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ABSTRACT Nowadays, the hybridisation and the electrification of the powertrains for the marine sectors
are of paramount importance to reduce their carbon footprints. In this paper, a novel method is proposed
to schedule the modes-switch of an hybrid powertrain for marine applications. The considered system is
composed of an Internal Combustion Engine mounted in parallel with a Lynch DCBrushed ElectricMachine
to deliver power at the propeller shaft. The two key-findings of this paper are: i) A compact mathematical
representation of the powertrain to model the energy balances and switching of the different modes of
operation. ii) A novel graph-inspired approach to determine the optimal operational mode sequence. The
objective is to find the modes schedule over a fixed time horizon that minimises both the fuel consumed
and the number of modes changes. The solution is motivated by both the moving horizon principle and
the shortest path identification algorithm, and it also relies on a predictive information of the power cycle.
Numerical simulations are undertaken, showing the benefits of the proposed scheme. The proposedmethod is
convenient to scale up for the integration of additional energy storage components or newmodes of operation.

INDEX TERMS Optimisation, hybrid powertrains, discrete-time systems.

I. INTRODUCTION
The marine and the shipping sectors are currently responsible
for approximately 2.7% of the global CO2 emissions [1].
Nonetheless, predictions have beenmade, revealing that these
two sectors will produce 15% of the global CO2 emissions by
2050 [2]. To counteract against these forecasts, policymakers,
stakeholders and researchers are putting an unprecedented
effort to propose and implement effective solutions to reduce
the carbon footprint of marine and shipping activities.

Conventionally, Diesel Internal Combustion Engines
(ICEs) have been utilised to deliver propulsion in marine and
shipping sectors [3]. These powertrains have the potential to
better perform to tighten the fuel consumption, theCO2 emis-
sions and also the operational costs (see [3], [4] and the
references therein). Amongst the possible system integration
strategies to reduce the carbon footprint, the electrification
and the hybridisation of the powertrains have remarkably
captured the attention of the scientific community [5].
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The hybridisation process typically consists of integrating a
battery storage system (BSS) with its battery management
systems (BMS) and the electric motor in parallel with a
pre-existing ICE-driven powertrain. Given this configuration,
the hybrid system can work on different modes of opera-
tion, allowing the propeller shaft to be powered (partially
or totally) by the electric motor. The ultimately goal of an
hybrid powertrain is to force the ICE to operate at more
efficient working points [6] to reduce the emissions and the
fuel consumption. This can be satisfied, (when permitted
by the physical constraints and by the current status of the
powertrain), by selecting the best amongst the possible modes
of operations such as [3], [6]: i) by sharing the power pro-
peller demand between the electric motor and the ICE; ii) by
disengaging the ICE and use exclusively the electric motor to
deliver propulsion; iii) by using the ICE to both recharging
the BSS and powering the propeller; iv) by recovery the
energy from the propeller shaft during deceleration phases to
recharge the BSS.

Unsurprisingly, the hybridisation of an ICE powertrain
gives rise to unprecedented challenges in controlling the
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powertrain components and in managing the energy flowing
throughout the whole system. Whilst delivering the required
mechanical power at the propeller shaft is a must, multiple
conflicting goals need to be addressed. Specifically, it is
essential to manage the BSS in a safe and reliable way,
to minimise the ICE diesel consumption and the powertrain
operational costs, and to maximise the components lifespans
(see [7] where both the size and the energy management
of an hybrid vessel has been investigated, or [8], where a
Model Predictive Control (MPC)-inspired method has been
conceived tominimise the total fuel consumption of an hybrid
vehicle, and [9], where the goal was also to minimise theNOx
emissions).

II. LITERATURE REVIEW
Energy managements and modes-switch techniques have
been revealed to be effective tools to control the hybrid
powertrains for marine applications [3]. The underlying idea
of such approaches is to select and update the mode of oper-
ation of the powertrain minimising the desired goals (i.e. the
total diesel consumed) whilst satisfying constraints imposed
by the power/energy balance at the propeller shaft and by
the physics of the system [10]. As illustrated in [11], two
key-approaches are utilised to achieve energy managements
in hybrid powertrains. The first approach is the so-called
regular control strategy, which is a basic scheme selecting
the mode of operation depending upon a set of rules (i.e. the
level of the State Of Charge (SOC) of the BSS and the power
demand at the propeller shaft) [12]. This procedure, whilst
easy to be implemented in an online fashion, it is not able
to guarantee an optimised energy management strategy [13].
Conversely, in the model-based optimised energy manage-
ment schemes [14], a mathematical model of the powertrain
is made use of [6]. The model predicts the evolution of the
powertrain over a selected time-frame [4], and an optimisa-
tion problem is solved online to determine the optimal control
strategy of the system [15], which can be the optimal mode
selection [16].

