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ABSTRACT In this paper, we analyze and evaluate the impacts of imperfect channel state information (CSI)
of the short packet communication (SPC) in a non-orthogonal multiple access (NOMA) visible light
communication (VLC) system. We consider a downlink NOMA VLC system, in which one light emitting
diode (LED) serves two single-photodiode users with the channel estimation error. To this end, we derive the
closed-form expression for the block error rate (BLER) with imperfect CSI by using a Gaussian Chebyshev
quadrature method, from which the expressions of reliability, latency, and throughput are carried out.
Then, we compare the performance of the SPC in the NOMA VLC system to that of the OMA VLC
system. The results show that the SPC-NOMA VLC system outperforms the SPC-OMA VLC system for
all power allocation strategies and channel estimation errors. We examine the impact of the imperfect
successive interference cancellation (SIC) at a near user and the impact of choosing LED semi-angle on
the system throughput. Furthermore, we use the functional-iteration-based one-dimensional search method
to get maximum throughput at the near user while guaranteeing a certain throughput at the far user.

INDEX TERMS Non-orthogonal multiple access (NOMA), short packet communication (SPC), visible light
communication (VLC), ultra-reliable and low-latency communication (URLLC).

I. INTRODUCTION
The rapid growth of smartphones, tablets, and data-intensive
applications, such as video streaming and virtual reality, has
caused an explosive increase in global wireless data traffic
on the order of a zettabyte [1]. The fifth generation (5G) and
beyond are envisioned to provide high spectral efficiency, low
latency, and massive connectivity [2]. Emerging technologies
in 5G and beyond have been proposed to increase the data rate
in future high-speed wireless communication systems such
as network densification, massive multiple-input-multiple-
output (MIMO) systems, millimeter wave (mmW) com-
munications, and visible light communication (VLC) [3].
Along with the advancement and commercialization of light
emitting diodes (LEDs), VLC has been of great interest
in both academia and industry as a prospective technology
for future wireless networks [3]. The significant advantage
of VLC is the frequency spectrum on the order of THz
(i.e., from 400 THz to 800 THz), which is equivalent
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to 10, 000 times larger than the radio frequency (RF)
system.

Ultra-reliable and low-latency communication (URLLC)
is one of three key services in 5G networks [4]. URLLC
applications include factory automation (FA), autonomous
driving, remote surgery, smart grid automation, e-health,
road safety, and Internet-of-Things (IoT) networks, which
require reliability rate of 99.999% and very low latency
on the order of sub-millisecond [5], [6]. In conventional
wireless communication systems, the upper bound of the
achievable rate has been approximated by Shannon’s capacity
theorem, and decoding error probability could be negligible,
since the block-length of the packet size was assumed to be
infinite [6]. In contrast, in URLLC, the packet size should
be very low to support low-latency communication [5].
Inspired by this, short packet communication (SPC) was
introduced to reduce transmission latency in the 5G and
beyond [7]. The decoding error probability in SPC cannot be
negligible due to the very low packet length [7]. Therefore,
pioneering work [7] on SPC has showed that Shannon
capacity cannot be directly applicable for the achievable
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rate of the finite block-length transmission. The achievable
rate in the finite block-length transmission of the SPC is
expressed by a function of signal-to-noise ratio (SNR),
block-length, and block error rate (BLER) of the system.
Extensive research has been conducted on SPC in RF
systems, such as quasi-static MIMO fading channels [8],
broadcast channel [9], channel coding scheme [10], medium
access control (MAC) channel [11], and mission-critical
IoT applications [12]. The data transmission efficiency
and throughput of spectrum sharing networks have been
improved by using SPC [13]. In [14], the achievable rate was
maximized with a long-term power for both additive white
Gaussian noise (AWGN) and quasi-static channel, where
the channel state information (CSI) was perfectly known at
both transmitter and receiver. The authors of [15] proposed
an energy-efficient packet scheduling for SPC, where the
packet transmission power and code block-length were
jointly optimized subject to delay constraints. In contrast, the
research on the SPC in VLC systems has been conducted
only rarely.

The multiple access techniques consist of two categories:
orthogonal multiple access (OMA) and non-orthogonal mul-
tiple access (NOMA). OMA techniques include time division
multiple access (TDMA), code division multiple access
(CDMA), and frequency division multiple access (FDMA).
In OMA techniques, users are supported in orthogonal
resource (i.e., time slots, frequencies, and bandwidth) blocks
to prevent interference between users. Therefore, the resource
reuse in OMA schemes is inefficient for massive connectivity.
On the other hand, NOMA can serve multiple users simulta-
neously in one resource block in the power domain. Thus,
NOMA is a potential multiple access technique that could
address the requirements of low latency, high connectivity,
and high data rate for 5G wireless networks [16], [17].
In NOMA, signals for users are superposed in the power
domain by superposition coding, and successive interference
cancellation (SIC) is employed at the receiver to detect
the signal. According to the NOMA principle, the power
allocation for signals of users is based on the channel quality.
The message signals for poor channel users gain higher
power than those of strong channel users. Many aspects of
NOMA in RF systems have been studied, such as wireless
energy transfer [18], MIMO systems [19], multiple-antenna
relaying networks [20], and cognitive radio [21]. Also, the
implementation of NOMA in VLC systems has been studied
to reduce latency and increase spectrum efficiency. The prior
work on the NOMA in VLC system was reported in [22].
The authors of [23] evaluated the performance of NOMA in
VLC systems with the assumption of perfect CSI and showed
that NOMA increased the data rate of the VLC system in
comparison to orthogonal frequency division multiple access
(OFDMA). The bit-error-rate performance of NOMA inVLC
systems was evaluated in [24] in the case of both perfect and
imperfect CSI. The authors of [25] analyzed and evaluated
the total system capacity of NOMA in MIMO VLC systems.
Since the signals in VLC systems are real and non-negative,

the implementation of NOMA in VLC systems should be
considered carefully.

