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ABSTRACT With the fast development of energy storage technology, more applications of Energy Storage
Devices (ESDs) have been found in rail transportation in recent years. This paper aims to address the
optimal sizing problem of on-board Hybrid Energy Storage Devices (HESDs) which are installed to assist
train traction and recover the regenerative braking energy. On-board HESDs combining Li-ion battery and
supercapacitor can further enhance the capacity and instant power rating. In this paper, a mixed integer linear
programming (MILP) model is proposed to minimize the economic cost in terms of energy consumption
and installation, and the degradation cost of on-board HESDs considering the long-term train operation
constrained by the initial investment of on-board HESDs. Train operation is found to be highly related to
characteristics of on-board HESDs including the maximum power, capacity, and state of health (SOH).
By changing the investment ratio between Li-ion battery and supercapacitor, the energy-saving rate and
economic cost for various investment ratios have been obtained. Compared with the results of train optimal
control with Li-ion battery only, supercapacitor only and no on-board HESDs, the results indicate an
energy-saving rate up to 25.59%, from the perspective of the long-term train operation. When the allowable
capital cost is relaxed from 20 k$ to 60 k$, the cost per kilometer is reduced from 0.55 USD/km to
0.53 USD/km, showing higher capital cost is closely linked to higher cost reduction in the long-term train
operation.

INDEX TERMS Optimal sizing, mixed integer linear programming (MILP), on-board hybrid energy storage
device (HESD), the long-term train operation.

I. INTRODUCTION
Compared with other modes of transportation, electrified rail
transportation has advantages of large capacity, punctuality,
and environmental friendliness. The recent increase in world-
wide interest in improving the energy efficiency of railway
systems has led to an increase in associated planning, invest-
ment, and construction costs. Nowadays the optimal use of
energy storage devices (ESDs) to recover more regenerative
energy and improve traction efficiency has attracted growing
attention [1].

The associate editor coordinating the review of this manuscript and

approving it for publication was Kuo-Ching Ying .

Differernt types of ESDs are commonly utilized in elec-
trified railway systems, namely batteries (BATs), flywheels
and supercapacitors (SCs). BATs are well known for their
high-energy density and large energy-storage capability. Due
to this characteristic, although BATs remain the popular
choice to absorb the regenerative energy in some electrified
sections, they pose important constraints such as energy effi-
ciency and the limited number of cycles [2], [3]. Concerning
SCs, they can achieve higher power density, much larger
number of cycle lifetime, and cycling efficiency. However,
taking into account the state of technology, the high price
and low energy density hamper their cause [4]. With regard
to flywheels, the main disadvantages include maintenance
costs, extra weight and cost for high-speed types [5]. Fuel
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cells (FCs) are other attractive energy sources. Although the
FCs technology is very promising, it still faces many chal-
lenges associated with hydrogen storage and refueling [6].
Given the current situation of ESDs, a single class of them
is difficult to offer features in modern electrified railway
systems, such as long cycle lifetime, reasonable cost, and
appropriate power and energy densities [7]. Consequently,
the hybrid energy storage devices (HESDs), combining both
SCs and BATs, have an enhanced ability in capturing the
high-power regenerative braking energy using SCs and an
extended lifetime of BATs [8], [9].

Many existing papers have reported the use of ESDs to
recover and reuse energy during regenerative braking, and the
application of ESDs is being widely studied. Once the driving
strategies are found, it can be proved that the energy con-
sumption in the urban rail systems through installing ESDs
could be reduced by approximately 25-35% [10]. In [11], the
design of a novel optimization method based on genetic algo-
rithm and a simulation platform has been proposed, which
aims to use SCs to recovery regenerative braking energy
and improve the pantograph voltage profile. The proposed
method was implemented by controlling the voltage or state-
of-charge of ESDs for recycling the regenerative braking
energy, which were verified by experimental tests and the
simulations [12]. In [13], the authors presented that the total
energy consumption of the train can be reduced by optimizing
the train speed profiles and the charging and discharging
control signal of the ESDs when the train was braking or
accelerating. Wu et al. [14] and Wu et al. [15] investigated
a novel integrated MILP model to co-optimize train speed
profiles and capacity when the initial state of energy (SOE)
of ESDs were different. In [16], a novel dynamic program-
ming based heuristic was proposed by jointly optimizing train
speed profiles and regenerative energy. Although there have
been many studies concerning the optimal train operation
with ESDs, the attention is seldom concentrated upon the
ones with on-board HESDs.

The suitable capacity for energy storage systems is becom-
ing a hot topic both in the electric vehicle (EV) and electrified
railway systems. A filtering based energy management strat-
egy was reported, which aimed to minimize the weight and
sizing of ESDs, and ensured the driving mission [17]. Like-
wise, an integrated optimization approach was also proposed
to simultaneously achieve optimal sizing andweight of ESDs,
where the wavelet-transform-based power management algo-
rithm was employed [18]. Through in-depth analysis of the
performance parameters of ESDs and DC/DC converters,
an energy management framework was proposed to solve
the sizing of BATs [19]. A study on the hierarchical energy
management strategy was conducted to optimize the sizing of
ESDs, where the system power profiles, the maximal power
of SCs, and the capacity of BATs were considered [20].
The main focuses of these articles are only one or several
driving cycles so that it is difficult to accurately evaluate
the economic cost of ESDs after the long-term operation.
On the other hand, the optimal sizing of ESDs or HESDs has

