IEEE Access

Multidisciplinary : Rapid Review : Open Access Journal

Received April 13, 2022, accepted April 26, 2022, date of publication May 2, 2022, date of current version May 9, 2022.

Digital Object Identifier 10.1109/ACCESS.2022.3171814

Finite-Time Bound Synchronization of the
New Chaotic System With Energy

Consumption Estimation

YIFENG WEI“!, CHENGRONG XIE%3, DONGBING TONG“4, AND YUHUA XU "5

!'School of Economy and Management, Hanjiang Normal University, Hubei 442000, China
2School of Statistics and Mathematics, Nanjing Audit University, Jiangsu 211815, China

3Jiangsu Key Laboratory of Financial Engineering, Nanjing Audit University, Jiangsu 211815, China
#School of Electronic and Electrical Engineering, Shanghai University of Engineering Science, Shanghai 201620, China

5School of Finance, Nanjing Audit University, Jiangsu 211815, China
Corresponding author: Chengrong Xie (xcr0603 @ 163.com)

This work was supported in part by the Major Natural Science Foundation of Jiangsu Higher Education Institutions under
Grant 20KJA 120002, in part by the Jiangsu Laboratory of Financial Engineering under Grant NSK2021-09, and in part by the National

Natural Science Foundation of China under Grant 62176127.

ABSTRACT As chaotic systems are widely used in many fields, the study of them is becoming more
and more in-depth. This paper first presents a new single-equilibrium chaotic system which is only three
terms, and some fundamental dynamical feature of the new chaotic system are discussed, such as equilibria,
dissipativity, Poincaré diagram, bifurcation graph, etc. Secondly, a new finite-time controllers is designed
by using Lyapunov stability theory, and it can be used for bound synchronization of the general chaotic
systems. In contrast to the current finite time controller of the chaotic system, the designed controller in
this paper does not contain exponential term, it can be simple and eliminate the chattering phenomenon
during synchronizationis, which may be easier to implement in practical application. In addition, under the
finite time controller, the bound of control energy consumption of the chaotic system is estimated. Finally,
the finite-time controllers for the new chaotic system are advanced using the design method of finite-time
controller of the general chaotic system, and the result of numerical simulation is given to check its validity

by the designed method.

INDEX TERMS Chaos, bifurcation, synchronization.

I. INTRODUCTION

Since the first chaotic attractor has been discovered by
Lorenz, Lorenz system [1] has been extensively and deeply
studied as a typical chaotic model. The 1970s and 1980s
were the period of the development of chaotic theory. During
this period, Rossler constructed a simple three-dimensional
chaotic system [2]. Buskirk and Jeffries presented a chaotic
oscillator by using the exponential function [3]. In 1999, Chen
successfully proposed a Chen system similar to the Lorenz
system but not topologically equivalent by using chaotic anti-
control method [4]. In 2002, Lii ef al. discovered Lii system
and unified chaotic system by utilizing chaotic anti-control
method [5]. Later, chaos in engineering was gradually shifted
from being a scientific exploration to a potential engineer-
ing application [6]-[9]. Therefore, purposeful generation of
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chaos is not only the need for chaos theory research, but also
the key problem of chaos application [6].

In recent decades, many new continuous chaotic systems
have been discovered in three-dimensional differential sys-
tems by using various chaotic construction methods, such as
chaotic systems with six terms [10], chaotic systems without
linear terms [11], chaotic systems with only no-equilibrium
point [12], chaotic systems with signum nonlinearity [13],
chaotic systems with absolute nonlinearity [14], chaotic sys-
tems with exponential nonlinearity [15], chaotic systems with
hyperbolic tangent nonlinearity [16], chaotic systems with
exponential nonlinear term [15], [17]-[20], etc. Generally,
how many terms are required for a 3D dynamical system
to produce chaotic characteristics? It has always been an
interesting topic.

At present, various control methods of chaos system have
been discussed, like sliding mode control [21], backstepping
control [22], active control [23], passive control [24], adaptive
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control [25], fuzzy control [26], etc. However, finite-time
control of complex systems have attracted much attention due
to their good robustness and anti-disturbance performance in
recent decades [27]-[29]. Stability of finite time refers to the
system condition always does not exceed a given threshold in
a given initial condition and a known finite time. Generally,
the shorter the synchronization time between two chaotic sys-
tems, the less the control cost. In order to shorten the control
time of chaotic systems, people pay more and more atten-
tion to finite-time control technology, so various finite-time
control methods are proposed [27], [32]-[35]. In the existing
finite-time control methods, the general controller contains a
symbolic function, which is a discontinuous functional con-
troller [31], [32]. In order to eliminate this phenomenon, con-
tinuous finite-time controller has been proposed successively
[32], [33], [35], [37], [38]. However, in the design of finite
time controllers for complex systems, they have a common
feature, that is, the designed controller contains exponential
form. In other words, the controller generally adopted non-
linear feedback controller. Then, whether the linear feedback
controller can also realize the finite-time control of complex
systems is also a very meaningful problem.

