surement, it is also necessary to introduce the joint angle error
and end measurement error to generate the robot end position
measurement value. Finally, the kinematic parameter error
is identified according to the ideal rotation angle, kinematic
model, and measurement position, as shown in Figure 6.

The following section analyzes and compares the full
parameter identification and non-redundant parameter iden-
tification results without noise and with random noise, which
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TABLE 3. True values of DH parameter error.

verify the analysis results of parameter redundancy sum-
marized in Table 1. This section also analyzes the impact
of removing redundant parameters on the effectiveness of
identification.

B. WITHOUT RANDOM NOISE
To better verify the correctness of the parameter redundancy
analysis, the simulation experiments in this section do not
consider random noise, such as joint rotation angle error and
end measurement error. Table 3 gives the true values of the
DH parameter errors (1dRi ,1θ

R
i ,1a

R
i ,1α

R
i ). Then, 60 sets

of sampling data points are selected within the angle range of
joint motion. Based on these data, the kinematic parameters
are identified by the full parameter model (equation (35))
and the non-redundant parameter model (equation (37)),
respectively.

Table 4 gives the full parameter identification results
(1dFi ,1θ

F
i ,1a

F
i ,1α

F
i ) and non-redundant parameter

identification results (1dN−Ri ,1θN−Ri ,1aN−Ri ,1αN−Ri ).
As evidenced by the data in Table 4, when using full param-
eter identification, the eight parameters in the box (i.e.,
1d2,1d3,1d5,1θ5,1θ6,1a5,1α5,1α6) are not accu-
rately identified, whereas other parameter identification
results are accurate. When using non-redundant parameter
identification, only 1d3,1a5,1α5 are quite different from
the set of true values. Equation (39) indicates that, after
removing the redundant parameters, these three parameters
become a linear combination of several other parameters.
According to the calculation, 1d̃3 = 0.62,1ã5 =

0.599,1α̃5 = −0.052,which are very close to the identifica-
tion results. Therefore, after removing the redundant param-
eters, the DH error parameters are accurately identified.
By analyzing the Jacobian matrix, the ranks of the Jacobian
matrices of the full-parameter model and the non-redundancy
model are 19, that is R(dJ) = R(d J̃) = 19 < 24.
Therefore, there are indeed five redundant parameters in the
full-parameter model, so not all the DH parameters can be
identified. Moreover, the five parameters removed from the
non-redundant parameter model are all redundant parame-
ters, which further verifies the correctness of the parameter
redundancy analysis results.

According to the identification results in Table 4, the DH
parameters are corrected. Then, 60 sets of joint angles are
randomly selected to verify the calibration effects on the robot

FIGURE 7. Endpoint errors after different number of iterations (without
random noise).

FIGURE 8. Magnitude of errors at sampling points.

end errors without random noise. Figure 7 and Figure 8 show
the variation of the end error average value with the number
of iterations and the amount of the end error at each sampling
point. The figure indicates that, regardless of whether the
full parameter identification or the non-redundant parameter
identification is used, the end error quickly converges when
the number of iterations is increased, indicating that when
the random noise is not considered—even though the full-
parameter identification cannot accurately identify all the
kinematic parameters—it still has a good optimization effect
on the robot end accuracy.

C. CONSIDER RANDOM NOISE
In the actual experiment, random noise is unavoidable.
When considering the random noise, the existence of redun-
dant parameters will impact the accuracy and stability of
identification. Therefore, this section considers the random
noise introduced by driving the joint and end measurements.
Assume the variation range of joint angle errors and end
position measurement errors are [−0.0001, 0.0001](rad) and
[−0.3, 0.3](mm) respectively.
The full parameter identification and the non-redundant

parameter identification are respectively performed to obtain
the variations of the calibrated end position errors with the
number of iterations, as shown in Figure 9. The figure shows
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TABLE 4. Parameter identification results without random noise.

FIGURE 9. Endpoint errors after different number of iterations (consider
random noise).

that, in the case of non-redundant parameter identification,
when the number of iterations increases, the calibrated end
position error decreases rapidly and converges. The average
error is reduced from 4.31 mm to 0.88 mm. However, with
full parameter identification, the calibrated end position error
is not reduced, but it gradually increases with the number of
iterations. When considering the noise, if there are redun-
dant parameters in the identification model, the parameter
identification result is difficult to converge, and the effect of
calibrating the end error cannot be achieved. If the redun-
dant parameters in the identification model are eliminated,
the stability of the identification can be improved, and the
end position error can still be reduced in the presence of
noise.

TABLE 5. Non-redundant parameter identification results with the
presence of random noise.

FIGURE 10. Spatial distribution of errors before and after parameter
identification.

Table 5 gives the identification results without redundant
parameters. Comparing these results with the DH parameter
errors shown in Table 3, it seems that, with the presence of
random noise, many of the identification results are close to
the set values. Therefore, the calibrated end position error
is still greatly reduced, even though it is not close to zero.
Figure 10 shows the spatial distribution of the end posi-
tion error of each sampling point. Visually, the end error
before calibration is roughly distributed within the interval of
[−5, 5](mm), which falls in the interval of [−1.2, 1.2](mm)
after calibration. So, the spatial distribution range of the end
error is significantly reduced after calibration. According to
the above analysis, because the noise in the robot param-
eter calibration experiment is unavoidable, the redundant
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parameters in the identification model must be eliminated
for the accurate kinematic parameter identification, thereby
improving the end accuracy of the robot.

VI. CONCLUSION
This paper systematically analyzes the redundant parameters
of robots under various identification conditions and based
on the DH parameter error model. The coupling relation of
the linear dependent columns of the identification Jacobian
matrix is derived analytically. Traditionally, it is deter-
mined by the numerical analysis. Thus, the proposed method
could facilitate the determination of the non-redundant kine-
matic calibration model. Table 1 provides the redundant
DH error parameters of the robot in different identifica-
tion conditions and with different geometric configurations.
Figures 2–4 illustrate the physical meaning of the redundant
parameters. According to the parameter redundancy analysis
results, we can quickly determine the redundant parameters
of robots with different configurations and thus perform the
non-redundant parameter identification.

To verify and analyze the results of parameter redun-
dancy analysis, a six-degree-of-freedom robot was taken as
an example to carry out the parameter identification simula-
tion experiment. According to the theoretical analysis results
in Table 1, the robot has five redundant parameters. After
removing the redundant parameters, the kinematic parame-
ters are all accurately identified without considering random
noise. The calibrated end position error approaches zero,
which fully verifies the correctness of the parameter redun-
dancy analysis results. When considering random noise, due
to the existence of redundant parameters, the full parameter
identification results are difficult to converge, and the end
position error is not reduced but increased. After removing
the redundant parameters, the identification results have good
convergence.

This paper presents an analytical method to determine the
redundant parameters of robots. At present, the research of
this paper is in the stage of theoretical analysis and simulation
experiment, which needs further experimental verification
in the future work. In addition, the analysis method can
be extended to other kinematic models for non-redundant
parameter identification of robots.
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