
Received April 30, 2022, accepted May 5, 2022, date of publication May 10, 2022, date of current version May 19, 2022.

Digital Object Identifier 10.1109/ACCESS.2022.3174043

Dynamic Reliability Evaluation of High-Speed
Train Gearbox Based on Copula Function
YUMEI LIU1 AND YUN CHEN 1,2
1Transportation College, Jilin University, Changchun 130022, China
2School of Civil Engineering and Transportation, Beihua University, Jilin 130023, China

Corresponding author: Yun Chen (chenyun14@mails.jlu.edu.cn)

ABSTRACT As a key component of the high-speed train transmission system, the reliability of the gearbox
directly affects the reliability and driving safety of the high-speed train. Taking the key parts in the gearbox:
driving gear, driven gear, gearbox housing and bearing as the research object, the dynamic reliability of
the gearbox is evaluated. First, combined with classical stress-strength interference theory, the number
of stochastic loads is regarded as a Poisson process, and the strength degradation is described by the
Gamma process, the Gamma strength degradation parameter of each part is determined from the part
material or the part’s P-S-N curve, and the reliability model of each key part of the gearbox is obtained.
Second, the gearbox is regarded as a series system, and the Gumbel Copula function is introduced to deal
with the nonlinear correlation between different parts and between different failure modes of the same
part. The nesting relationship of the Copula function is determined, the parameter values of the Gumbel
Copula function are determined based on the kernel density estimation and maximum likelihood estimation
method, so as to establish the dynamic reliability model of the gearbox system and realize the evaluation
of the dynamic reliability of the gearbox. The evaluation results show that the method for evaluating the
reliability of high-speed train gearboxes is in line with engineering practice. The evaluation method has
practical significance for the reliability check, optimization design and dynamic tracking of the gearbox
reliability during the service period of the high-speed train gearbox.

INDEX TERMS High-speed train gearbox, stress-strength interference theory, Gamma process, Gumbel
Copula function, Kernel density estimation, maximum likelihood estimation.

I. INTRODUCTION
Gearbox is the key component for high-speed trains to real-
ize power transmission [1]. The main parts include driving
gear, driven gear, gear shaft bearing, gear shaft, and gearbox
housing [2], as shown in Figure 1. The fault statistics of the
actual operation of high-speed trains show that the driving
gear, driven gear, bearing, and gearbox housing are parts
with high damage frequency and serious damage. During the
operation of the train, the gearbox is simultaneously subjected
to the excitation of the track, the vibration and shock brought
by the vehicle body, and other external excitation loads [3].
There is direct contact and interrelated interfaces between
the various parts in the gearbox [4], which makes the failure
modes have a certain correlation. The reliability of the parts
and the degree of failure correlation between the parts jointly
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determine the reliability of the gearbox [5], [6]. It is more
closer to the engineering practice to measure the reliability
of the serial mechanical system by comprehensively consid-
ering the dynamic change of the gearbox load, the strength
degradation of the parts and the failure correlation between
the parts.

Stress-strength interference theory is the basis for the reli-
ability design of mechanical parts [7]. The theory shows
that reliability mainly depends on the degree of interference
between stress and strength. The stress-strength interference
model proposed by Freudenthal [8] was gradually widely
used in fatigue reliability design in the 1960s. Tradition-
ally, stress-strength interference theory is used to deal with
the reliability of parts and structures under static stress-
strength interference [9]. However, during the operation of
the mechanical system, the stress and strength of the mechan-
ical parts are random, and the strength of the parts will be
degraded due to factors such as corrosion and aging. When
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FIGURE 1. High-speed train gearbox.

the stress on the parts is greater than their strength, failure
will occur.In recent years, the stress-strength interference
theory has been widely used in the reliability research of
rail vehicles. Song ZhanXun et al. [10] established a stress
intensity interference model between the transformed S-N
curve and the stepped spectrumfitting curve based onMiner’s
rule, and based on the stress data collected by the actual
vehicle, the fatigue damage and life of a railway freight car
bogie side frame were analyzed. Li Guangquan [11]deter-
mined the equivalent stress based on the stress test data
during the operation of the gearbox, established a reliability
model of equivalent stress-fatigue strength, and analyzed the
fatigue reliability of the gearbox housing under typical work-
ing conditions. Xu Chengbin [12] combined the measured
dynamic stress data and the stress intensity factor analysis,
and considered the material fatigue properties of the EMU
axle, and carried out a reliability analysis of the axle based
on the stress-strength interference theory. In the research of
the above scholars, the stress probability distribution of the
research object is obtained by collecting the stress data of
the real vehicle, but this collection method is not practical for
the bearings, gears and other devices in the gearbox system.
In addition, the dependence of stress and strength, and the
degradation of strength are not considered in the process of
evaluating reliability. Wu Hao et al. [13] used Simpack and
MATLAB/Simulink to establish the electromechanical model
of the gearbox box and traction system of the high-speed
train, and analyzed the dynamic stress of the gearbox box,
which provided a new idea for establishing the stress distri-
bution in the stress-strength interference model.Li Wei [14]
studied the cast aluminum beam under the high-speed train,
and studied the influence of the residual strength degradation
of the material on the accumulation of damage. The results
show that the residual strength degradation has a greater
impact on the reliability of components.This shows that it is
necessary to study the strength degradation of each part when
the reliability analysis of the gearbox system is carried out
based on the stress-strength interference theory.

