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ABSTRACT Our paper investigates complex modified function projective lag synchronization with
fixed-time stability guarantees for hyperchaotic systems via a FXTC proposal. The synchronization of
complex hyperchaotic systems and the desired performance are definitely guaranteed within a period of
bounded time. The synchronization interval can be predefined without demanding the information of the
initial conditions from the systems where the synchronization is performed. Furthermore, the fixed-time
stability guarantees of the control scheme are achieved according to the Lyapunov principle and the
settling time is calculated by solving the differential equations. In MATLAB/SIMULINK environment,
synchronization performance from two simulation examples is performed in many cases with the change
of initial values and time delay of the system to reveal the feasibility and the efficacy of the control proposal.

INDEX TERMS Fixed-time control theory, hyperchaotic complex systems, complex modified function

projective lag synchronization.

I. INTRODUCTION

Synchronization of chaotic or hyperchaotic systems is a very
important nonlinear behavior. This behavior is the consistent
motion of two or more chaotic units originating with initial
conditions discrepancy, it is formally defined in general,
such as anti-synchronization, complete, phase or phase lag
synchronization, and other forms of synchronization. Thisis a
favorably appreciated research subject, initially formalized in
theory and verified experimentally through the implementa-
tions of circuits [1]. Therefore, research on dynamic behavior
and synchronization of the hyperchaotic systems with real
variables has been popular in the scientific community. Their
application potential is very large, the fields that have been
successfully applied such as cryptography, biology, robotic,
traffic forecasting, electrical engineering, quantum physics,
and so on [2]-[5]. However, there exist several important
scenarios of dynamic systems in which the state variables
are complex values. Therefore, attention should be focused
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on the study of chaotic and hyperchaotic nonlinear systems
with complex variables. Some complex hyperchaotic systems
have been introduced and analyzed their chaotic behaviors.
For examples: In the study [6], the synchronization method
has been applied for communication problem in which the
time-delay was fully considered; In the paper [7], a complex
set of Lorenz equations has been obtained from baroclinic
instability and laser optics; A synchronization method has
been introduced in paper [8] via passive synchronization of
the HCSs for the improvement of secure communications.
In addition, some other types of synchronizations of these
systems have been studied including AS [9] or LS [10], [11].
All kinds of the mentioned synchronization can be consid-
ered for dynamical systems with real variables or complex
variables. In addition, literature has also introduced several
types of synchronization, including CoS [12], CoLS [13],
PS [14], MPS [15], MPLS [16], and MFPS [17]. In recent
years, various new synchronization types are only considered
for chaotic complex nonlinear systems such as module-phase
synchronization [18] and CPS [19]. In studies [18], [19], the
behaviors of module and phase are fully considered. Besides,
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in order to succeed in the synchronization of both module
and phase, some different types of synchronization have been
proposed by using complex scaling factors [20], [21]. This
idea was first formed in research [22]. Then, it was extended
and applied to many other studies, such as CCoS [23],
CMPS [24], CFPS [25]. By using the scaling factors as
functions or complex numbers, the unpredictability and com-
plexity are extensively increased in those synchronization.
Therefore, those factors significantly contribute to enhanc-
ing communication security [25]. From a practical point of
view, the types of the presented synchronization are only rare
scenarios of CMFPS. They are not general to all cases that
can be found. Moreover, the time delay may occur between
the master system and response system. In comparison with
the types of the mentioned synchronization, the CMFPLS is
a more general scenario [26], [27]. The type of this system
is infrequently considered or not declared in recent studies.
Therefore, our motivation is to handle CMFPLS problem of
hyperchaotic systems via the new FxTC method in this paper.

In the literature, several control approaches such as
Lyapunov-based active control methods [28], [29], pas-
sive control methods [30], [31], FnTC methods [32], [33],
adaptive controllers [34] have been proposed so far to
achieve suchlike complex synchronization of HCSs. Eval-
uating closely at the synchronization methods mentioned
above, it is easy to see that synchronization methods such
as [32], [33], or [34] have convergence time that depends
on both the initial states and the control design parameters.
The remaining synchronization methods can only guarantee
an asymptotic convergence of synchronization errors. There-
fore, achieving synchronization in a finite-time or fixed-
time period is certainly a desirable goal for the next studies.
As we know that FnTC approaches have been valuable and
effective methods. The FnTC methods provide fast conver-
gence in finite-time, robustness cope with uncertain terms
or disturbances, and high tracking accuracy [35]. However,
the drawback of the Fn'TC methods is related to the system’s
initial states. This can be an impediment to application to
real systems when these initial states are unknown. To inherit
the advantages of FnTC methods while overcoming their
disadvantages, some scientists have introduced an improve-
ment of finite-time stability theory. The main concept of
the fixed-time stability theory is to design the control laws
which can offer the desired convergence within a limited
time [36]-[38]. That means the state trajectories of the system
will be converged or stabilized to the origin in some finite
time cases. Finite-time convergence is concerned with the
controlled system’s initial states, but fixed-time convergence
is independent of those initial states. Therefore, the desired
convergent time is completely established in advance through
designed parameters.

