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ABSTRACT In this paper, a heuristic scheme based on the hybridization of Bernstein Polynomials (BPs) and
nature-inspired optimization techniques is presented to achieve the numerical solution of Nonlinear Optimal
Control Problems (NOCPs) efficiently. The solution of NOCP is approximated by the linear combination of
BPs with unknown coefficients. The unknown coefficients are estimated by transforming the NOCP into an
error minimization problem and formulating the objective function. The Genetic Algorithm (GA) and Fitness
Dependent Optimizer (FDO) are used for solving the objective function and obtaining the optimum values of
the unknown coefficients. The findings and statistical results indicate the represented hybrid scheme offers
encouraging results and outperforms the most recent and popular methods proposed in the literature, which
ultimately validates the efficacy and productivity of the recommended approach. Furthermore, statistical
analysis is incorporated to examine the reliability and stability of the suggested technique. Consequently, the
remarkable difference is evident in simplicity, flexibility, and effectiveness compared to the other methods
considered.

INDEX TERMS Optimal control problems, optimization problem, Bernstein polynomials, fitness dependent
optimizer, genetic algorithm.

I. INTRODUCTION
Optimal Control Problems (OCPs) contain complex
mathematical operations and have practical applications and
importance in almost every field of science; i.e., engineer-
ing, economics, biomedicine, aircraft systems, robotics, etc.
[1], [2]. Solving these OCPs numerically sometimes becomes
very sophisticated, and hence obtaining optimal solutions for
such problems could be quite tedious [3].

Due to the nonlinear and dynamical nature of OCPs,
researchers have presented several numerical methods
to determine the optimal solution for such problems
and further improve already proposed methods [4]–[6].

The associate editor coordinating the review of this manuscript and

approving it for publication was Emre Koyuncu .

To highlight a few of these available numerical techniques,
Stryk and Bulirsch [7] provided a list of normally uti-
lized direct and indirect techniques to find the numerical
solution for OCPs and transformed various OCPs to some
Nonlinear Programming (NLP) problems on successfully
employing the parametrization or discretization techniques.
Yıldız and Karasozen [8] applied various discretization meth-
ods on the distributed OCPs determined by the unsteady
diffusion-convection reaction equation having no control
constraints and supported their convergence rate noticed the-
oretically via the solution obtained. Liu et al. [9] inves-
tigated a class of OCPs by considering generally known
nonlinear time-delay systems containing free terminal time.
The authors applied the control parametrization scheme to
generate a gradient-based nonlinear optimization technique
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and yielded an approximated solution. Teo et al. [10],
Lee et al. [11] introduced the Control Parametrization
Enhancing Technique (CPET) for constrained OCPs, and its
convergence properties were elaborated via some numeri-
cal problems generating a computationally convenient and
numerically accurate optimal solution. Vlassenbroeck [12],
Vlassenbroeck and Dooren [13] adopted the numerical
method governed by Chebyshev series expansion for solving
nonlinear constrained OCPs and clarified the applicability
of its theoretical and computational considerations by apply-
ing it to some approximation problems. Jaddu [14], [15]
encountered some numerical techniques, for instance, quasi-
linearization and state parameterization, solving constrained
and unconstrained OCPs, like container crane problems and
F8 fighter aircraft, via Chebyshev Polynomials and later
modified these techniques to include NOCPswhich enhanced
the optimal solution quality and validated the analytical
approach. Elnagar et al. [16] implemented Legendre Poly-
nomials (LPs) for the discretization of various OCPs and
approximation of control and state variables, whereas Edrisi-
Tabri and Lakestani [17], Edrisi-Tabri et al. [18] obtained
the approximated solution by implementing some linear
B-spline functions on nonlinear constrained quadratic OCPs.
Shienyu [19] presented a numerical technique for approxima-
tion of NOCPs using Block Pulse Functions (BPFs), whereas
Mohan and Kar [20] executed BPFs and LPs, finding the
optimal solution for NOCPs. Besides, Mashayekhi et al. [21]
acquired the approximated solution of NOCPs by deploying
BPFs and Bernoulli Polynomials. Kafash et al. [22] employed
a numerical scheme for effectively solving the OCPs using
Boubaker Polynomials Expansion Scheme (BPES), whereas
Ouda et al. [23] proposed an indirect method for OCPs
using BPES with the findings that the BPES technique
is trustworthy. Dehghan [4] tailored an iterative numerical
method based on Cardan Polynomials (CP), providing an
approximated solution for OCPs with fast convergence rates.
Cichella et al. [3] exploited BPs to approximate nonlinear
constrained OCPs, and besides rigorous analysis, the authors
validated the theoretical findings by applying the method
to diverse optimization problems. Yousefi et al. [24] evalu-
ated the approximate solution of different fractional OCPs
using BPs.