been considered with its role in train operations and many
studies have been done to address the problem in the past.
Kapetanović et al. [21] introduced sizing and energy man-
agement algorithms of Li-ion battery for railway vehicles,
which aimed to minimize the fuel consumption and pollutant
emission. Tang et al. [22] have studied the optimal sizing
of HESDs based on an effective mutation particle swarm
optimization method. By implementing a fixed-period energy
management control for SCs and vanadium redox battery, the
net present value of the optimal sizing of HESDs was fully
evaluated. The optimal location and sizing of ESDs in DC
electrified railway lines have been discussed in [23], [24],
where the power flow of the train and the initial investment
were considered. A techno-economic method was proposed
to minimize the annual cost of the auxiliary battery-based
substations, which could greatly define sizing, position, and
control rules [25]. In [26], a novel MILP optimization model
on the optimal sizing of stationary HESDs in electrified rail-
way systems was presented, in which the cycles and depth of
discharge of BATs were studied. To enhance power quality
issues in railway systems, a sizing methodology based on a
real-time simulation was proposed, which could accurately
describe the relationship between capacity and power of
ESDs [27]. Wu et al. [28] explored the problem of opti-
mally sized ESDs installed in the trains, considering the
constraints on capital cost and volume with an upper limit.
In the above-mentioned papers, the optimal sizing of ESDs
has been discussed, but the train speed trajectory optimiza-
tion or the long-term train operation were not involved. For
instance, only the economy of the short-term operation of
the train was considered in [26], while the optimal sizing of
ESDs was obtained under a fixed known train speed trajec-
tory [28]. In summary, the optimal sizing problem based on
collaborative optimization of the long-term train operation
and on-board HESDs is worth a much deeper investigation
to reflect the long-term perspective of train operation and
whole-life cycle characteristics of HESDs.

Based on the above discussion, this paper focuses on the
optimal sizing problem of on-board HESDs consisting of
BATs and SCs and is concerned with the minimum cost
which mainly includes the train’s energy cost and the cost
of the on-board HESDs arising from the initial investment
and maintenance. Considering the long-term train operation,
energy consumption and economic cost have become a hot
topic both in the industrial and academic sector. In our previ-
ous work [14], [15], [29], it is found that the ESDs capacity
will influence the optimal operation of the train, i.e., net
energy consumption (NEC). Therefore, it will be interesting
to consider the long-term train operation and study how the
declining on-board HESDs capacity will affect train optimal
operation and how to configure the capacity of the on-board
HESDs to achieve the minimum cost. The contributions of
this article are outlined as follows.
1) A mathematical model integrating the train speed trajec-

tory and on-board HESDs composed of Li-ion battery
and supercapacitor is proposed with detailed up-to-date
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FIGURE 1. An illustrative diagram of speed trajectory and energy flow of train equipped with on-board HESDs.

engineering characteristics of HESDs including power
density, energy density, and the total cycles throughout
the entire lifetime.

2) An optimization framework for the long-term train
operation and on-board HESDs sizing based on a
developing state of health (SOH) degradation model
is proposed. Combined with the long-term train oper-
ation, we revealed the economic performance and
energy-saving rate of on-board HESDs with different
investment ratios and allowable capital cost.

3) In practice, it is well known that the train speed trajectory
can be changed dynamically, and it is highly coupled
with the capacity of on-board HESDs. Compared with
the existing literature, both the optimal train speed tra-
jectory and the optimal sizing of on-board HESDs can
be obtained by jointly modeling the train motion and
the energy flow of on-board HESDs. The effectiveness
of the proposed method can be further improved in the
real-world train operation.

The remainder of this paper is organized as follows.
Section II provides detailed information on the proposed
model of the train operation, the energy flow modeling, the
constraints, and the objective. In Section III, optimization
results and discussion of different case studies are conducted.
Finally, the conclusion and future work are presented in
Section IV.

II. MODEL FORMULATION
In this section, the formulations of train movement and
on-board HESDs energy flow based on the MILP approach
are elaborated. As shown in Fig. 1, when the train is con-
ducting traction operation, energy from the grid or on-board
HESDs is distributed to the motors. Similarly, the energy
generated by the train’s regenerative braking operation can be
recovered by on-board HESDs. Taking into account the con-
straints of on-board HESDs investment quota, the maximum
power and capacity will be calculated and a proportion of the
regenerative energy that can not be completely recovered by
on-board HESDs will be consumed by the braking resistor.

A. A DISTANCE-BASED TRAIN OPERATION MODEL
The ith railway interstation length Di is composed of several
interval distances1di,j with different values. In the distance-
based model, the train trajectory length Di needs to be dis-
cretized and divided, which can be expressed by (1):

Ni∑
j=1

1di,j = Di, i = 1, 2, 3 . . . I (1)

where Ni is the total number of the divided segments for Di.
Therefore, each interstation distance Di has (Ni + 1) speed
points Vi,j, where j = 1, 2, 3 . . .Ni + 1. In order to explore
the effect of train speed trajectory in the long-term operation,
the acceleration or deceleration value of the train is set to
be unified in each interstation distance. It can be obtained as
shown in (2):

ai,j =

(
V 2
i,j+1 − V

2
i,j

)
21di,j

(2)

where ai,j is the acceleration or deceleration for each 1di,j.
In each1di,j, the average speed Vi,j,ave can be represented by
(3):

Vi,j,ave =
1di,j
1ti,j

=
Vi,j+1 + Vi,j

2
(3)

where1ti,j is the interval time spent on each1di,j. When the
train is operating on the track, the drag force Fi,j,dr can be
expressed by the Davis Equation as shown in (4):

Fi,j,dr = A+ BVi,j,ave + CV 2
i,j,ave (4)

where A, B, and C are the Davis coefficients. During the
journey, the maximum train speedmust be limited due to real-
world operation, and it can be set as shown in (5):

Vi,j ≤ Vi,j,max (5)

where Vi,j,max is the speed limit constraints for each 1di,j.
In the process of train motion optimization and modeling, the
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journey time Ti of each interstation is also necessary to be
constrained, as shown in (6):

Ni∑
j=1

1ti,j ≤ Ti, i = 1, 2, 3 . . . I . (6)