Different optimisation-based solutions have been proposed
to address the energy management and the modes-shift prob-
lems in powertrains [17], such as MPC, [11], analytical
convex optimisation algorithms [8] or even nature-inspired
algorithms [18]. For example, in [19] a optimisation problem
has been solved to minimise both the tracking error for the
propeller power demand and the losses of the power systems.
Similarly, in [20] the instantaneous fuel consumption has
been minimised in real time. Optimal control principles have
also been applied to full electric vessels comprising BSS and
super-capacitors to regulate the SOCmaximising the lifespan
of the energy storage devices [21] and dealing with pulsing
loads [22]. Optimisation methods have also been recently
utilised for sizing of hybrid ships with ICE, BSS and fuel
cells [23].

To the best of the authors’ knowledge, relatively little
attention has been paid so far to conceive model-based opti-
mal modes-switch predictive schedule for hybrid powertrains

in the marine sector. Inspired by the receding horizon con-
trol [24], which has been classically applied to solve opti-
mal control problems [25]. an optimal mode switch strategy
has been formulated in [10]. The selected cost function
included the total fuel consumed and additional penalty costs
for breaching the SOC reference of the BSS. Mode-shift
schedules have also been conceived to minimise the kinetic
energy difference of the components involved before and
after the mode-shift [26]. Optimal mode schedule has been
recently conceived in [27], with a primarily application to
road powertrain. The core of this approach is the exploitation
of predictions of the vehicle behaviour within a future time
horizon to schedule the modes-switch.
Main Contribution:
This paper proposes a novel optimal real-time method to

switch the modes of operation for an hybrid powertrain for
marine applications. A marine powertrain composed of a ICE
engine operating in parallel with a Lynch DC Brushed Elec-
tric Machine (LEM) is considered. The LEM is powered by a
BSS and it can also operate as a generator for BSS charging.
The substantial contributions of this study are summarised in
two key-findings: i) The derivation of an original model that
compactly describes the energy balances of the powertrain
for each mode of operation. To achieve this objective, two
state variables, namely the ICE instantaneous fuel consump-
tion and the SOC of the BSS are introduced. For each mode
of operation, energy balances, speed relations and constrained
are presented and a set of discrete-time equations are utilised
to map the evolution of the two aforementioned state vari-
ables. In addition, inspired by the binary modes variables and
matrices [28] a novel and compact discrete-time system is
derived to model the energy balance of the powertrain.
ii) The design a novel optimal predictive modes-switch

schedule for the considered powertrain based on both the
prediction of the power duty cycle and inspired by the shortest
path algorithm for graphs. The scheme is based on the model
illustrated at point i) and it is inspired by the receding horizon
technique [24] and by the shortest path search techniques
for graphs [29]. Precisely, the prediction of the power duty
cycle for the next τD hours is made use of. The τD hours time
window is divided into rdc time intervals of equal duration
at the end of which the mode of the powertrain is permitted
to switch. A modes-based graph [30] is created within the
τD hours time, where each nodes corresponds to the mode
of operation to select within each time interval, and the
edges corresponds to the weight that the associated reached
node bring. The weight here represents the value of the cost
function to reach the selected mode and it accounts for both
the fuel consumed to reach the node and the penalty factor
associatedwith themode changes. A rdc-hopminimumweigh
path search problem [29] is solved to identify the optimal
list of modes to apply to the powertrain. Inspired by the
receding horizon principle, only the first hop is applied and
the movable time window is shifted.

The proposed method distinguishes from the existing ones,
which are primarily applied to electric cars [27] and they
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FIGURE 1. The schematic of the considered hybrid powertrain. The arrowheads indicate the positive power sign
convention.

minimise the power tracking error [19], or to the lifespans
of the BSS [21]. Ergo, to the best of the authors’ knowledge,
the proposed methodology inspired by binary matrix mod-
elling and minimum weight path identification to to address
energy management and modes-switch schedule for power-
trains in marine sector is novel and it has never been pro-
posed before. Furthermore, in this study it is shown that the
adopted approach is easily adaptable to changes and upgrades
to powertrains. Specifically, if new modes of operations
become available, the model-based approach can incorporate
them. Furthermore, if new energy storage devices (such as
super capacitors or fuel cells) are included in the powertrain,
the proposed methodology can still be applicable in such
scenarios.

A. NOTATION
The notation adopted in this paper is standard. For a given
discrete-time variable x, x(k) denotes its value acquired at
the time instant k1t , where 1t is the sampling time. For a
vector x, xT denotes its transpose. For a set X , the symbol
|X | denotes its cardinality.