To satisfy the requirements of URLLC and to support
massive connectivity, various studies have investigated the
combination of SPC and NOMA in RF systems [7]– [15].
However, SPC in NOMA VLC systems has been studied
only rarely due to fundamental differences in the signals.
The aforementioned works focused on evaluating the data
rate in NOMA VLC systems [22], [23], while the key
requirements of URLLC (i.e., reliability and latency) were
not discussed. Due to the noise in channels and hardware
circuit design, the channel estimation in VLC systems is
not always perfect in practical scenarios. To the best of
our knowledge, the impacts of imperfect CSI in the SPC-
NOMA VLC system were not evaluated. This motivates the
investigation of imperfect CSI for NOMA VLC systems
and URLLC applications. In this paper, we investigate the
impacts of imperfect CSI in the SPC-NOMA VLC system in
terms of reliability, latency, and throughput. Different from
our previous work [26], we provide insightful evaluations
of perfect/imperfect SIC and perfect/imperfect CSI for the
practical designs of the SPC-NOMAVLC system. Moreover,
we maximize the effective throughput at the near user while
guanranteeing a specific constraint of the effective throughput
at the far user, and the imperfect SIC is taken into account in
the optimal design. We assume that two users are paired to
support in one resource block. When there are more than two
users, the proposed hybrid NOMA/OMA scheme in [27] is
employed to support multiple user pairs. Therefore, this work
is a significant step for massive connectivity scenarios. The
contributions of this paper are summarized below.
• We derive the closed-form expression of the average
BLER of the SPC-NOMA VLC system with imperfect
CSI by assuming uniformly distributed users.

• We evaluate the performance of the imperfect CSI
and imperfect SIC in the SPC-NOMA VLC system.
To demonstrate the benefits of the SPC-NOMA VLC
system, we compare NOMA versus OMA with SPC
in the VLC system in terms of reliability, latency, and
throughput.

• The impact of the LED semi-angle for imperfect SIC
case is analyzed in the SPC-NOMAVLC system in term
of system throughput.

• We derive the optimal system throughput design of
the SPC-NOMA VLC system, where transmission rates
and power allocation are two constraints. We maximize
throughput of the near user while ensuring a certain
throughput to the far user. We propose a simple and
efficient method to obtain the transmission rate of the
far user in the SPC-NOMA VLC system.

The remainder of this paper is organized as follows.
In Section II, the preliminaries of imperfect CSI in theNOMA
and OMA VLC systems are described, and the optimization
problem is formulated. The average BLER performance is
analyzed in Section III. In Section IV, the design of optimal
system throughput is presented. In Section V, we present
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FIGURE 1. System model.

and discuss the analytical and simulation results. Finally,
Section VI is the conclusion.

II. SYSTEM MODEL AND PRELIMINARY
A. SYSTEM MODEL
In this paper, we consider a downlink VLC system located
in an indoor environment. The system model is depicted in
Fig. 1, where one LED serves two single-photodiode users in
the broadcast channel.1 We assume that the system is located
in a room where one LED is located on the ceiling to support
users under the cell. The users are uniformly distributed in
the circular area under the LED. Since the power of the
diffusion component is much smaller than the line-of-sight
(LOS) component, only the LOS component is considered
in this work [23], [28]. The noise is additive white Gaussian
with unit variance σ 2

n . The near user is defined as user in the
cell center region and is denoted by U2 with channel gain
h2. The far user is defined as user in the cell edge region
and is denoted by U1 with channel gain h1 (i.e., h2 ≥ h1).
For intensity modulation and direct detection in the VLC
system, the signals are processed to be real and non-negative
by using Hermitian and adding DC bias at the LED [23], [28],
[30]. In the NOMA VLC system, the LED simultaneously
communicates with two users. In the OMA VLC, the TDMA
is utilized to serve two users in orthogonal time-slots.

B. SPC IN VLC SYSTEMS
After applying Hermitian symmetry and adding DC bias [23],
[28], [30], the message signal at the LED is given by

xLED =
√
Ps+ VLED, (1)

where P, s, and VDC are electrical power, message signal, and
the DC bias to guarantee non-negative and unipolar signals,
respectively.

At the receiver side, the signal is converted from optical
power to electrical power by optical-to-electrical (O/E)

1According to the 3GPP-LTE Advanced, the two-user NOMA form is a
fundamental block of NOMA [29]

conversion, and DC bias is eliminated. The received signal
is represented by

y =
√
Phs+ µ0, (2)

where µ0 is zero mean real-valued AWGN with σ 2
0 . The

received SNR γ at the user is given by

γ = γTxh2, (3)

where γTx is the transmitted SNR and is defined as γTx =
Pσ 2

0 . The BLER of SPC in VLC systems with a block-length
N and a transmission rate R is approximated by [7], [26]

ε ≈ Q (f (γ,R,N )) , (4)

where f (γ,R,N ) = ln 2
√

N
0.5
(
1−(1+γ )−2

) , Q(·) is Gaussian
Q-function, with Q (x) =

∫
∞

x e−t
2/2 dt , and R is the ratio of

the number of data bits k to the block-lengthN ,R = k/N . The
scaling factor 0.5 is due to Hermitian symmetry. The average
BLER is calculated by

ε̄ ≈ E
{
Q (f (γ,R,N ))

}
=

∫
∞

−∞

Q (f (γ,R,N )) fγ (x) dx, (5)

where E{.} is expectation, and E{X} =
∫
∞

−∞
xfX (x) dx.

C. NOMA TRANSMISSION IN VLC
In NOMA, the power allocation for message signals of each
user is based on the channel quality. More power is allocated
for users with lower channel gain, whereas less power is
allocated for users with higher channel gain. After applying
Hermitian and adding DC bias [23], [28], [30], the message
signals are superposed at the LED. The transmitted signal at
the LED is given by

xLED =
√
Pa1s1 +

√
Pa2s2 + VDC, (6)

where s1 and s2 are message signals for U1 and U2,
respectively, and a1 and a2 are power allocation coefficients
for U1 and U2, respectively. According to NOMA principle,
total power must satisfy a1 + a2 = 1 and a1 ≥ a2.
At Ui(i ∈ {1, 2}), the SIC is performed to detect and

remove the message signal of the higher channel user. After
O/E conversion and DC bias removal, the message signal is

yi = hi
(√

Pa1s1 +
√
Pa2s2

)
+ µi, (7)

where hi is the channel gain between LED andUi. AtU1, s1 is
directly decoded by treating s2 as interference. The received
SINR γ11 for U1 to decode s1 is

γ11 =
a1Ph21

a2Ph21 + σ
2
1

. (8)

At U2, the SIC is performed to detect and remove s1, and
then s2 is detected and decoded. The received SINR γ21 in
detecting s1 at U2 is

γ21 =
a1Ph22

a2Ph22 + σ
2
2

. (9)
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After detecting and removing s1,U2 decodes s2. The received
SINR γ22 in detecting s2 at U2 is

γ22 =
a2Ph22

a1Ph22δ + σ
2
2

, (10)

where δ ∈ [0, 1] is the interference factor caused by the
imperfect SIC.

