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ABSTRACT The objective of this paper is to retain the desirable dynamics performances and improve ride
quality for active suspensions with the actuator faults and unknown road disturbances. To that end, a novel
proportional-integral observer (PIO)-based fault-tolerant tracking controller (FTTC) design is proposed for
automobile active suspensions (ASSs) encountered with actuator faults and parameter uncertainties. First,
the Takagi-Sugeno (T-S) fuzzy model approach is adopted to establish T-S representation of the faulty ASSs
by describing vehicle dynamics system as the weighed summation of a common linear system. Afterwards,
a nominal robustH∞ output feedback controller is developed to enhance the suspension performances under
fault-free mode, whose output response indicators are taken as the prescribed reference trajectories. Then,
a PIO-based fault estimator is designed to predict both the system states and the unmeasurable actuator
faults, synchronously. On basis of this designed observer, the expected PIO-FTTC is synthesized to track the
prescribed reference trajectories, and further to make up for the system performance deteriorations aroused
by the actuator faults. Finally, a simulative investigation demonstrates the effectiveness and feasibility of the
proposed PIO-FTTC compared to existing control approach.

INDEX TERMS Automobile active suspensions, T-S fuzzy model approach, fault-tolerant tracking con-
troller, proportional-integral observer.

I. INTRODUCTION
It is well acknowledged that automobile active suspen-
sions (ASSs) have great potentialities to attain a well trade-off
between the hardware cost and control performance in design
process of the chassis system [1]. At present, a number of
control schemes dedicated to vehicle ASS have been devel-
oped, such as sliding-mode control [2], adaptive backstepping
control [3], [4], robust control [5] and fuzzy logic control
[6], [7], along with neural-network control [8]. Nevertheless,
the early scholars have conducted their studies and presented
some control strategies for ASSs supposed that all the com-
ponents and actuators work under normal (fault-free) opera-
tions, which is obviously inconsistent with the actual working
situation of active suspension system. Because in reality,
suspension system components will inevitably fail, which
will bring challenges to the control of active suspension
system.

In fact, faults or failures may be commonly encoun-
tered in actuators, sensors or system itself no matter in
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aerospace devices and spacecraft [9]–[11], or in vehicle active
suspensions [12]–[18], this could cause severe performance
degradation and instability for the controlled systems, thus
it is necessary to solve this problem by design an appro-
priate fault-tolerant controller (FTC). For instances, in the
work of [9], an indirect robust adaptive FTC was proposed
to realize the efficient attitude tracking control of a space-
craft. In [10], a type of adaptive fault-tolerant tracking con-
troller (FTTC) was presented to expect to reduce the fault
effects on the aircraft control plant in terms of online estima-
tion information of actuator fault, yet a suitable fault detection
and isolation principle was lacked. In [11], a uniform adaptive
FTTC scheme was proposed trough real-time online estima-
tion of the underlying actuator faults, wherein a control unit
was adopted to eliminate and/or weaken the negative effect
of actuator faults.

When developing the control algorithm for the fault active
suspension system, it is necessary to ensure that the con-
trol algorithm can compensate the fault, so as to reduce
the influence of actuator fault on the performance of the
suspension system. Compared with the active suspension
system without actuator faults, the performance of the active

VOLUME 10, 2022 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/ 47203

https://orcid.org/0000-0001-7550-8376
https://orcid.org/0000-0002-3202-1127


J. Luo et al.: PI Observer-Based FTTC for Automobile Active Suspensions

suspension system under fault-tolerant control algorithm has
little change. In the work of [12], the FTTC design was
proposed to enhance ride comfort and handling stability of
vehicle described by a Takagi-Sugeno (T-S) fuzzymodel with
immeasurable premise variables in continuous time domain.
In [13], A novel adaptive sliding fault tolerant controller,
which does depend on accurate models, was designed to sta-
bilize the active suspension systems and thus to improve the
ride comfort, without utilizing the bounds of actuator faults
and parameter uncertainties. In [14], a method for estimating
road-shore angles and faults of linear vehicle models based
on unknown input proportional integral (PI) observer was
proposed. The goal is to estimate simultaneously, the states,
the road bank angle and the faults of the system in the pres-
ence of disturbance input. In [15], a fault-tolerant controller
was proposed based on sliding mode observer for a class of
active suspension systems with parameter uncertainties and
sensor faults. In [16], a novel adaptive sliding-based FTCwas
implemented with the purpose of stabilizing the ASSs and
to improve ride quality of vehicle, yet the negative effects
of actuator faults and parameter uncertainties were usually
ignored. In [17], an adaptive FTCmethodwas proposed based
on the uncertain dynamics model of the vehicle, and a com-
pensation controller was derived for nonlinear ASS. More-
over, in the work of [18], a fuzzy proportional-integral (PI)
controller was proposed using genetic algorithm to improve
the ride quality of passengers of ASSs. In [19], a proportional
integral sliding mode control scheme was designed for a
quarter of the vehicle active suspension system, and a robust
PI observer (PIO) for fault detection, isolation and amplitude
estimation of uncertain linear time-invariant systemswas pro-
posed to estimate the control system state and actuator faults
of a certain type of vehicle suspension [20]. These control
techniques inspire us to develop the desired FTTC along this
direction.

On the other hand, one major difficulty of the FTC
controller for the ASS is that there often exist the param-
eter uncertainties resulted from the variations of payloads
or passenger numbers, which are usually ignored and may
impose some negative effects on the controlled active sus-
pensions [21]. To address such problem for the FTC design in
vehicle ASS, T-S fuzzy model (TSFM) approach is employed
to depict the parametric uncertainties of ASSs by using
the fuzzy sets and IF-THEN rules [22], [23]. For example,
in the work of [24], the adaptive SMC was presented for
the ASS using TSFM method, wherein the uncertainties of
vehicle-body mass, the unknown actuator’s nonlinearities,
as well as the suspension deflection performances were tack-
led simultaneously. In [25], the optimization H∞ nonparallel
distribution compensation control issue for nonlinear systems
under Takagi-Sugeno (T-S) fuzzy framework was studied.
In [26], TSFM approach was also utilized to denote the varia-
tions of vehicle-body mass, thus a robust H∞ control scheme
was designed to guarantee the desired performances of uncer-
tain ASS with sensor failures. The authors in [27] have
rendered the nonlinear semi-active suspension model into

the linear subsystems connected by the fuzzy-membership
functions via T-S approach, and then proposed a fuzzy
observer-based control design method. It has to be admitted
that those studies provide us great inspiration for dealing
with the actuator fault constrained ASS. Additionally, in most
of the previous literatures, although many researchers have
investigated the related FTC method for vehicle ASS sub-
jected to actuator and/or sensor faults, parameter uncertain-
ties that generally exist in the practical suspension systems are
usually ignored, and the system states and actuator faults are
directly fed back to the corresponding controller or are esti-
mated separately when developing the corresponding FTC
controller, which may bring about some difficulties in the
controller design.