Besides continuous improvements in the available numer-
ical methods for dealing with OCPs, researchers have
paved the way for nature-inspired optimization techniques
to demonstrate their importance and efficacy in operating
NOCPs in the engineering and applied sciences domain [25].
These nature-inspired optimization techniques are derivative-
free, conceptually simple, do not require complex math-
ematical calculations, and prove their effectiveness by
providing better solutions to complex real-world problems
on a continuous-time grid as compared to other numer-
ical techniques [26]. To name just a few nature-inspired
optimization techniques, GA handled competently the three
link hopping robot amid flight phase for optimally solv-
ing the posture control problem [26]–[28]. Particle Swarm

Optimization (PSO) addressed subtly the bilocal OCP of
the dc motor for rendering the desired solution [29]–[31].
Differential Evolution (DE) proved its capability by pre-
senting the optimum solution for OCP concerned with the
power flow in Microgrids (MGs) connected in a network
[32], [33]. Ant Colony Optimization (ACO) dealt favorably
with the complexities of the Area Traffic Control (ATC)
problem and ultimately provided an optimal solution [34].
Artificial Bee Colony Optimization (ABCO) proved effi-
cient in demonstrating a linear quadratic optimal controller
design and achieving an optimum solution for a nonlinear
inverted pendulum [35]–[38]. FDO dealt successfully with
multi-source interconnected power system by implementing a
productive Automatic Generation Control (AGC) [39]–[41].
Such algorithms are enough to unveil the comparatively better
results and enhanced ability of nature-inspired optimization
techniques to provide the global solution with a rapid conver-
gence rate in comparison to the previously utilized techniques
applied to various complex optimization problems.

Although nature-inspired optimization techniques have
proved their efficiency at each level in reliably obtaining
the solution to nonlinear problems, sometimes finding the
optimum solution to a problem is not possible by using
such techniques alone. In this case, a new approach known
as the hybridization approach evolved for solving various
real-world problems. This approach occasionally utilizes
local search methods for the execution of some population-
based optimization algorithms to provide better results and
reduce processing time. These hybrid approaches further
proved quite impressive in refining the solution obtained by
nature-inspired optimization techniques solely. The excel-
lent real-world problem-solving capability of hybrid nature-
inspired optimization techniques can be analyzed through
consideration of the aforementioned references in which
SUN et al. [42] presented a Hybrid Improved GA (HIGA)
approach and implemented it for solving OCPs related
to chemical processes, e.g., Fed-Batch Bioreactor. Victoire
and Jeyakumar [43] suggested a hybridized technique, i.e.,
PSO with Successive Quadratic Programming (PSO-SQP),
to find the optimal solution for relevant problems, which
was later amended by Modares and Sistani [25] via a
new hybrid algorithm, i.e., Improved PSO combining SQP
(IPSO-SQP), for further reinforcing previously attained solu-
tion. Nezhadhosein et al. [26] dealt excellently with several
NOCPs, including the Chemical Reactor Problem (CRP),
with the help of Modified Hybrid GA (MHGA) that inte-
grates GA and SQP (GA-SQP), yielding the best solution.
Nezhadhosein et al. [44] integrated DE and MHGA solving
numerous NOCPs, including Temperature Control for Con-
secutive Reaction (TCCR) problem. Similarly, Xu et al. [45]
recommended a novel hybrid scheme for Bayesian Opti-
mization (BO) based on the hybridization of BO and PSO
(BO-PSO), solving some complex optimization problems
tremendously, for instance, Distributed Propulsion Configu-
ration (DPC) aircraft having integrated flight/propulsion opti-
mum control. Chiu et al. [46] proposed a hybrid approach of
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the Sine Cosine Algorithm (SCA) and FDO (SCA-FDO) and
proved its efficiency by applying it to several optimization
problems. Abbas et al. [47] suggested a hybrid technique
combining Multi-Layer Perceptron (MLP) and FDO (FDO-
MLP) to obtain the optimal values for the weights and biases
of the Neural Network (NN) and minimize the Mean Square
Error (MSE) of the optimization problem.

