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ABSTRACT Locally recoverable codes were introduced by Gopalan et al. in 2012, and in the same year
Prakash et al. introduced the concept of codes with locality, which are a type of locally recoverable codes.
In this work we introduce a new family of codes with locality, which are subcodes of a certain family of
evaluation codes. We determine the dimension of these codes, and also bounds for the minimum distance.
We present the true values of the minimum distance in special cases, and also show that some elements of
this family are “optimal codes”’, as defined by Prakash et al.

INDEX TERMS Locally recoverable codes, affine cartesian codes.

I. INTRODUCTION

The class of locally recoverable codes was introduced in
2012 by Gopalan et al. (see [16]). The idea was to ensure reli-
able communication when using distributed storage systems.
Thus the authors define a code as having locality r if an entry
at position i of a codeword of length » may be recovered from
a set (which may vary with 7) of at most r other entries, for all
i =1, ..., n This would ensure the recovering of a codeword
even in the presence of an erasure, due for example to a failure
of some node in the network. In that same year Prakash et al.
(see [19]) introduced the concept of codes with locality (r, ),
also called (r, §)-locally recoverable codes, which are codes
of length n such that for every position i € {1, ..., n} there
is a subset S; C {1, ..., n} containing i and of size at most
r + § — 1 such that the i-th entry of a codeword may be
recovered from any subset of r entries with positions in S;\ {i},
so that we may recover any entry even with § — 2 other
erasures in the code.

In this paper we define a family consisting of subcodes
of the so-called affine cartesian codes (see Definition 2.2)
which are (r, §)-locally recoverable codes. We determine
their dimension (see Corollary 3.4 and Theorem 3.6) together
with lower and upper bounds for the minimum distance (see
Theorem 4.1). We list some cases where the codes are optimal
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(see Corollary 4.2) and we also determine the exact value of
the minimum distance in some special cases of the code (see
Theorem 4.1, Theorem 5.8 and Corollary 5.9).

The content of the paper is as follows. In the next section
we introduce a family of codes, which we prove that are
locally recoverable. In Section 3 we present several results
on the dimension of these codes, after recalling some facts
from Grobner basis theory which we will need. In the fol-
lowing section we present lower and upper bounds for the
minimum distance of these codes, and determine the exact
values in some cases. We also prove that some of the codes we
introduced are optimal codes. In Section 5 we treat a special
case of the codes that we have introduced, and for this case we
determine more values for the minimum distance. The paper
ends with several numerical examples.

Il. A FAMILY OF LOCALLY RECOVERABLE CODES
Let I, be a finite field with g elements.

Definition 2.1: Letm, r, § be positive integers, with § > 2
and r+8—1 < m. We say that a (linear) code C C ]F;” is (r, §)-
locally recoverable if for every i € {1, ..., m} there exists a
subset S; C {1, ..., m}, containing i and of cardinality at most
r + 6 — 1, such that the punctured code obtained by removing
the entries which are not in S; has minimum distance at least §.

The condition on the minimum distance in the above defi-
nition shows that one cannot have two distinct codewords in
the punctured code which coincide in (at least) r positions,
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so any r positions in the set S; determine the remaining
8 — 1 positions.

Let K, ..., K, be a collection of non-empty subsets of IFy,
and let

X =K x---xK,
= {(aq, ...,ay)|a; € K; for all i} CIE"Z.

Letd; := |K;| fori=1,...,n,soclearly |X| = []_, d; =
m, and let X = {ay, ..., ay}. It is not difficult to check that
the ideal of polynomials in Fy[Xi, ..., X,,] which vanish on
X is

[T —an,.... [T Xu—an

o1€K] apeKy

Iy =

(see e.g. [18, Lemma 2.3] or [7, Lemma 3.11]). The evalua-
tion morphism

v Fy X, ..., Xyl — ]FZ’
f = (fleen), .. f(em)
is an Fy-linear map and ker¥ = [y. Actually, this is a
surjective map because for each i € {1, ..., m} there exists

a polynomial f; such that f;(e;) is equal to 1, if j = i, or 0,
if j £ i.

Let d be a nonnegative integer. In what follows we will
denote by F,[X1, ..., X,]<4 the F-vector space formed by
all polynomials of degree up to d, together with the zero
polynomial.

Definition 2.2: Let d be a nonnegative integer. The affine
cartesian code (of order d) Cx(d) defined over the sets
Ki,...,K, is the image, by W, of the polynomials in
FylXy, ..., Xul<a-

These codes appeared independently in [18] and [15]
(in[15] in a generalized form). In the special case where K1 =
.-+ = K, = [F; we have the well-known generalized Reed-
Muller code of order d. In [18] the authors prove that we may
ignore, in the cartesian product, sets with just one element
and moreover may always assume that 2 < dy < --- < d,.
The dimension and the minimum distance of these codes are
known (see e.g. [18] or [15]).