Since Sklar [15] proposed the Copula theory in 1959,
Copula theory has been increasingly used in the reliability
research of mechanical systems. Research on copulas and
their application in statistics has become a new and thriv-
ing field. Roger B. Nelsen [16] did a detailed study on the
basic properties, correlations, and association measures of
Copula.Charpentier et al. [17] conducted a comprehensive
study of the boundary distribution estimation of Copula. For
a long time, copula has gained considerable popularity in
many fields of applied mathematics. In recent years, copula
theory has been used more and more in reliability research
of mechanical parts.The Copula function can connect the
joint distribution of multidimensional random variables with
marginal distributions, and accurately handle the failure
modes of parts or nonlinear correlations between random
variables [18], [19]. Zhang Ling et al. [20] used the Weibull
failure rate distribution function to determine the marginal
distribution function of the gear, and analyzed the reliabil-
ity of the gear system through the Frank Copula function.
Xia Yirui et al. [21]proposed a reliability evaluation model
considering strength degradation, studied the correlation and
degree of correlation between different failure modes with the
help of Copula function, defined failure thresholds to express
the marginal failure probability of correlation between differ-
ent failure modes, and evaluated the reliability of mechanical
structures. Li Zhengwen [22] used the Copula function and
combined the stochastic ness and fuzziness of the load to
study the dynamic reliability design and calculation of the
series and parallel systems. Zhang Jianchun et al. [23]used
the non-differentiable Copula function to estimate structural
reliability, and verified it with a simulation example.

In summary, most of the current research is mainly aimed
at the extension of the stress-strength interference theoretical
model, combined with the Copula function to evaluate the
reliability of a single part or a series and parallel system of the
same type of parts. There are few reliability studies applied to
complex series and parallel systems. In this paper, a Copula
function nested reliability model of multi-type parts series
gearbox system is established. Combining the theory of order
statistics, the time-aligned Poisson process and the Gamma
strength degradation process, the time-varying stress-strength
interference model is determined, and the Gamma strength
degradation process parameters of the part are determined by
the P − S − N curve strength degradation stochastic model
of the part or material, which is reliable for the gearbox
system. Sexual correlation modeling provides support. In the
process of building the model, the structural characteristics of
the high-speed train gearbox system, the load characteristics
acting on each key part, the strength degradation of each
part, and the failure correlation of each key part are fully
considered, and its dynamic reliability is evaluated. Make the
reliability analysis results closer to reality.

The rest of the paper mainly does the following work.
Section II establishes a reliability model considering the
stochastic load action process and strength degradation.
Section III establishes the Copula reliability model of the
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series system. Section IV analyzes the dynamic reliability
of each key part of the gearbox system. Section V uses the
nested Gumbel function to establish the failure correlation
model of the gearbox system, and evaluates the dynamic
reliability of the gearbox system. Section VI reviews this
paper and looks forward to future research.

II. STRESS-STRENGTH INTERFERENCE MODEL
CONSIDERING TIME-VARYING LOAD AND
STRENGTH DEGRADATION
A. CLASSICAL STRESS-STRENGTH INTERFERENCE MODEL
Assuming that the probability density functions of the stress
S and the strength Z of the part are respectively fs (•) and
fσ (•), the interference of S and Z is shown in figure 2. Failure
usually occurs in the interference area and increases with the
increase in the area of the interference area. The formula for
solving the reliability R is

R = P(Z > S) =
∫
+∞

−∞

fs(s)[
∫
+∞

s
fσ (z)dz]ds

=

∫
+∞

−∞

fs(s)(1− Fσ (s))ds (1)

where Fσ (•) is the distribution function of component
strength.

FIGURE 2. Interference between s and σ .

B. STRESS-STRENGTH INTERFERENCE MODEL UNDER
MULTIPLE STOCHASTIC LOADS
When the mechanical structure is working, the loads on the
parts and components are not constants, but stochastic vari-
ables due to the external environment and their own wear, and
the components are generally subjected to multiple stochastic
loads. If only the classical stress-strength interference model
is used to estimate the reliability of components, the esti-
mated result will have a large error compared with the actual
reliability.