D. OMA TRANSMISSION IN VLC
In this paper, TDMA is considered as an OMA counterpart,
which supports users in orthogonal time slots to avoid
interference. The transmit signal to Ui in OMA is

xO =
√
Paisi + VDC. (11)

The received signal at Ui (i ∈ {1, 2}) after O/E conversion
and removing DC bias is given by

yOi = hi
√
Paisi + µi. (12)

The corresponding SNR in decoding si of Ui is expressed by

γO
i =

aiPh2i
σ 2
i

. (13)

E. DISTRIBUTION FUNCTION OF THE RECEIVED SNR/SINR
According to NOMA principle, the power allocation strategy
is based on the channel gains of users in VLC systems. The
channel gain betweenUi and LED is determined by [23], [28]

hi =
(m+ 1)ARp

2πd2i
cosm(φi)T (ψi)g(ψi) cos (ψi), (14)

where the Lambertian emission order m is defined as
m = − ln (2)/ ln (cos (81/2)); 81/2 is the semi-angle of the
LED; 9FOV is the field-of-view (FOV) of the photodiode
(PD); A is the PD area; Rp is the responsivity of the PD;
di is the distance between Ui and LED; φi is the angle of
irradiance; ψi is the angle of incidence; T (ψi) is the optical
filter gain; and g(ψi) is the gain of the optical concentrator at
the receiver, expressed by

g(ψi) =

{
n2

sin2(9FOV)
, 0 ≤ ψi ≤ 9FOV,

0, ψi > 9FOV,
(15)

where n ∈ [1, 2] represents the refractive index of the
optical concentrator. In Fig. 1, user position follows a uniform
distribution and is located at the angle θi and position ri
in the polar axis. The vertical distance from the LED to
the circular plane is L. The radius of the circular area is
denoted by rc. The distance between LED and Ui, the angle
of irradiance, and the angle of incidence are calculated by

di =
√
r2i + L

2, cos (φi) = L/
√
r2i + L

2, cos (ψi) =

L/
√
d2i + L

2, respectively. Since ri ∈ [0, rc], the channel
gain is bounded as hi ∈ [hmin, hmax], and hmin and hmax are
given as

hmin =

√(
C (m+ 1)Lm+1

)2
/
(
r2c + L2

)(m+3) (16)

and

hmax =

√(
C (m+ 1)Lm+1

)2
/L2(m+3), (17)

where C =
1
2π AT (ψi)g(ψi). The probability density

function (PDF) of the uniformly distributed user position in
the circular area is fri (r) = 2r/r2c . The unordered PDF of the
received SNR at Ui is given by [23]

f γγi (x) =
1
r2c

1
m+ 3

(
C (m+ 1)Lm+1

) 2
m+3

(
1
γTx

)− 1
m+3

×x−
1

m+3−1, (18)

where γi = γTxh2i . Since hi ∈ [hmin, hmax], then
γi ∈ [γmin, γmax] = [γTxh2min, γTxh

2
max]. The unordered

cumulative distribution function (CDF) of the received SNR
at Ui is derived by integrating (18) over [γmin, γmax], and
expressed as

Fγγi (x) = −
1
r2c

1
m+ 3

(
C(m+ 1)Lm+1

) 2
m+3

×

(
1
γTx

)− 1
m+3

x−
1

m+3 +
L2

r2c
+ 1. (19)

Due to sorting the channel gains for power allocation
strategy in NOMA, the ordered statistics can be applied [26],
[31, Chapter 2]. The ordered PDF of the SNR at Ui is given
by

fγi (x) =
2!

(2− i)!(i− 1)!

(
Fγγi (x)

)i−1 (
1− Fγγi (x)

)2−i
× f γγi (x)

=
ω

m+ 3
2!

(2− i)!(i− 1)!

(
−ωx−

1
m+3 +

L2

r2c
+ 1

)i−1
×

(
ωx−

1
m+3 −

L2

r2c

)2−i

x−
1

m+3−1, (20)

where ω = 1
r2c

(
C(m+ 1)Lm+1

) 2
m+3

(
1
γTx

)− 1
m+3

.

F. IMPERFECT CSI IN VLC SYSTEMS
It is assumed that the estimated channel value ĥi between
Ui and the LED is obtained by using the minimum mean
square error (MMSE) estimation model, and the channel
estimation error ei is introduced by the noise in the
downlink and uplink channels and the quantization errors
from the imperfect analog-to-digital and digital-to-analog
conversions [32]. Then, the channel value hi between Ui and
LED is expressed as

hi = ĥi + ei, (21)

where ei has a Gaussian distribution with zero-mean and
variance σ 2

ei , i.e., ei ∼ N
(
0, σ 2

ei

)
. Then, the received signal

at Ui in (7) is given by

yi =
(
ĥi + ei

) (√
Pa1s1 +

√
Pa2s2

)
+ µi. (22)

49784 VOLUME 10, 2022



G. N. Tran, S. Kim: Performance Evaluation of Short Packet Communications in NOMA VLC Systems With Imperfect CSI

The SINRs during decoding message signal at each
user in the NOMA VLC system with imperfect CSI
are expressed by

γ̂11 =
a1Pĥ21

a2Pĥ21 + Pσ
2
e1 + σ

2
1

, (23)

γ̂21 =
a1Pĥ22

a2Pĥ22 + Pσ
2
e2 + σ

2
2

, (24)

γ̂22 =
a2Pĥ22

a1Pĥ22δ + Pσ
2
e2 + σ

2
2

. (25)

The corresponding SINR of each user in the OMA VLC
system with imperfect CSI is given by

γ̂i =
aiPĥ2i

Pσ 2
ei + σ

2
i

. (26)

G. RELIABILITY, LATENCY, AND THROUGHPUT
CALCULATION
Reliability of a packet is defined as the probability that a
packet is successfully decoded at the receiver, given by

R = (1− εi) 100%, (27)

where the BLER εi is calculated by (4). The latency is the
average delay in the transmission from the LED to Ui and
decoding time at Ui, given by

L =
NJS
(1− εi)

, (28)

where Js is the block duration. The effective throughput
at Ui represents the number of correct information bits per
transmission, given by

Ti =
Ni
N
Ri (1− εi) , (29)

where Ni is the block-length allocated for Ui and Ri is the
transmission rate at Ui.

H. OPTIMIZATION PROBLEM
In our model, the LED servesU1 andU2 simultaneously. The
block-length N is transmitted to ensure the reliability of the
system. Since the NOMA system transmits signals to U1 and
U2 simultaneously, we have N1 = N2 = N . The goal of our
optimization is to get the maximum sum throughput while
guaranteeing a specific throughput constraint T0 to the far
user (U1). This means that the throughput atU2 is maximized
with a specific constraint of throughput at U1 subject to
the total power constraint. The optimization problem is
mathematically formulated as

max
1

T2 (30a)

a1 + a2 = 1, (30b)

T1 ≥ T0, (30c)

where 1 = {R1,R2, a1, a2} is the variable set to be
determined at the LED for the NOMA-VLC system.