Encouraged by the mentioned analysis, the core objective
of this paper is to propose a new FxTC algorithm to achieve
fixed-time CMFPLS of HCSs. Through the proposed con-
trol system, the CMFPLS errors converge to origin in an
estimated period regardless of initial states, which means,

41974

synchronization and stabilization will be achieved in the
fixed-time period. The upper bound of the convergence time
is estimated by assigning the design control parameters. The
proof of synchronization and fixed-time stabilization has
been fully verified through the Lyapunov theory. The impor-
tant values of this paper can be summed up as follows:

o The CMFPLS of HCSs is considered. Applying this
system, a new FxTC method is proposed to guarantee
synchronization and the desired performance.

« Synchronization is not only achieved within a prede-
fined limit of time regardless of initial values but the
error states also are achieved finite-time convergence
faster than some existing methods.

o The settling time is calculated by solving the differential
equations and proof of stability and synchronization has
been rigorously verified through Lyapunov theory.

« Two simulation examples are performed in many cases
with the change of initial values and time delay of
the system to verify the effectiveness of the designed
method.

The organization of the paper is arranged as follows: some
preliminaries, problem presentation, and motivations are
presented in Section 2. Next, a new FxTC methodology
is introduced to obtain the desired CMFPLS of HCSs.
Section 4 presents two descriptive examples that are per-
formed to validate the benefits of the proposed control
method with detailed analysis. Finally, our paper ends with
the remarkable conclusions in Section 5.

Annotations: The space of real number and complex num-
ber are symbolized R and C, respectively. a block-diagonal
matrix is indicated diag(-). For simplicity of expression, the
following notation is defined as [35] x#1 = |x|?sgn(x)
with x € Rand ¢ > 0. As ¢ > 1 the derivative of the
notation x!®! is described as %x[‘z’] = ¢lx|?" k. Ifx € C
i.e. in which j = +/—I, superscripts r and ¢ denote the
real and imaginary elements of the state complex vector X.
X = [x1,x2,...,%]7 € RPand x = [x1,x2,...,%,]7 €
C™ denote a state real vector and a state complex vector,
respectively. T denotes transpose. x = x” — jx¢ denotes the
complex conjugate of x. The following notation is adopted
that x[¢] = (xr)[dﬂ +j(xc)[¢].

Remark 1: Besides some of the synchronization types
declared, the CMFPLS investigated in this analysis also
included several other special cases including LAS, PLS,
FPLS, MFPLS, CLAS, CFPLS, CMPLS, CLAS, CPLS, and
CCoLS. Table 1 describes several types of synchronization.

Il. PRELIMINARIES AND PROBLEM PRESENTATION

A. PRELIMINARIES

The following subsection states some theories belong to
finite-time stability, fixed-time stability, and lemmas. Fur-
thermore, synchronization and system description are also
described, which is necessary for the next analysis.

The following system is given as
x=V(,x), x(0)=xo ey
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TABLE 1. Several categories of synchronization.

Types of synchronization

Function scaling matrix

£(t) = &7 (1) +j¢°(t) = diag (w1 (t), wa(t), . ..

s@n(t))

=0 7#0 wi(t) = @l (t) + jwi(t), (i=1,...,n)

AS LAS wilt)=—1, (i=1,...,n)

CoS CoLS wi(t) =1, (i=1,...,n)

CAS  CLAS wi(t)=—-1—34, (i=1,...,n)

CCoS  CCoLS wi(t) =147 (i=1,...,n)

PS PLS @l (t), (¢ =1,...,n) represent identical real constants and £°(t) = 0
MPS MPLS @/ (t), (¢ =1,...,n) represent identical real constants and £°(t) = 0
FPS FPLS w! (t), (¢ =1,...,n) represent identical real functions and £°(¢) = 0
MFPS  MFPLS w! (t), (¢ =1,...,n) represent identical real functions and £°(¢) = 0
CPS CPLS w;(t), (¢ =1,...,n) represent identical complex constants and £°(t) = 0
CMPS CMPLS w;(t), (i =1,...,n) represent different complex constants and £¢(¢) = 0
CFPS  CFPLS w;(t), (¢ =1,...,n) represent identical complex functions and £(¢t) = 0

whereas x € R” and ¥: R}y x R® — R” is a nonlinear
function, it can be discontinuous. Suppose that the origin is
an equilibrium point of the system (1).