To that end, this paper is focused on proposing a composite
PIO-based FTTC scheme for the uncertain ASS with the
unknown actuator faults using TSFM approach. Compared
with the previous related studies in [17]–[19], the main con-
tributions of this study can be summarized as follows:

(1) T-S fuzzy method is used to reconstruct the active
suspension system with parameter uncertainty under the
influence of disturbance and fault, which increases the accu-
racy of the fault suspension model.

(2) In this paper, a compound fault-tolerant tracking control
method based on PI observer (PIO-FTTC) is designed by
integrating the characteristics of both PI observer and FTC
fault-tolerant tracking controller with the classical robust
output feedback control (ROFC). A new idea is provided for
optimizing the fault suspension control system and properly
solving the fault tolerant control problem of active suspension
system with parameter uncertainty under the influence of
disturbance and fault.

(3) A key difference between this design and the existing
reliable control designs is that the proposed controller enables
the normal tracking performance of the closed-loop system
optimized by the LMI method without any conservatism, and
makes the state of the failure mode asymptotically tracked
with the state of ASS in the normal mode. This makes sense
because the system runs under normal conditions most of the
time. The proposed method is based on the online estimation
of faults and adds a new control method to the normal control
method. It does not need to design a separate fault diagnosis
and isolationmechanism (FDI) for the failed system to reduce
the impact of faults on the system, which greatly reduces the
complexity of the system.

Finally, an illustrative example is provided to display
the advantages of our designed FTTC scheme under dif-
ferent running conditions. The control method proposed
in this paper is suitable for the mechanical vibration
system affected by actuator faults, so as to achieve the
purpose of fault compensation control, and then stabilize the
system.

The rest of this paper is structured as follows. Section II
presents the system model for ASSs with actuator and road
disturbances using TSFM approach. In Section III, the design
of FTTC scheme is described in detail. Section IV provides
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FIGURE 1. The schematic diagram of half ASS model.

the simulation investigations of the developed FTTC scheme.
Finally, the study results are drawn in Section V.

Notations: The symbol ∗ stands for the transposed element
in the symmetric positions of a matrix, diag {21, . . . ,2r }

stands for a block diagonal matrix which diagonal entries
are defined by 21, · · · , 2r . I denote identity matrix with
appropriate dimension.

II. SYSTEM MODELING AND PROBLEM STATEMENT
A. T-S REPRESENTATION FOR UNCERTAIN
ACTIVE SUSPENSIONS
As shown in Fig. 1, a half ASS model that has been exten-
sively employed in suspension research [4], [28] is used to
describe vehicle motions and dynamics behaviors, in which
a, b represent the distances from the front- and rear- (FR)
axles to the center of gravity (COG) in vehicle center of
mass, respectively; ms and Iy represent the sprung mass and
the pitch moment of inertia at the COG, respectively; zc,
φ represent the vertical and pitch angular displacements at
the COG, respectively; muf , mur denote the unsprung mass
of the FR suspensions, respectively; cf , cr are the damping
coefficients of the FR suspensions, respectively; kf , kr are the
stiffness coefficients of the FR suspensions, respectively; zuf ,
zur stand for the vertical displacements of the FR unsprung
mass, respectively; ktf , ktr stand for the tire stiffness coeffi-
cients of the FR tires, respectively; zrf , zrr stand for the road
disturbances at the FR wheels, respectively; uFf , uFr denote
the control forces generated by the FR actuator, respectively.
The dynamic characteristics of the actuator itself are ignored
in this paper.

In terms of Newton’s second law, the dynamics equations
of ASS model are established as

msz̈c (t) = F1 (t)+ F2 (t)
Iyφ̈ (t) = bF2 (t)− aF1 (t)
muf z̈uf (t) = −Ftf (t)− F1 (t)
mur z̈ur (t) = −Ftr (t)− F2 (t)

(1)

where{
F1 (t) = kf1yf (t)+ cf

(
żsf (t)− żuf (t)

)
+ uFf (t)

F2 (t) = kr1yr (t)+ cr (żsr (t)− żur (t))+ uFr (t)
(2)

FIGURE 2. Membership functions.

{
Ftf (t) = ktf (zuf (t)− zrf (t))
Ftr (t) = ktr (zur (t)− zrr (t))

(3)

wherein 1yf (t) = zsf (t) − zuf (t) is the front suspension
deflection, 1yr (t) = zsr (t) − zur (t) is the deflection at the
rear-wheel. Here, the vertical displacements of the FR sus-
pension are denoted by zsf (t) and zsr (t), respectively, which
satisfy zsf (t) = zc (t) + a tanφ (t) ≈ zc (t) + aφ (t) and
zsr (t) = zc (t) − b tanφ (t) ≈ zc (t) − bφ (t) in terms of
literature [28] when φ (t) is set a small value.

Define the state vector as x (t) = [zc (t) , żc (t) ,
φ (t) , φ̇ (t) , zuf (t) , zur (t) , żuf (t), żur (t)]

T ], the road dis-
turbance vector as w (t) =

[
zrf (t) , zrr (t)]T , and the

control force vector as uf (t) =
[
uFf (t) , uFr (t)]T ,

moreover, the measurable output vector is chosen as
y (t) = [żc (t) , φ̇ (t)

]T , and the control output vec-
tor is defined as z (t) = [z̈c (t) , φ̈ (t) , zsf (t) −
zuf (t) , zsr (t) − zur (t) , ktf (zuf (t) − zrf (t)), ktr (zur (t) −
zrr (t)), uFf (t) , uFr (t)]T . Then, based on (1) to (3), the state-
space form of this ASS is then written as

ẋ(t) = Ax(t)+ Bun(t)+ B1w(t)
y(t) = Cx(t)
z(t) = C1x(t)+ D1un(t)+ E1w(t)

(4)

wherein A, B, B1, C,D, C1,D1 and E1 are the corresponding
coefficient matrices with an appropriate dimension, see them
in APPENDIX A.

Since the passenger numbers and vehicle payloads are
usually changed, the variations and uncertainties of ms, muf
and mur should be considered, which can be expressed
as ms ∈ [ms_min, ms_max], muf ∈ [muf _min, muf _max] and
mur ∈ [mur_min, mur_max], where mj_min and mj_max denote
the lower and upper bounds of mj (j = s, uf , ur ). Thus, the
TSFM for normal ASS with the parametric uncertainties can
be established by defining the following scales [29] as

mis (t) = M1 (ξ1 (t))
(
mismin

)
+M2 (ξ1 (t))

(
mismax

)
miuf (t) = N1 (ξ2 (t))

(
miufmin

)
+ N2 (ξ2 (t))

(
miufmax

)
miur (t) = O1 (ξ3 (t))

(
miurmin

)
+ O2 (ξ3 (t))

(
miurmax

)
 (5)

where ξ1(t) = 1/ms(t), ξ2(t) = 1/muf (t), ξ3(t) = 1/mur (t),
and the mass inverse expression mIq= 1/mq is used to avoid
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a large fractions, then we have mij(t) = 1/mj(t),mij_min= 1/
mj_min,mij_max= 1/mj_max. In a similar way, the member-
ship functions of M1(ξ1(t)), M2(ξ1(t)), N1(ξ2(t)), N2(ξ2(t)),
O1(ξ3(t)) and O2(ξ3(t)) can be expressed by