III. PERFORMANCE EVALUATION
In this section, the effects of imperfect CSI on the BLER are
discussed.

A. AVERAGE BLER OF SPC-NOMA VLC
The average BLER at Ui is given by

ε̄i ≈ E {Q (f (γi,Ri,Ni))}

=

∫
∞

−∞

Q (f (γi,Ri,Ni)) fγi (x)dx.
(31)

Since γi ∈ [γi,min, γi,max], the average BLER at Ui is
expressed by

ε̄i =

∫ γi,max

γi,min

Q (f (γi,Ri,Ni)) fγi (x)dx. (32)

Since there exists a Q-function, the integral in (32) cannot be
derived directly in closed form. The Gaussian quadrature is
used to approximate (32) as [33, Table 25.4]

ε̄i , g
(
γi,max, γi,min,Ni,Ri

)
= Ui

W∑
w=1

π

W

√
1− ζ 2

×Q

 ln 2
√
Ni
(
0.5 log2 (1+ Uiζ + Vi)− Ri

)√
0.5

(
1− (1+ Uiζ + Vi)−2

)


× fγi (Uiζ + Vi) , (33)

where W is the complexity-accuracy trade-off parameter,
ζ = cos

(
(2w−1)π

2W

)
, Ui = γi,max−γi,min

2 , and Vi = γi,max+γi,min
2 .

B. BLER OF IMPERFECT CSI IN SPC-NOMA VLC
1) SIGNAL PROCESSING AT U1
SinceU1 is the priori user in the two-user NOMA system, the
message s1 is directly decoded by treating s2 as interference.
The SINR in decoding s1 due to imperfect CSI is given as

γ̂11 =
a1γ̂1

a2γ̂1 + γTxσ 2
e1 + 1

. (34)

The ordered PDF of γ̂11 is derived to get the average BLER
of s1. From (21) and (22), the unordered CDF and unordered
PDF of γ̂11 are given as

F γ̂
γ̂11

(x) = −ω
(
γTxσ

2
e1 + 1

)− 1
m+3

(
x

a1 − a2x

)− 1
m+3

+
L2

r2c
+ 1 (35)

and

f γ̂
γ̂11

(x) =
1

m+ 3
ω
(
γTxσ

2
e1 + 1

)− 1
m+3

(
x

a1 − a2x

)−m+4
m+3

×
a1

(a1 − a2x)2
. (36)

The ordered PDF of γ̂11 is given by

fγ̂11 (x) = 2
(
1− F γ̂

γ̂11
(x)
)
f γ̂
γ̂11

(x). (37)
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Since γ̂1 ∈ [γ̂min, γ̂max], then γ̂11 ∈ [γ̂11,min, γ̂11,max]
according to (34). From (33), (34) and (37), the average
BLER at U1 is written by

ε1 = g
(
γ̂11,max, γ̂11,min,N ,R1

)
. (38)

2) SIGNAL PROCESSING AT U2
To decode signal s2 for U2, s1 is detected and subtracted by
treating s2 as interference. The decoding SINR of s1 due to
imperfect CSI at U2 is written by

γ̂21 =
a1γ̂2

a2γ̂2 + γTxσ 2
e2 + 1

. (39)

The unordered CDF and unordered PDF of γ̂21 are

F γ̂
γ̂21

(x) = −ω
(
γTxσ

2
e2 + 1

)− 1
m+3

(
x

a1 − a2x

)− 1
m+3

+
L2

r2c
+ 1 (40)

and

f γ̂
γ̂21

(x) =
1

m+ 3
ω
(
γTxσ

2
e2 + 1

)− 1
m+3

(
x

a1 − a2x

)−m+4
m+3

×
a1

(a1 − a2x)2
. (41)

The ordered PDF of γ̂21 is

fγ̂21 (x) = 2F γ̂
γ̂21

(x)f γ̂
γ̂21

(x). (42)

Since γ̂2 ∈ [γ̂min, γ̂max], then γ̂21 ∈ [γ̂21,min, γ̂21,max]
according to (39). From (33), (39), and (42), the average
BLER in decoding s1 at U2 is given by

ε21 = g
(
γ̂21,max, γ̂21,min,N ,R1

)
. (43)

In practical hardware design, the SIC is not always perfect.
Therefore, the SIC cannot totally decode and remove s1, and
s1 becomes the residual interference in decoding s2 atU2. The
decoding SINR of s2 due to imperfect CSI at U2 is written as

γ̂22 =
a2γ̂2

a1γ̂2δ + γTxσ 2
e2 + 1

. (44)

The unordered CDF and unordered PDF of γ̂22 are

F γ̂
γ̂22

(x) = −ω
(
γTxσ

2
e2 + 1

)− 1
m+3

(
x

a2 − a1δx

)− 1
m+3

+
L2

r2c
+ 1 (45)

and

f γ̂
γ̂22

(x) =
1

m+ 3
ω
(
γTxσ

2
e2 + 1

)− 1
m+3

(
x

a2 − a1δx

)−m+4
m+3

×
a2

(a2 − a1δx)2
. (46)

The ordered PDF of γ̂22 is

fγ̂22 (x) = 2F γ̂
γ̂22

(x)f γ̂
γ̂22

(x). (47)

Since γ̂2 ∈ [γ̂min, γ̂max], then γ̂22 ∈ [γ̂22,min, γ̂22,max]
according to (44). From (33), (44), and (47), the average
BLER in decoding s2 at U2 is given by

ε22 = g
(
γ̂22,max, γ̂22,min,N ,R2

)
. (48)

The overall average error probability of s2 at U2 is

ε2 = ε22 (1− ε21)+ ε21. (49)

C. BLER OF IMPERFECT CSI IN SPC-OMA VLC
In the OMA, the users are supported in orthogonal resource
blocks to avoid the interference. The block-lengths forU1 and
U2 are N1 and N2, respectively, and N1+N2 = N . The power
allocation coefficients are determined by order of the channel
magnitude. The SNR in decoding si at Ui is given by

γ̂O
i =

aiγ̂i
γTxσ 2

ei + 1
. (50)

The BLER of si at Ui is εOi = Q
(
f
(
γO
i ,Ri,Ni

))
. The

unordered PDF and CDF of γO
i are

F γ̂
γ̂Oi

(x) = −ω

(
γTxσ

2
ei + 1

ai

)− 1
m+3

x−
1

m+3 +
L2

r2c
+ 1 (51)

and

f γ̂
γ̂Oi

(x) =
1

m+ 3
ω

(
γTxσ

2
ei + 1

ai

)− 1
m+3

x−
m+4
m+3 . (52)

The unordered PDF of γ̂O
i is

fγ̂Oi
(x) =

2!
(2− i)!(i− 1)!