Remark 2: The differential equation (1) is the expression of
most of the familiar chaotic (hyperchaotic) complex systems.
They can be listed as Lii systems, Lorenz, and chaotic (hyper-
chaotic) complex Chen, etc.

Definition 1 [39]: The equilibrium point of Eq. (1) is con-
sidered to be globally finite-time stable in case it is globally
asymptotically stable and any solution x(t, xg) of Eq. (1)
converge to the equilibria within the finite-time period, i.e.
x(t,x9) = 0,Vt > T(xg), where T : R" — R, U {0} is the
settling—time function.

Definition 2 [39]: The equilibrium point of Eq. (1) is
considered to be a fixed-time stable equilibrium point in
case it also is globally finite-time stable within bounded
settling-time function 7'(Xg), i.e. ATmax > 0 : T(Xp) <
Tmax, VXo € R" .

Lemma 1 [40]: For any real numbers p1, po > 0 and
0 < B < 1, an extended Lyapunov function condition of
finite-time stability is presented in the form as L(x)+p1L(x)+
,ozL/3 (x) < 0, where convergence time is calculated and
bounded by the following inequality:

1-8
T < 1 In P1V(x(0)' 7" + p2 @
p1(1 —B) 2

Lemma 2 [41]: That is termed Jensen’s inequality:

m 1/6, m 1/61
(Zz?2> <<Zz?‘> . 0<b <6 ()
i=1 i=1

wherez; > 0and 0 < i < m.

B. PROBLEM PRESENTATION

In this study, two different n-dimensional HCSs are described
as follows. Master system and slave system are described by
the following expressions, respectively.

X(1) = £ (x(r), X(1), 1) “
y(@) = h(y(), y(@), 1) + u(r) &)
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where x(¢) and y(t) are the state complex vector. X(f) =
X"(1) +jx(1) and y(1) = y" (1) +jy“(2). £ (x(2), X(7), 1) and
h (y(#), y(¢), t) are the vector of nonlinear complex functions
of the master system and the response system, respectively.
u(r) is the vector of control inputs.

The CMFPLS errors between the master system and the
slave system is defined by the following equation:

e(r) = y() —§Ox(r — 1) (6)
where  §(1) = £ + jEO, &0 =

diag (w1 (t), wa(t), ..., w,(t)) stands for scaling function

matrix. All factors w;(t) = @/ (t) + jof@t) € C, (i =

1,...,n) should be continuously differentiable bounded

function and @;(f) # O for all + > 0. 7 is positive time

lag, e(r) = €' (1) + je°(1), e(r) = [e1(1), ez(t)wT-,en(t)]T,
C

e =[el. e ..., e;]T, and e = [ef, €5, ..., ¢5,]

Taking time derivative of Eq. (6), one has:

ét) = y(t) — E@X(t — T) — E(OX(t — 1)
=h(y(),§(t), 1) +u(t) — E(OX(t — T)
—EMF(x(t — T), X(t — T), 1 — T) @)

A set of the following differential equations is rewritten
from Eq. (7):

ei(t) = hi (y(@), y(0), 1) + ui(t) — ()Xt — 1)
—wi()fi X(t — 1), X(t — 1), — 1) (8)

Definition 3 [42]: The CMFPLS errors between the master
system (4) and the slave system (5) will be converged to zero
within a period of fixed-time if there exists a time moment
T > 0, which does not depend on the system’ initial error
states, e (fg), such that ||e ()| =0,Vt > 1o+ T.

The central motivation of the paper can be summed up as
follows.

This article proposes the new control laws u;(t), (i =
1, ..., n) to achieve fixed-time CMFPLS of HCSs. Through
the proposed control laws, the CMFPLS errors converge
to origin in an estimated period of time regardless of ini-
tial states, i.e., synchronization and stabilization will be
achieved in the fixed-time period according to the meaning of
Definition 3.
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IIl. CONTROL DESIGN APPROACH

To attain the main control objective with the desired per-
formance, a suitable feedback control algorithm is designed
based on Eq. (8) and the FxTC theory as follows.

wit) = u; (t) + jui ()
= —hi (y(@),y(1), 1) + @wi()x(t — T)
+wi)f; xX(t — 1), X(t — 1), t — T)
sl — ke (e llley + jlepleler)
— K3 e %l _ e 9

where A;,I'; > 0,0 < «; < 1, k1, k2i, k3; are positive
constants that are designed to be bounded condition 4«1;k3; >
K22i, (i=1,...,n)and [e] stands for the Euler’s number.