When the stochastic load acts on the part many times,
if the part does not fail under the maximum load, then it is
considered that the part does not fail when the stochastic load
s acts on the part times. Therefore, when the stochastic load

acts n times, the reliability of the component is

P(z > smax) = P(z > s1, z > s2, · · · , z > sn) (2)

where z is the strength of the component,s1, s2, · · · , sn is
a sample drawn from a stochastic load sample,smax =

max(s1, s2, · · · , sn). LetFs(s) and fs(s) denote the distribution
function and probability density function of the stochastic
loads respectively, then the distribution function of the max-
imum load X when the load acts on the part n times is:

FX (x) = [Fs(x)]n (3)

Then the probability density function of stochastic load dis-
tribution can be obtained as

fX (x) = n[Fs(x)]n−1fs(x) (4)

When the stochastic load acts on the part n times, combining
formula (1) and formula (4), it can be obtained

R(n) =
∫
+∞

−∞

fX (x)
∫
+∞

x
fσ (z)dzdx

=

∫
+∞

−∞

n[Fs(x)]n−1fs(x)
∫
+∞

x
fσ (z)dzdx (5)

To facilitate understanding, replace x in formula (5) with s,
then formula (5) becomes

R(n) =
∫
+∞

−∞

n[Fs(s)]n−1fs(s)
∫
+∞

s
fσ (z)dzds (6)

In the process of reliability analysis of mechanical parts, the
cumulative action times of stochastic loads on the parts are
consistent with the mathematical model of the Poisson pro-
cess [24]. The Poisson process can describe events that occur
independently at disjoint times and intervals. Therefore, the
Poisson process is used in this paper to describe the stochastic
load action process. Suppose the total number of load actions
is N (t), the probability that a stochastic load acts on a part n
times at any time t can then be expressed by a Poisson process
with parameter λ as

P[N (t)− N (0) = n] =
λtn

n!
e−λt (7)

Combined with formula (6) and formula (7), the reliability
of the part considering the number of dynamic loads can be
obtained

R(t) =
∞∑
n=0

R(n)P[N (t)− N (0) = n]

=

∞∑
n=0

λtn

n!
e−λt

∫
∞

−∞

fσ (z)
∫ σ

−∞

n[Fs(s)]n−1fs(s)dsdz

(8)

Based on the expansion of Taylor’s formula of exponential
function, (8) can be rewritten as

R(t) =
∫
∞

−∞

fσ (z)e−λt − λt
∞∑
n=0

(λt)n

n!
[Fs(z)]ndz

=

∫
∞

−∞

fσ (z)e{[Fs(z)−1]λt}dz (9)
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C. STRESS-STRENGTH INTERFERENCE MODEL
CONSIDERING STRENGTH DEGRADATION
During the operation of mechanical parts or structures, the
strength will degrade. Therefore, when establishing the reli-
ability model of the part, the strength degradation of the part
needs to be considered. Based on formula (9), the reliability
of the part or structure when the strength is degraded can be
obtained as

R(t) =
∫
∞

−∞

fσ (z)e

{∫ t
0 [Fs(z,τ )−1]λdτ

}
dz (10)

D(t) represents the stochastic process of strength degradation,
then at any time t , the strength of the part is presented as
follows

Z (t) = Z − D(t) (11)

If stress occurs at time t is event A(t), and then A(t) is not
appearing. When the stress occurs at any time t , the failure
probability function of the structure at that time is

PF (t) = P{Z − D(t) < S |A(t) }=1-Fs(Z − D(t)) (12)

The reliability of the part is expressed as

R(t) =
∫
∞

−∞

fσ (z)e

{∫ t
0 [Fs(Z−D(τ ))−1]λdτ

}
dz (13)

The strength degradation of mechanical parts is an incremen-
tal monotonic degradation process [25]. The Gamma pro-
cess is more effective in describing degradation phenomena
such as fatigue, cracks, corrosion, and wear. It is suitable
to describe the degradation process [26] that monotonously
accumulates small increments in the time domain. The prob-
ability density function of the Gamma process [27] is shown
in (14)

Ga(x |v, u ) =
uv

0(v)
xv−1e−ux)I(0,∞)(x) (14)

where v > 0 is the shape parameter, u > 0 is the scale
parameter, IA(x) is the indicator function,where

IA(x)=

{
1x ∈ A
0x /∈ A

The probability density of the random degradation amount
D(t) of the part can be expressed as

fD(t) = Ga(x |v(t), u ) (15)

The mean and variance of D(t) are as follows

E(D(t)) =
v(t)
u
,Var(D(t)) =

v(t)
u2

(16)

If the shape parameter v(t) = at > 0 is linear, and the size
parameter is u > 0, the Gamma process has the property of a
smooth increase [28]. The strength degradation ofmechanical
parts will show a steady increase trend with the increase in the
number of fatigue loads, and there will be no major fluctua-
tions or jumps. Therefore, a smooth Gamma process can be
used to describe the stochastic law of strength degradation.