M1 (ξ1 (t)) =
mis (t)− m

i
smax

mismin
− mismax

,

M2 (ξ1 (t)) =
mismin

− mis (t)

mismin
− mismax

N1 (ξ2 (t)) =
miuf (t)− m

i
ufmax

miufmin
− miufmax

,

N2 (ξ2 (t)) =
miufmin

− miuf (t)

miufmin
− miufmax

O1 (ξ3 (t)) =
miur (t)− m

i
urmax

miurmin
− miurmax

,

O2 (ξ3 (t)) =
miurmin

− miur (t)

miurmin
− miurmax



(6)

It is noted that M1(ξ1(t)) + M2(ξ1(t)) = 1, N1(ξ2(t)) +
N2(ξ2(t)) = 1, O1(ξ3(t))+ O2(ξ3(t)) = 1.
The membership function can be expressed as Fig. 2.
Thus, the TSFM of ASS considering the parameter uncer-

tainties is described in the following:
Model Rule i: IF ξ1(t) is Mr (ξ1(t)), ξ2(t) is Nj(ξ2(t)) and

ξ3(t) is Ol(ξ3(t)),
THEN

ẋ(t) = Aix(t)+ Biun(t)+ B1iw(t)

y(t) = C ix(t)

z(t) = C1ix(t)+ D1iun(t)+ E1iw(t) (7)

wherein r = (1, 2); j = (1, 2); l = (1, 2); i = (1, 2, 3, 4,
5, 6, 7, 8).

For the related coefficient matrices in (7), Ai, Bi, B1i, C i,
Di, C1i, D1i and E1i can be obtained by replacing mj in A, B,
B1,C,D,C1,D1 andE1 withmj_min (ormj_max), respectively.
Thus, the state-space form of (7) can be inferred using T-S

fuzzy approach as follows.

ẋ(t) =
8∑
i=1

hi (ξ (t))

(
Aix (t)+ Biun (t)
+B1iw (t)

)

y (t) =
8∑
i=1

hi (ξ (t)) (C ix (t))

z (t) =
8∑
i=1

hi (ξ (t))

(
C1ix (t)+ D1iun (t)
+E1iw (t)

) (8)

where

h1 (ξ (t)) = M1 (ξ1 (t))× N1(ξ2(t))× O1(ξ3(t)),

h2 (ξ (t)) = M1 (ξ1 (t))× N2(ξ2(t))× O1(ξ3(t)),

h3 (ξ (t)) = M2 (ξ1 (t))× N1(ξ2(t))× O1(ξ3(t)),

h4 (ξ (t)) = M2 (ξ1 (t))× N2(ξ2(t))× O1(ξ3(t)),

FIGURE 3. The error curve of T-S fuzzy system approximating the ASS.

h5 (ξ (t)) = M2 (ξ1 (t))× N2(ξ2(t))× O2(ξ3(t)),

h6 (ξ (t)) = M2 (ξ1 (t))× N1(ξ2(t))× O2(ξ3(t)),

h7 (ξ (t)) = M1 (ξ1 (t))× N2(ξ2(t))× O2(ξ3(t)),

h8 (ξ (t)) = M1 (ξ1 (t))× N1(ξ2(t))× O2(ξ3(t)).

Besides, the fuzzy weighting function hi(ξ (t)) should sat-
isfy hi(ξ (t)) ≥ 0,

∑8
i=1 hi(ξ (t)) = 1. For the sake of simplic-

ity, hi is usually employed to denote hi(ξ (t)).
Remark 1: Herein, ms, muf and mur are considered as a

uncertain variables with satisfying ms ∈ [ms_min,ms_max],
muf ∈ [muf _min,muf _max], mur ∈ [mur_min,mur_max],
respectively. Besides, the fuzzy weighting function hi rely on
ms(t), muf (t) and mur (t).

B. FAULTY DYNAMICS MODEL OF ACTIVE
SUSPENSION SYSTEM
Usually, the actuator faults or failures can be encountered in
vehicle ASS, thus the partial fault on the controller design
should be considered. Moreover, the actuator faults are added
to T-S model of the ASS in order to involve the different types
of actuator faults in the subsequent FTTC controller design.

Accordingly, T-S representation of the faulty ASS consid-
ering its parameter uncertainties is described as

ẋf (t) =
8∑
i=1

hi (ξ (t))

(
Aixf (t)+ Bi(uf (t)
+f (t))+ B1iw (t)

)

yf (t) =
8∑
i=1

hi (ξ (t))

(
C ixf (t)+ Di(uf (t)
+f (t)

)

zf (t) =
8∑
i=1

hi (ξ (t))

(
C1ixf (t)+ D1i(uf (t)
+f (t)+ E1iw (t)

) (9)

where f (t) is the deviation quantity between the desirable
control force and the real output force generated by the
actuator, and it is commonly expressed as an intermittent
or continuous signal. Besides, xf (t), yf (t), and zf (t) denote
the corresponding the system state vector, the sytem output
vector and the control output vector of the control plant. Here,
two types of fault signals are considered in the simulation
investigations and discussions at Section 4, the former one is
an abrupt fault, and the latter one is named as a time-varying
fault.
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FIGURE 4. Fault tolerant tracking controller scheme.

Remark 2: It is a fact that the actuator faults is a critical
and fairly common fault scenario in ASS. and compared
with the other parts in vehicle chassis system, the occurrence
probability of the actuator faults is higher and more serious.
Moreover, it should be noticed that componment catastrophic
failures, unknown external disturbances, system parameter
variations, degradations and partial blockages are usually
believed to cause the actuator deviation fault [30], which
means the actuator will generate insufficient or excessive
control force.

Herein, to reveal the approximation effect of T-S fuzzy
model applied to this half-vehicle ASS, the state error curve
of T-S fuzzy system approximating the ASS is shown in
Fig. 3, wherein xj (j= 1, . . . , 8) represents zc (t) , żc (t), φ (t),
φ̇ (t), zuf (t), zur (t), żuf (t), and żur (t), respectively.

It is obvious from Fig. 3 that, T-S fuzzy model of the ASS
can closely approximate the real model of the ASS, and the
approximation errors of each state of the ASS are controlled
below ± 0.005, meeting the error accuracy requirements.

C. CONTROL PROBLEM STATEMENT
The main control objectives in this work are generalized as
follows:

(1) The proposed FTTC can guarantee the minimization of
|z̈c (t)| and φ̈ (t) for the uncertain ASS in case of the actuator
faults and unknown road disturbances.

(2) The following hard constraints are expected to be sat-
isfied as follows:
� The ratio of tire dynamical loads versus their static loads

at the front and rear wheel (denoted by F fratio and F
r
ratio,

respectively) should be less than one, which is given by
F fratio =

∣∣ktf (zuf − zrf )∣∣
Fff

< 1

F rratio =
|ktr (zur − zrr )|

Ffr
< 1

(10)

where Fff and Ffr are calculated by{
Fff + Ffr = (ms + muf + mur )g
Fff (a+ b) = msgb+ muf g(a+ b)

(11)

FIGURE 5. The ROFC diagram under the fault-free condition.