The following theorem is synthesized for control design
and proof of fixed-time stability.

Theorem 1: If the CMFPLS errors between the master
system (4) and the slave system (5) are controlled by the
proposed control system in Eq. (9), then the error dynamics
given by Egs. (6) — (8) are forced to move from initial values
to the origin with a globally fixed-time stable, 7', determined
by the following equation:

1 2
(I—a) Ak — i3,
K2i

b4
X | — — arctan ——— (10)
VAKiiKsi — k3

Proof of Theorem 1 is verified in the two following steps.
Step 1: We prove that under the drive of the control
laws (9), system (8) will achieve asymptotic stability, which
means that the equilibrium of Eq. (8) is indeed a is globally
asymptotically stable based on the Lyapunov theory as the
meaning in Definition 2.
Proof: Applying the proposed controller designed in Eq.
(9) to error dynamics (8), one has:

T =

e = e} +jéf
= —kiiel M — iy ([é]*f'e? el +j[é]*flef|ef)
—K3i e al _; iei (11)

Remark 3: The role of each part in Eq. (9) or dif-
ferential equation (11) is expressed as follows. When
el — iy (1epleler + jlepililes) - Tie
plays the principal function that provides a fast convergence
rate from any initial condition to 1. When |e;| is much smaller
than 1, |—«k3;e [a"]‘ expresses the main function that offers
finite-time convergence. Once synchronization errors |e } or
|e | converge to the neighborhood of zero then the gains

lei| > 1,

ioi[e] ilefl and Kkoi[e] ilefl will be reduced to a small value.
It infers that the role of —K3i€l[-a[ ] ) is very robust in the phase

of the finite-time convergence.
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Then, the result in Eq. (11) can be rearranged with the
following expression:

& = —wni(e) T —ieriferleile
_K3i(el()[0¢i] - Fieir "
¢ = —Kli(ef)[z_ai] — selepleiles (42
_K3i(elg)[ai] _ Fief

Selecting a positive definite function as a Lyapunov func-
tion candidate as:

=3 (@) + () (13)
i=1 i=1

Calculating time derivative of Lyapunov function candi-
date in Eq. (13) yields:

n
L 2226;
i=1

Substituting the trajectories in Eq. (12) into Eq. (14) gives:

. n (2] Ailel| r
L =9 r Klt(ei) ‘ Koile]*Cile;
Ze’ ( i(e,}")[az] _ Fié{

1

n [2—ai] S1hiles| e

A —x1i(€f) — Kkile]hiléile

+2) € i i
Z i < C)[al] _ l—wie;‘

—re3i (€]

n (YB3 el | ()2
-2 Klz(ei) . Koife] 1 (ei)
Z( (€)= Ter?
n o [3—ai] s Ai|e§| \2
K1i(e) ieoile] 4l (ef)
+2 t ) ! (15)
Z (_K3l(el)[%+l

Ti(ef)?

n
&2 e (14)

From Eq. (15), it is seen that [é]k"|eir|(ef)2 > (e;)z,
[é])""e?| (ef)2 > (ef)z, and (—«y; — I'; < —ky;). Therefore,

L <QZ( Kh[ o 3 a,]+(el¢)[3fa1]:|)
23 (a6 )
+22( . [ p al+1] + (e;‘)[ai+1]:|) (16)

Applying Jensen’s inequality stated in Lemma 2, one has:

o ( -
22( CRCH)
Z (—x3, ef)z] “g“)
< kLT = Dkl — 2T (17)
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Master

System
in Eq. (4)

x(t),
Scaling

Function e(t)
Matrix

in Table 1 +

x(ti

Fixed Time u(t) Slave y(t)

Controller ——>» System
in Eq. (9) in Eq. (5)

y(t)I

FIGURE 1. Block diagram of the proposed control system.

According to Eq. (17), it is clear that L < 0 and L > 0.
Therefore, we can conclude that origin of Eq. (8) or Eq.
(12) is globally asymptotically stable under the proposed
controller (9) based on the Lyapunov theory.