Assume that the stress and strength of the parts respectively
obey the following distributions: Z ∼ N (µ1, σ

2
1 ), S ∼

N (µ2, σ
2
2 ). Let Y = Z − S, the formula (13) can be solved

by numerical integration method, and finally the reliability of
the part can be obtained as

R(t) =
∫
∞

−∞

1√
2πσ 2

1

exp{[−
1
2
(
z− µ1

σ1
)
2
]} · exp {{-λ

× ·

∫ t

0

1-

∫ +∞

0

1√
2π (σ 2

1 + σ
2
2 )

× exp{{−
1
2
[
y− (µ1 − µ2)√

σ 2
1 + σ

2
2

]
2
}}·

× [
∫ y

0

uv(t)

0(v(t))
xv(t)−1e(−ux)dx]dy

}}
dτ
}}

dz

(17)

Formula (17) can be simplified to

R(t) = exp{{-λ ·
∫ t

0
{1-{

∫ +∞

0

1√
2π (σ 2

1 + σ
2
2 )

exp{{

−
1
2
· [
y− (µ1 − µ2)√

σ 2
1 + σ

2
2

]
2
}} · [

∫ y

0

uv(t)

0(v(t))

×xv(t)−1e(−ux)dx]dy}}dτ}}dz (18)

III. RELIABILITY MODEL OF SERIES SYSTEM BASED
ON COPULA FUNCTION
A. COPULA FUNCTION THEORY
Copula function is a connection function, which can connect
the joint distribution function and its respective marginal
distribution functions together, and can accurately deal
with the nonlinear correlation between random variables.
According to Sklar’s[14] theorem, if F(•, · · · , •) is a
multi-dimensional joint distribution function with marginal
distribution F1(•),F2(•),F3(•), · · ·FN (•), there will be a
unique Copula functionC(•, · · · , •) that makes equation (19)
true

F(x1, x2, · · · xN ) = C (F1 (x1) ,F2 (x2) , · · · ,FN (xN ))

(19)

Through the probability density function c(•, · · · , •)
and the marginal distribution F1(•),F2(•),F3(•), · · ·FN (•)
of the Copula function, the probability density function
of the N-ary distribution function F(x1, x2, · · · xN ) can be
obtained as

f (x1, x2, · · · xN ) = c(F1(x1),F2(x2), · · ·FN (xN ))
N∏
n=1

fn(xn)

(20)
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TABLE 1. Three archimedes copula functions.

FIGURE 3. The construction process of the copula function model.

The process of building a Copula function model is shown in
Figure 3.

There are parametric and nonparametric methods for
determining the distribution of random variables. The para-
metric method assumes that the random variable obeys a cer-
tain type of distribution with parameters, and then estimates
the parameters in the distribution according to the sample
observations, and finally makes a test. The most commonly
used nonparametric method is the kernel density estimation
method, that is, according to the sample observation data, the
kernel density estimation method is used to determine the
overall distribution. According to the different generators of
the Copula function, the commonly used Copula functions
include the normal Copula function, the t-Copula function,
and the Archimedes Copula function. Among them, the
Archimedes Copula function has the advantages of simple
form, symmetry, associativity, etc. that other Copula func-
tions do not have. Among Archimedes Copula functions,
Gumbel Copula function, Clayton Copula function and Frank
Copula function are commonly used binary Copula func-
tions in reliability research. The description of these three
Copula functions is shown in Table 1. The marginal distri-
bution of random variables may contain unknown param-
eters, and the selected Copula function contains unknown
parameters, so parameter estimation is required. Maximum
likelihood estimation is widely used because of its better

asymptotic properties.Assume that the marginal distribution
functions of the continuous random variable X1,X2, · · · ,XN
are F1(x1, θ1),F2(x2, θ2), · · · ,FN (xN , θN ) respectively, and
the marginal density functions are f1(x1, θ1), f2(x2, θ2), · · · ,
fN (xN , θN ) respectively, where θ1, θ2, · · · θN is the unknown
parameter in the marginal distribution, and the selected
Copula distribution function is C(F1(x1, θ1),F2(x2, θ2), · · · ,
FN (xN , θN );α),α is the unknown parameter in the Cop-
ula function, and the joint distribution function of
(X1,X2, · · · ,XN ) is

F(x1, x2, · · · xN ; θ1, θ2, · · · , θN , α) = C[F1(x1; θ1),

F2(x2; θ2), · · · ,FN (xN ; θN );α] (21)

The joint density function of (X1,X2, · · · ,XN ) is

f (x1, x2, · · · xN ; θ1, θ2, · · · , θN , α)

= c[F1(x1; θ1),F2(x2; θ2), · · · ,FN (xN ; θN );α]

× f1(x1; θ1)f2(x2; θ2) · · · fN (xN ; θN )

(22)

The likelihood function of the sample is

L(θ1, θ2, · · · θN , α)

=
n
5
i=1

f (x1, x2, · · · xN ; θ1, θ2, · · · , θN , α)=
n
5
i=1

c[F1(x1; θ1),

×F2(x2; θ2), · · · ,FN (xN ; θN );α] f1(x1; θ1)

× f2(x2; θ2) · · · fN (xN ; θN ) (23)

The log-likelihood function is

lnL(θ1, θ2, · · · θN , α)