B. MODELING THE ENERGY TRANSMISSION OF TRAIN
AND ON-BOARD HESDs
The energy flow is transmitted between the energy supply
side (catenary or on-board HESDs) and the energy consump-
tion side (train motor). In each1di,j, when the train conducts
traction or braking operation, it could either consume the
energy from the substation and on-board HESDs or regen-
erate the energy then transfer it back to on-board HESDs.
For each 1di,j, supposing Ei,j,t is the traction energy and
Ei,j,b is the braking energy. During traction or cruising, the
train motor consumes the energy from catenary Ei,j,c with an
efficiency ηcat , the energy discharged by the battery Ei,j,batd
with an efficiency ηbat and the energy discharged by the
supercapacitor Ei,j,scd with an efficiency ηsc. Thus, Ei,j,t can
be calculated by the following equation:

Ei,j,t = Ei,j,c · ηcat + Ei,j,b atd · ηbat + Ei,j,s cd · ηsc. (7)

The braking energy Ei,j,b is considered to be equal to the
sum of hydraulic braking energy Ei,j,hyd and electric braking
energy which might be recycled by on-board HESDs in each
1di,j. The energy Ei,j,batc is transferred to the battery with
an efficiency ηbat and the energy Ei,j,scc is then transferred
to the supercapacitor with an efficiency ηsc. The Ei,j,b can be
represented as follows:

Ei,j,b = −
(
Ei,j,b atc
ηbat

+
Ei,j,s cc
ηsc

+ Ei,j,hyd

)
. (8)

It is worth noting that considering the long-term train oper-
ation, ηcat is to specify the average transmission efficiency
of energy from the substation to the train traction system.
Similarly, ηbat and ηsc are to specify the average transmission
efficiency of energy from the train traction system to on-
board HESDs. Note that, when the train conducts regenera-
tive braking, the Ei,j,b is taken as a negative quantity. Ei,j,batc,
Ei,j,scc and Ei,j,hyd are taken as positive quantities.
According to the energy conservation principle, when the

train is in traction mode, Ei,j,t ≥ 0, the electrical energy
of the catenary and on-board HESDs is consumed by the
motor and transformed into kinetic energy, potential, and
heat energy. Similarly, when the train implements braking
operation, Ei,j,b ≤ 0, the kinetic energy is transformed into
heat, potential energy, and electric energy that is fed back to
on-board HESDs. Here, Ei,j,m is the traction energy or the
braking energy. The constraint of energy conversion could be
expressed as follows:

Ei,j,m −
1
2
(Mt +MHESDs)

(
V 2
i,j − V

2
i,j−1

)
−Fi,j,d r ·1di,j − (Mt +MHESDs) g1di,j sin θi,j ≥ 0 (9)

where the mass of the train, the mass of the on-board HESDs,
and the gradient of the distance interval are denoted as Mt ,
MHESDs, sin θi,j, respectively. Mathematically, the gradient of
the distance interval sin θi,j is related to the height difference
of the distance interval 1hi,j, namely 1di,j · sin θi,j = 1hi,j.
In addition to the energy conservation constraint, the power

limit of train motors and on-board HESDs must be con-
sidered. Whether it conducts traction operation or braking
operation, the actual power of the train can not exceed the
maximum traction power Pt,max or the maximum braking
power Pb,max. Then it yields that

Ei,j,c ·ηcat+Ei,j,b atd ·ηbat+Ei,j,s cd ·ηsc ≤ Pt,max1ti,j (10)
Ei,j,b atc
ηbat

+
Ei,j,s cc
ηsc

≤ Pb,m ax1ti,j. (11)

For on-board HESDs, the charging and discharging power
should not exceed the maximum power Pbat,max, Psc,max
which holds that

Ei,j,b atd ≤ Pbat,m ax1ti,j, Ei,j,s cd ≤ Psc,m ax1ti,j (12)

Ei,j,b atc ≤ Pbat,m ax1ti,j, Ei,j,s cc ≤ Psc,m ax1ti,j. (13)

In the real operation of the train, the work done by the
motor should be restricted by the maximum traction force
Ft,max and the maximum braking force Fb,max. Then it
follows that

Ei,j,c ·ηcat+Ei,j,b atd ·ηbat+Ei,j,sc d ·ηsc ≤ Ft,m ax1di,j (14)
Ei,j,b atc
ηbat

+
Ei,j,s cc
ηsc

≤ Fb,max1di,j. (15)

The state of energy (SOE) is defined as the ratio of
stored energy Estored to the total capacity of on-board HESDs
Ecap [30], which can be calculated in (16). Then (16) can be
further written as (17) and accumulated after the train departs
from the first station. It yields that:

SOE =
Estored
Ecap

× 100% (16)
SOEi,j,bat=

Eini,bat−
Ni∑
j=1

Ei,j,batd+
Ni∑
j=1

Ei,j,batc

Ecap,bat
×100%

SOEi,j,sc =

Eini,sc −
Ni∑
j=1

Ei,j,scd +
Ni∑
j=1

Ei,j,sc

Ecap,sc
× 100%

(17)

where Eini,bat and Eini,sc are the initial available capacity in
the battery and supercapacitor, respectively. In this article,
we aim to explore the energy-saving potential and economic
of on-board HESDs over a wide range of SOE operating
conditions, as well as avoiding full charge or full discharge.
When the train departs and j = 1, 2, 3 . . .Ni, the SOEi,j needs
to be restricted during the journey, as shown in (18):

5% ≤ SOEi,j ≤ 95%. (18)
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Then the total NEC value of the entire line can be expressed
as follows:

I∑
i=1

Ei =
I∑
i=1

Ni∑
j=1

L∑
l=1

(E li,j,c + E
l
i,j,b atd + E

l
ij,s cd

−E lij,b atc − E
l
i,j,s cc) (19)

where L is the total number of train operations. This is the
primary objective function of the optimization model and
the minimization of this function is to achieve the minimum
energy from the catenary and maximize the remaining effec-
tive energy stored in the on-board HESDs.