Note that g = 9.8N/m2, and it is easily calculated by (11)
that Fff = 7224.1N, Ffr = 5859.3N.
� The desirable control forces of the FR wheel’s actua-

tors should be less than their corresponding limits as
u (t)Ff _max and u (t)Fr_max , which are given by{ ∣∣uFf (t)∣∣ ≤ uFf _max

|uFr (t)| ≤ uFr_max
(12)

(3) When facing the actuator fault, it is expected that the
ride quality and handling stability of ASS with the actuator
are almost the same as those of ASS without the actuator
failures.

To facilitate the subsequent controller design, it is
necessary to present the following three assumptions and
lemmas [31], [32].

Assumption 1: The external unknown disturbance w(t)
should satisfy ‖w(t)‖ ≤ d̄ , where d̄ > 0 is an unknown
constant.

Assumption 2: There exists one positive constant
uf _max = 1500N [33] such that for the control force uf (t),∥∥uf (t)∥∥ ≤ uf _max is satisfied.
Assumption 3:Without losing universality, f (t) is consid-

ered to be satisfied with ‖f (t)‖ ≤ fλ, where fλ is an unknown
positive constant.

Based on Assumption 1 to Assumption 3, we can logically
get Remark 3 as follows:

Remark 3: In terms of Assumption 1 and Assumption 2,
it is easily observed that the real control forces and external
disturbance are all bounded. When the ASS works without
actuator faults, it is a reasonable assumption to make in most
actual systems. Additionally, Assumption 3 indicates that
the actuator fault is restrained within a certain range. This
assumption is effective except for the breakpoint of sudden
failure that are not considered in this work, and the same
assumption can be found in [24] and [34].

Lemma 1: Consider the following common linear time-
invariant system:{

ẋ(t) = Ax(t)+ Bw(t)
z(t) = Cx(t)+ Dw(t)

(13)

Given a positive constant β, if there exists a positive defi-
nite matrix Q > 0 satisfyingATQ+ QA QB CT

∗ −βI DT

∗ ∗ −βI

 (14)
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Then, the closed-loop system (13) will approach an asymp-
totical steady state, and ‖z(t)‖2 ≤ β ‖w(t)‖2 holds under the
zero initial condition.

III. FAULT-TOLERANT TRACKING
CONTROLLER SYNTHESIS
In this section, Fig. 4 is used to describe the control idea and
framework of the proposed PIO-based FTTC controller for
the faulty uncertain ASS.

In this paper, considering normal suspension system and
fault suspension system, our goal is to design a com-
pound fault-tolerant tracking controller based on PI observer
(PIO-FTTC), which meets the following requirements:

(1) First, we design a robust output feedback con-
trol (ROFC) for the normal suspension system to ensure the
control performance of the active suspension system during
normal operation. The normal operation control force of
ROFC is expressed as un(t), and the output performance
index controlled by the normal suspension system is used
as an ideal reference trajectory. (2) Meanwhile, when the
suspension system fails, a PI observer is designed to estimate
the state xf (t) of the fault suspension system and the fault
signal f (t), and the amplitude of the fault signal is calculated
according to yf (t). The fault estimation signal is feed back
to the fault tolerant controller (FTC) designed by us, and the
compensation control force uc(t) is output. The superimposed
fault suspension control force uf (t) is input to the fault
suspension system, so as to achieve the fault compensation
control and stabilize the performance of the fault suspension
system.

A. ROBUST H∞ OUTPUT FEEDBACK CONTROLLER
As for the control system with model uncertainties and with-
out actuator faults, the ROFC is an effective control strategy
to maintain good performances for this ASS, in which the
H∞ norm between the interference input and the control
output vector is regarded as the optimization goal to satisfy
the hard constraints. In general, the diagram of the nominal
ROFC is presented in Fig. 5.

In Fig. 5, Sw is the weighted coefficient matrix ofw(t),G is
the transfer function of system (8), K is the determined gain
matrix of the ROFC,W z and Sz are the coefficient matrixes of
the road disturbance input and the control output z(t), respec-
tively. w̄(t) and z̄(t) represent the weighted signals ofw(t) and
z(t), respectively. Additionally, un (t) is the control law of the
ROFC, and the H∞ norm ‖Tzw(t)‖∞ of w(t) versus z(t) is
bounded by β, i.e., ‖Tzw(t)‖∞ = sup

w∈L2

‖z(t)‖2
‖w(t)‖2

< β, where β

is a positive constant.
By further derivations, one can get a state space equation

as follows: {
ẋc (t) = Acxc (t)+ Bcy (t)
un (t) = Ccxc (t)+ Dcy (t)

(15)

where xc (t) is the state vector of the nominal control plant,
andAc,Bc,Cc andDc represent the parameter matrices of the
ROFC, respectively.

Synthesizing Eq. (8) and Eq. (15) generates
ẋcl (t) =

8∑
i=1

hi (Acixcl (t)+ Bciw (t))

z (t) =
8∑
i=1

hi (Ccixcl (t)+ Dciw (t))

(16)

where xcl(t) = [x(t), xc(t)]T is the state vector, and the
corresponding coefficient matrices are derived as:

Aci =
[
Ai + BiDcC i BiCc
BcC i Ac

]
, Bci =

[
B1i
0

]
,

Cci =
[
C1i + D1iDcC i D1iCc

]
, Dci = [E1i] .

Thus far, the control goal is to find out the appropriate
coefficient matrices Aci, Bci, Cci and Dci and thus the desired
controller can be obtained and the asymptotic stability of
system (16) can aslo be ensured. Based on Lemma 1, the
necessary and sufficient condition of this designed ROFC is
that there exists a symmetric positive definite matrix Q such
that ATciQ+ QATci QBci CT

ci
∗ −βI Dci
∗ ∗ −βI

 (17)

In terms of Sw,W z, Sz, we can calculate Ac, Bc, Cc andDc
by using MATLAB internal function ‘hinflmi’, and further
obtain un(t) through (15). Afterwards, substitutingAc,Bc,Cc
and Dc into Aci, Bci, Cci and Dci yields (16).

B. PIO-BASED FAULT-TOLERANT TRACKING
CONTROLLER SYNTHESIS
Based on the above discussions, this section introduces the
design of a PIO-based FTTC such that the output per-
formances of the faulty ASS can converge to a specified
trajectory within a finite time. So, the following fault-tolerant
control law uf (t) is considered as

uf (t) = un (t)+ uc (t) (18)

where uc(t) = −f̂ (t) + K1ie1(t) denotes the compensation
control force, e1(t) = x(t) − x̂f (t) and K1i stand for the
undetermined state feedback gain matrix, f̂ (t) and x̂f (t) are
the estimation of the fault signal and state variables via PIO,
respectively.