B. STRUCTURE OF THE PAPER
The rest of the present manuscript is structured as follows.
Section III introduces the powertrain configuration and the
operational modes. Section IV describes the considered pow-
ertrain components and the derivation of a compact model
for the energy balance. Section V formulates the optimisation
methodology and provides the design of the novel modes-
switch schedule. Section VI presents the results undertaken
to validate the effectiveness of the present study, whilst
Section VII concludes the paper.

III. SYSTEM DESCRIPTION
A. POWERTRAIN CONFIGURATION
In this paper, a hybrid powertrain configuration is consid-
ered as depicted in Figure 1. The main components of the

configuration are: i) An ICE to directly power the mechan-
ical drive-train, ii) A LEM machine (with its BMS and
motor controllers) operated in parallel with the main ICE
drive shaft via an additional pulley, iii) A magnetic clutch
to engage/disengage the LEM from pulley, iv) A clutch to
engage/disengage the ICE from the pulley, and v) A BSS
coupledwith a BMS andLEMmotor controller. The subscript
I is adopted for the ICE engine, the subscript B is adopted for
the battery pack and converter, the subscript L is adopted for
the LEM machine, whilst the subscript P is adopted for the
propeller. Table 1 lists the symbols and the variables adopted
in the paper along with a brief description of their physical
meaning.
Power Sign Convention:
The power at the propeller shaft is negative as consumed

by this component, i.e. PP(k) < 0. The output power at
the ICE shaft is always positive PI (k) > 0, as it is gen-
erated by this component. The output power at the LEM
machine shaft is positive, i.e. PL(k) > 0 if LEM functions
as motor. Conversely, the output power at the LEM shaft is
negative, i.e. PL(k) < 0 if LEM functions as generator. The
power flow between the different components is illustrated
in Figure 1, where the arrowheads denote the positive power
sign convention.

B. OPERATIONAL MODES
The hybrid powertrain configuration works in three possi-
ble modes. These modes are indicated as {MI , ML , and
MIL} respectively and discussed in sequel. Let NM be the
cardinality of the modes set, here fixed at 3. In order to
formulate a compact mathematical representation of the three
modes of operation following representation is introduced.
Let the binary scalar variables mI (k) and mL(k) represents
respectively the ‘engage(1)’ and ‘disengage (0)’ of the
ICE clutch and of the LEM magnetic clutch with which the
ICE and LEM operations in the configuration can be selected.
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TABLE 1. List of symbols and variables adopted in the paper.

Define amode binarymatrix at the time instant k1t ,M(k), as

M(k) :=
[
mI (k) 0
0 mL(k)

]
, (1)

and the mode dependent parameters f1(M (k)) and f2(M (k)) as

f1(M(k)) :=
(
mL(k)− mI (k)

)
mL(k), (2)

f2(M(k)) := mI (k)mL(k). (3)

Making use of (1)-(3), three operational modesMI ,ML and
MIL of the powertrain are:
1 Mode MI : The magnetic clutch is disengage (i.e.,
mL = 0), the LEM machine is off, and the propulsion
is provided entirely by the ICE. Hence, mI = 1 and the
mode matrix and dependent parameters are

M(k) =
[
1 0
0 0

]
=:MI , (4)

f1(M(k)) = 0, (5)

f2(M(k)) = 0. (6)

2 Mode ML : The magnetic clutch is engaged (i.e.,
mL = 1) and the propulsion is provided by the LEM

machine, and the ICE is off (Hence, mI = 0). The mode
matrix and dependent parameters for the LEM alone
mode are

M(k) =
[
0 0
0 1

]
=:ML , (7)

f1(M(k)) = 1, (8)

f2(M(k)) = 0. (9)

3 Mode MIL : The ICE provides the propulsion at the
propeller shaft and it drives the LEM machine as gen-
erator to recharge the BSS. Hence mI (k) and mL(k) are
set to 1 and the mode matrix and dependent parameters
while ICE and LEM are operated together are

M(k) =
[
1 0
0 1

]
=:MIL , (10)

f1(M(k)) = 0, (11)

f2(M(k)) = 1. (12)

IV. POWERTRAIN MODEL
This sections describes the model of each component of
the powertrain. For the purpose of developing the energy
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FIGURE 2. (a): The time histories of the propeller power demand PP (k) and speed ωP (k) along with the moving time
window for the optimisation. (b): The modes graph along with the optimal minimum weight path.

management solution, a compact discrete-time dynamical
model is also derived. This model captures the changes
amongst the threemodes of operation described in Section III.
Assumptions:
In this study, the following assumptions are imposed
Assumption 1:(A1) The power and the speed at the pro-
peller shaft defining the power duty cycle is assumed to
be bounded, i.e.

|PP(k)| < PPmax , ∀k, (13)

|ωP(k)| < ωPmax , ∀k, (14)

where PPmax and ωPmax are known positive constants.
(A2)The maximum power of the ICE is PImax and it is

assumed that the condition

PImax > PPmax , (15)

holds.
Note that Assumption 1-(A2) ensures that the ICE is able
to deliver, if required by the duty cycle, any power at the
propeller shaft within the range [0,PImax].