In this paper, a contemporary and promising nature-
inspired optimization algorithm, namely FDO, is hybridized
with BPs for numerically solving the NOCPs. In the proposed
method, the solution of NOCPs is approximated using the
linear combination of BPs with unknown coefficients. The
given original system is transformed into an equivalent opti-
mization problem by formulating the objective function. FDO
and GA are employed to solve the optimization problems
and yield the optimum values for the unknown coefficients,
consequently providing the numerical solution for NOCPs.
Moreover, to quantify the effectiveness of the suggested
hybrid technique, the Absolute Error (AE) is minimized to
a significant value by providing a better solution than pre-
viously developed approaches. Finally, to authenticate the
efficacy and capability of the suggested scheme, a statistical
analysis is conducted.

The content of this research work is divided into the
following sections: Section 2 defines the basic general-
ized mathematical form of the OCPs. Section 3 introduces
nature-inspired optimization techniques used in this work.
Section 4 elaborates on the proposed methodology adopted
and its hybridization scheme with BPs. Section 5 demon-
strates the implementation of the proposed hybrid-based
approach. In Section 6, statistical analysis for the proposed
technique is presented, followed by the conclusion of this
work in Section 7.

II. OPTIMAL CONTROL PROBLEMS
Generally, the OCP could be represented mathematically as
the classical calculus of variation with the following crucial
components: (i) A mathematical system, which is required
to be controlled; (ii) A desired output for the relevant system;
(iii) A set containing permissible input(s); (iv) A performance
index/cost function, which assists in measuring the efficiency
of the control process under consideration.

Optimal control is concerned with the process which is
described by the problem of determining a control law, on the
fixed time interval [ti, tf ], for a given system of nonlinear
differential equations as follows:

u (t) = f (t, x (t) , ẋ(t)) (1)

The initial/boundary conditions are represented by a set
that provides the value of the system state variable(s) x at the
initial time ti and final time tf as given below:

x (ti) = x0, x
(
tf
)
= xf (2)

where u(t) represents the mathematical model for a given
dynamic system that requires the control processes and is

generally demonstrated by a collection of first-order differen-
tial equations. Here x (.) : [ti, tf ] → R and u (.) : [ti, tf ] →
R are the state variable and control variable, respectively,
whereas f represents the continuously differentiable real-
valued function. The assumption here is u is a piecewise
continuous function during the time interval t ∈ [ti, tf ]→ R.
Therefore, changes applied to u are directly proportional to
the solution of the relevant differential equation(s). In addi-
tion, x0 denotes some known vector of initial condition(s).

The performance index J , either minimized or maximized,
is demonstrated mathematically in a scalar function and
describes the desired specifications. By minimizing J of the
OCP, the selection of the most feasible optimal solution is
made easy. The performance index can be formulated as:

J =
∫ tf

ti
L(t, x (t) , u(t))dt (3)

where L is a scalar function, differentiable in all arguments,
and generally a non-negative function, i.e., L (t, 0, 0) = 0.
Additionally, if J of any optimization problem is represented
mathematically, as demonstrated by (3), it could be referred
to as the Lagrange problem.

Hence, the main goal of OCP is finding such a control u
which transfers the system u(t) from position x (ti) = x0 to
x
(
tf
)
= xf within the time frame

(
tf − ti

)
and ultimately

generates the optimum value for J [1], [4], [5]. Furthermore,
interested readers may see [1]–[6] and references therein for
a detailed description of the OCPs considered in this work,
as shown in (1)–(3).

III. NATURE-INSPIRED OPTIMIZATION TECHNIQUES
This section briefly describes GA, a well-known evolutionary
algorithm, and FDO, a recently introduced algorithm, used in
this work.

A. GENETIC ALGORITHM
GA represents the heuristic optimization method established
on concepts of natural selection, crossover, and mutation that
uses a global search approach. The central idea behind this
algorithm is the survival of the fittest theory, which permits
only fit and competitive chromosome(s) to generate the next
iteration. The working principle for GA comprises the popu-
lation of individuals called chromosomes, where every chro-
mosome contains a potential solution for a given problem.
A randomly generated fitness-based value is allotted to each
chromosome, representing the quality of the solution. The
next step involves the selection and recombination processes
(i.e., child chromosomes are produced by recombining the
parent chromosomes), yielding the next generation based
on the fittest individuals. This procedure is repeated over
successive generations, evaluating the best solution using the
genetic operator(s), namely selection, crossover, and muta-
tion where necessary, until the algorithm reaches the stopping
criteria. Further, themaximum number of generations accom-
plished, or the desired fitness level achieved, is considered the
stopping criteria for GA [25]–[28].
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The pseudocode for GA is presented in Algorithm 1 below:

Algorithm 1 Genetic Algorithm Pseudocode [27]
Start t → 0
Generate Initial Population Pi
Evaluate Population Pi

while (termination criteria not satisfied)
Repeat
for i = 1 to size (population) do

SELECT N chromosomes
Find chromosome with the lowest fitness
Remove chromosome with the lowest fitness

CROSSOVER create new chromosome
Evaluate new chromosome

MUTATION apply (optional)
Evaluate mutated chromosomes

end for
end while

B. FITNESS DEPENDENT OPTIMIZER
FDO is a recently introduced heuristic algorithm applied to
various real-world problems, e.g., aperiodic antenna array
designs and frequency-modulated soundwaves, achieving the
optimal solution. FDO not only shares some features with
PSO but also contains significant variabilities. It imitates the
reproduction behavior of the bee swarmswhen they search for
suitable hives. Further, the main idea behind this algorithm
is derived from the method used by scout bees to select
an appropriate hive from several potential ones. Moreover,
in FDO, every scout bee looking for desired hives describes
a possible solution. Therefore, choosing the best hive from a
group of potential hives increases the likelihood of achieving
the optimum solution [48].

FDO initiates the population of scout bees generated ran-
domly within the search domain. The position and objective
function of every scout bee are crucial for locating the hive.
Eventually, the main goal of the scout bee is finding a better
hive, i.e., a new solution, and if this purpose is served, the
previously searched solution could be avoided. On the other
hand, if the scout bee is unsuccessful in achieving a better
solution, the prior solution could be adopted to modify its
position [48], [49].

Scout bee is represented as follows:

Sb(b = 1, 2, . . . ., n) (4)

The random search-based procedures of scout bees that
initiate within the search domain depend on fitness weight
fw and random walk methods. As evident from (5) below,
the pace p with which the current scout changes position
is imperative because the scout bee movement relies on
it. The scout determines a new and improved solution by
adding p [48], [49]:

Sb,t+1 = Sb,t + p (5)

where b describes the current scout bee, i.e., search agent,
S denotes the artificial scout bee, and t refers to the current
iteration. Here p represents the movement rate and direction

of the artificial scout bee and counts on fw. Though, the direc-
tion of p entirely relies on some random operation. Hence,
fw, which lies within the range of [0, 1], can be evaluated for
minimization problems by (6) as follows [49]:

fw =

∣∣∣∣∣ s
∗
b,tfitness

sb,tfitness

∣∣∣∣∣− wf (6)

where sb,tfitness represents the optimum solution for the cur-
rent scout bee, s∗b,tfitness exhibits the best solution determined
by the scout bee thus far, and wf denotes the weight factor
which has a value of 1 or 0.

FDO contains a random numberR that lies within the scope
of [−1, 1]. Although there are various ways to execute the
randomwalkmethod, the Levy flight mechanism is employed
since it possesses a favorable distribution curve and helps
yield more stable movements. Henceforth, it is evident that
FDO demands simple calculations for determining the objec-
tive function as it only requires R and fw [49].

The lower and upper bounds are used to find a global
solution after a random initiation of the scout bee within the
search domain. Now, fw is evaluated based on the following
considerations [49].

If fw = 1 or fw = 0 or sb,tfitness = 0 then p can be
calculated as follows [49]:

p = sb,t∗R (7)

Likewise, for fw > 0 and fw < 1, R can be executed based on
the following conditions:

If R < 0 using (8) can help find p else if R ≥ 0 then (9)
could be used as mentioned below [48]–[51]:

p = distancebestbee
∗ fw ∗ (−1) (8)

p = distancebestbee
∗ fw (9)

where distancebestbee is measured as:

distancebestbee=sb,t−s
∗
b,t (10)

The pseudocode for FDO is demonstrated in Algorithm 2
below:

IV. PROPOSED METHODOLOGY
This section presents the research methodology for the
hybridization of Nature-Inspired Computing (NIC) tech-
niques with BPs as follows:

To obtain the approximate numerical solution for OCPs
considered in this work, e.g., (1)–(3), the approximate
numeric solution of a given NOCP is assumed to be a linear
combination of BPs with unknown parameters, as demon-
strated in (11)–(13) below:

The following is an approximation of the state variable:

x(t) =
k∑
i=0

αiBi,k (t) (11)

The control variable is calculated as a function of the
unknown parameters of the state variable(s) by using (1),
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Algorithm 2 Fitness Dependent Optimizer Pseudocode [48]
scout bee population initialization Sb,t ; (b = 1, 2, 3,.., n)
while iteration (t) limit not achieved do
for all scout bees Sb,t

search best scout bee s∗b,t
execute random walk Rε[−1, 1]