To derive the desirable FTC law, the general form of PIO
is designed as

˙̂xf (t) =
8∑
i=1

hi

(
Aix̂f (t)+ Bi

(
uf (t)+ f̂ (t)

)
+H1i

(
yf (t)− ŷf (t)

) )

ŷf (t) =
8∑
i=1

hi
(
C ix̂f (t)+ Di

(
uf (t)+ f̂ (t)

))
˙̂f (t) =

8∑
i=1

hi
(
H2i

(
yf (t)− ŷf (t)

))
(19)

where H1i and H2i are the determined gain matrices of the
PIO used for estimating f (t) and xf (t), respectively. By using
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this proposed FTTC strategy, it can be pointed out that the
fault detection and isolation are based on accurate estimation
of PIO for the actuator fault in (19). Moreover, the designed
PIO can estimate z̈cφ̈ (t) ,1yf ,1yr ,Fff , Ffr , uFf and uFr ,
respectively. It is noted that the inputs of this PIO are uf (t)
and yf (t), and the outputs of this PIO are x̂f (t) and f̂ (t).

1) FTTC DESIGN FOR THE ABRUPT FAULT
Firstly, we think that the actuator failure affecting the vehicle
suspension system is based on the abrupt fault with f (t) = c
[35], where c ∈ R, then the output error between (9) and (19)
is written by.

yf (t)− ŷf (t) =
8∑
i=1

hi
(
C̃ iea (t)

)
(20)

where yf (t) and ŷf (t)are defined in (9) and (19), respec-
tolively, C̃ i =

[
C i Di

]
, ea(t) = xa(t) − x̂a(t) =[

xf (t)− x̂f (t)
f (t)− f̂ (t)

]
, and xa(t) =

[
xf (t)
f (t)

]
, x̂a(t) =

[
x̂f (t)
f̂ (t)

]
.

Define L̃ =
[
BiK1i Bi

]
, the dynamic tracking error

e2(t) = x(t)− xf (t) is then given by

ė2 (t)

=

8∑
i=1

hi

(
Aix (t)+ Biun (t)+ B1iw (t)
−
(
Aixf (t)+ Bi

(
uf (t)+ f (t)

)
+ B1iw (t)

) )

=

8∑
i=1

hi

(
Aie2 (t)+ Bi

(
uf (t)+ f̂ (t)

)
−BiK1i

(
x (t)− x̂f (t)

)
− Biuf (t)− Bif (t)

)

=

8∑
i=1

hi

(
Aie2 (t)− Bi

(
f (t)− f̂ (t)

)
−BiK1i

(
xf (t)− x̂f (t)

) )

=

8∑
i=1

hi
(
Aie2 (t)− L̃ea (t)

)
(21)

The derivative of the state errors ėa(t) is written as

ėa (t) =
8∑
i=1

hi
((
Āi − H̄ iC̃ i

)
ea (t)+ B̄1iw (t)

)
(22)

where

Āi =
[
Ai Bi
0 0

]
, H̄ i =

[
H1i
H2i

]
,

C̃ i =
[
C i Di

]
, B̄1i =

[
B1i
0

]
.

Synthesizing (21) and (22) generates the augmentation
system of dynamic tracking errors system as

˙̃e (t) =
8∑
i=1

hi
(
Ãiẽ (t)+ B̃1iw (t)

)
(23)

where

ẽ(t) =

 e2(t)
xf (t)− x̂f (t)
f (t)− f̂ (t)

 ,

Ãi =

Ai − BiK1i − Bi
0 Ai −H1iC i Bi −H1iDi
0 −H2iC i −H2iDi

 , B̃1i =

 0
B1i
0


Based on (23), the design of FTTC can be converted into

solving the gain matrices H1i, H2i of PIO and the state
feedback gain matrices K1i of the FTTC, which meet the
following performance requirements:

(1) The system (24) is asymptotically stable;
(2) Under zero initial conditions, ∀w(t) ∈ L2[0,+∞),

supposed that the transfer function from w(t) to ẽ(t) is Tẽw(t),
solvingH1i,H2i and K1i can make the system (23) satisfying
H∞ performance index ‖Tẽw(t)‖∞ < γ , i.e.

‖Tẽw (t)‖∞ = sup
w∈L2

‖ẽ (t)‖2
‖w (t)‖2

< γ (24)

Based on the aforementioned derivations, the proposed
FTTC design can be generalized as Theorem 1.

Theorem 1. The system (23) is asymptotically stable,
and the H∞ performance index ‖Tẽw(t)‖∞ <γ defined in
(25) can be guaranteed under zero initial condition, if there
exist symmetrical matrices H1i, H2i, K1i, P1, γ > 0, and the
positive symmetrical matrices X1> 0, P2> 0, along with
P3= I .Therefore, the following convex optimization prob-
lem hold:

min
X1,P2,K1i,H1i,H2i

γ

s.t.


ξ i PB̃1i 0 −Qi −W
∗ −γ I 0 0 0
∗ ∗ −γ I 0 0
∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −I

 < 0

(25)

where ξ i = Ã
T
i P+PÃi−QiW

T
−WQTi ,Qi =

[
BiK1i 0 0

]T ,
W =

[
X1 0 0

]T , 0 = [X1 I I
]T , P = diag

{
P1,P2,P3

}
,

P = PT > 0.
Proof: Define the Lyapunov function as

V (t) = ẽT (t)Pẽ (t) (26)

Taking the derivation ofV (t) along t and incorporating (23)
give

V̇ (t) =
8∑
i=1

hi(ẽT (t)
(
Ã
T
i P + PÃi

)
ẽ (t)

+wT (t) B̃
T
1iPẽ (t)+ ẽ

T (t)PB̃1iw (t) (27)

Considering w(t) as the disturbance input, and according
to [13], the H∞ performance index of this control plant,
Tẽw(t) is defined as

‖Tẽw (t)‖∞ = sup
w∈L2

‖ẽ (t)‖2
‖w (t)‖2

< γ (28)

Note that (28) can be equivalently transformed into∫ t

0
(
1
γ
ẽT (t)ẽ(t)− γw(t)Tw(t))dt < 0 (29)
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To guarantee that system (23) is asymptotically stable, i.e.,
V̇ (t) < 0, synthesizing (27) and (29) yields

∫ t

0


[
ẽ (t)
w (t)

]T
×

[
Ã
T
i P + PÃi +

1
γ
I PB̃1i

∗ −γ I

]
×

[
ẽ (t)
w (t)

]
 dt < 0

(30)

If [
Ã
T
i P + PÃi +

1
γ
I PB̃1i

∗ −γ I

]
< 0 (31)

Then, system (23) is asymptotically stable satisfying
‖Tẽw(t)‖∞ =< γ .

Applying Schur complement lemma to (31), we haveÃTi P + PÃi PB̃1i I
∗ −γ I 0
∗ ∗ −γ I

 (32)

By expanding the corresponding coefficient matrices of
(32), we get

J i − P1BiK1i − P1Bi 0 I 0 0
∗ �i 1i P2B1i 0 I 0
∗ ∗ χ i 0 0 0 I
∗ ∗ ∗ − γ I 0 0 0
∗ ∗ ∗ ∗ − γ I 0 0
∗ ∗ ∗ ∗ ∗ − γ I 0
∗ ∗ ∗ ∗ ∗ ∗ − γ I


(33)

where

J i = P1Ai + ATi P1 − P1BiK1i − KT
1iB

T
i P1,

�i = P2Ai + ATi P2 − H̄1iC i − CT
i H̄

T
1i,

1i = P2Bi − H̄1iRi − CT
i H

T
2i,

χ i = −H̄2iRi − RTi H̄
T
2i,

H̄1i = P2H1i and H̄2i = P3H2i.