Step 2: We keep indicating that the convergence can be
obtained in finite-time.

Based on Eq. (17), the following differential equation is
considered.

. 3—qa; o+l
V= —2k1;072 — 200 —2k3i9 72 , 3 (0)=199>0
1—a; aj+1
= -2 (Kliﬁl_“i + k02 +K3i> vz (18)
Eq. (18) is corresponding to the following expression:

dv
dt = - a;j+1 (19)

]—ai
2 (fqiﬁl—%‘ + kT + K3,‘) A

]—a,- . al‘-H
We have d9 = = %977 d0 = 49 =
2’119%19&%1 Hence, Eq. (19) i i :
T . , Eq. (19) is rewritten as:
1—a;
1 dd 2
dt = — ‘ (20)

. 1—a;
I—a (Kliﬂl_"‘i + K20 7 +K3i>

Taking the integral of both sides of Eq. (20), we have:

tei 79(0) 1—a;
1 dd 2
dt - 1 l—a;
o — i o (Klil?l_ai + ki T2 +K3,‘)
I—a;
1 ) arctan 212 2 Ot
— dicyiesi—k2,
(I=a) /y 2 | —arctan —<2
K1iK3; — K5
1iK3i 2i /4K1iK3i—K22i
(2D

The calculated result in Eq. (21) is explained in Appendix
in detail.

Eq. (21) shows that 9 (0) will converge to zero in finite time
Ty as follows:

Ty
_ 1 2

(=) Jaieyes — 3,
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1—a;
2k1;0 77 (0) + ki
x | arctan — arctan

K2
/ 2 / 2
4ic1ik3i — Ky; dic1ik3i — Ky;

(22)

According to the comparison principle [43], we can obtain
that L(r) < v(t) when L(t = 0) < vy, it follow that L(¢),
and therefore the origin of (9), reach zero within a period of
finite-time 77 < Ty, with

3
o 2

N i3,

1—a;
2c;L777(0) + K2 K2i
x | arctan — arctan —————
VA — i3, VAt — i3,
(23)

Based on definition 1 and the result in Eq. (23), we can
conclude that the equilibrium point of Eq. (12) is globally
finite-time stable.

It can be easy to show that 77, is bounded by:
1 2
T, <T = 1
(1 —a) VAt — i3,
e .
x | — — arctan . 24)

/ 2
dicyik3i — Ky,

The convergence time 7 is only reliant on the design
parameters as shown in Eq. (24). Therefore, the origin of
error dynamics (12) is concluded by definition 3 as glob-
ally fixed-time stable. In other words, through the proposed
control laws (9), synchronization and stabilization have been
achieved in the fixed-time period according to the meaning
of Definition 3. The evidence of theorem 1 has been fully
confirmed.

Block diagram of the proposed control system is summar-
ily described in Fig. 1.

Remark 4: The proposed control algorithm stated in this
paper could be applied to every one of the chaos control
systems or types of synchronization between hyperchaotic
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systems which have non-square scaling factor matrices and
different orders.

Remark 5: The advantage of our method in compari-
son with some existing methods [44]-[49] for synchroniza-
tion problems is to guarantee that as long as the control
design parameters are accounted for, synchronization can
be achieved within a finite time. In other words, the con-
vergence (settling) time is calculated based on the unique
design constants without any dependence on the initial state
of the systems. This article provides an algorithm that a priori
guarantees any desired value of the convergence time for the
synchronization. Based on a careful review of the mentioned
works, we discover that the works [46], [48] achieve synchro-
nization within a finite-time; however, the convergence time
is affected by both the designed control parameters and the
initial conditions of the systems; the works [44], [45], [47],
[49] only guarantee to obtain asymptotic synchronization

( ligrn le;l = 0). Recent developments have emphasized
t——+00

the importance of finite-time synchronization and it is more
expected.

The proposed method provides robust stabilization per-
formance. However, we have not considered the effects of
the changing (time-varying) uncertainties and external distur-
bances in this paper. We know that the strong ability of SMC
algorithms is against time-varying uncertainties and external
disturbances, our next work is to research the CMFPLS of
HCSs with the mentioned uncertain terms by proposing a new
fixed-time SMC.

IV. NUMERICAL SIMULATION

In this section, two descriptive examples are performed in
MATLAB/SIMULINK environment to validate the bene-
fits of the proposed control method with detailed analysis.
To solve differential equations, the fourth-order Runge-Kutta
method is employed with a time step size of 10735 in all the
simulations.