% random number R
if Sb,tfitness == 0

fw = 0 %fitness weight fw
else
use fw =

∣∣∣∣ S∗b,tfitnessSb,tfitness

∣∣∣∣− wf % weight factor wf

end if
if fw == 0 OR fw == 1

p = (sb,t ∗ R) %pace p
else
if R ≥ 0
p = (sb,t − s

∗
b,t ) ∗ fw

else
p = (sb,t − s

∗
b,t ) ∗ fw ∗ (−1)

end if
end if
determine Sb,t+1 = Sb,t + p
if Sb,t+1fitness < Sb,tfitness

accept Sb,t+1fitness
save p

else
compute Sb,t+1 = Sb,t +p% p with previous value

if Sb,t+1fitness < Sb,tfitness
accept Sb,t+1fitness
save p

else
keep current position

end if
end if
end for
end while

as formulated below:

u(t) = f (t,
k∑
i=0

αiBi,k (t) ,
k∑
i=0

αi ˙Bi,k (t)) (12)

The approximate values of x(t) and u(t) from (11) and
(12), respectively, are substituted into (3), determining J as
follows:

J =
∫ tf

ti

L(t,
k∑
i=0
αiBi,k (t),

f (t,
k∑
i=0
αiBi,k (t) ,

k∑
i=0
αi ˙Bi,k (t)))dt

(13)

where
(
α0, α1,...,αk

)
refers to the unknown coefficients/

parameters to be determined, and k denotes the
degree of BPs.

TABLE 1. Unknown parameters obtained by GA-BP and FDO-BP for
Problem 01.

TABLE 2. Exact solution and approximate numerical values for state
variable of Problem 01.

TABLE 3. Exact solution and approximate numerical values for control
variable of Problem 01.

A. PROPOSED METHODOLOGY FOR HYBRIDIZATION OF
NATURE-INSPIRED COMPUTATIONAL TECHNIQUE WITH
BERNSTEIN POLYNOMIAL BASIS FUNCTION
This subsection specifically demonstrates the research
methodology adopted in this work for the hybrid scheme of
NIC techniques and BPs solving NOCPs as follows:

To deal with the OCPs considered in this paper, we assume
that the approximate numerical solution for u(t), as repre-
sented in (1), consists of a linear combination of BPs with
k = 8 as mentioned below:

x(t) =
8∑
i=0

αiBi,8(t) (14)

u(t) = f (t,
8∑
i=0

αiBi,8 (t) ,
8∑
i=0

αi ˙Bi,8 (t)) (15)
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TABLE 4. Absolute Error values for state variable of Problem 01.

TABLE 5. Absolute Error values for control variable of Problem 01.

TABLE 6. Exact and approximate numeric values for performance index
of Problem 01.

TABLE 7. Absolute Error values for performance index of Problem 01.

An error minimization problem is evaluated by the
transformation of NOCP, achieving the optimal values for
unknown coefficients by utilizing such equations, like for

FIGURE 1. x(t) approximation in comparison to the exact solution for
Problem 01.

FIGURE 2. u(t) approximation in comparison to the exact solution for
Problem 01.

Problem 01, mentioned as follows:

ε1 =
1

N + 1

N∑
i=0

(ẋ(t)− u(t))2 (16)

ε2 =
1
2
((x (0)− 0)2 + (x (1)−

1
2
)
2
) (17)

εj = ε1 + ε2 (18)

whereN denotes the number of steps employed in the domain
of [0, 1], ε1 is the mean of the sum of square error, ε2 is the
mean of the sum of square error for given initial condition(s),
and j represents the total number of iterations accomplished.
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TABLE 8. Unknown parameters obtained by GA-BP and FDO-BP for
Problem 02.

TABLE 9. Exact solution and approximate numerical values for state
variable of Problem 02.

TABLE 10. Exact solution and approximate numerical values for control
variable of Problem 02.

Further, using the heuristic computational algorithms, such
as GA and FDO, the objective function εj is minimized to
an optimum level. The optimal values for (α0, α1, . . . , α8),
which provide minimal error, are utilized, and ultimately the
approximate solution is achieved. A similar methodology is
applied to different OCPs considered in this research work to
attain the desired approximate numerical solution.