So far, there are few chaotic systems with one equilibrium
and three terms discussed in three-dimensional ordinary dif-
ferential equations. One of the contributions of this paper is
to propose a new three terms coupled chaotic system in ordi-
nary differential equations. It has just one equilibrium point,
and some basic dynamic characteristics of the system are
discussed. In addition, since most of the existing finite-time
controllers contain exponential terms, the second contribu-
tion of this paper is to design a novel finite-time controller
with only linear terms to study its bounded synchronization.
Finally, control energy consumption of chaotic system is also
estimated.

The structure and main content of the article is divided into
five sections: in the second section, a new chaotic system
is given, and a few fundamental dynamical feature are dis-
cussed. In the third section, the finite-time synchronization
condition of chaotic system. In the fourth section, an illustra-
tive example is provided. See the fifth section for conclusions.

II. A SINGLE EQUILIBRIUM NEW CHAOTIC SYSTEM
The following dynamical system is discussed

X = In(a + hexp (y — x)),
y=—1In(b+ exp (x2)), ey
z=In(c+ exp (xy — d)),

which x, y and z indicate the state variables of the system,
and when the parameter a = 0.1, b6 = 0.1, ¢ =0.1,d = 0.9,
h =9, the system (1) is chaotic (See Figs.1-4).

Remark 1: At present, in the three-dimensional dynamic
system, most chaotic systems contain four terms or more
terms [1], [2], [4]-[7], [10], but few have only three expres-
sions. We have constructed a chaotic system with only three
terms in this paper. Of course, whether we can construct a
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FIGURE 3. The system (1) in x-z plane.

simpler chaotic system with only three terms will be our
future research topic.

Obviously, when a = b = ¢ = 0, the system (1)
conversion to the system (2), and the system (2) is not chaotic
for the starting values (1, 3, 3) (See Fig.5).

XxX=y—x+Inh,
y = —xz, (2
z=xy—d.

Next, the basic characteristics of the system (1) are
analyzed.
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FIGURE 4. The system (1) in y-z plane.
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FIGURE 5. The system (2) in x-z plane.

A. EQUILIBRIA

Let
In (a + hexp (y — x)) =0,
—In(+exp(xz)) =0, 3)
In(c +exp(xy —d)) =0.

Whena, b, ¢ < 1, the system (1) has an unique equilibrium
point

— <M,1+ln(1_a)/h,
T+In(l—a)/h
In(1 —b) (1 +1In(1 —a) /h)
d+1In(l—c) >
Ifa =01,b =01,¢c =0.1,d = 09, h = 9, then
E = (—-0.6100, —1.3026, 0.1727).

For E = (—0.6100, —1.3026, 0.1727), Jacobian matrix is
obtained by linearization system (1)

hexp (y — x) hexp (y — x)

_a+hexp (y—x) a-+hexp (y—x) 0
-] - zexp (xz) __Xexp (x2)
b + exp (xz) b + exp (xz)
yexp (xy —d)  xexp (xy —d) 0
c+exp (xy—d) c+exp(xy—d)
If (M — J|g =0, then

A = —1.2245,
Ay = 0.1231 4 0.86014,
A3 = 0.1231 — 0.8601i. 4

Therefore, E is unstable.
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FIGURE 6. Frequency spectrum diagram.

B. DISSIPATIVITY
For the system (1),

vy W 0n hepGo)
ox Jdy 0z a+ hexp (y — x)
9exp(y—x)

as < 0, so the system (1) is a dissipative

T 0.1+9%xp(y—x)
system, and an exponential contraction of the system (1) is

exp (_ 9exp(y—=x)

C. CHAOTIC BEHAVIOR OF THE SYSTEM (1)
If the initial value is (1, 3, 3), the Lyapunov exponent of the
system (1) is L1 = 0.1635, L, = 0.2245, L3 = —0.1656,
since the system (1) has two positive Lyapunov exponents.
It has chaotic characteristics.

In addition,

L L
D, = ZL o4 Lit+ Ly
| ]+1| |L3|
0.3880
=2+ ——— =4.3430,
+ |—0.1656|

so the Lyapunov dimension of the system (1) is fractional.