=

n∑
i=1

lnc[F1(x1; θ1),F2(x2; θ2), · · · ,FN (xN ; θN );α]

+

n∑
i=1

lnf1(x1; θ1)+
n∑
i=1

lnf2(x2; θ2) · · ·

+

n∑
i=1

lnfN (xN ; θN ) (24)

By solving the maximum point of the log-likelihood function,
the maximum likelihood estimation of the unknown parame-
ters in the marginal distribution and the Copula function can
be obtained as

θ̂1, θ̂2, · · · θ̂N , α̂ = argmax ln L(θ1, θ2, · · · θN , α) (25)
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B. RELIABILITY MODEL OF SERIES MECHANICAL SYSTEM
Suppose the series system is composed of n units, and its joint
distribution function is Fy(y1, y2, · · · yn), Yi(t) = σi − si, Yi
represents the functional function of the ith part at time t , σi
represents the strength of the part, and si represents the stress
of the part, the dynamic reliability of the series system is as
follows

Rs(t) = P(Y1(t) > 0,Y2(t) > 0, · · · ,Yn(t) > 0)

= 11
1−R1(t)1

1
1−R2(t) · · ·1

1
1−Rn(t)C(w1,w2, · · ·wn)

(26)

where 1 represents the difference symbol, 1w2
w1C(w, γ0) =

C(w2, γ0) − C(w1, γ0) represents the one-fold difference,
1
γ2
γ11

w2
w1C(w, γ ) = C(w2, γ2) − C(w2, γ1) − C(w1, γ2) +

C(w1, γ1), represents the double integral, and so on, Rj(t) is
the dynamic reliability of the part, wj = Fj(t) = 1 − Rj(t),
j = 1, 2, · · · , n.
When calculating the reliability of a specific mechanical

system, the multivariate Gauss Copula function [29]and the
Archimedes Copula function are usually selected to deal with
the correlation problem.

IV. DYNAMIC RELIABILITY OF KEY PARTS
A. DYNAMIC RELIABILITY OF DRIVING
AND DRIVEN GEARS
In the process of transmitting power, the driving and driven
gears in the gearbox of high-speed trains are simultaneously
subjected to external excitations transmitted from other parts
and internal excitations during the meshing process of gear
pairs. The failure modes of the driving and driven gears are
mainly tooth root fracture and tooth surface damage [30].
Based on the failure mode of the gear, the bending stress
and contact stress are calculated. Considering the stochastic
load, the degradation of tooth root bending strength and tooth
surface contact strength, the reliability models of the driving
and driven gears are established, and the bending fatigue and
contact fatigue dynamic reliability of the driving and driven
gears are obtained.

In this paper, the material of the driving and driven gears is
17CrNiMo6. According to GB/T3480-1997, it can be known
that the calculated contact stress and the calculated bending
stress of the gear are

sH = ZBZHZEZεZβ

√
KAKVKHβKHα

Ft
d1b

u+ 1
u

(27)

sF = KAKVKFβKFαYFYSYβ
Ft

bFmn
(28)

where KA is the use factor, taken KA=1.35; KV is the
dynamic load factor, according to the gear 6 precision grade
and rated speed, KV=1.2; KHβKFβ are respectively the
tooth load distribution coefficient, KHβ=1.14, KFβ=1.104;
KHαKFα are respectively the load distribution coefficient
between teeth, KHα=KFα=1; YF ,Ys are respectively the tooth
profile coefficient and the stress correction coefficient, cal-
culating the coefficient of the driving and driven gear as

YF1 = 2.562,YS1 = 1.65,YF2 = 2.315,YS2 = 1.777; Yβ is
the helix angle coefficient, Yβ = 0.833; ZB is the single pair
of tooth meshing coefficient, ZB = 1; ZH is the node area
coefficient, ZH = 2.158; ZE is the elasticity coefficient, look
up the table to get ZE = 189.8

√
MPa; Zε is the coincidence

coefficient, calculated as Zε = 0.925; Zβ is the helix angle
coefficient, calculated as Zβ = 0.969.

The probability distribution of the contact stress on the
tooth surface of the driving gear and the driven gear obeys
sH ∼ N (458, 35.512). The probability distribution of
the bending stress at the root of the driving gear obeys
sF1 ∼ N (95.74, 1.322), and the probability distribution
of the bending stress at the root of the driven gear obeys
sF2 ∼ N (93.17, 1.292).

The tooth surface contact fatigue strength and tooth
root bending fatigue strength of the driving and driven
gears are respectively obeyed: σH ∼ N (1031.25, 61.882),
σF ∼ N (575.79, 46.062).