V. SIMULATION AND RESULTS
The proposed technique of Section 4 is applied to vari-
ous NOCPs, using the hybrid scheme of nature-inspired
optimization algorithms and BPs, to ensure that the sug-
gested approach is valid and surpasses other existing meth-
ods. The simulations are computed using the MATLAB tool

TABLE 11. Absolute Error values for state variable of Problem 02.

TABLE 12. Absolute Error values for control variable of Problem 02.

TABLE 13. Exact and approximate numeric values for performance index
of Problem 02.

TABLE 14. Absolute Error values for performance index of Problem 02.

accurately. In addition, a comparative analysis between the
proposed method and previously presented techniques is
provided, certifying the effectiveness of the recommended
approach.
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FIGURE 3. x(t) approximation in comparison to the exact solution for
Problem 02.

FIGURE 4. u(t) approximation in comparison to the exact solution for
Problem 02.

For the execution of GA, the parameter settings include
population size as 1000 and generations as 900, along with
the other ones. However, for FDO, the scout bee number
is 20, and the maximum iterations are 1500. Further, k =
8 is chosen for BPs achieving the best values for unknown
coefficients. Additionally, the parameter settings are the same
for all the NOCPs considered in this paper.

A. PROBLEM 01
Consider the approximation of OCP as demonstrated
below [4]:

J =
∫ 1

0
x2 (t)+ u2 (t) dt (19)

TABLE 15. Unknown parameters obtained by GA-BP and FDO-BP for
Problem 03.

TABLE 16. Exact solution and approximate numerical values for state
variable of Problem 03.

TABLE 17. Exact solution and approximate numerical values for control
variable of Problem 03.

subject to:

u (t) = ẋ(t) (20)

with respect to boundary conditions:

x (0) = 0, x (1) =
1
2

(21)
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TABLE 18. Absolute Error values for state variable of Problem 03.

TABLE 19. Absolute Error values for control variable of Problem 03.

TABLE 20. Exact and approximate numeric values for performance index
of Problem 03.

TABLE 21. Absolute Error values for performance index of Problem 03.

having the exact solution mentioned as follows:

x (t) =
e

e2 − 1
sinh (t) , u (t) =

e
e2 − 1

cosh (t) (22)

Table 1 provides the optimum values of the unknown
parameters obtained by applying the proposed hybrid tech-
nique, i.e., GA-BP and FDO-BP. The approximate numerical
values for x(t) and u(t) are mentioned in Tables 2 and 3,
respectively. Similarly, Tables 4 and 5 show the AE values

FIGURE 5. x(t) approximation in comparison to the exact solution for
Problem 03.

FIGURE 6. u(t) approximation in comparison to the exact solution for
Problem 03.

for x(t) and u(t), respectively, at various points in t . Moreover,
J obtained by the suggested scheme and previously developed
approaches is shown in Table 6, and their AEs are provided in
Table 7 for a comprehensive comparison. In addition, a com-
parison between the exact solution and approximate numeri-
cal values for x(t) and u(t) is demonstrated in Figures 1 and 2,
respectively.

It is readily apparent from Tables 6 and 7 that the outcome
of the proposed method for J is much closer to the actual
analytical solution, i.e., AE for J is minimized sufficiently
to an optimal value.Also, it is evident from Figures 1 and 2
that the exact and approximate solutions for x(t) and u(t),
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TABLE 22. Unknown parameters obtained by GA-BP and FDO-BP for
Problem 04.

TABLE 23. Exact solution and approximate numerical values for state
variable of Problem 04.

TABLE 24. Exact solution and approximate numerical values for control
variable of Problem 04.

respectively, are in close proximity to each other, which
signifies optimal approximation.

B. PROBLEM 02
Find the optimal control for minimization of the OCP stated
as follows [4]:

J =
∫ 1

0
(
5
8
x
2
(t)+ 0.5x (t) u(t)+ 0.5u2 (t))dt (23)

TABLE 25. Absolute Error values for state variable of Problem 04.

TABLE 26. Absolute Error values for control variable of Problem 04.

TABLE 27. Exact and approximate numeric values for performance index
of Problem 04.

TABLE 28. Absolute Error values for performance index of Problem 04.

subject to:

u (t) = ẋ (t)− 0.5x(t) (24)

with boundary conditions:

x (0) = 1, x (1) = 0.64805 (25)
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FIGURE 7. x(t) approximation in comparison to the exact solution for
Problem 04.