In this study, battery and supercapacitor would have differ-
ent lifetime cycles and state of health (SOH) considering the
long-term train operation. With the increase of train mileage,
the practical capacity and SOH of on-board HESDs will
continue to degrade. The remaining lifetime cycles of the
energy storage device are used to evaluate its SOH. In addi-
tion, a complete charging (e.g. SOEi,j from 0 to 100%) and
discharging (e.g. SOEi,j from 100% to 0) operation is adopted
to define as one lifetime cycle of the energy storage device.
The SOH can be obtained by the ratio of the maximum
practical capacity to the rated capacity. A similar method is
adopted in [31]. SOH is calculated in (20):

SOH l
i,j,b at=

1−

L∑
l=1

Ni∑
j=1

E li,j,b atd+
L∑
l=1

Ni∑
j=1

E li,j,b atc

2× Ecap,b at × LCbat



SOH l
i,j,s c =

1−

L∑
l=1

Ni∑
j=1

E li,j,s cd +
L∑
l=1

Ni∑
j=1

E li,j,s cc

2× Ecap,s c × LCsc


(20)

where LCbat and LCsc are the maximum lifetime cycles of
battery and supercapacitor, respectively. Note that the actual
capacity of Ecap,bat and Ecap,sc will decrease continually
during the long-term operation. Thus, the initial energy of
on-board HESDs satisfy the following constraint defined
by (21):{

E lini,b at = SOH l−1
i,j,b at · Ecap,b at · SOEini,b at

E lini,s c = SOH l−1
i,j,s c · Ecap,s c · SOEini,s c

(21)

Traction and braking operations cannot be implemented
simultaneously in reality, and this is reflected in the proposed
model. Binary variables λi are introduced to ensure only one
train operation mode is possible at each instance and it is
realized in (22) as follows:

Ei,j,m = λiEi,j,t − (1− λi)Ei,j,b (22)

where λi is equal to 0 or 1.

Moreover, the above variables should be restricted:

0 ≤ Ei,j,c · ηcat ≤ λiM1

0 ≤ Ei,j,batd · ηbat ≤ λiM1

0 ≤ Ei,j,s cd · ηsc ≤ λiM1

0 ≤
Ei,j,batc
ηbat

≤ (1− λi)M2

0 ≤
Ei,j,s cc
ηsc

≤ (1− λi)M2

0 ≤ Ei,j,hyd ≤ (1− λi)M2

(23)

whereM1 and M2 are two sufficiently large constants.

C. PIECEWISE LINEARIZATION USING SPECIAL ORDERED
SET TYPE 2 (SOS2)
In this subsection, the piecewise linearization method in
this paper is adopted to deal with nonlinear speed-related
relationships, which need not transform the aforementioned
basic motion equations. Furthermore, performing piecewise
linearization of speed-related variables can increase the cal-
culation speed and reduce the complexity of the model. The
special ordered set type 2 (SOS2) contains a series of non-
negative variables, and it is applied to piecewise lineariza-
tion [32]. In SOS2, only two adjacent variables are greater
than 0 and the sum of all variables is equal to 1. The relevant
constraints are shown in (24)-(25):

C∑
c=1

αci,j = 1 (24)

0 ≤ αci,j ≤ 1, c = 1, 2, 3 . . .C (25)

where αci,j are variables of SOS2 in each 1di,j. The constant
C is the number of the members in SOS2. To linearize the
speed-related decision variables in (2), (3) and (4), δi,j is set
to a small constant and denotes the linear part from Vi,j,min to
Vi,j,max, as shown in (26):

δi,j =

(
Vi,j,max − Vi,j,min

)
C

(26)

where Vi,j,min and Vi,j,max are the minimum and maximum
speed for each1di,j, respectively. With the increase of C , the
accuracy of the model will be improved, but the calculation
time of the model will also be significantly longer. Then the
decision variables Vi,j and V 2

i,j can be approximated as V ′i,j
and V ′2i,j , respectively which can be calculated by using (27):

Vi,j ≈ V ′i,j =
C∑
c=1

(
Vi,j,min + (c− 1)δi,j

)
· αci,j

V 2
i,j ≈ V ′2i,j =

C∑
c=1

(
Vi,j,min + (c− 1)δi,j

)2
· αci,j

(27)

Similarly, the decision variables related to average speed
can be replaced by V ′i,j, ave , V

′2
i,j, ave and 1

V ′i,j, ave
, respectively
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which can be shown by (28):

Vi,j, ave ≈ V ′i,j, ave =
C∑
c=1

(
Vi,j,min + (c− 1)δi,j

)
· βci,j

V 2
i,j, ave ≈ V ′2i,j, ave =

C∑
c=1

(
Vi,j,min + (c− 1)δi,j

)2
· βci,j

1
Vi,j, ave

≈
1

V ′i,j, ave
=

C∑
c=1

βci,j

Vi,j,min + (c− 1)δi,j

(28)

where βci,j are variables of another SOS2.

D. THE OBJECTIVE OF THE PROPOSED MILP MODEL
In summary, it can be seen from the above discussion that the
objective of the proposed model is to minimize the value of
the NEC, and on this basis, an economic evaluation of the
full lifetime cycle of on-board HESDs must be conducted.
Therefore, the degradation of on-board HESDs and NEC
after the long-term train operation are expressed as economic
costs CHESDs and CNEC for a unified evaluation of system
performance. They are formulated in (29) and (30):

CNEC =
I∑
i=1

Ni∑
j=1

L∑
l=1

(E li,j,c + E
l
i,j,batd + E

l
ij,scd

−E li,j,batc − E
l
i,j,scc) · Pr1 (29)

CHESDs =
(
1− SOH l

i,j,b at

)
· Ecap,b at · Prbat

+

(
1− SOH l

i,j,s c

)
· Ecap,s c · Prsc (30)

where Pr1, Prbat , and Prsc are the price of electricity, battery,
and supercapacitor in $/kWh, $/MJ, and $/MJ, respectively.
Furthermore, the extra cost of on-board HESDsCE

HESDs needs
to be considered, including installation and maintenance,
which is positively related to the respective initial capacity
of energy storage equipment.