Pre- and post- multiplying (33) by diag {P−11 , I, I, I, I, I,
I} and diag {P−11 , I, I, I, I, I, I}, then (33) is transformed into

ϕi − BiK1i − Bi 0 X1 0 0
∗ �i 1i P2B1i 0 I 0
∗ ∗ χ i 0 0 0 I
∗ ∗ ∗ − γ I 0 0 0
∗ ∗ ∗ ∗ − γ I 0 0
∗ ∗ ∗ ∗ ∗ − γ I 0
∗ ∗ ∗ ∗ ∗ ∗ − γ I


< 0

(34)

Substitute ϕij = AiX1+X1ATi −BiK1iX1−X1KT
1iB

T
i and

X1 = P−11 into (34), we obtain (35), as shown at the bottom
of the next page. After further transformation, we have (36),
as shown at the bottom of the next page.

TABLE 1. The parameters of half ASS model.

By defining ηi =

AiX1 + X1ATi −BiK1i −Bi
∗ �i 1i
∗ ∗ χ i

, B̃1i = 0
B1i
0

 and σ =

X1 0 0
0 I 0
0 0 I

, the above (36) can be

transformed asηi PB̃1i σ

∗ −γ I 0
∗ ∗ −γ I



−



BiK1iX1 + X1KT
1iB

T
i 0 0 0 0 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


< 0

(37)

Note that (37) can be further rewritten asηi PB̃1i σ

∗ −γ I 0
∗ ∗ −γ I

−

Qi0
0

W0
0

T +
W0
0

Qi0
0

T
 < 0

(38)

Using Schur complement lemma again, (38) is then trans-
formed into (25), thus Theorem 1 is proved.

2) FTTC DESIGN FOR THE TIME-VARYING FAULT
For the time-varying fault, it is assumed that f (t) = d + hekt

on basis of Assumption 3 and [36], wherein d, h, k ∈ R, then
it is easy to obtain ẽ(t) as

˙̃e (t) =
8∑
i=1

hi
(
Ãiẽ (t)+ S̃1iw̃ (t)

)
(39)

where S̃1i =

 0 0
B1i 0
0 I

, w̃(t) = [w(t)
ḟ (t)

]
.

To facilitate the following-up FTTC design, Theorem 2 is
presented as follows:
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Theorem 2. The (39) is asymptotically stable and the H∞
performance index ‖Tẽv(t)‖∞ <γ can be guaranteed under
zero initial condition, if there exist symmetrical matrices
H1i, H2i, K1i, γ > 0, and the positive symmetrical matrices
X1> 0, P2> 0, and P3 = I .Therefore, the following convex
optimization problem hold:

min
X1,P2,K1i,H1i,H2i

γ

s.t.


ξ i PS̃1i 0 −Qi −W
∗ −γ I 0 0 0
∗ ∗ −γ I 0 0
∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −I

 < 0

(40)

Proof: Define the Lyapunov function as

V (t) = ẽT (t)Pẽ (t) (41)

By taking the derivation along time variable t, we can
obtain

V̇ (t) =
∑8

i=1
hi(ẽT (t)

(
Ã
T
P + PÃ

)
ẽ (t)

+ w̃T (t) S̃
T
1iPẽ (t)+ ẽ

T (t)PS̃1iw̃(t)) (42)

Considering w̃(t) as the disturbance input and define the
H∞ performance index ‖Tẽw̃(t)‖∞ < γ , that is

‖Tẽw̃ (t)‖∞ =
‖ẽ (t)‖2
‖w̃ (t)‖2

< γ (43)

It is easily to transform (43) into∫ t

0
(
1
γ
ẽT (t)ẽ(t)− γ w̃ (t)T w̃(t))dt < 0 (44)

FIGURE 6. The actuator abrupt fault and its estimation via PIO.

To guarantee that system (39) is asymptotically stable, i.e.,
V̇ (t) < 0, and synthesizing (42) and (44) yields

∫ t

0


[
ẽ (t)
w̃ (t)

]T
×

[
Ã
T
i P + PÃi +

1
γ
I PS̃1i

∗ −γ I

]

×

[
ẽ (t)
w̃ (t)

]
 dt < 0

(45)

By taking the same steps from (31) to (38), Theorem 2 is
completely proved.

IV. SIMULATION INVESTIGATIONS
Herein, the proposed FTTC scheme is applied to a class of
half-vehicle ASS with different types of actuator faults under
random and bump road disturbances. The dynamics model of
this ASS is shown in Fig. 1 and the parameter values of this
model are listed in TABLE 1.

To describe the parametric uncertainties of the ASS,
assume that the ranges of ms, muf and mur are [1115, 1355],
[48.51, 49.49] and [48.51, 49.49], respectively. Then, the
solutions of the above-mentioned LMIs in Theorem 1 and
Theorem 2 can be obtained by using LMI tool in MATLAB
software, and the gain matrices of PIO and FTTC under the
abrupt and time-varying faults can be calculated.



AiX1 + X1ATi − BiK1iX1 − X1KT
1iB

T
i − BiK1i − Bi 0 X1 0 0

∗ �i 1i P2B1i 0 I 0
∗ ∗ χ i 0 0 0 I
∗ ∗ ∗ − γ I 0 0 0
∗ ∗ ∗ ∗ − γ I 0 0
∗ ∗ ∗ ∗ ∗ − γ I 0
∗ ∗ ∗ ∗ ∗ ∗ − γ I


< 0 (35)



AiX1 + X1ATi − BiK1i − Bi 0 X1 0 0
∗ �i 1i P2B1i 0 I 0
∗ ∗ χ i 0 0 0 I
∗ ∗ ∗ − γ I 0 0 0
∗ ∗ ∗ ∗ − γ I 0 0
∗ ∗ ∗ ∗ ∗ − γ I 0
∗ ∗ ∗ ∗ ∗ ∗ − γ I


−



BiK1iX1 + X1KT
1iB

T
i 0 0 0 0 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


< 0

(36)
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FIGURE 7. The response comparisons of the ASS with the abrupt fault under random road disturbance.

Besides, the weighing coefficients of the ROFC is selected
[32] as:

Sw = diag (0.00014, 0.00014) ,

W z = diag (W1,W2, 1, 1, 1, 1) ,

Sz = diag (6, 3, 20, 20, 0.015, 0.015) .

wherein W1 and W2 are the corresponding weight function
extracted form [37], and their calculation expressions are
given by

W1 =
s2 + 314.2s+ 987
s2 + 43.98s+ 987

,

W1 =
s2 + 50.27s+ 25.72
s2 + 7.037s+ 25.72

,

To analyze the control performance of the designed FTTC,
the following three types of vehicle adaptive systems are
compared and simulated, as listed below:

• Robust H∞ output feedback controller under the fault-
free condition, denoted as ROFC-without fault;

• Robust H∞ output feedback controller under the fault
condition, denoted as ROFC-with fault;

• Proposed fault-tolerant tracking controller under the
fault condition, denoted as FTTC-with fault.