The continuous broadband characteristics of the spectrum
of system (1) is shown in Fig.6. For z = 0, x = —0.15
and y = —2.5, the Poincaré diagram of the system (1) are
shown in Figs.7 (a)-(c), respectively, and several attractor
graphs are shown. When the parameters of the system change
in an interval, the bifurcation graph can better induce the
complex evolution behavior of the system (1). Fig.8 shows
the Lyapunov exponents of the system (1) for 0.5 <d < 1.5.
Fig.9 shows the bifurcation evolution of the system (1) for
05=<d<15.

Ill. FINITE-TIME SYNCHRONIZATION OF THE NEW
CHAOTIC SYSTEM
Considering the following chaotic system

uw=f(ur1), (&)

where u = (uy, - -, un)T is the state variable of the system,
f (@) : R" — R" means continuous function.

48155



l EEEACC@SS Y. Wei et al.: Finite-Time Bound Synchronization of New Chaotic System With Energy Consumption Estimation

where v = (v1,---,v,)! is the state variable of the system,
; o r (u, v, t) means the controller.
‘ 4 ! __." As can be seen from equations (5) and (6), the error system
. 1 / / may be described as follows
; " 3 z /
S \ \ / # e=f W, t)—f(ut)+r@uvi). 7
‘ rd - ’ \ L ‘ . .
3 \ f Assumptions 1 (Al): Assuming f satisfies
. / 2 t / lf(V,t) _f(u’t)| = pe, IOGR’
YT 0 1 2z a1 w5 w2 om 1w where ¢ = (e, e, ,en)] = (vi —ui,v2 —uo, -+,
- ! v — un)t.

Theorem 1: Under Al, the systems (5) and (6) come true
finite-time bound synchronization by the controller designed
as follows

r(t) = —kje. ®)

Then the settling time is

1 2(ki—2—n)
Py ()

g 05 0 0s 1 15

x ' and the estimation of energy consumption
©
kok?
FIGURE 7. Poincaré diagram for (a) z = 0, (b) x = —0.15, (c) y = —2.5. E < TT,

where k| > n+ A, A > 0,k > 0.
Proof: Let

V(1) = %eT (e,
then

v=e e =e O F V@) —f @) +r®)
< nel ()e(t) — kel (t)e(r)

Yoo e o e 1 oar w2 s =2k —A—n)v() —k =200 (1) + ko,

FIGURE 8. Lyapunov exponents diagram of system (1) for 0.5 <d < 1.5. sov() < =2k —r— Mv(t) —k ifv() > 12% From
the results in [37], the decrease of in finite-time drives the
trajectories of v (¢) the closed-loop system into v (f) < ]2%,

that is, |e (1)| < ]%, so the settling time T can be estimated

.‘\-.___._ : r"E’ as
T 0
| | T:/ dts_/ dv (1)
0 vy 2kt = A —mv (@) + k2

i ) f v(0) dv
| _/0 20k = A=) +k

1 20k —A—mn)
s (o)

In [37] and [38], the authors discuss the energy consump-
0. | 15 tion of complex systems, the energy consumption is defined

The bifurcation diagram
T

t
. 2
FIGURE 9. Bifurcation diagram of system (1) for 0.5 <d < 1.5. E = tlgl%/() lr ()11~ ds,

so the estimation of energy consumption is

The controlled chaotic system is t

. E = 1im/ I —kiell® ds
V=f(v,t)+r(u,v,t), (6) t—=T Jo
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t
lim (k% / ||e||2ds>
t—>T 0
! k
lim (kf / —zds)
t—=T Jo 0

kok?

_ Roky
= =T, )

The proof is completed.

Remark 2: In the existing finite time control research for
complex systems, the controller generally adopts nonlinear
feedback controller. For example, in [27], [32]-[35], the
controller contains exponential term, le()|?, this kind of con-
troller is discontinuous controller, while another kind of con-
troller contains exponential term and symbolic function, such
as sign(e(t)) |e(t)|9 in [30] and [31], this kind of controller is
continuous controller. Theorem 1 only uses linear feedback
controller to realize finite time control of chaotic system.
This kind of controller contains neither exponential term nor
symbolic function. Obviously, the controller in Theorem 1 is
simpler than the existing controller in [27], [30]-[35].

Remark 3: In [21], the finite-time synchronization of
chaotic systems was realized based on the integral dynamic
sliding mode control method, which has better response
speed. Similar to [21], the controller (8) can also eliminate
the chattering phenomenon during synchronization.