(
F γ̂
γ̂Oi

(x)
)i−1

×

(
1− F γ̂

γ̂Oi
(x)
)2−i

f γ̂
γ̂Oi

(x). (53)

Since γ̂i ∈ [γ̂min, γ̂max], then γ̂O
i ∈ [γ̂O

i,min, γ̂
O
i,max] according

to (50). The average BLER in decoding si at Ui is given by

εOi = g
(
γ̂O
i,max, γ̂

O
i,min,Ni,Ri

)
. (54)

IV. OPTIMAL SYSTEM THROUGHPUT DESIGN
In this section, we propose the design of transmission rates
and power allocation strategy to solve the optimization in
(30). To facilitate the optimal design, we examine the two
constraints in (30b) and (30c). Since the perfect SIC cannot
always be ensured, we take into account the SIC failure (i.e.,
δ = 1) at U2 in the optimal system throughput design.2 We
present the analysis of the optimal system throughput design
below.

Since U1 directly decodes its own message signal, then
from (4) and (35), the decoding error probability at U1 is

ε1 = Q
(
f
(
γ̂11,R1,N

))
. (55)

2In practical scenarios, it is difficult to determine an imperfect SIC value
due to the circuit design and error propagation. Therefore, the SIC failure is
considered for the imperfect SIC case in the optimal throughput design.
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The effective throughput at U1 is

T1 = R1 (1− ε1) . (56)

At U2, SIC is performed to decode and subtract s1 first,
and then s2 is decoded. From (4) and (39), the decoding error
probability of s1 at U2 is given by

ε21 = Q
(
f
(
γ̂21,R1,N

))
. (57)

This demonstrates that s1 can be accurately removed at
U2 with probability 1 − ε21. If U2 successfully decodes s1,
it decodes its own signal s2. The corresponding SINR of s2 at
U2 is given by

γ̂22 =
a2γ̂2

γTxσ 2
e2 + 1

. (58)

From (4) and (58), the decoding error probability of s2 atU2 is
given by

ε22 = Q
(
f
(
γ̂22,R2,N

))
. (59)

The overall decoding error probability atU2 with perfect SIC
is

ε2 = ε22 (1− ε21)+ ε21. (60)

The effective throughput at U2 is given by

T2 = R2 (1− ε2) . (61)

However, if SIC is failed, s1 is interference in decoding s2 at
U2, and the probability of the SIC failure is ε21. Therefore,
the corresponding SINR of s2 at U2 is

γ̂ ′22 =
a2γ̂2

a1γ̂2 + γTxσ 2
e2 + 1

. (62)

From (4) and (62), the corresponding error probability of s2 at
U2 is given by

ε′22 = Q
(
f
(
γ̂ ′22,R2,N

))
. (63)

According to [34], the decoding error probability at U2 has
a Bernoulli distribution property. When the SIC is successful
with probability 1 − ε21, the error probability is ε22. When
the SIC fails with probability ε21, the error probability is ε′22.
Therefore, the overall decoding error probability of s2 atU2 is

ε′2 = ε22 (1− ε21)+ ε21ε
′

22. (64)

The effective throughput at U2 is

T ′2 = R2
(
1− ε′2

)
. (65)

Proposition 1: The error probability in (4) is a decreasing
function with respect to the corresponding SNR/SINR, proved
in [26, Proposition 1].
Proposition 2: The error probability in (4) is an increasing

function with the corresponding transmission rate Ri, pro-
vided in [26, Proposition 2].

In the optimal design, the total power is fully consumed
to transmit signals to U1 and U2. According to (56), T1 is
an increasing function with respect to a1, whereas T2 and T ′2

are not increasing functions with respect to a2. Thus, it is a
challenge to determine the optimal power allocation strategy,
since a1 + a2 = 1. To address the optimization problem,
we detail the steps of the optimal design in the SPC-NOMA-
VLC system with imperfect CSI as follows.
Step 1: Find R1 with respect to the possible values of a1.
Since U1 directly decodes s1, R1 and R2 are independent.

To obtain the value of R1, we examine the monotonicity and
concavity of T1 with respect to R1.
Lemma 1: T1 is not an increasing function with R1 but is

concave with R1.
Proof: Please see Appendix A. �

According to Lemma 1, there exists an optimal R1 where
T1(R1) = T0 with a feasible value of a1. From Lemma 1, two
values of R1 can provide T1(R1) = T0 for each feasible a1.
Following (61), (65), and Proposition 2, T2 is a decreasing
function with respect to R1. Therefore, the smaller R1 can
provide the maximum total throughput of the system (i.e.,
∂T1
∂R1
≥ 0), denoted by Ropt1 . Since T1 includes a special Q-

function, R1 cannot be directly derived in the closed form.
Proposition 3: By using the functional iteration method,

R1 can be derived as

R1 := T (R1) =
T0

1− Q
(
f
(
γ̂11,R1,N

)) . (66)

Proof: Please see Appendix B. �
Step 2. Find the value of R2 with the derived a1, a2, and R1.
Lemma 2: The throughput at U2 is a concave function

with R2.
Proof: Please see Appendix C. �

Let R′ = 0.5 log2
(
1+ γ̂ ′22

)
and R̃ = 0.5 log2

(
1+ γ̂22

)
.

According to Appendix C, the value of optimal R2 that
maximizes T2 is given by

Ropt2 =

{
R̂max
2 , if 0 ≤ R2 ≤ R′,
R̄max
2 , if R′ < R2 ≤ R̃,

(67)

where R̂max
2 maximizes T ′2 and R̄max

2 maximizes T2. Since
T ′2 and T2 are concave functions with R2 on the reasonable
interval, R̂max

2 and R̄max
2 can be derived by the golden search

method.
Step 3. Find optimal throughput at U2 and optimal power

allocation strategy.
To find the set of feasible power allocation, we use one-

dimensional numerical search method with a1, since 0.5 ≤
a1 ≤ 1. The value of R1 is derived by Step 1. In Step 2,
R2 is obtained with a2 = 1 − a1. The set of throughputs at
U2 is determined. These steps are repeated until themaximum
throughput atU2 is found, and then the corresponding optimal
a2 is carried out. Finally, the set of optimal values a1, a2, R1,
and R2 can be obtained. The proposed optimal algorithm is
presented in Algorithm 1.

The complexity of the functional-iteration-based one-
dimensional search method is O

(
NP
(
Nf + Ng

))
, where NP

is the size of input power allocation coefficients, Nf =
d

log2 (1/α)
log2 (1/(1−α))

e is the complexity of the functional iteration
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Algorithm 1 Optimization of the power allocation and
transmission rates.
Input: Initialize T0, a1 = ab1 : τ : 1 step size of power

allocation τ , tolerance error of R1 α, tolerance
error of R2 β, initial guess of R1 R1,g, R2,min,
R2,max , step size for golden search procedure
3 =

√
5−1
2 , and T2,max = 0.