A. PERFORMANCE ANALYSIS OF ASS UNDER
ABRUPT FAULT
To verify the availability of the designed FTTC for the
ASS with actuator abrupt fault, the random road disturbance
described by a Gaussian white noise [38], is employed as
the disturbance input to conduct the simulations, which is

FIGURE 8. The comparisons of power consumption for the ASS in case of
ROFC with and without fault, FTTC with fault.

given by

Gq (n) = Gq (n0)
(
n
n0

)−c
(46)

where n0 = 0.1(1/m), c = 2, and n is the spatial fre-
quency that is determined by the vehicle forward speed V1
and time-domain frequency f0 satisfying f0 = nV1. In the
circumstances, we choose B-class highway with Gq(n0) =
64× 10−6 m3, and V1 = 72(km/h).

In addition, consider the following abrupt fault with the
defined amplitudes as [35]:

f (t) =



420, 3 <t ≤ 3.8
150, 4.5 <t ≤ 5
520, 5 <t ≤ 5.8
300, 7 <t ≤ 8.2
500, 9 <t ≤ 9.5
0, otherwise

(47)
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TABLE 2. Comparison of RMS values for ASS performance indicators under actuator abrupt fault.

what calls for attention is that the abrupt fault in the
actuator is introduced when t = 3s, which is revealed in
Fig. 6 as presenting a zigzag appearance. Obviously, the
designed PIO can estimate actuator failures with relative
accuracy.

Besides, we use (47) to generate the random road distur-
bance signal to perform the simulations under non-zero initial
condition. Fig. 7 reveals the response comparisons of vehi-
cle suspension performances and the control compensation
forces for the three types of ASS (i.e., ROFC-without fault,
ROFC-with fault, and FTTC-with fault).

By analyzing each subplot of Fig. 7, one can obtain that,
when the ASS runs normally from 0∼ 3s, i.e., uf is zero,
which means no extra control is necessary. That is say that
the controlled ASS works in case of ROFC-without fault,
see the solid red line in Fig. 7. When the fault signal is
introduced from 3s to 9.5s, there is an obvious deterioration
in z̈c, φ̈, 1yf , 1yr , F

f
ratio, F

r
ratio, uFf and uFr for the ASS

in case of ROFC-with failure, see the green dashed line in
Fig. 7. Nevertheless, when the proposed FTTC is applied into
the faulty ASS, it is clear that the output responses of the
control plant are very consistent with those of the ASS in case
of ROFC-without fault, which illustrates that the proposed
FTTC can well make up for the performance losses due to the
actuator faults, see the blue dashed lines in Fig. 7. Moreover,
it is seen from Fig. 7(g) and 5(h) that, the compensation
control forces of the FR actuators denoted by uFf and uFr ,
have great changes under ROFC-with fault since it cannot
generate the extra control forces for the faulty ASS. However,
the proposed FTTC can provide the desired compensation
control forces to remove the adverse effects brought about
by the actuator abrupt fault.

Additionally, by observing Fig. 7 on the whole, it is easy
to see that all the control objectives are guaranteed with
the minimization of |z̈c (t)| and φ̈ (t), F

f
ratio< 1, F rratio< 1,

uFf < uFf _max, and uFr < uFr_max, and the similar responses
between fault and without fault.

Meanwhile, for the sake of obtaining the power dissipation
for these different three types of vehicle ASS, the power
demand of each actuator is calculated in terms of the root-
mean-square (RMS) according to uf and żsf −żuf (or żsr−żur )

FIGURE 9. The actuator time-varying fault and its estimation via PIO.

at sample time ti, which is given by [39]

PRMS =

√√√√1
n

n∑
i=1

(P (ti))2 (48)

where

P (ti) =


uf (ti) (żs (ti)− żu (ti)) ,

uf (ti) (żs (ti)− żu (ti)) > 0
0, otherwise

(49)

Fig. 8 presents the power consumption for those three types
of vehicle ASS. We can draw the conclusion that, compared
to the ROFC-without fault, the designed FTTC-with fault had
almost the similar control effects and power demands with
each other. Yet, for the ROFC-with fault, it has less than
desirable control performances, and more specifically, the
power consumption of this case is nearly two times of the
ROFC-without fault. In contrast, our developed FTTC-with
fault shows an obvious advantage in aspects of vehicle sus-
pension performances and power demands.

The comparison of RMS values for the performance indi-
cators of the ASS under actuator abrupt fault are shown
in TABLE 2. It is easily seen that the RMS values of the
performance indicators for the fault suspension system with
the robust output feedback control scheme increases signif-
icantly, indicating that the performance of the suspension
system deteriorates. The RMS values of performance indica-
tors for the fault suspension system with the proposed control
method has little difference with the ones of fault-free suspen-
sion system with the robust output feedback control scheme,
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FIGURE 10. The response comparisons of the ASS with the time-varying fault under bump
road disturbance.

TABLE 3. Comparison of RMS values for ASS performance indicators under actuator time-varying fault.

FIGURE 11. The comparisons of power consumption for the ASS in case
of ROFC with and without fault, FTTC with fault.

which indicates that the proposed fault-tolerant tracking con-
troller can stabilize the performance of suspension system
effectively.

B. PERFORMANCE ANALYSIS OF ASS UNDER
TIME-VARYING FAULT
To verify the control performances of the recommended
FTTC, we use the bump road surface that is extracted

FIGURE 12. The time-varying actuator fault and its estimation using the
proposed FTTC and the FTTC in [17] .

from [22] to perform the simulation investigations, and the
mathematical expression of this concave convex path is given
by

zr (t) =


A
2
[1− cos(2π

V
L
t)], 3 ≤ t ≤ 3+

V2
L

0, otherwise
(50)

where A, L and V2 represent the height and length of the
bump, and the forward speed of vehicle, respectively, and
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FIGURE 13. The response comparisons of the ASS with the proposed FTTC and the FTTC in [17] in case of
the time-varying actuator fault under rough road disturbance.

their corresponding values can be obtained from literatures
[28] as A = 50(mm), L = 5(m) and V2 = 36(km/h).
Moreover, consider the following time-varying fault [36]:

f (t) =


−520

(
1− e−5(t−3)

)
, 3 <t ≤ 3.3

−400+ 1000
(
1− e−5(t−3.3)

)
, 3.3 <t ≤ 6

600e−5(t−6), 6 <t ≤ 10
0, otherwise

(51)

It can be seen from (52) that actuator failure is introduced
when t > 3s, and the time-varying fault signal is shown in
Fig. 9, in which the plots display the time-varying actuator
failure and its estimation that obtained from the designed
PIO. It should be noticed that, during 0∼ 3s, the external road
disturbance is zr = 0, to reflect the real application scenario,
the simulations should be accordingly made under zero initial
condition by employing (51).

It is observed from Fig. 9 that the PIO we designed can
correctly evaluate the actuator fault produced by (52), and
both show good accord with each other. In the following,
Fig. 10 shows the response comparisons of vehicle suspen-
sion performances and the control compensation forces for
the three types of the ASS under bump road disturbance.