A. THE FIRST ILLUSTRATIVE EXAMPLE
The first illustrative example presents the CMPS between
two hyperchaotic systems under the pressure of the pro-
posed controller. The CMPS performance from the proposed
method is compared to the existing algorithm [50] to evaluate
its effectiveness. For a reasonable evaluation, the compared
chaotic complex systems and their control parameters were
directly taken in the study [50].

We assumed that the chaotic complex Lorenz sys-
tem is used as the master system with the following
equation:

X(1) = £ (x(r), X(1), 1) (25)

where Xx(t) = [xl, X2, X3 ]T
14 (xo — x1)
35x1 — xp — x1x3
1/2 (X1x2 + x1X2) — 3.7x3

and f (x(1), X(2), t) =

41978

The slave system is selected as the chaotic complex Lu
system described in the below equations:

y(@) =h(y(), y@), 1) + u(r) (26)

in which §(1) = [y1, y2, 33 ]

40 (v2 —y1)

22y; —y1y3 ,
1/2Giy2 + y192) — 5y3
and u(?) = [ul, up, u3 ]T.

The master system (25) and the slave system (26) have the
initial conditions x (0) and y (0) selected accordingly as in
Table 2. To obtain the CMPS, the time delay 7 and the fac-
tor scaling function £ are respectively selected according to
Table 1 and they are stated in Table 2. The proposed controller
parameters are assigned as in Table 2 for the first illustrative
example. From the controller parameters in Table 2, we can
calculate the upper bound of convergence time with 77 ~
2.0154(s), which is based on Eq. (24). This upper bound value
only depends on design constants and does not depend on
the initial states of the synchronized system. To reinforce this
point, the first illustrative example is performed in two cases.
The initial conditions of both systems set up for the two cases
are presented in Table 2.

For the first illustrative example, the root-mean-square
errors are calculated in 12 seconds, as reported in Table 3.
The convergence time of the CMPS error states under the two
different control methods are shown in Table 4.

For both cases, the synchronization performances includ-
ing the CMPS errors and the state trajectories under vary-
ing time from the master system and the slave system are
illustrated in Fig. 2 and Fig. 3, respectively. As described in
Figs. 2, 3 and Table 4, the time convergence of the CMPS
errors can be obtained within a period of limited time that is
lesser than 77 ~ 2.0154(s). While the CMPS errors under
the method in [50] only obtain an asymptotic convergence
and stabilization, as shown in the enlarged images of the
CMPS errors, i.e., llgloo leil = 0. From the performance

h (y(0), (1), 1) =

exhibited in Fig. 2 tand Fig. 3, it is easy to see that the fixed-
time CMPS has been completely achieved between the two
presented systems. The proposed control system not only pro-
vides fixed-time synchronization but also achieves synchro-
nization much faster than the compared method, as reported
in Table 4. Therefore, it can be concluded that the proposed
control law provides better synchronous performance than the
synchronous performance from the study [50].

B. THE SECOND ILLUSTRATIVE EXAMPLE

The second illustrative example describes the achievement of
CMFPLS in the fixed-time period from two HCSs to validate
the proposed theoretical result further and fully. The hyper-
chaotic complex Lu system is applied as the master system
and the hyperchaotic complex Lorenz system is performed as
the response system.
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TABLE 2. Control parameters and system parameters.

(1=1,2,3) Symbol Value
Control parameter K1i, K2i,K3i, Niyaq, 1 3,3,3,0.1,0.8,3
¢ diag(1,~1,0)
-
Initial condition in case 1~ x (0) [ -3+j2, —-3+j4, 6 71
y (0) [ 54+44, —4+352, 3]
Initial condition in case 2 x (0) 10 —3+52, -3 +g4, 61"
y (0) [ 5+j4, —4+j2, 3]"
TABLE 3. RMSE under the two different control methods.
Control Method RMSE(e] (1)) RMSE(eS(t)) RMSE(ef(t))  RMSE(eS(t))
Casel:x(0)=[ —3+42, —3+44, 6] andy(0)=[5+j4, —4+52 31"
Control method [50]  0.9442 0.2360 0.8262 0.7081
Proposed method 0.4326 0.1164 0.3836 0.3330
Case2:x(0)=10% [ —3+42, —3+44, 6 | andy(0)=[ 5+4d4, —4+j52, 3"
Control method [50]  4.1308 1.8884 4.0128 4.9570
Proposed method 1.2010 0.7695 1.1882 1.2714
TABLE 4. Control parameters and system parameters.
(1=1,2,3,4) Symbol Value
Control parameter K14, K2i, K34, Ai, o, L 2,1,2,0.1,0.65,3
Initial condition x(0) [ 2446, 7—35, 5 —1 }T
y (0) ox[ —1+j2, —2+43, 4, -3]"
o {-3,-2,15,2,4,3}
£ diag (1 + jsin(t),2 — j cos(t), 1.5, cos(2t))
T1,72 1,0,

TABLE 5. RMSE under the proposed control method.