FIGURE 8. u(t) approximation in comparison to the exact solution for
Problem 04.

containing analytical solution expressed as follows:

x (t) =
cosh(1− t)
cosh(1)

, u (t)

= −
((tanh (1− t)+ 0.5)cosh(1− t))

cosh(1)
(26)

The optimal values of unknown coefficients attained by
executing the proposed hybrid scheme are exhibited in
Table 8. Besides, Tables 9 and 11 represent the approxi-
mate numeric values and AE for x(t), respectively. Likewise,
Tables 10 and 12 demonstrate the approximate solution
and AE values for u(t), respectively. Correspondingly, the
numerical solution for J obtained by the recommended
approach and some formerly developed methods is provided

in Table 13, whereas their AE is presented in Table 14.
Additionally, Figure 3 depicts the exact values and approx-
imate results for x(t), whereas Figure 4 compares the actual
analytical values with the approximate solution for u(t).
It is apparent from Tables 13 and 14 that the solution pre-

sented by the suggested technique is better than the previous
methods, as the AE between the exact and approximate solu-
tions is reduced to a considerable value.In addition, the results
depicted in Figures 3 and 4 for x(t) and u(t), respectively,
disclose that the presented hybrid-based approaches, i.e.,
FDO-BP and GA-BP, provide a better approximate solution.

C. PROBLEM 03
Consider the minimization of OCP expressed below [1]:

J =
∫ 1

0
(x (t)−

1
2
u2 (t))dt (27)

subject to:

u (t) = ẋ (t)+ x (t) (28)

with respect to the boundary conditions:

x (0) = 0, x (1) =
1
2
(1−

1
e
)
2

(29)

the analytical results are achieved by using:

x (t) = 1−
1
2
et−1 +

(
1
2e
− 1

)
e−t ,

u (t) = 1− et−1 (30)

Table 15 represents the optimum values for unknown
parameters acquired by adopting the suggested hybrid
approach. In the same way, Tables 16, 17, and 20 express a
comparison between the analytical results and approximate
numerical solutions for x(t), u(t), and J , respectively. Corre-
spondingly, Tables 18, 19, and 21 exhibit the measure of AE
for x(t), u(t), and J , respectively. Furthermore, Figures 5 and
6 compare the actual analytical values with the approximate
numeric values for x(t) and u(t), accordingly.

TheAE generated by the proposed hybrid approach is com-
paratively lower than the AE obtained from the formerly sug-
gested techniques, as demonstrated in Tables 18, 19, and 21,
indicating the effectiveness of the recommended hybrid
scheme. Moreover, it is readily apparent from Figure 5 that
the exact solution and the approximate result for x(t),
achieved by utilizing the proposed technique, are in good
alignment with each other, showing optimal approximation.
Likewise, Figure 6 reveals that the analytical and approxi-
mate results for u(t) are in close proximity to each other,
eventually testifying to the importance of FDO-BP and GA-
BP.

D. PROBLEM 04
The following OCP is concerned with [5]:

J =
1
2

∫ 1

0
x2 (t)+ u2 (t) dt (31)
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FIGURE 9. Average absolute error represented graphically for x(t) and
u(t) of Problem 01.

FIGURE 10. Average absolute error represented graphically for x(t) and
u(t) of Problem 02.

subject to:

u (t) = ẋ (t)+ x(t) (32)

with boundary condition:

x (0) = 1 (33)

The analytical solution is:

x (t) = cosh
(√

2 t
)
+ δ sinh

(√
2 t
)
, u (t)

=

(
1+
√
2δ
)
cosh

(√
2 t
)
+ (
√
2+ δ)sinh(

√
2 t)

(34)

FIGURE 11. Average absolute error represented graphically for x(t) and
u(t) of Problem 03.

FIGURE 12. Average absolute error represented graphically for x(t) and
u(t) of Problem 04.

where

δ = −
cosh

(√
2
)
+
√
2sinh

(√
2
)

√
2 cosh

(√
2
)
+ sinh

(√
2
) (35)

Table 22 shows the unknown coefficients generated by suc-
cessfully operating the proposed hybrid technique. Besides,
Tables 23, 24, and 27 compare the exact and approxi-
mate solutions for x(t), u(t), and J , respectively, highlight-
ing the excellence of FDO-BP and GA-BP. Furthermore,
Tables 25, 26, and 28 make evident the evaluated AE values
for x(t), u(t), and J , respectively. In addition, Figures 7 and 8

VOLUME 10, 2022 50309



G. F. Laghari et al.: Numerical Approach for Solving NOCPs Using Hybrid Scheme of FDO and BPs

FIGURE 13. Graphical representation of Absolute Error for performance
index of Problem 01.

FIGURE 14. Graphical representation of Absolute Error for performance
index of Problem 02.

depict the analytical and approximate values for x(t) and u(t),
accordingly.