A. ICE MODEL
The instantaneous fuel consumption of the ICE is denoted
by the variable sI (k), measured in (kg/s). For each pair
(PI (k), ωI (k)) it is possible to determine the instantaneous
value of the fuel consumption using a numerical map
hI ((PI (k), ωI (k)). The total fuel consumed by the ICE up
to the time instant (k + 1)1t is obtained via a discrete-
time integrator. Therefore, the ICE Model can be shown to
be [31]:

sI (k) = hI (PI (k), ωI (k)) (16a)

FI (k + 1) = FI (k)+ sI (k)1t (16b)

FI (0) = FI0 (16c)

The initial condition (16c) is typically set as FI0 = 0.
The working region of the ICE is limited by the following
constraints on the output power PI (k) and speed ωI (k):

PImin < PI (k) < PImax (16d)

ωImin < ωI (k) < ωImax (16e)

where PImin and PImax are respectively the minimum and
the maximum ICE output power, whilst ωImin and ωImax are
respectively the minimum and the maximum ICE speed.

B. LEM MACHINE MODEL
The LEM machine is modelled using its steady-state charac-
teristics [32]. In particular, it is possible to measure the output
power PL(k) and the speed at the LEMmachine shaft, ωL(k).
Since PL(k) andωL(k) measurements are available, the arma-
ture voltage VL(k), the input current to the motor IL(k), and
the efficiency of the machine ηL(k) can be determined by
direct numerical interpolation using the technical data curves
available in [32], which is made available as a look up table.
At the core of the proposed optimal modes-switch schedule
there is the interpolating map of the efficiency of the LEM,
which is [32]:

ηL(k) = fηL (PL(k), ωL(k)). (17a)

The working region of the LEM machine is bounded by both
power and speed constraints:

−PLmax < PL(k) < PLmax (17b)

0 < ωL(k) < ωLmax (17c)
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where PLmax and ωLmax are positive constant and they rep-
resent respectively the maximum power and speed of the
LEMmachine. Note that the power constraint (17b) explicitly
allows the LEM machine to function as generator whenever
PL(k) < 0 (under the power convention adopted in this
study).

C. BSS MODEL
The battery pack is modelled as a discrete-time dynamical
system describing the time evolution of its (SOCB). Inspired
by the dynamics of SOC reported in the literature [3], [5],
[31], [33], [34], for a three-modes powertrain system, the
dynamics of SOCB is given by [31]:

SOCB(k + 1) =



SOCB(k), MI

SOCB(k)−
PL(k)

ηL(k)ηBEMB
1t, ML

SOCB(k)−
ηL(k)ηBPL(k)

EMB
1t, MIL

(18a)

SOCB(0) = SOCB0 (18b)

Note that, differently from [31], [34], the proposed dynamics
of BSS accounts for three different modes of operation of the
powertrain. Furthermore, the efficiency of the BSS converter
ηB and the (time-varying) efficiency of the LEM machine
ηL(k), are explicitly accounted for the charging/discharging
processes of the BSS. Three equations in (18a) describes the
changes to the state of charge of the battery pack in three
differentmodes. InmodeMI , the dynamics is considered as a
pure discrete integrator. Whenever the LEM is functioning as
motor (ML), i.e. PL(k) > 0, the battery pack is discharging
(SOCB(k+1) decreases from SOCB(k) in (18a)). Conversely,
whenever the LEM is functioning as generator which occurs
in MIL , the term PL(k) is negative according to the power
sign convention described in Sec III. Henceforth, there is an
increase in the charge of the battery back (SOCB(k + 1) is
larger than SOCB(k) in (18a)). As the LEM machine output
power PL(k) flows in opposite directions during the charg-
ing/discharging processes, the efficiencies product ηL(k)ηB
appears at the denominator when the BSS is discharging
(mode ML), whilst it appear at the numerator when the
BSS is charging (modeMIL). The system in equations (18a)
is subject to the initial condition as given in (18b). The
operational regime of the battery pack follows the bound
constraints on SOCB:

SOCBmin < SOCB(k) < SOCBmax (18c)

where SOCBmin and SOCBmax represent respectively the pre-
scribed minimum and maximum level of SOCB.

D. POWER AND SPEED AT THE PROPELLER SHAFT
The power at the propeller shaftPP(k) and the the speedωP(k)
are predicted over the time period of τD hours (see Figure 2).
This set of data is assumed to be available every k1t seconds.