The strength degradation amount is a stochastic variable.
The degradation law of the strength of the parts depends on
the properties of the material of the parts, the structure of the
parts and the working state of the parts, so the degradation
law of the strength of the driving and driven gears will also
be different. The P-S-N curve of a material or part can reflect
a more comprehensive stress-life relationship, and the P-S-N
curve set can reflect three aspects of probability information,
as shown in Figure 4. Combining the P-S-N curve of the
part material to estimate the characteristic parameters in the
Gamma degradation model. The specific process of Gamma
parameter estimation is shown in Figure 5. In Figure 5, S is
the maximum stress loaded, N is the fatigue life, m and C
are two constants, related to the material and the test, t is the
time, Spl (tp) represents the strength of the S− t curve with the
survival rate Pl in [tp, tp+1], û and â are the estimated values
of the characteristic parameters.Based on the P−S−N curve
of the gear material and the Gamma parameter estimation
process, the Gamma process parameters of the driving gear
and the driven gear can be calculated as shown in Table 2.The
contact fatigue intensity of the driving gear obeys the gamma
process of the shape parameter v(t) = at = 0.0136t , and the
scale parameter u = 0.3184, the bending fatigue intensity

FIGURE 4. P-S-N curve.
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FIGURE 5. The specific process of Gamma parameter estimation.

of the driving gear obeys the gamma process of the shape
parameter v(t) = at = 0.0124t , and the scale parameter
u = 0.1466. The contact fatigue intensity of the driven gear
obeys the gamma process of the shape parameter v(t) = at =
0.0136t , and the scale parameter u = 0.3184, the bending
fatigue intensity of the driving gear obeys the gamma process
of the shape parameter v(t) = at = 0.0104t , and the scale
parameter u = 0.0799.

Combining the stress distribution, strength distribution and
strength degradation process parameters determined above,
the dynamic reliability of the driving and driven gears can be
obtained, as shown in Figure 6.

It can be seen from Figure 6 that the contact fatigue relia-
bility of the gear decreases faster than the tooth root bending

TABLE 2. Gamma strength degradation parameters of the driving and
driven gears.

FIGURE 6. (a) Fatigue reliability of driving gear (b) Fatigue reliability of
driven gear.

fatigue reliability, which is consistent with the main failure
mode of the gear being contact fatigue failure. In addition,
when the operating time is between 2000 and 2500 hours, the
contact fatigue reliability of the gear is about 0.97, which is
in line with the secondary maintenance standard of this type
of high-speed train, and the gear box is maintained for oil
change. This shows that the above calculation method is in
line with engineering practice.

B. DYNAMIC RELIABILITY OF BEARINGS
The bearing arrangement of the input shaft and output shaft
of the gearbox is shown in Figure 7. The cylindrical roller
bearings at both ends of the driving gear of the input shaft are
used to bear the radial load when the driving shaft rotates, and
the four-point contact ball bearing bears the axial load when
the motor drives the driving gear. The tapered roller bearings
at both ends of the driven gear on the output shaft bear both
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FIGURE 7. Bearing arrangement of the gearbox.

radial and axial loads.The distribution of contact stress and
the distribution of strength of rolling bearings are regarded as
normal distribution [31].

The contact stress calculation of rolling bearings in
gearboxes is calculated by referring to the algorithm in
Harris and Kotzalas [32]. After calculation and analysis,
it can be obtained: the surface contact stress distribu-
tion of the four-point contact ball bearing obeys sB1 ∼
N (1066.5, 106.652), the surface contact stress distribution of
the outer cylindrical roller bearing of the driving gear obeys
sB2 ∼ N (671.29, 67.122), and the surface contact stress dis-
tribution of the inner cylindrical roller bearing of the driving
gear obeys sB3 ∼ N (575.89, 57.592), the surface contact
stress distribution of the outer tapered roller bearing of the
driven gear obeys sB4 ∼ N (852.34, 85.232), and the surface
contact stress of the inner tapered roller bearing of the driven
gear obeys sB5 ∼ N (696.64, 69.662), the fatigue strength of
the bearing material obeys sB5 ∼ N (1718, 171.82). Based
on the algorithm in Figure 5 and the P-S-N curve of bearing
steel GCr15A, the Gamma strength degradation parameters
of each bearing are determined as shown in Table 3.The
parameters in the table are the same as the intensity degrada-
tion parameters of the gears, and will not be described here.

TABLE 3. Gamma strength degradation parameters of the bearings.

Based on the above stress distribution, strength distribution
and strength degradation process parameters of each bearing,
the dynamic reliability of each bearing can be obtained,
as shown in Figure 8.

It can be seen from Figure 8 that among various types of
bearings, the reliability of the four-point contact ball bearing
decreases faster than that of other bearings, which is related
to the complexity of the load-bearing of the four-point ball
bearing. In addition, when the operating time is between
2000 and 2500 hours, the reliability of the four-point ball
bearing is maintained above 0.96, and the reliability of other
types of bearings is above 0.99, which is in line with the
secondary maintenance standard. Therefore, the above relia-
bility calculation for the bearing is consistent with the actual
engineering.