CE
HESDs = ω1 · Ecqp,b at · Prbat +ω2 · Ecap,s c · Prsc (31)

where ω1 and ω2 are fixed constant coefficients. The pro-
posed MILP model aims to coordinate optimization to mini-
mize the total economic cost of railway vehicles and on-board
HESDs. Then the optimization is given as shown in (32):

Min CNEC + CHESDs
Subject to: (1)− (30) (32)

The proposed model can efficiently determine the optimal
sizing configuration of on-board HESDs, after considering
the tradeoff between energy-saving rate and the economics
of the whole lifetime cycle of on-board HESDs.

III. CASE STUDIES AND RESULT DISCUSSION
In this section, many cases for multiple on-board HESDs
configuration scenarios are discussed by using a real project
based on the data from the Beijing Changping line such as

FIGURE 2. The station information map of the Beijing Changping Line.

mass, gradient, and distance, etc. The Changping line covers
a distance of 20952 m and has seven stations, whose route
map is shown in Fig. 2. Three scenarios corresponding to
subsection A, B, and C in the case studies are conducted as
follows:
• All cases including the investment ratio of Li-ion battery

is greater than, equal to, and less than that of superca-
pacitor are listed with the upper limit of the capital cost
being 20 k$. Here for the sake of compactness, only one
case is selected and the operation of the train running at
interstation and the whole Changping line are displayed
and analyzed to verify the rationality and correctness of
the model.

• Considering the degradation of on-board HESDs caused
by the long-term train operation, the changing trends
of SOH and NEC under different configuration ratios
on-board HESDs have been further investigated.

• As a comparison, single or both of the ESDs in on-board
HESDs are no longer in effective status after the
long-term train operation. Based on the results of the
above-mentioned cases, the comparison and analysis of
the economy and energy-saving effect are given.

The parameters in the Changping line have been tabulated
in Table 1. The mass of the train in the Changping line is
199 tonswithout on-boardHESDs, and themaximum traction
and regenerative braking force are set to be the same [28],
[33]. The maximum acceleration aa and deceleration ad
are both set to be the same and this applies to both maxi-
mum traction and braking power. As for the average energy
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TABLE 1. Key parameters in the Changping Line for a typical railway
vehicle with on-board HESDs.

efficiency of on-board HESDs ηbat and ηsc, we set them to be
0.9 considering negligible transmission loss [15], [29]. Sim-
ilarly, we consider that there will be an average loss of 10%
when the energy is transmitted from the grid to the trainmotor
via the catenary. As far as we know, the highest efficiency of
the state-of-the-art electric train does not exceed 0.97, and
then it is approximately set to be 0.9 [10]. Considering the
transmission loss and motor efficiency, the value of ηcat is
approximately set to be 0.8 ≈ 0.9×0.9. The distance interval
1d is set to be 100 m, which can be modified in real train
operation optimization.

In addition, the main parameters for on-board HESDs are
shown in Table 2, which have been verified by referring
to the literature [1], [34]. For the sake of generality of the
model parameters, we have chosen the arithmetic mean of the
capacity cost, energy density, power density and lifetime of
on-board HESDs in Table 2 as model simulation parameters,
e.g., the capacity cost for Li-ion battery is set to be (500 +
2500)/2 = 1500 $/kWh and supercapacitor is set to be
(2000 + 10000)/2 = 6000 $/kWh. The arithmetic mean
is considered to reflect the general characteristics of various
data sets of on-board HESDs.

Note that case studies are conducted by using PYTHON
3.7.2 and GUROBI 9.1.1 solver on a PC with Intel Core
i7-9700 processor (3.60GHz) and 16-GB RAM.

A. STUDIES ON THE OPERATION OF THE TRAIN WITH
ON-BOARD HESDs
In this subsection, the case studies are aimed at explor-
ing how different investment configuration ratios of the
on-board HESDs influence the train speed trajectory, NEC,
and energy flow to verify the reliability of the model. Notice
that, in general, the investment configuration ratios of the
on-board HESDs could be considered as an optimization
variable. However, it is regarded as a known parameter to
keep the model linear and reduce the computational com-
plexity. A similar approach is applied in [26]. The differ-
ent investment configuration ratios of on-board HESDs and

corresponding resulted capacity, maximum power, and mass
are listed in Table 3. It is also worth pointing out that,
as a comparison, the solutions of ‘‘Li-ion battery only’’
and ‘‘supercapacitor only’’ are listed in case 6 and case 13,
respectively. It indicates that that with the increase of Li-ion
battery investment configuration ratios, the maximum power
and mass appear a downward trend.

As shown in Figs. 3 and 4, the optimal operation of the train
is displayed when the train runs at the interstation (between
XRQ and LP) and the entire Changping line. Here for the
sake of compactness, only the operation of the train for case 1
is demonstrated and analyzed to verify the correctness of
the model, which can be modified according to practical
conditions.

In Fig. 3, it is shown that when the distance is from 0 m
to 400 m, the traction energy of the train mainly comes from
the catenary and discharge energy by on-board HESDs. Sub-
sequently, the potential energy of the train caused by height
difference can be converted into kinetic energy, on-board
HESDs energy, and heat energy. During braking operation,
kinetic energy can be converted into electrical energy which
can be recovered by the on-board HESDs. It can be observed
that the Li-ion battery can not only be discharged during
the acceleration of the train but also can be charged, which
indicates that the train needs to accelerate slowly under the
slope limit to meet the journey distance and time constraints.
On the other hand, the Li-ion battery is not only allowed to
be charged during the deceleration of the train but can also be
discharged to support the climbing the slope operation of the
train. It is worth mentioning that the train operation conforms
to the law of conservation of energy, and when the power
is less than 0, it means that the on-board HESDs are in the
charging state.