The torque at the propeller shaft can be retrieved as TP(k) =
PP(k)/ωP(k). Therefore, it is possible to write the following
power balances:

0 =


ηPIPI (k)+ PP(k) MI

PL(k)+ PP(k) ML

ηPIPI (k)+ PL(k)+ PP(k) MIL

(19)

Analogously, it is possible to write the following speed rela-
tionships, which are also dictated by the parallel hybrid con-
figuration in Figure 1.

0 =


ωI (k)− RPIωP(k) MI

ωL(k)− RPLωP(k) ML

ωI (k)− RPIωP(k) MIL

ωL(k)− RPLωP(k)

(20)

Note that the last equation of the system in (20) represents
the speed balance relations for the mode MIL , where both
the ICE and the LEM are running in parallel (as depicted in
Figure 1).

E. COMPACT REPRESENTATION
Given the set of equations of the ICE (16a)-(16c), the
LEM machine (17a), the battery pack (18a), the power bal-
ances (19), and the speed relations (20), the dynamics of the
hybrid powertrain can bewritten in the form of a discrete-time
model as

x(k + 1) = Ax(k)+ BPδ(k)u(k)1t (21a)

x(0) = x0 (21b)

0 = EP(M(k))P(k) (21c)

0 =M(k)ω̃(k) (21d)

where the introduced variables and matrices are:

x(k) :=
[
FI (k) SOCB(k)

]T (21e)

x0 :=
[
FI0 SOCB0

]T (21f)

P(k) :=
[
PI (k) PL(k) PP(k)

]T (21g)

ω(k) :=
[
ωI (k) ωL(k)

]T (21h)

ω̃(k) :=
[
ωI (k)− RPIωP(k) ωL(k)− RPLωP(k)

]T
(21i)

A :=
[
1 0
0 1

]
(21j)

BP := BP1BP2

=

[
1 0 0
0 1 1

]
︸ ︷︷ ︸

BP1


1 0 0

0 −
1

ηBEMB
0

0 0 −
ηB

EMB


︸ ︷︷ ︸

BP2

(21k)

δ(k) :=


hI (PI (k), ωI (k)) 0 0

0
PL(k)
ηL(k)

0

0 0 ηL(k)PL(k)


(21l)
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u(k) :=

 1
f1(M(k))
f2(M(k))

 (21m)

EP(M(k)) :=
[
ηPImI (k) mL(k) 1

]
(21n)

Various bound constraints on ICE (16d)-(16e), on the LEM
(17b)-(17c), and on the BSS (18c) described before hold here.
Under the notation of the compact model (21a), these yield

xmin < x(k) < xmax (22a)

Pmin < P(k) < Pmax (22b)

ωmin < ω(k) < ωmax (22c)

where the introduced vectors are defined as:

xmin :=
[
0 SOCBmin

]T (22d)

xmax :=
[
+∞ SOCBmax

]T (22e)

Pmin :=
[
PImin −PLmax

]
(22f)

Pmax :=
[
PImax PLmax

]T (22g)

ωmin :=
[
ωImin 0

]T (22h)

ωmax :=
[
ωImax ωLmax

]T (22i)

V. SCHEDULING MODES OF POWERTRAIN
The objective is to determine the optimal ’minimal’ schedule
of modes among {MI , ML , MIL} that minimises the total
energy consumption over a finite time horizon [t0, t0 + τD)
based on a sampling at every τC minutes. The definition
of ’minimal’ schedule is to limit the number of consecu-
tive mode changes that can occur at every τC minutes to a
minimum number. The modes-switch frequency should be
maintained below a minimum level to both limit the transient
behaviour of the powertrain and to avoid frequent engines
on/off compromising their lifespans [26]

Let t0 be an arbitrary starting time and τD be the duration
of the moving horizon time window in steps of τC minutes.
It is assumed that the mode change, if any, occurs only every
τC minute interval. Two sampling indices, basically positive
integers, rcp and rdc are defined as

rcp =
60τC
1t

, (23)

rdc =
60τD
τC

. (24)

This implies that over a finite time horizon [t0, t0 + τD)
the aim is to determine the optimal sequence of modes
{M∗(k)}rdck=1. Given the definition of rcp and rdc, the moving
horizon of duration τD will have HD number of sampling
instances of measurements as HD = rcprdc. Similar to other
predictive control methods [35], only the first value of the
mode sequence {M∗(k)}rdck=1 is actually employed and used in
the real-time drive cycle control algorithm. After τC units of
time, a new time horizon [t0+τC , t0+τC +τD) is considered
and the whole optimisation process is repeated to generate
a new sequence of modes by solving the optimisation with
new initial conditions based on updated measurements at

time t0 + τC . The mode switch is therefore only permitted
every τC minutes. This imply, at every sampling instance, the
operational mode is

M(k + 1) =M∗(k), if k 6= jrcp, ∀j = 0, . . . , rdc (25)

whereM∗(k) ∈ {MI , ML , MIL}.