C. DYNAMIC RELIABILITY OF THE GEARBOX HOUSING
The gearbox housing is subjected to reciprocating vibra-
tion caused by various external loads such as wheel rail,
drive motor and gear pair meshing, resulting in fatigue dam-
age [33]. The gearbox housing is different from other stan-
dard parts due to its complicated shape. The equivalent stress
of theweak point of the gearbox housing is calculated through
finite element analysis or the stress spectrum of the travel
route[10], and the probability distribution of the equivalent
stress is regarded as the stress distribution of the gearbox
housing. Based on Miner’s law and the S-N curve of the
gearbox housing material [34], the equivalent stress at the
weak point of the gearbox housing is

sequ = [
L
L1N

(
N∑
i=1

nismai)]

1/m

(29)

where L is the total mileage of the high-speed train in its
lifetime; L1 is the actual operating mileage of the high-speed
train; ni is the number of cycles of dynamic stress amplitudes
at all levels, m is the S-N curve index, m = 7; sai is the
dynamic stress amplitude at all levels, and N represents the
total series of load spectrum.

The process of determining the probability distribution of
equivalent stress is outlined here. The distribution of equiv-
alent stress calculated under specified operating conditions
obeys s ∼ N (24.91, 0.832).

The fatigue strength of the gearbox housing depends on
its own material properties, which can be considered to
obey a normal distribution.The material of the gearbox hous-
ing is AlSi7Mg0.3, according to the BS EN 1999-1-3-2007
standard, the coefficient of variation of fatigue strength is
taken as 0.1, and the fatigue strength of AlSi7Mg0.3 obeys
s N

(
29.94, 2.992

)
. According to the requirements of the

‘‘EN13749’’ standard, under the combined action of fatigue
loads, the maximum stress on the gearbox housing occurs at
the meshing position of the driving and driven gears [35].
Combined with the P-S-N curve of the gearbox housing [36]
to determine the Gamma strength degradation parameter of
the gearbox case, the scale parameter is v(t) = 0.0559t nd
the shape parameter is u = 66.847.
Based on the parameters of the stress distribution, strength

distribution and strength degradation of the gearbox housing,

VOLUME 10, 2022 51799



Y. Liu, Y. Chen: Dynamic Reliability Evaluation of High-Speed Train Gearbox Based on Copula Function

FIGURE 8. (a) Fatigue reliability of the four-point angular contact ball bearing. (b) Fatigue reliability of the inner
cylindrical roller bearing. (c) Fatigue reliability of the outer cylindrical roller bearing. (d) Fatigue reliability of the
inner tapered roller bearing. (e) Fatigue reliability of the outer tapered roller bearing.

the dynamic reliability of the gearbox housing can be
obtained as shown in Figure 9.

It can be seen from Figure 9 that under the premise that the
casting quality is satisfied and there is no excessive external
impact, the reliability decline rate of the gearbox housing
increases with the increase of the running time, indicating that
the wear state of the driving system parts will have an impact
on it.When the running time is between 2000 and 4000 hours,
the reliability of the gearbox housing can be maintained
above 0.98, which meets the mileage requirements of the
third- level and fourth-level maintenance of this type of high-
speed train, so the above calculation is in line with the actual
engineering.

V. DYNAMIC RELIABILITY ANALYSIS OF GEARBOX
BASED ON COPULA FUNCTION
A. ESTABLISH THE COPULA FUNCTION MODEL
OF THE GEARBOX
In order to establish the Copula model of the gearbox sys-
tem, first, the marginal distribution of random variables is
determined by the failure functional functions of each key
part of the gearbox; then, according to the characteristics
of various Copula functions and the characteristics of the
research object, select a Copula function that can describe the
correlation between random variables; finally, a suitable esti-
mation algorithm is choosen to solve the unknown parameters
in the Copula model.
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FIGURE 9. Fatigue reliability of the gearbox housing.

If the failure correlation of all the key parts of the
gearbox system studied in this article is described by a
high-dimensional Copula function, it will be very compli-
cated in parameter estimation and reliability calculation.
Therefore, based on the hierarchical correlation of system
failures, we consider nesting Copula functions to realize
the modeling of high-dimensional Copula functions. When
establishing the Copula function model of the gearbox sys-
tem, the failure correlations on two different levels of the
system are considered, that is, the failure correlations between
different failure modes of the same part and the failure cor-
relations between different parts of the system. The three
Archimedes Copula functions commonly used in mechanical
reliability analysis are the Gumbel Copula, Clayton Copula,
and Frank Copula [37]. Any N-ary Archimedes Copula func-
tion can be equivalent to a binary Archimedes Copula func-
tion, and conversely, it can also be constructed and calculated
by a binary Archimedes Copula function[25], this property
provides the possibility to construct nested Copula function
models. When constructing the Copula reliability model of
the series system, it is more appropriate to use the Gumbel
Copula function to deal with the failure correlation[10], so it
is used to analyze the correlation between the key parts and
the failure modes. The nesting relationship of the copula
function of the gearbox in this paper is shown in Figure 10.

FIGURE 10. The nested Copula function relationship of the gearbox
system.