In Case: 71 = 0.1, tp = 3s,and 0 = {—3,—2,1.5,2,4,3}
c=—-3 o0c=-2 oc=15 oc=2 oc=4 oc=3
RMSE(ef(t)) 1.6723 1.6697 1.9640 1.5803 1.3369  1.3907
RMSE(e§ (t))  1.1000 1.3220 0.4684 0.3206 0.4415 0.4110
RMSE(eg(t)) 2.1702 2.1642 2.4672 2.1314  2.0327  2.0295
RMSE(e5(t))  0.0263 0.0848 0.1190 1.4298 0.6380 0.5968
RMSE(e3(t)) 1.3933 1.0187 2.3350 2.2854 19775  2.0697
RMSE(eq(t))  0.7991 1.2012 1.0568 0.9364 0.1815 0.3928
In Case: 72 = 0.3, tp = 3s,and 0 = {—3,—2,1.5,2,4,3}
RMSE(e] (t)) 0.7674 0.7635 1.2263 0.6316  0.2842  0.3599
RMSE(e§ (t)) 1.0211 1.2499 0.3730 0.4174 0.3454  0.3140
RMSE(eg(t)) 1.3457 1.3329 2.0601 1.2644 1.0674 1.0612
RMSE(e5(t))  0.3835 0.4864 0.2972 1.1376  0.2538  0.2080
RMSE(e3(t))  0.8433 1.2421 1.1414 0.9814 0.1605 0.3835
RMSE(e4(t)) 1.8669 2.0842 0.4261 0.5656  1.2460 1.0841

Description of the master system is given as the following
equations:

x(t) = £(x(1), X(1), 1) 27)

whereas

X(1) = [x1, x, x3, x4]T,

42 (x0 — x1) + x4

25x) — x1x3 + x4
1/2 (12 4+ x1%2) — 6x3 |
1/2 (%122 4 x1%2) — 5x4

f(x@),x(0), 1) =

VOLUME 10, 2022

and description of the slave system is given by:

y(@) = h(y(), y(), 1) + u(r) (28)

whereas

. T
O =y, y2 oy oy,
14 (2 —y1) +)y4
40y1 — y2 — y1y3 +jv4
1/2 Giy2 + y152) — 5v3
1/2Giy2 4+ yi192) — 13y4

h(y(@®).y(),1) =

and u(t) = [ul, U, U3, u4]T

41979
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FIGURE 2. The time histories of the state variables and the CMPS error states between the master system and
the slave system under varying time in Case 1.

It is interesting to note that the system (27) and the
system (28) have been used for the description or simu-
lation of the physics in the thermal convection of liquid
flows or the detuned lasers [51]. The system parameters

41980

used in Eq. (27) and Eq. (28) were exactly cited from the

paper [23].

To demonstrate that the upper bound of convergence time
does not depend on initial states of the synchronized system,
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FIGURE 4. The time histories of the CMFPLS error states under varying time.

six different cases have been simulated in the second illustra-
tive example as follows. Six cases correspond to six different
values of o, as reported in Table 5. In addition, all six cases
are considered with the two different time delays (71 and 12),
as shown in Table 5.

41982

The master system (27) and the slave system (28) have the
initial conditions x (0) and y (0) selected accordingly as in
Table 5. To achieve the CMFPLS, the time delay t and the
factor scaling functions £ are respectively selected according
to Table 1 and they are reported in Table 5. The proposed
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controller parameters are also assigned as in Table 2 for
example 2. From the controller parameter, we can calculate
the upper bound of convergence time with 75 ~ 1.94s, which
is based on Eq. (24). At a time 7y = 3s, the proposed control
inputs are assumed to be impacted to the response system.
Therefore, the upper bound of the total convergence time can
be calculated as 1 + Th ~ 4.94s.

For the second illustrative example, the RMSEs in all
cases are calculated at the time when the control signals are
activated, as shown in Table 5.