A. OPTIMISATION METHODOLOGY
A weighted directed acyclic graph based abstraction of the
underlying process is considered. Let G(V, E) be such a
graph, where V is the set of vertices representing the mode
of operation to be maintained during an interval of τC min-
utes. The vertices are named following the notation given in
Figure 2. Let n? be an integer satisfying 0 < n? < rdc,
and introduce the auxiliary generic subscript ‘◦’ defining
any selected mode amongst {MI , ML , and MIL}. The ver-
tex associated with the mode selected over the time period
(n? − 1)rcp1t ≤ t < (n?)rcp1t is denoted by Mn?

◦ ∈ V.
The idea of finding the sequence of modes for traversing
a distance during a time interval of τD becomes determin-
ing a path of length rdc in a directed acyclic graph G, i.e.,
a sequence of vertices M1

◦ ∼ M2
◦ ∼ · · ·M

n?
◦ ∼ · · ·M

rdc
◦ .

The set of feasible paths connecting the vertices of the graph
belongs to E . An edge connects two neighbouring vertices
(Mn?

◦ ∼ Mn?+1
◦ ) be defined as i.e., Mn?

◦ → Mn?+1
◦ ∈ E , note

that the subscripts can be any among {I , L, IL}. In addition,
let us define a positive weight function ρ : E → J which
associates each edge of the graph with a weight, which is
defined depending on the fuel consumed and a cost associated
with the mode change, described in sequel.
Let

z(k) =

{
0 ifM(k) =M(k − 1),
1 else,

(26)

tracks the occurrence of change of mode. Let

CF (k) =
sI (k)
SI

, (27a)

CO(k) = z(k), (27b)

where CF (k) accounts for the cost of the fuel consumed,
whilst CO(k) represents the cost associated with alteration of
mode-switch. The positive parameter SI in (27a) represents
the maximum possible value of the fuel consumption, which
is retrieved from the ICE data-sheets. By combining (27a)
and (27b), define a function

J (x(k), z(k)) := λFCF (k)+ λOCO(k), (28)

where λF and λO are positive scalar weighting factors.
Hence, the weight ρ associated with the directed edge

Mn?
◦ → Mn?+1

◦ ∈ E becomes

ρ
(
M (n?)

◦ → M (n?+1)
◦

)
:=

k=rcp·(n?+1)−1∑
k=rcpn?

J (x(k), z(k)). (29a)
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where
x(k + 1) = Ax(k)+ BPδ(k)u(k)1t

x(0) = x(k = rcpn? − 1)
0 = EP(M◦)P(k)
0 =M◦ω̃(k)

M(k + 1) =M(k) =M◦
M◦ ∈ {MI , ML , MIL}


∀k, (29b)

Likewise, the weight of other possible edges among other
vertices can be determined. Therefore, the objective is to
determine an optimal sequences of modes for the drive over
the finite horizon [t0, t0 + τD) by minimising a finite horizon
objective:

{M∗(k)}rdck=1 := arg min
{M∗(k)}

rdc
k=1

(HD−1∑
k=1

J (x(k), z(k))

)
, (30a)

sub. to.
x(k + 1) = Ax(k)+ BPδ(k)u(k)1t

x(0) = x0
0 = EP(M(k))P(k)
0 = M(k)ω̃(k)

M(k + 1) = M(k) if k 6= jrcp, ∀j=1, . . . , rcp
M(k) ∈ {MI , ML , MIL}

xmin < x(k) < xmax
Pmin < P(k) < Pmax
ωmin < ω(k) < ωmax



∀k,

(30b)

where the right hand side of (30a), the sum of over a finite
time horizon [t0, t0 + τD) of the function J (x(i), z(i)), rep-
resents the cost of paths of length rdc. As evident from
Figure 2, for three modes and rdc hopes there exists 3(rdc)

possible paths. The optimisation problem defined (30a) sub-
ject to dynamics, initial condition, and state bound constraints
defined in (30b) is solved to determine the minimum weight
path composed by rdc hopes. The problem is therefore in
the form of a standard minimum-weight path search with rdc
hopes and it is solved using the Dijkstra’s Algorithm [36],
obtaining the optimal sequence {M∗(k)}rdck=1. The problem
has an exponential complexity and its computational load
might increase significantly but, on a realistic horizon of few
modes like here (i.e., 3), the number of nodes can be kept low
and computationally solvable easily.
Remark 1: Note that under the current graph-based formu-

lation, the selected mode matrix in (29b) corresponds to the
graph node

M (n?+1)
◦ ∈ V. (31)

Additionally, the extremes of the sum operator in (29a) appro-
priately correspond to the time interval

(n?)rcp1t ≤ t < (n? + 1)rcp1t. (32)

Remark 2: If the evolution of the states x(i) and the input
P(i) and ω(i) breach the inequality constraints in (30b), auto-
matically the edge interconnecting is labelled as unfeasible
and therefore it cannot be included in the optimal minimum
weight path.