Similarly, it is found that the optimal operation of the train
running on the Changping upline and downline for case 1 are
shown in Fig. 4. It should be noticed that the operation of
Changping upline and downline would be regarded as a com-
plete optimization process. In Fig. 4(a) and 4(b), the detailed
on-board HESDs power and SOE profiles for case 1 are
presented and it is evident that the charge/discharge speed of
the supercapacitor is faster than that of the Li-ion battery due
to their respective property. When the initial SOE in on-board
HESDs are different during the optimization process, the
charging and discharging strategy of on-board HESDs may
result in different train operation modes [15], [35]. Therefore,
the initial SOEini,bat , and SOEini,sc are uniformly set to be 0.5,
and they can also be modified to any value according to the
field data. As shown in Fig. 3 and Fig. 4, detailed operation of
the train is demonstrated which runs for the first time, namely
SOH = 100%. In order to elaborate on how different invest-
ment configuration ratios of the on-board HESDs influence
the optimal operation of the train, the operation results are
listed in Table 4.

In Table 4, it is shown that when the railway vehicle
operations with constant on-board HESDs investment config-
uration ratio such as case1 for the long-term train operation,
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TABLE 2. Technical characteristics of on-board HESDs [1], [34].

TABLE 3. Parameters of on-board HESDs investment configuration ratio, maximum power, mass, capacity with an upper limit of capital of 20 k$.

FIGURE 3. The optimal operation of the train running on the interstation journey (from XRQ to LP) for case 1.(a) The train speed trajectory, gradient
information, and motor power. (b) The discharge/charge power and SOE curves.

the total discharge/charge energy could continue to decrease,
but the value of NEC continuously increases slightly which is
from 374.37 MJ to 377.47 MJ. It means that with the reduc-
tion of on-board HESDs remaining capacity and recharge-
able energy, the railway vehicle is unable to recover more
regenerative braking energy, which results in the on-board
HESDs would gradually lose energy-saving potential after
the long-term train operation [15].

On the contrary, it is easily noted that the value of NEC
for 1st running see first decrease continuously and then rise
slightly when the investment proportion of supercapacitor
keeps increasing. It means that even though on-board HESDs
are provided with higher power, railway vehicles cannot
absorb more electrical energy converted from kinetic energy
to achieve energy-saving operation.

B. STUDY ON NEC AND SOH FROM A LONG-TERM
PERSPECTIVE
The influence of the on-board HESDs with different invest-
ment configuration ratios on the changing trend of NEC and
SOH is investigated in this subsection. The life cycles of
Li-ion battery and supercapacitor are set to be 2000 and
80000 times, respectively, according to the data in Table 2.
The relationship between the SOH and operation times for
cases 1-5 is shown in Fig. 5, in which the investment pro-
portion of Li-ion battery is larger than that of supercapacitor.
Note that, a complete operation means that the train has
accomplished the Changping upline and downline. It can be
found that with the increase of operation times, the SOH of
the Li-ion battery in case 1 is the best, about 21.1%, and the
SOH of the Li-ion battery in case 5 is the worst, about 18.4%.
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FIGURE 4. The optimal operation of the train on the Changping upline and downline for case 1.(a) The train speed trajectory, gradient
information, and motor power for the Changping upline operation. (b) The discharge/charge power and SOE curves for the Changping upline
operation. (c) The train speed trajectory, gradient information, and motor power for the Changping downline operation. (d) The
discharge/charge power and SOE curves for the Changping downline operation.

TABLE 4. The operation results of the changping upline and downline for cases 1-13.

This indicates that in the cases with larger capacity and
higher power of Li-ion battery, especially case 5, the opti-
mization model will choose to apply the Li-ion battery to

be frequently charged and discharged. Therefore, the Li-ion
battery in case 5 degrades faster than that in other cases.
In addition, it can be observed that when the SOH reaches
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FIGURE 5. Relationship between the SOH and operation times for
different sized on-board HESDs.

about 64%, the degradation rate of the Li-ion battery starts to
increase.

When the investment proportion of supercapacitor is larger
than or equal to that of Li-ion battery, the relationship
between the SOH and operation times for cases 7-12 is plotted
in Fig. 6. In Fig. 6, it can be found that the SOH of Li-ion bat-
tery and supercapacitor see an interesting trend for cases 7-12,
in which they seem to first rise and then fall. The SOH value
of on-board HESDs is the highest in case 9, which are 35.8%
and 81.2%, respectively, and the lowest in case 7, which
are 22.2% and 80.1%, respectively. When the SOH of the
Li-ion battery reaches about 85%, the battery in cases 7-12
obviously exhibits different rates of deterioration. However,
the results for supercapacitors show an almost linear decline
in cases 1-5 and cases 7-12. It is worth mentioning that the
decay process of the supercapacitor in cases 1-5 and cases 7-8
is completely the same, which may be related to its large
number of cycles. On the other hand, it is implied that the
supercapacitor in cases 1-5 and cases 7-8 has realized the
same strategy of discharge and charge when the train runs
each interstation in the whole Changping line.

From the abovementioned case studies, the relationship
between the value of NEC and different optimally sized
on-board HESDs under varying train operation times are
illustrated in Fig. 7. It can be noted from Fig. 7 that with
the increase of train operation times and the investment pro-
portion of Li-ion battery in the on-board HESDs, the NEC
increases continually in cases 1-5which is plotted in the range
of the axis 0:1 to 1:1. On the other hand, it can be seen that
with the increase of train operation times and the investment
proportion of supercapacitor in the on-board HESDs, there is
an interesting trend in the value of NEC in cases 7-12, namely
to first drops quickly and then rises slightly. It can be clearly
observed that the minimum net energy consumption can be
obtained when the investment ratio of the supercapacitor to
Li-ion battery is 3:1.

FIGURE 6. Relationship between the SOH and operation times. (a) SOH
change of Li-ion battery. (b) SOH change of supercapacitor.