In the figure 10, Yαβ (α = 1, 2, · · · 7, β = 1, 2) is the
performance function of the kth part in the lth failure mode,
α = 1, 2, · · · 7 respectively represent the driving gear, driven
gear, outer cylindrical roller bearing, inner cylindrical roller
bearing, four-point contact ball bearing, outer tapered roller
bearing, inner tapered roller bearing, β = 1, 2 means con-
tact fatigue failure and bending fatigue failure respectively,
Y8 represents the fatigue failure function of the gearbox
housing. Cγ (•) (γ = 1, 2) is the Copula function describing
the two failure modes of the driving and driven gears, and
Cγ (•) (γ = 3, 4, · · · 9) is a Copula function that describes
the failure correlation between parts.

The methods of estimating Copula parameters include
maximum likelihood estimation, semi-parametric estimation,
distribution estimation, etc. [38]. However, the premise of
applying these methods is that the distribution law of the
sample is known or assumed, and the estimation accuracy is
difficult to guarantee. This paper combines the nonparametric
kernel density estimation method and the maximum likeli-
hood estimation method to solve the marginal distribution
of each random variable and the parameters of the Copula
function. Before calculating the parameters of the Copula
function by the maximum likelihood estimation method, the
failure samples of different parts or different failure modes
are determined, so as to determine the marginal distribution
function of the failure samples of the parts. Based on the
stress and strength distribution functions of each part and
each failuremode determined above, theMonte Carlomethod
is used to conduct random sampling, and the part where
the difference between the strength and stress of each part
or each failure mode is negative is recorded as the failure
sample. The marginal probability distribution functions are
determined based on nonparametric kernel density estimates.
According to the previous maximum likelihood estimation
process, the parameters of the Copula functions at all levels
are determined as shown in Table 4.

TABLE 4. Parameter values for each Gumbel Copula function.

B. DYNAMIC RELIABILITY OF GEARBOX
Based on the dynamic reliability model of the nested Copula
function of the gearbox established above, combined with

VOLUME 10, 2022 51801



Y. Liu, Y. Chen: Dynamic Reliability Evaluation of High-Speed Train Gearbox Based on Copula Function

FIGURE 11. Dynamic reliability of gearboxes in three different situations.

the reliability functional functions of each nested subsys-
tem, the dynamic reliability of the gearbox was calculated
in MATLAB. For comparison, the reliability of the gearbox
system is calculated according to the failure independent
hypothesis theory and the failure fully correlated weak link
theory, and the calculation results are shown in Figure 11.

According to Figure 11, the dynamic reliability of the gear-
box will gradually decrease with the increase of running time,
and the dynamic reliability value of the gearbox under failure
correlation is between the calculated value of the weak link
theory and the independent hypothesis theory. The calculated
values are consistent with actual engineering. The dynamic
reliability evaluation of high-speed train gearboxes consid-
ering random loads, strength degradation and failures can
predict and evaluate the reliability of the gearbox in the design
stage, so as to optimize and improve the early design. The
dynamic reliability assessment of the gearbox can also realize
the real-time monitoring of the reliability of the gearbox
during the service cycle, so as to ensure the reliability of
the gearbox operation and the timeliness of inspection and
maintenance.

VI. CONCLUSION
In this paper, we establish a Copula function nested relia-
bility model for a multi-type parts series gearbox system.
The model can describe various failure correlations in the
gearbox system comprehensively and flexibly, avoiding the
problem of ’dimension explosion’. The time-varying stress-
strength interferencemodel of each part of G is determined by
combining order statistics theory, time-level Poisson process
and Gamma strength degradation process. By means of the
P − S − N curve strength degradation stochastic model of
the part or material, the parameters of the Gamma strength
degradation process of the part are determined, which pro-
vides support for the reliability correlation modeling of the
gearbox system. Through MATLAB, the dynamic reliability
of each part and the dynamic reliability of the gearbox system
are solved, and compared with the two cases of complete
correlation andmutual independence of the parts, the solution

results are in line with the actual engineering.The reliability
evaluation method in this paper can predict the reliability of
the gearbox in the design stage, and can also perform dynamic
reliability monitoring during the actual operating life cycle
of the gearbox. In this paper, the Gamma process is used to
describe the random law of strength degradation of parts. This
process conforms to the general characteristics of strength
degradation, but whether it conforms to the internal mech-
anism of strength degradation of each part needs to be further
verified based on subsequent engineering practice. The fail-
ure correlation model of the gearbox system is constructed
by the Copula function. Although it has a strict mathematical
basis, the physical nature of the failure correlation of the
gearbox system needs further research. On the basis of the
previous two studies, the fatigue damage characteristics of
key parts in the actual operation process are collected, the
P− S − N curve of the parts is more accurately determined,
and the multi-parameter composite Copula function is estab-
lished to accurately calculate the failure-related reliability,
so as to achieve accurate evaluation of dynamic reliability of
high-speed train gearboxes.
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