Output: aopt1 , aopt2 , Ropt1 , Ropt2
for i← 1 to length(a1) do

// Obtain R1 by functional
iteration method
Calculate: R1← T

(
R1,g, a1(i)

)
according to (66)

while
∣∣R1,g − R1∣∣ ≤ α do

Update: R1,g← T (R1, a1(i))
Set: R1← R1,g

// Obtain R2 by Golden search
method
Calculate:
R2,1← R2,max −

(
R2,max − R2,min

)
3 and

R2,2← R2,min +
(
R2,max − R2,min

)
3.

while
∣∣R2,max − R2,min∣∣ ≤ β do

Update: T2,1← T2
(
R2,1

)
from (67)

Update: T2,2← T2
(
R2,2

)
from (67)

if T2,1 > T2,2 then
Update: R2,max ← R2,2

else
Update: R2,min← R2,1

Set: R2←
(
R2,max + R2,min

)
/2

// Obtain optimal set
Set: T2,samp← T2(R2)
if T2,samp > T2,max then

Update: T2,max ← T2,samp
Update: Ropt1 ← R1
Update: Ropt2 ← R2
Update: aopt1 ← a1(i)
Update: aopt2 ← 1− aopt2

method with the tolerance error α [36], and Ng = log2
1
β
is

the complexity of the golden searchmethodwith the tolerance
error β [37].

V. NUMERICAL RESULTS AND DISCUSSION
In this section, we present the derived analytical results,
which are verified by Monte Carlo simulations and pro-
vide optimal results. The results show that the simulation
results match well with analytical results formulated in
Section III. The performance comparisons between SPC in
NOMA versus OMA VLC systems include: (i) the BLER
performance as a function of transmit SNR with various
power allocation strategies, (ii) the BLER performance as a
function of the channel estimation error, (iii) the throughput
as a function of transmit SNR, and (iv) reliability and latency

TABLE 1. Simulation parameters.

as a function of the block-length. The impact of imperfect
SIC is analyzed. The choice of the LED semi-angle with
imperfect CSI is analyzed with various values of channel gain
and transmit SNR. We present the optimal result based on
given estimated channel gains. The simulation parameters are
listed in Table 1. Since the NOMA scheme supports two users
simultaneously, we choose the block-length N1 = N2 = N =
200. In the OMA counterpart, TDMA serves each user in
one time-slot with N1 = N2 = N/2 = 100. The number
of data bits for each user is k1 = k2 = 80 bits. The power
allocation coefficients are a1 = 0.8 and a2 = 0.2. In the
figures, we denote ‘Ana.’ and ‘Sim.’ as analytical results and
simulation results, respectively.

Fig. 2 presents a comparison of the average BLER between
the SPC-NOMA VLC system and the SPC-OMA VLC
system with various power allocation strategies as a function
of the transmit SNR. The results show that the simulation
results match well with the analytical results. The BLER
of U1 in the SPC-NOMA VLC system is higher than that
of U1 in the SPC-OMA VLC system with a1 = 0.6,
since the power allocation for message signals of U2 makes
interference in decoding s1 at U1 of the NOMA system. The
BLERs of all users in the SPC-NOMAVLC system are lower
than those of all users in the SPC-OMA VLC system with
a1 = 0.7, a1 = 0.8, and a1 = 0.9 in the cases of imperfect
CSI and perfect SIC. In the SPC-OMA VLC system, the
BLER of U2 is better than that of U1 with value of transmit
SNR less than 138 dB due to low transmit power and effect
of the imperfect CSI. However, the BLER of U1 is always
lower than that of U2 with transmit SNR larger than 138 dB,
since higher power is allocated to signals of U1 and there
is no interference caused by signals of another user. In the
SPC-NOMA VLC system, the BLER of U1 is higher than
that of U2 with a1 = 0.6 and a1 = 0.7 due to interference
of the power allocation for the message of U2 in decoding
s1. The BLER of the U1 is lower than that of U2 when the
power is boosted to U1 (i.e., a1 = 0.8 and a1 = 0.9). The
BLER performance of the SPC-NOMAVLC system requires
less power to get the error floor than that of the SPC-OMA
VLC system (i.e., 150 dB in NOMA system, and 155 dB in
OMA system with all power allocation strategies). It can be
concluded that the BLER of U1 (far user) is improved when
the power allocation for U1 is boosted.
Fig. 3 illustrates that the BLER of the perfect CSI scenario

(i.e., σ 2
e = 0) outperforms those of the imperfect CSI
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FIGURE 2. Average BLER with various power allocation coefficients with
σ2

e = 10−13 and perfect SIC.

FIGURE 3. The BLER performance of users in the SPC-NOMA VLC system
with various values of σ2

e and perfect SIC.

scenarios. In addition, the BLER curves in the imperfect
CSI scenarios show error floor performance. The error floor
effect is presented clearly when the channel estimation error
variance increases from 2.0 × 10−13 to 10−12. The error

FIGURE 4. The average BLER at U2 with imperfect SIC, σ2
e = 10−13, and

δ = 0,0.1,0.25,0.4,1.

FIGURE 5. The BLER performance of users in the SPC-NOMA system and
SPC-OMA system with various values of σ2

e , δ = 0, and γTx = 160 dB.

floor occurs since the interference of the channel estimation
error in the received SINR increases with the transmitted
SNR according to (23), (24), and (25). This shows that the
BLER performance decreases with the channel estimation
error, as expected.

In Fig. 4, we investigate the impact of both imperfect
CSI and imperfect SIC on the average BLER at U2 with
a fixed value of σ 2

e and various values of δ as a function
of the transmit SNR. The results show that the BLER
performance of U2 decreases with an increase in the amount
of the imperfect SIC. The BLER decreases to the floor error
value when the transmit power increases at each value of δ.
Moreover, the average BLER performance approaches the
floor error value at the lower value of the transmit SNR when
the imperfect SIC coefficients increase (i.e., 150 dB with
δ = 0.1, 145 dB with δ = 0.25, and 135 dB with δ = 0.4).