The NEC under varying train operation times is illus-
trated in Fig. 8, which is the projected plane of Fig. 7
from the inside. In terms of the changing trends of NEC,
the performance of case 3 is close to that of case 4, and
case 5 might be deprived of its energy-saving potential due to
improper configuration ratio of on-board HESDs in Fig. 8(a).
In Fig. 8(b), from the perspective of the energy-saving effect,
the performance of Cases 9-11 is very close when the number
of operations is less than 200. Compare with previous case
studies such as cases 1-5, the NEC in cases 7-12 is generally
lower than that in cases 1-5, which is also in line with the fact
that the energy-saving rate of the supercapacitor is higher than
that of Li-ion battery [5]. However, it can not be ignored that
continuously increasing the investment ratio of supercapaci-
tor in on-board HESDs will not cause lower NEC, which may
be because the supercapacitor with higher investment ratio
will reduce the rechargeable capacity of on-board HESDs.
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FIGURE 7. The NEC for different sized on-board HESDs under varying
train operation times.

C. COMPARATIVE STUDIES ON ECONOMIC AND
ENERGY-SAVING PERFORMANCE
The sizing of on-board HESDs favored the economic index
by achieving the minimization of the total costs of the train
and on-board HESDs. Considering the long-term train oper-
ation, the electricity bills generated by the NEC, and the
costs by on-board HESDs degradation and maintenance are
important sources of total costs and directly affect economic
evaluation.

In this subsection, the comparison and analysis of the econ-
omy and energy-saving performance for the proposed model
is elaborated based on the results of all the abovementioned
cases.

For this scenario, after the railway vehicle conduct the
long-term operation, a single or both of the ESDs in on-board
HESDs may be no longer in effective status due to the signif-
icant difference in their respective life cycles. Therefore, as a
comparison, it is necessary to verify the cases of single or
no ESDs in the train from the perspective of economical and
energy-saving.

The analysis of the economy mainly takes into account the
following factors and criteria:

• The degradation cost of the on-board HESDs CHESDs is
related to the current respective SOHvalue. For instance,
when the SOH value of the Li-ion battery is 70%, the
degradation cost it generates is 30% of the total invest-
ment in the Li-ion battery.

• In the optimization process, since the cases of ‘‘Li-ion
battery only’’ and ‘‘supercapacitor only’’ need to be
investigated and compared and their investment ratios
are dynamically changing in different case studies, so we
consider that the operation times should be unified, i.e.
1500 times corresponding to 62856 km, which is the
total mileage of the train for one and a half months and
can be modified according to the case studies.

• Considering the current industrial user electricity energy
prices in China, it was evaluated considering a value

FIGURE 8. The NEC for different sized on-board HESDs. (a) The NEC
results for Cases 1-5. (b) The NEC results for cases 7-12.

of 0.16 USD/kWh during the time period of peak load
(8:00-12:00 and 17:00-21:00) [36].

• More in detail, the on-board HESDs need to consider
extra costs in terms of installation and mainte-
nance. About Li-ion battery, the extra cost of it is
300,000 $/MWh, which is a common parameter and
used in [26], [37]. Then the ω1 in (31) is set to be 0.2,
which mainly includes the extra cost of BMS and battery
packaging. About the supercapacitor, the extra cost of it
is 7976 $/MW, which is a common parameter and used
in [38], [39]. Then the ω2 in (31) is set to be 0.4, which
has mainly been considered including the extra cost of
assembling the stack.

Similarly, the following energy-saving criteria have been
chosen:
• When the railway vehicle operates without the on-board

HESDs, the value of NEC is 436.73 MJ. It is noted
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TABLE 5. The cost/energy-saving rate analysis for the above cases.

FIGURE 9. The energy-saving rate and economic cost versus the different investment ratio of on-board HESDs for all cases. (a) Average energy-saving
rate for all cases. The Li-ion battery with higher investment ratio in cases 1-6, the energy-saving rate is lower, while the energy-saving rate first rises
and then drops in the cases 7-13 with higher supercapacitor. (b) Components of cost per kilometer for all cases. The Li-ion battery with higher
investment ratio in cases 1-6, the cost per kilometer is higher, while the cost per kilometer first drops and then rises in the cases 7-13 with higher
supercapacitors.

that the energy-saving rate of all cases are calculated in
reference to the scenario without on-board HESDs.

• Considering that the NEC of all cases change dynam-
ically during the long-term train operation, we choose
the average NEC of each journey to evaluate the energy-
saving rate.

The main objective of the above analysis was related to the
identification of the energy-saving rate and economic cost.
Results of all cases are detailed in Table 5.

Based on the above results, the energy-saving rate and
cost per kilometer are used to evaluate the optimal sizing
of on-board HESDs, which is plotted in Fig. 9. It is worth
mentioning that the economic cost is determined based on the
following three parts.
1) CNEC : The electricity cost generated by the NEC of the

train.
2) CHESDs: The cost generated by the degradation of

on-board HESDs.

3) CE
HESDs: The extra cost of on-board HESDs needs to be

considered, including installation and maintenance.

Fig. 9 shows the trend of the energy-saving rate and eco-
nomic cost versus the different investment ratio of on-board
HESDs. As visible, when the investment proportion of Li-ion
battery is greater than that of the supercapacitor in cases 1-6,
the energy-saving rate continues to decline, and the cost
per kilometer increases significantly with the increase of the
investment proportion of Li-ion battery. Similarly, it can be
observed that with the increase in the investment proportion
of supercapacitor, the energy-saving rate first rises and then
declines slightly, whereas the cost per kilometer is just the
opposite in cases 7-13. It must in fact be said that the lowest
energy-saving rate in case 6 is 5.03% and the highest cost per
kilometer is 0.76 USD/km, while the highest energy-saving
rate in case 9 is 25.59% and the lowest cost per kilometer
is 0.55 USD/km. Obviously, the minor energy-saving rate is
not conducive to the long-term train operation, because the
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FIGURE 10. The cost per kilometer for on-board HESDs under varying
capital cost limit and total train mileage.

electricity bill generated by it accounts for a higher proportion
of the total economic cost, which leads to expensive cost per
kilometer.