VI. SIMULATION RESULTS
This section presents the results of the simulations under-
taken to validate the effectiveness of the key-findings of the
present study. The values of the model parameters, and the
maximum powers and speeds of the ICE and the LEM are
shown in Table 1. The maps of the LEM machine is shown
in Figure 3, and they have been generated relying on the data
sheets [32]. A time horizon of T = 2 hours is considered.
The movable time window has a duration τD = 1 hour,
whilst the mode changes is permitted every τc = 15 minutes.
The predictions of the power duty cycle are available with
a sampling time of τP = 10 seconds. It follows that they
key-quantity for the graph-based optimal energymanagement
in equations (23)-(24) are rcp = 90, rcp = 4, and HD = 360.
Four Scenarios are introduced
• Scenario 1: in which both the propeller power speed
and power remain constant, i.e. PP(k) = 4 (kW) and
ωP(k) = 1200 (RPM).

• Scenario 2: in which the propeller power remains con-
stant, i.e. PP(k) = 4 (kW) whilst the propeller speed
ωP(k) decreases linearly.

• Scenario 3: in which both the propeller power and speed
are time-varying. Specifically, two level of power and
speed at the propeller shaft are considered. A cruising
speed-power pair

PPn = 6 (kW) (33)

ωPn = 1000 (RPM) (34)

and a high speed-power pair

PPM = 12 (kW) (35)

ωPM = 1200 (RPM) (36)

• Scenario 4: in which the propeller power and speed
are time-varying and they represent real data recorded
during a vessel operation.1 The time history of the power
and speed cycle are depicted in Figure 7 (a)-(b).

For each scenario, two powertrain set-ups are considered:
• (DO): ‘‘(Diesel Only)’’, in which the powertrain is
forced to work only on the modeMI in (4)

• (OS): ‘‘(Optimal Solution)’’, in which the powertrain
energy management strategy is governed by the pro-
posed optimal graph-based approach.

For the two set-points (DO) and (OS), the total fuel consumed
by the ICE is respectively denotedwith the notationF (DO)

I and
F (OS)
I . The metric (measured in percentage)

1FI :=
F (OS)
I − F (DO)

I

F (DO)
I

(37)

is also introduced to compactly display the fuel saving using
the proposed modes-switch schedule.

1The authors have been used the data recorded within the Innovative UK
Project ISCF SBRI Phase 1, 115196: Option For Clean Propulsion Retrofit
in Crew Transfer Vessel.
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FIGURE 3. (a): The map representing the speed of the LEM machine ωL as function of the output power PL. (b): The map representing
the efficiency of the LEM machine ηL as function of the output power PL. The data are taken from [32].

FIGURE 4. Scenario 1 Time histories of: (a): total power balances (PP (k), PI (k), PL(k)), (b): propeller speed (ωP (k)), (c): BSS state of charge
(SOCB(k)), (d): ICE map with the working points for DO and OS set-ups, (e): total fuel consumption (Fi (k)) for DO and OS set-ups, and (f): optimal
modes-switch schedule.

A. SCENARIO 1
During Scenario 1, the power duty cycle is characterised by
a low power demand at a high speed (Figure 4-(a) and 4-(b)).
The performances of the ICE in the DO setup are extremely
inefficient. To support this, it is possible to determine the
ICE efficiency from the contour map in Figure 4-(d), which
is equal to ≈ 10%. A total amount of 9.12 kg of diesel are
required to generate the required power at the propeller shaft.
The powertrain better performs by functioning according to
the proposedmodes-switch schedule (OS setup). By applying
a combination of modes ML and MIL (Figure 4-(f)), the
proposed scheme provides to alternate. When the ICE is on,
its efficiency is 22%, which is much higher than 10%. Note
that the constraints on the SOC of the BSS are matched also,
hence the proposed scheme implement periodic charging (see
Figure 4-(c)). According to Table 2, the fuel consumption can
be abated by more than 36%.

B. SCENARIO 2
During Scenario 2, the propeller power remains con-
stant, whilst the speed decrease linearly over time
(Figure 5-(a)-(b)). Considerations analogous to Scenario 1
can be made. Specifically, in theOS setup, charging opportu-
nities for the BSS are still captured (Figure 5-(f), and nearly
43% of the fuel can be saved (Table 2). Note also that the ICE
efficiency for the DO setup reaches a minimum below 10%,
whilst for the OS setup it passes 30%.