As mentioned in Tables 25, 26, and 28, the AE is reduced
sufficiently, which discloses the significance of the proposed
technique. Additionally, the attained approximate results and
the actual analytical solution, plotted in Figures 7 and 8 for
x(t) and u(t), respectively, reveal that the FDO-BP and
GA-BP hybrid techniques render an optimum outcome.

VI. STATISTICAL ANALYSIS FOR PROPOSED TECHNIQUE
This section describes the statistical analysis implemented
on all the OCPs mentioned above, i.e., Problems 01–04,

FIGURE 15. Graphical representation of Absolute Error for performance
index of Problem 03.

FIGURE 16. Graphical representation of Absolute Error for performance
index of Problem 04.

to ascertain that the proposed technique is reliable, stable,
and efficient. For this purpose, at least 12 independent runs
are executed for the presented hybrid scheme, i.e., GA-BP
and FDO-BP, keeping all the parameter settings unchanged,
as defined earlier. The graphical representation of the average
absolute error for x(t) and u(t) of all the concerned OCPs is
provided in Figures 9–12.

It could be observed from Figures 9–12 that the average
absolute error values for x(t) and u(t) are minimized ade-
quately by FDO-BP and GA-BP for 12 independent runs,
which verifies the stability, reliability, and efficiency of the
presented hybrid-based approach.

50310 VOLUME 10, 2022



G. F. Laghari et al.: Numerical Approach for Solving NOCPs Using Hybrid Scheme of FDO and BPs

TABLE 29. Statistical analysis for Optimal Control Problems.

The graphical representation of the AEs for J of all the
concerned OCPs is provided in Figures 13–16 for at least
12 independent runs of FDO-BP and GA-BP.

The numerical results illustrated in Figures 13–16 for
Problems 01–04 suggest that FDO-BP and GA-BP provide
optimum values of AE for J , which ultimately authenticates
the stability and efficacy of the presented scheme.

The parameters investigated for the sake of statistical anal-
ysis of all the concerned NOCPs are as follows: the minimum
(MIN), the maximum (MAX), the MEAN, and the Standard
Deviation (SD). Further, the MIN and MAX parameters help
detect the best and worst values, respectively. Similarly, the
MEAN and SD values assist in determining the central ten-
dency and measuring the degree of variation in the solution
obtained by the proposed hybrid technique, verifying its reli-
ability and robustness. The results of the statistical analysis
are demonstrated in Table 29.

It could be observed from Table 29, for Problems 01–04,
the MEAN value of x(t), u(t), and J are approximately 10−06

to 10−09, 10−06 to 10−08, and 10−07 to 10−09, respectively.
Likewise, for Problems 01–04, the SD value of x(t), u(t), and
J ranges from 10−06 to 10−09, 10−06 to 10−08, and 10−07

to 10−09, respectively. Consequently, it could be perceived
from Table 29 that theMEAN and SD values are close to each
other, which indicates a low deviation from the solution and
ultimately proves the supremacy of the presented technique
in terms of stability and efficiency [54]–[56].

VII. CONCLUSION
This research work presents the variant of the nature-
inspired optimization technique that utilizes the strengths
of GA-BP and FDO-BP as an alternative to deal with the
NOCPs optimally. The suggested approach determines the

quality of the solutions by considering various NOCPs.
Experimental solutions achieved led to determining that the
proposed hybrid scheme is more trustworthy in figuring out
superior quality solutions with rational computational itera-
tion than the other numerical techniques reported in the litera-
ture. The recommended technique tends to optimize the OCP
systems by minimizing the AEs generated by x(t), u(t), and J
to a competitive level than the other numerical methods, e.g.,
AE for J of Problems 01–04 is 5.50E-11, 2.00E-15, 3.61E-14,
and 9.00E-14, respectively. The statistical analysis supported
our findings that the suggested scheme is appropriate in
optimizing nonlinear systems by improving the convergence
rates and the number of objective function evaluations being
key parameters in systems optimization.

In the future, we intend to employ the proposed method for
solving other such OCPs, including Continuous Stirred Tank
Chemical Reactor (CSTCR), Free Floating Robot (FFR),
and Van Der Pol (VDP) oscillator. A hybrid scheme of
FDO and GA with local techniques, such as Interior Point
Algorithm (IPA) and Active Set Algorithm (ASA), shall
be attempted. Additionally, different basis functions, e.g.,
Boubaker Polynomials, could be used with FDO and other
optimization algorithms for solving real-world OCPs.
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