Fig. 5 depicts the BLER performance of the SPC-NOMA
VLC system versus SPC-OMA VLC system as a function
of σ 2

e at 160 dB. The BLER performances of all users in
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FIGURE 6. The system throughput of the SPC-OMA VLC system versus the
SPC-NOMA VLC system for δ = 0.

the SPC-NOMA VLC system are better than those of all
users in the SPC-OMA VLC system with various values
of σ 2

e . In the SPC-OMA VLC system, the average BLER
of U1 outperforms that of U2 with σ 2

e ∈ [10−13, 3.0 ×
10−13], and the average BLER of U2 is lower than that of
U1 with σ 2

e ∈ [3.0×10−13, 10−12]. In the SPC-NOMAVLC
system, the BLER of U1 outperforms that of U2 with σ 2

e ∈

[10−13, 7.0×10−13]. However, the BLER ofU2 outperforms
that of U1 with σ 2

e ∈ [7× 10−13, 10−12], since U1 has lower
channel gain, which is sensitive to the channel estimation
error. Moreover, U1 decodes s1 with the interference of U2,
which increases the impact of the imperfect CSI in decoding
messages. However, U2 has higher channel gain, which is
more robust to the channel estimation error. It is concluded
that the performance of U1 in the NOMA system is less
sensitive than that of U1 in the OMA system, and the channel
order for the power allocation is not affected significantly by
the small channel estimation error.

Fig. 6 illustrates the comparison and impacts of imperfect
CSI on the sum throughput of the SPC-OMA VLC system
versus the SPC-NOMA VLC system as a function of the
SNR for various values of σ 2

e . Firstly, the SPC-NOMA
system provides higher throughput than the SPC-OMA
system. Furthermore, the system throughput of the SPC-
NOMA VLC system in imperfect CSI cases is higher than
that of the SPC-OMA VLC system in the perfect CSI
case when the SNR is smaller than 120 dB. Secondly, the
system throughput decreases when the channel estimation
error increases, as expected. For instance, when the channel
error increases from 0 to 10−12, the system throughput of
the SPC-NOMA VLC system decreases from 0.8 bpcu to
0.44 bpcu, and the system throughput of the SPC-OMAVLC
system decreases from 0.8 bpcu to 0.24 bpcu. Hence, the
throughput of the SPC-NOMA VLC system is double that
of the SPC-OMA VLC system in the imperfect SIC case.
Lastly, there exists a ceiling bound of the system throughput
for both NOMA and OMA schemes. The OMA scheme
reaches the ceiling bound at lower transmit SNR (i.e., 145 dB)

FIGURE 7. Reliability and latency of users in the SPC-OMA VLC system
versus the SPC-NOMA VLC system with σ2

e = 10−12, γTx = 160 dB, and
δ = 0.

in comparison to the NOMA scheme (i.e., 150 dB). This
demonstrates the importance of considering the imperfect
CSI in the practical design for the robust operation of the
SPC-NOMA VLC system.

Fig. 7 presents the reliability and latency of the SPC-
NOMA-VLC system as a function of the block-length N
for a fixed value of σ 2

e = 10−12. The reliability of the
systems can achieve the requirement for ULLC applications.
The SPC-OMA VLC system requires a higher number of
block-length than the SPC-NOMA VLC system to obtain the
required reliability (i.e., 1500 block-length for SPC-NOMA
VLC system, and 3000 block-length for the SPC-OMA VLC
system). According to (4), the BLER of each user depends on
both transmit SNR and transmission rate, where the BLER
is an increasing function with respect to the transmission
rate. The SPC-NOMA VLC system simultaneously supports
two users by using the same number of block-length
(N1 = N2 = N ), while the SPC-OMA VLC system supports
two users separately, and the block-length for each user
should be half of that for each user in the NOMA system (i.e.,
N1 = N2 = N/2). Consequently, theNOMAsystem provides
higher reliability than the OMA system. With the channel
estimation error, the latency of both NOMA and OMA
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FIGURE 8. System throughput versus LED semi-angle in SPC-NOMA VLC
system at different values of σ2

e and δ = 0.1.

FIGURE 9. The achievable throughput T2 in the SPC-NOMA VLC system
with various values of T0 with respect to a1 when σ2

e = 2.0× 10−13,
γTx = 160 dB, ĥ1 = 4.0× 10−6 and ĥ2 = 6.0× 10−6.

systems satisfies the requirement of URLLC applications
(delay in sub-milli second). Moreover, the latency of the
NOMAVLC system is half of that of the OMA VLC system.
This indicates that there exists a trade-off between reliability
and latency when increasing the block-length to increase
reliability of users in the system.

Fig. 8 demonstrates the system throughput as a function of
the LED semi-angle in the SPC-NOMA VLC system with
different values of σ 2

e . The maximum system throughput
decreases from 0.8 bpcu in the perfect CSI case to 0.13 bpcu
in the imperfect CSI case (i.e., σ 2

e = 5.0 × 10−12). When
the channel estimation error increases from 0 to 10−13, the
LEDwith high semi-angle can providemaximum throughput.
In contrast, when the channel estimation error increases from
5.0 × 10−13 to 5.0 × 10−12, the channel gains are less
distinctive. Therefore, the LED with lower semi-angle can
provide maximum throughput. The higher LED semi-angle
can provide maximum system throughput with σ 2

e less than
5.0× 10−13.

Fig. 9 depicts the achieved effective throughput T2 as a
function of a1 where a2, R1 and R2 are optimized according
to steps in the optimal design, and ĥ1 and ĥ2 are fixed values.
From Fig. 9, there exists the lower bound of the power
allocation forU1 to provide the effective throughput T0 atU2,
denoted by ab1. The result shows that a

b
1 increases with T0. The

effective throughput T2 is set to 0 when a1 is less than ab1.
Moreover, the maximum effective throughput T2 cannot be
derived at ab1 due to the relationship in expressions of BLER
in (60) and (64). Therefore, it indicates that T2 is not an
increasing function with a2.

VI. CONCLUSION
We investigate the imperfect CSI and imperfect SIC in the
SPC-NOMA VLC system. The performance of the SPC-
NOMA VLC system decreases with the presence of the
imperfect CSI. The BLER performance of the far user is
degraded with imperfect SIC, as expected. The closed-form
expressions of the analytical results are verified by Monte
Carlo simulations. The performance of the SPC-NOMAVLC
system with perfect SIC is compared to that of the SPC-
OMA VLC system in terms of BLER, reliability, latency,
and throughput. The results show that the SPC-NOMA VLC
system outperforms the SPC-OMA VLC system. Moreover,
we propose a simple method to maximize the effective
throughput of the near users while guaranteeing a certain
effective throughput for far users. This work is envisaged to
be useful for the theoretical and practical design of VLC-
based systems with low latency such as factory automation
and intelligent transport systems.

APPENDIX A PROOF OF LEMMA 1
From (4) and (55), we have

T1 = R1
(
1−Q

(
f
(
γ̂11,R1,N

)))
. (68)

To know the monotonicity of T1 with respect to R1,
we examine the first derivative of T1 with respect to R1,
expressed by

∂T1
∂R1
= 1− Q

(
f
(
γ̂11,R1,N

))
−R1

1
√
2π
2
(
γ̂11
)
e−

1
2 f

2(γ̂11,R1,N), (69)

where 2
(
γ̂i
)
=

2

log2 e

√
2
(
1−(1+γ̂i)

−2
)
/N

. (69) indicates that

the first derivative of T1 with respect to R1 is not always
positive or negative. Therefore, T1 is not an increasing or
decreasing function with R1.