Theorem 2: Under Al, the systems (5) and (6) come true
finite-time bound synchronization by the controller designed
as follows

IA

k
r(t) = —kje+ ——e, (10)
lell” +«
then the settling time is
2 (ky —
T<——In <1 — Mv(O)),
2(ky —m) k3
and the estimation of energy consumption
2 2
“ ki1 —n o
where k1 > 1, k3 > 0, > 0.
Proof: Let
1 r
v() = e ()e(r),
2
then
v=c e = OF©O)—f @) +r®)
k3
<ne’ e®) —kie" e + el & e (e
= 2k =mv () +ks (1D

sov(t) < 0whenv(t) > % From the results in [36],
it can be concluded that the time derivative of v (¢) is negative
outside a compact residual set ®, ® = {v () < z(kllﬂ )

From Inequality (11)

k
—2(ky—n)t 3 —2(ky—n)t
1) < 0 — (1 - ,
v(t) <e V()+2(k1—77)< e )
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when t — T, let v(r) — O, that is, e~ 2k1=0%, Q) 4
#3_,7) (1 — e72k1=m1) < 0. So, in compact residual set O,
the settling time 7" can be estimated as

T < ;ln<l _MV(O)>’
2(ky —m) k3

the error bound is

le ()] < ,
ki —n

and the estimation of energy consumption is

t k 2
E lim/ 2—36
1=T* Jo llell” + o
k3

t t 2
lim /||—k1e||2ds+/ ——=—e| ds
=T \Jo o llel” +ea

t t 2
lim k%[ lell? ds + lim k2/ Lﬂ‘zds
t—T 0 t—T H”e”2+aH
t t 1
lim kf/ llell ds + lim k32/ ———ds
=T ' Jo =T > Jo H||e|| +a||
t k t 1
: 2
lim k; / ds + 11m k3/ —ds
t—>T 0o ki—n 0 o
_ kKT KT

- 12
k1—77+ " (12)

—kje —

IA

IA

IA

The proof is completed.

Remark 4: From the energy consumptions (9) and (12), the
control energy consumption required by the system will be
different due to different controllers of the systems.

IV. NUMERICAL SIMULATIONS
Let the master and slave systems are as follows

i) = In(a + hexp (uz — uy)),
iy = —In (b + exp (u1u3)),

= 1In(c +exp (uup — d)),
v =In(a + hexp (v2 — v1)) — kiey,
2 = —In(b+exp (viv3)) — kjea,
v3 = In (c +exp (viv2 — d)) — kjes.

For

fw—=f@w
In [(a + hexp (v2 — v1)) / (a + hexp (up — ul))]

= | In[(®+exp (v1v3)) / (b + exp (u1u3))]
In [(c +exp (viva — d)) / (c +exp (ujup — d))]

If
exp (va —vy) > exp (up —up) > 0,
then
a+exp(vy—vy) exp(v2 —vy)
1< < =exp(ex —ey),

a+exp(uy —uy)  exp(uz —up)
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if
exp (v2 —vi) < exp (up —uy),

then

a+exp(va —vy)
a+exp (u2 — uy)

exp (v2 — v1)
exp (ux — uy)

Therefore,

, |:a+exp(vz — )

a+exp (up — ul)j| <In [max{l, exp (e2 — 61)}] .

Similarly,

N [b—i—exp (uyu3)
b+exp (viv3)

n |:c+exp (viva—d)
c+exp (ujup — d)

:| <In [max {1, exp (ujuz — V1V3)}] ,

:| <In [max {1, exp (vlvz—uluz)}].

So,

IF ) =f @l
In[(a+ hexp (v — v1)) / (a + hexp (uz — uy))]

= || In[(®+ exp (uiu3)) / (b + exp (viv3))]
In[(c+exp (viv2 —d)) / (c + exp (ujuz — d))]
-1 1 0 el

< vz 0 —u e | .
u " 0 e3

If the starting values of the master-slave systems are
assumed tobe (2, 1, 3) and (3, 2, 1), respectively, and k; = 10.
By estimating the simulation, we have ||u]|, ||v|| < 5, so,

-1 1 0
—V3 0 —Uuj < 8.6701.
up V1 0

s
&0 :—/\/—\___\f_/—s
-5
o 5 10 15 20 25 30
tis
5
- :__/\_'\/¥ i
-5
o 5 10 15 20 25 30
tis
10
FHE ] ,\/\/M
10
o 5 10 15 20 25 30

tis

FIGURE 10. Error evolution.

When the system has no controller, two chaotic systems
cannot achieve synchronization, as shown in Fig 10. When
there is a controller, two chaotic systems realize synchronous
evolution, as shown in Fig 11.
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FIGURE 11. Synchronization of the drive and the response system.

V. CONCLUSION

Firstly, the chaotic dynamic system with three terms and one
equilibrium was proposed, and its basic dynamic behavior
was also studied. Secondly, the finite-time bounded synchro-
nization for the new chaotic system was discussed, and finite-
time controller designed did not contain exponential term.
Moreover, control energy consumption of the chaotic system
is also estimated. Finally, numerical simulation verifies the
effectiveness of the designed finite-time controller.
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