For all cases, the time responses of the CMFPLS errors are
exhibited in Fig. 4. The CMFPLS errors reach zero within the
period of the fixed-time despite initial conditions. The time
convergence of the CMFPLS errors can be obtained within
a limited time period that is lesser than 7y + 7o ~ 4.94s,
as shown in Fig. 4. Those initial conditions could be set with
arbitrary different values. Obviously, the CMFPLS errors
could converge to zero the period of the fixed-time. Conse-
quently, synchronization and stabilization could be achieved
within a period of bounded time.

V. CONCLUSION

From the main obtained results in the development of the pro-
posed algorithm, simulation performance results, and com-
parison with some existing methods, we conclude that the
important values of this paper can be summed up as follows:
1) The CMFPLS of HCSs was considered. Applying this
system, a new FxTC method was proposed to guarantee
synchronization and the desired performance; 2) Synchro-
nization was not only achieved within a predefined limit of
time regardless of initial values but also was achieved faster
than some existing methods; 3) The settling time has been
completely calculated by solving the differential equations
and proof of stability and synchronization has been rigorously
verified through Lyapunov theory. 4) Two simulation exam-
ples were performed in many cases with the change of initial
values and time delay of the system to verify the effectiveness
of the designed method.

However, it can be seen that the limitation of the paper
is that external disturbances have not been considered yet.
Therefore, our next work is to research the CMFPLS of HCSs
with external disturbances by proposing a new fixed-time
SMC to deal with the mentioned systems.

LIST OF ABBREVIATIONS
SMC  Sliding Mode Control
HCSs Hyperchaotic Complex Systems
AS Anti-Synchronization
LS Lag Synchronization
CoS Complete Synchronization
HCSs  Hyperchaotic Complex Systems
AS Anti-Synchronization

LAS Lag Anti-Synchronization
CAS Complex Anti-Synchronization
CLAS Complex Lag Anti-Synchronization
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LS Lag Synchronization

CoS Complete Synchronization

CoLS Complete Lag Synchronization

PS Projective Synchronization

PLS Projective Lag Synchronization

CPLS Complex Projective Lag Synchronization

FPS Function Projective Synchronization

FPLS Function Projective Lag Synchronization

CFPLS Complex  Function  Projective  Lag
Synchronization

MPS Modified Projective Synchronization

MPLS Modified Projective Lag Synchronization

MFPS Modified Function Projective
Synchronization

MFPLS Modified Function Projective Lag Synchro-
nization

CPS Complex Projective Synchronization

CCoS Complex Complete Synchronization

CMPS Complex Modified Projective
Synchronization

CMPLS Complex  Modified  Projective  Lag
Synchronization

CFPS Complex Function Projective Synchroniza-
tion

CMFPS Complex Modified Function Projective
Synchronization

CMFPLS Complex Modified Function Projective Lag
Synchronization

CCoLS Complex Complete Lag Synchronization

FnTC Finite-Time Control

FxTC Fixed-Time Control

RMSE Root-Mean-Square Error

APPENDIX

First, we set g = ¢ = , hence,

1—a;

dov 2 _ dg
1—a; - . .
(/qil‘}]*“i + Kk T + K3,-) K1i <q2 + g+ f—j)
d (q + 2&)
— K1i - (29)
) dicxincyi—K2.
K1 ((q + 2’(721',) + <—K3:,ilz. Kzl))
Aesici—K3;
Then, weset U = g+ 2'{% anda = % Therefore,
1i K1i
(%)
U =axtanv — v = arctan | —
a
S dU = a x (tanzv + 1) dv (30)
du a x (tan*v + 1) dv 1d
U24+a> @ xtan>v+d>  a Y
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<

arctan(%)
1 1 arctan(%)
U= - dv=-v U
a a a.rctan(Tl)
U
arctan( -t

1 U U
= - (arctan 22 _ arctan —1> @3
a a a

Eq. (30) is corresponding to

arctan ——=2xi
4’(31"(11’*’(%,'
ﬂ K2i
) x (19 1 (0) + ﬁ)

2k1i
/ 2 — arctan ———
dicsik1i K>i ,/4/(3,‘/(1,‘7/(221-

x (ﬂ%(owﬂ)

2K1,‘

arctan L0i

2
2 \/4’(31"(11'_’(2,'

= 2k ﬂ%(O)ﬁc (32)
a1 — 2 | —arctan =252
4isiK; K5 4/<3i/<1i*/<22,~
Consequently,
1 2
Ty = 7 5
(1 —a V 4K3i — /czzi
l—a;
2k1;0 77 (0) + K K2
X | arctan — arctan ————
4Kz — Kzzi 4Kz — Kzzl.
(33)
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