We examine the concavity of T1 with R1. The second
derivative of T1 with respect to R1 is given by
∂2T1
∂R21

= −
2
√
2π
2
(
γ̂11
)
e−

1
2 f

2(γ̂11,R1,N)

−R1
1
√
2π

f
(
γ̂11,R1,N

)
22 (γ̂11) e− 1

2 f
2(γ̂11,R1,N).

(70)

Since ∂2T1
∂R21
≤ 0, T1 is the concave function with R1.
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APPENDIX B PROOF OF PROPOSITION 3
According to [35, Chapter 1], the condition for the iteration
convergence is

∣∣∣ ∂T (R1)∂R1

∣∣∣ < 1. This condition is satisfied

with R1 ∈ [0,Ropt1 ], where T ′1(R
opt
1 ) = 0. To clarify the

convergence, we examine the monotonicity of T (R1) with R1.
From (69), the first derivative of T (R1) with R1 is written as

∂T (R1)
∂R1

=
2
(
γ̂11
)
e−

1
2 f

2(γ̂11,R1,N)
√
2π

×
T0

(1− Q (f (γ11,R1,N )))2
. (71)

The second derivative of T (R1) with R1 is expressed by
∂2T (R1)
∂R21

=
22

(
γ̂11
)
T0

√
2π

×

(
f
(
γ̂11,R1,N

)
e−

1
2 f

2(γ11,R1,N )(
1− Q

(
f
(
γ̂11,R1,N

)))2
+

2e−f
2(γ̂11,R1,N)

√
2π
(
1− Q

(
f
(
γ̂11,R1,N

)))3
)
.

(72)

Since 2
(
γ̂11
)
≥ 0 and f

(
γ̂11,R1,N

)
≥ 0,

∂2T (R1)
∂R21

≥ 0. ∂T (R1)
∂R1

is an increasing function with R1. Due

to R1 ∈ [0,Ropt1 ], we investigate the value of ∂T (R1)
∂R1

at Ropt1 .

From (69), since T ′1
(
Ropt1

)
= 0, we have

1− Q
(
f
(
γ̂11,R

opt
1 ,N

))
= R1

1
√
2π
2
(
γ̂11
)
e
−

1
2 f

2
(
γ̂11,R

opt
1 ,N

)
. (73)

Substituting (73) into (71), we obtain

∂T
(
Ropt1

)
∂Ropt1

=
T0

Ropt1

(
1− Q

(
f
(
γ̂11,R

opt
1 ,N

))) . (74)

Since Ropt1

(
1− Q

(
f
(
γ̂11,R

opt
1 ,N

)))
≥ T0,

∣∣∣ ∂T (R1)∂R1

∣∣∣ <
1 with R1 ∈ [0,Ropt1 ].

APPENDIX C PROOF OF LEMMA 2
Since the channel in the VLC system is real value, the
transmission rate of the finite block-length transmission with
a given error probability εi at Ui is approximated by [7]

Ri = 0.5 log2 (1+ γi)−

√
1− (1+ γi)−2

2Ni

Q−1 (εi)
ln 2

, (75)

where Q−1(.) is the inverse Q-function. Therefore, the
boundary of the transmission rate in finite block-length
transmission at Ui is 0 ≤ Ri ≤ 0.5 log2 (1+ γi).

If SIC is imperfect and 0 ≤ R2 ≤ 0.5 log2
(
1+ γ̂ ′22

)
, the

throughput at U2 with the conditioned R2 is written as

T ′2 = R2
((
1−Q

(
f
(
γ̂22,R2,N

)))
(1− ε21)

+ε21
(
1−Q

(
f
(
γ̂ ′22,R2,N

))))
. (76)

We investigate the monotonicity and concavity of T ′2 with
respect to R2. The first derivative of T ′2 with respect to R2 is
given by

∂T ′2
∂R2
=

(
1− Q

(
f
(
γ̂22,R2,N

))
−

1
√
2π

R22
(
γ̂22
)
e−

1
2 f

2(γ̂22,R2,N)
)
(1− ε21)

+ ε21

(
1−Q

(
f
(
γ̂ ′22,R2,N

))
−

1
√
2π

R22
(
γ̂ ′22
)
e−

1
2 f

2(γ̂ ′22,R2,N)
)
. (77)

(77) indicates that T ′2 does not always increase with respect
toR2. The second derivative of T ′2 with respect toR2 is written
as

∂2T ′2
∂R22

= −

(
2
√
2π
2
(
γ̂22
)
e−

1
2 f

2(γ̂22,R2,N)

+
1
√
2π

R222 (γ̂22) f (γ̂22,R2,N ) e− 1
2 f

2(γ̂22,R2,N)
)

× (1− ε21)−
(

2
√
2π
2
(
γ̂ ′22
)
e−

1
2 f

2(γ̂ ′22,R2,N)

+
1
√
2π

R222 (γ̂ ′22) f (γ̂ ′22,R2,N ) e− 1
2 f

2(γ̂ ′22,R2,N)
)
ε21.

(78)

From (78), we have
∂2T ′2
∂R22
≤ 0. T ′2 is a concave function with

respect to R2.
If SIC is perfect and 0.5 log2

(
1+ γ̂ ′22

)
≤ R2 ≤

0.5 log2
(
1+ γ̂22

)
, the throughput at U2 with the conditioned

R2 is given by

T2 = R2 (1− ε21)
(
1− Q

(
f
(
γ̂22,R2,N

)))
. (79)

We examine the monotonicity and concavity of T2 with
respect to R2. The first derivative of T2 with respect to R2 is
given by

∂T2
∂R2
= (1− ε21)

(
1−Q

(
f
(
γ̂22,R2,N

))
−R2

1
√
2π
2
(
γ̂22
)
e−

1
2 f

2(γ̂22,R2,N)
)
. (80)

T2 is not an increasing function with R2. The second
derivative of T2 with R2 is given by

∂2T2
∂R22

= (1− ε21)
(
−

2
√
2π
2
(
γ̂22
)
e−

1
2 f

2(γ̂22,R2,N) − R2

×
1
√
2π
22 (γ̂22) f (γ̂22,R2,N ) e− 1

2 f
2(γ̂22,R2,N)

)
.

(81)

T2 is concave function with R2. Therefore, the effective
throughput at U2 is a concave function in the feasible range
of R2.
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