C. SCENARIO 3
During Scenario 3, both the propeller speed and power are
time-varying (Figure 6-(a)-(b)). Specifically, over the consid-
ered 2 hours period, the vessel spends most of its time at a
‘‘cruising speed’’ (i.e. ωP(k) = 1000 (RPM) and PP(k) =
6 (kW)) with some short periods of ‘‘high speed’’(i.e.
ωP(k) = 1200 (RPM) and PP(k) = 12 (kW)), 15 minutes at a
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FIGURE 5. Scenario 2 Time histories of: (a): total power balances (PP (k), PI (k), PL(k)), (b): propeller speed (ωP (k)), (c): BSS state of charge
(SOCB(k)), (d): ICE map with the working points for DO and OS set-ups, (e): total fuel consumption (Fi (k)) for DO and OS set-ups, and (f): optimal
modes-switch schedule.

FIGURE 6. Scenario 3 Time histories of: (a): Total power balances (PP (k), PI (k), PL(k)), (b): propeller speed (ωP (k)), (c): BSS state of charge
(SOCB(k)), (d): ICE map with the working points for DO and OS set-ups, (e): total fuel consumption (Fi (k)) for DO and OS set-ups, and (f): Optimal
modes-switch schedule.

time. In this situation, the fuel consumption can be reduced by
more than 20% (Table 2), the proposed energy management
strategy explores the modesMI andML over the considered
2 hours time period (Figure 6-(f)). Furthermore, the BSS SOC
constraints are still met (Figure 6-(c)).

Sensitivity Analysis to Power Variation for Scenario 3:
A sensitivity analysis can be undertaken considering

variations of the power at the propeller shaft PP(k). Given
the nominal parameters for the power at the propeller
shaft (33) and (35), a parameters perturbation in the
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FIGURE 7. Scenario 4 Time histories of: (a): total power balances (PP (k), PI (k), PL(k)), (b): propeller speed (ωP (k)), (c): BSS state of charge
(SOCB(k)), (d): ICE map with the working points for DO and OS set-ups, (e): total fuel consumption (Fi (k)) for DO and OS set-ups, and (f): optimal
modes-switch schedul.

TABLE 2. The total fuel consumed for each scenario for the DO and the
OS setups.

form of

P̃Pn = (1+ δPP)PPn (38)

P̃PM = (1+ δPP)PPM (39)

is considered, where δPP is a parameter representing the vari-
ation. From the results reported in Table 3, two key-comments
can be made. Firstly, the proposed scheme profitably
works also under the considered sensitivity analysis given
by (38)-(39). Secondly, it is noticeable that if the power pro-
peller shaft drops, the fuel consumption can be abated by
over 30%.

D. SCENARIO 4
During Scenario 4, the proposed optimal modes-schedule
scheme is tested by considering real power-speed cycle
data shown in Figure 7 (a)-(b). The power/speed duty
cycles here are characterised a first part, during the time
interval [0,1] (hrs), in which the vessel is operating at
high power/speed (power peak 20.63 (kW), speed peak
1230 (RPM)), with fluctuations, and a second part during the
time interval [1,2] (hrs), in which the vessel is operating at a

TABLE 3. The total fuel consumed for Scenario 3, considering power
variations of the duty cycle.

lower power/speed (powerminimum5 (kW), speedminimum
1110 (RPM)). During the first part, the mode MI is made
use of (Figure 7-(f)). When the power/speed decrease, the
designed modes-switch schedule select the mode ML , until
the minimum BSS SOC is reached (0.20). After this, for the
remaining 15 minutes, the mode MI is selected. Up to more
than 21 % of fuel can be saved also in this scenario.

VII. CONCLUSION
In this paper, a novel graph-inspired method has been pro-
posed to solve the modes-switch schedule problem in hybrid
powertrains for marine application. An original compact
mathematical representation of the energy flow throughout
the powertrains component has been derived. In the derivation
of the model, the binary algebra and variables have been
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made use of. The solution addressing modes-switch schedule
problem has been inspired by the moving horizon principle
and by the graph-based approach to search for the minimum
weight path. In such framework, the optimal path of the
graph is the one minimising the fuel consumption and the
modes-switch numbers. Detailed numerical simulations have
been undertaken to validate the proposed methods, using
prototypical data-sets. The benefits ofmodes-switch schedule
have been demonstrated primarily considering the resulting
fuel saving. In particular, it has been demonstrated that the
designedmodes-switch schedule have the potential to save up
to 42 % (Scenario 3) of the fuel consumption by exploiting
the modes selection. The use of recorded power/speed cycle
data (Scenario 4) further demonstrated the applicability of the
method. This study can be also considered a starting point for
future research directions. For example, the designed scheme
can be easily updated to incorporate additional clean pow-
ertrain components, such as hydrogen fuel cells and super-
capacitors, or additional modes of operation.
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