It is easily obtained from the subplots of Fig. 10(a) to (f)
that, all the performance indicators of this ASS could reach
a relative stability state when running under fault-free con-
dition before t< 3s. However, when the fault is introduced
after t> 3s, all of these performance responses have a
smoother tendency compared with the other two types of

ASS. Overall, the developed FTTC can reduce the vibrations
of vehicle body in a shorter time, which can further reduce
the negative effects caused by f (t). Similarly, it is observed
from Fig. 10 (g) and 8(h) that, when f (t) occurs after t> 3s,
the desirable control compensation force is accordingly
generated by the designed FTTC, which is equivalent to
the corresponding control force in case of ROFC-without
fault, and this further demonstrates that the negative effective
imposed by f (t) can be inhibited. Also, As can be seen from
Fig. 10, the minimization of |z̈c (t)| and φ̈ (t) can be pledged,
and with the proposed FTTC, the control performances of
the faulty ASS can be kept as the same as the corresponding
ones of the ASS with the ROFC, Moreover, the other perfor-
mance requirements are satisfied with F fratio< 1, F rratio< 1,
uFf < uFf _max , uFr < uFr_max .
The power demand for those three types of vehicle ASS

under bump road disturbance is provided in Fig. 11 and
based on the histogram plots, when occurring the actuator
faults, the proposed FTTC scheme only needs the same power
demand as the nominal ROFC method for the controlled
uncertain ASS.

Similarly, the comparison of RMS values for the perfor-
mance indicators of the ASS under actuator abrupt fault
are shown in TABLE 3. It is easily seen that the RMS
values of the performance indicators for the fault suspen-
sion system with the robust output feedback control scheme
have great improvement, which implies that the ASS dete-
riorates to some extent. The RMS values of performance
indicators for the fault suspension system with the proposed
control method has little difference comparedwith the ones of
fault-free suspension system with the robust output feedback
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control scheme, which indicates that the proposed fault-
tolerant tracking controller can stabilize the performance of
suspension system effectively.

C. COMPARATIVE SIMULATIONS
In this section, the comparative simulations are performed for
the robust FTTC in [17] and the proposed FTTC in case of
the same actuator fault, and the rough road surface, which is
depicted in [33] and given by

zr (t) = 0.0254 sin 2π t + 0.005 sin 10.5π t

+0.001 sin 21.5π t (52)

It is noted that the authors [17] adopted a descriptor
observer to evaluate the fault information and further to con-
struct the corresponding FTTC, while in our FTTC scheme,
the PIO is used to evaluate the different types of actuator
faults. Fig. 12 displays the comparisons of the actual time-
varying actuator fault of (52) and its estimation using our
proposed FTTC and the robust FTTC in [17]. From Fig. 10,
the robust FTTC method has a fluctuation error in estimating
the fault within 3s∼ 6s, while our proposed FTTC scheme
has a relatively higher estimation accuracy for the same fault
throughout the simulation time, which demonstrates that our
designed PIO can effectively and accurately detect, identify
and estimate the actuator fault.

The response comparisons of vehicle suspension perform-
ances and the control forces for the proposed FTTC and the
FTTC in [17] under rough road disturbance are provided
in Fig. 13. The simulation experiment is carried out under
non-zero initial condition. Besides, it can be found that, under
the rough road surface, the robust FTTC in [17] has the
similar control performances at the later simulation stage
compared with the proposed FTTC, nevertheless, since the
fault are not accurately estimated by the FTTC in [17], the
negative effects are scarcely reduced at the beginning of
introducing the actuator faults. On the contrary, our proposed
FTTC can not only reduce z̈c and φ̈, but also guarantee the
suspension hard constraints regardless of the time-varying
actuator fault and the rough road disturbance.

V. CONCLUSION AND FUTURE WORKS
This study presents a PIO-based FTTC design method for the
ASS subjected to the parameter uncertainty and actuator fault
in different road disturbance contexts. First, the parameter
uncertainty of the half ASS model is simulated by T-S fuzzy
method, and a nominal ROFC is designed to achieve better
control performances for the ASS under fault-free mode,
whose output responses are taken as the ideal reference tra-
jectories. Next, a composite FTTC scheme consisting of the
designed PIO and ROFC is developed to make up for the
performance losses due to the actuator faults, and further
to render the vehicle suspension to move along the desired
reference trajectories. Finally, a case is given to illustrate the
availability of the recommended FTTC. In the next work, the
actuator and/or sensor fault, the actuator input delays and hard

constraints will be considered in the fault-tolerant controller
design of the uncertain ASS. It is important to point out that,
due to the strong relationship between the performance index
of the control object and the reference trajectory, how to
choose the suitable reference trajectories needs a further deep
study.

APPENDIX A

A =



0 1 0 0 0 0 0 0
a21 a22 a23 a24 a25 a26 a27 a28
0 0 0 1 0 0 0 0
a41 a42 a43 a44 a45 a46 a47 a48
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
a71 a72 a73 a74 a75 0 a77 0
a81 a82 a83 a84 0 a86 0 a88


,

B =



0 0
1
ms

1
ms

0 0
−a
Iy

b
Iy

0 0
0 0
−1
muf

0

0
−1
mur



, B1 =



0 0
0 0
0 0
0 0
0 0
0 0
ktf
muf

0

0
ktr
mur


,

C =
[
0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0

]
, D = [0] ,

C1 =



a21 a22 a23 a24 a25 a26 a27 a28
a41 a42 a43 a44 a45 a46 a47 a48
1 0 −a 0 −1 0 0 0
1 0 b 0 0 −1 0 0
0 0 0 0 ktf 0 0 0
0 0 0 0 0 ktr 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


,

D1 =



1
ms

1
ms

−a
Iy

b
Iy

0 0
0 0
0 0
0 0
1 0
0 1


, E1 =



0 0
0 0
0 0
0 0
−ktf 0
0 −ktr
0 0
0 0


.

wherein matrix D is a zero matrix with appropriate dimen-
sion, and the size of matrix D is dependent on matrix A, B,
B1, C; and the corresponding elements in A and C1 are listed
as follows:

a21 =
−kf − kr

ms
, a22 =

−cf − cr
ms

, a23 =
akf − bkr

ms
,
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a24 =
acf − bcr

ms
, a25 =

kf
ms
, a26 =

kr
ms
,

a27 =
cf
ms
, a28 =

cr
ms
. a41 =

akf − bkr
Iy

,

a42 =
acf − bcr

Iy
, a43 =

−a2kf − b2kr
Iy

,

a44 =
−a2cf − b2cr

Iy
, a45 =

−akf
Iy

, a46 =
bkr
Iy
,

a47 =
−acf
Iy

, a48 =
bcr
Iy
. a71 =

kf
muf

, a72 =
cf
muf

,

a73 =
−akf
muf

, a74 =
−acf
muf

a75 =
−kf − ktf
muf

,

a77 =
−cf
muf

, a81 =
kr
mur

, a82 =
cr
mur

,

a83 =
bkr
mur

, a84 =
bcr
mur

, a86 =
−kr − ktr
mur

, a88 =
−cr
mur

.
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