It should be mentioned that the Li-ion battery known for
its energy density will bring more rechargeable capacity to
on-board HESDs, while the supercapacitor known for its
power density will enable on-board HESDs to be discharged
or charged more quickly during traction or braking opera-
tion of train. It means that the optimization problem was
to explore tradeoffs between the investment ratio of Li-ion
battery and that of supercapacitor with the upper limit of
the capital cost being 20 k$. Based on the abovementioned
results, it can be seen that when the investment ratio of the
supercapacitor to Li-ion battery is 3:1, the optimizationmodel
obtains the optimal solution. This also further illustrate that
the on-board HESDs with the appropriate configuration ratio
can indeed optimize the energy-saving rate and economic
cost, considering the long-term train operation. In addition,
although the solution of ‘‘supercapacitor only’’ can bring
a better economic performance in the degradation cost of
ESDs, the lower energy-saving rate leads to the higher overall
economic cost.

Based on the above optimization results, Fig. 10 depicts
further on the relationship between capital investment and
total train running mileage and cost per kilometer, which
helps us to investigate the economic performance of the
electric trains under variable capital investment after the
long-term operation. When the initial capital investment of
on-board HESDs is relaxed to be higher, it means that electric
trains with higher capital investment of on-board HESDs
will travel longer distances. Therefore, a constant SOH value
of on-board HESDs should be set during the optimization
process, instead of the operation times.We consider that when
the SOH value of on-board HESDs reaches 35%, the model
stops the optimization process, and it can be modified accord-
ing to real engineering applications. In Fig. 10, the range of
capital investment is from 20 k$ to 100 k$ with an increment

FIGURE 11. Different change trends for cost per kilometer of on-board
HESDs with respect to the upper limit of the capital investment and total
train mileage.

step of 10 k$, and the range of total train mileage is 30,000
km to 300,000 km with an increment step of 30,000 km,
which can improve the applicability of the model in real
engineering applications. From Fig. 10, it is worth noting that
the cost per kilometer continues to drop when the total train
mileage increases. It means that the extra cost of on-board
HESDs would undermine the economic index when the total
train mileage is relatively low. The changing trend for cost
per kilometer of on-board HESDs with respect to the capital
investment and the total train mileage is illustrated in Fig. 11,
which is a projected plane of Fig. 10. It can be observed
that when the capital investment is relaxed from 20 k$ to
60 k$, the cost per kilometer drops from 0.55 USD/km to
0.53 USD/km. When the capital investment was allowed
to continue to go higher, the cost per kilometer rise from
0.53 USD/km to 0.56 USD/km. It is implied that although
the capital investment quota has been relaxed to be higher
than 60 k$, the on-board HESDs with higher capacity and
power cannot significantly improve the energy-saving rate in
the long-term train operation so that the cost per kilometer
continues to increase. The result provides a clear guidance on
how to select the appropriate proportion of on-board HESDs
considering the long-term train operation.

IV. CONCLUSION AND FUTURE WORK
In this paper, aMILPmodel for the optimal sizing of on-board
HESDs composed of Li-ion battery and supercapacitor has
been developed in electric railway systems. The main attrac-
tiveness of the proposed model resides in the combination of
the long-term train operation together with the sizing problem
of emerging on-board HESDs. The goal of the proposed
model is to minimize the total economic cost caused by the
long-term train operation and the degradation and mainte-
nance of on-board HESDs for practical engineering applica-
tions, which are the key factors concerned by railway energy
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systems planners and operators. We have modeled in detail
the operation of the train and the energy flow of on-board
HESDs in a real-world case of the Beijing Changping line.
More specifically, we have demonstrated that the capacity
and power of on-board HESDs can be dynamically modified
by changing the configuration ratio of Li-ion battery or super-
capacitor, and the impact of on-board HESDs’ SOH with
different configuration ratios on train operation has also been
studied. In cases with an upper limit of the capital cost being
20 k$, the energy-saving rate and economic cost of different
sizes of on-board HESDs are revealed, and the solutions of
‘‘Li-ion battery only’’, ‘‘supercapacitor only’’ and ‘‘no on-
board HESDs’’ are used for comparison. When the capital
cost is relaxed to be higher than 20 k$, the optimization per-
formance of the proposed model has been further improved.

Based on the abovementioned case studies, it can be con-
cluded that the energy-saving rate of on-board HESDs are
significantly reduced in cases 1-8 with a reduction of super-
capacitor investment proportion. From the perspective of the
long-term train operation, it is found that the energy-saving
rate and economic cost are the optimal solutions at the same
time when the investment ratio of the supercapacitor to Li-ion
battery is 3:1. Although the degradation cost of the solu-
tion of ‘‘supercapacitor only’’ is less than most other cases,
its energy-saving rate is not remarkable, which will lead
to higher train operating costs during the long-term opera-
tion and undermine its energy-saving potential. Furthermore,
it can be found that the cost per kilometer dropped from
0.55 USD/km to 0.53 USD/km when the capital investment
was relaxed from 20k$ to 60k$. In short, based on the pro-
posed method, the optimal sizing of on-board HESDs can be
obtained to minimize the overall cost, and railway operators
concerned factors, namely the long-term energy consumption
of trains under variable capital investment, have also been
studied, which further reveals the impact of on-board HESDs
with different configuration ratios and different capital invest-
ment on the energy-saving effect in electrified railway
systems.

In this article, more specific properties, e.g., internal
resistance, temperature and charging and discharging con-
trol strategies of on-board HESDs under different frequency
demand power, which are very important performance met-
rics in energy management problems, are not considered.
In future work, it is our intention to incorporate these per-
formance metrics and verify by hardware-in-the-loop test-
ing for improving the the fineness of the proposed model.
Also, through coordinated control of various components of
on-board HESDs, the real-time energy split strategy can be
further studied based on the proposed model.
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