In what follows we construct (r, §)-locally recoverable
codes which are subcodes of affine cartesian codes.

Definition 2.3: Let d and § be integers with d > 0 and
§>2lets € {l,...,n}and let P;B’S) be the set of polyno-
mials ' € Fy[Xj, ..., X;]<q such that degxsf <dy—8+1,
together with the zero polynomial. We denote by D()i’s)(d ) the
code which is the image by W of the set P;’S’s) .

Theorem 2.4: Let Ky, ..., K, be subsets of F, such that
|Ki| =d; > 2foralli=1,...,n, withn > 2,letd > 2 be
an integer such that dg — § +1 > 1 and let d be a nonnegative
integer. For any s € {1, ..., n} the code Dgi’s)(d) is locally
recoverable with locality (r, §), where r = d; — § + 1.

Proof: Letf € Py, s (f(e1), ... . f(@m)) € DYV().
Leta = (oq,...,a,) € X and let

Iy ={(a1, . ..o5—1, B, sq1, .. 0n) | B € K},
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a set which has d; = r + § — 1 elements. Assume that there
exist B, ..., B, € I such that we know the values f(8;) =:
ck, fork € {1, ..., r}. We will prove that then we can deduce
the value of f(B) for any f € I.

Write f = Zfz_l giXsi, where g1, ..., g-—1 are polynomials
in the variables X1, ..., X;—1, Xs41,..., Xy, and let b; =
gi(oey, .. 051, Ogt1,...0p) fori =0, ..., 7 — 1. Denoting
by B the k-th coordinate of B, fork = 1, ..., r, from the
assumption we get that

r—1

c=fB) =) bipi. forke{l,... r}.

i=0

This system of equations can be rewritten as a matrix equation

1 g B gt ,

L B B ol N o
1op B B b =],
1 : . : b ¢
Loge B B

which has a unique solution (bg, by, ..., b,_1), since the
square r X r matrix is a Vandermonde matrix. This allows
us to determine f(B) for any B € I. O

ll. ON THE DIMENSION OF D%%)(d)

In this section we determine the dimension of D(;’s) (d), and
we will need some facts about Grobner basis which we recall
below. The interested reader may want to consult one of the
many books on the subject, e.g [1].

Let < be a monomial order in (the set of monomials of)
FylX1,...,X,], ie. < is a total order, if M; < M then
MM < MM, for all monomials M, M, M>, and 1 is the least
monomial. The greatest monomial appearing in a polynomial
f is called the leading monomial of f and is denoted by
LM(f).

Definition 3.1: Let J C TFy[Xy,...,X,] be an ideal.
A Grobner basis (with respect to a monomial order <) for
J is a basis G for J such that the leading monomial of any
polynomial in J is a multiple of the leading monomial of
some polynomial in G. The footprint of J (with respect to a
monomial order <) is the set of monomials of Fy[X1, ..., X;]
which are not leading monomials of any polynomials in J,
and is denoted by A(J).

B. Buchberger proved that, given a monomial order,
any (nonzero) ideal J C Fy[Xi, ..., X;] admits a Grobner
basis (see [2], [3] or [1, Sec. 1.7]). He also proved that a basis
for Fy[X1, ..., X,]/J as an F,-vector space is given by the
classes of the monomials in A(J) (see e.g. [1, Prop. 2.1.6]).

Definition 3.2: Let < be a monomial order in IF,[X, ...,
Xy] and let J C  TFy[Xy,...,X,] be an ideal. Let
{g1,...,gr} be a (not necessarily Grobner) basis for J, we
define A(LM(g1),...,LM(g,)) as the set of monomials of
Fy[X1, ..., X,] which are not multiples of any of the leading
monomials of g, ..., gr.
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Clearly we have A(J) C A(LM(g1),...,LM(g,)) and,
moreover, A(J) = A(LM(g1),...,LM(g,)) if and only if
{g1, ..., gr}1s a Grobner basis for J.

In what follows we will use the graded-lexicographic order
inF,[X1, ..., X,], withX,, <--- < Xj.

Fori=1,...,nletf; = ]_[aeKi(X,- — a), so that deg f; =
di and Iy = {(f1,...,fn). Since any two of the leading

monomials of f1, ..., f, are coprime we get that {fi, ..., f,}
is a Grobner basis for Iy (see [14, Prop. 4, page 104]) so
d
Ally) = AKX, ... Xy

={X{" X" |0<a <d;,Vi=1,...,n}.
Let AUx)<q = {M € A(ly) | deg(M) < d}, it is known
(see e.g. [7, Prop. 3.12]) that dim(Cx(d)) = |AUx)<dl-
This implies that if d > "7 ,(d; — 1) then dim(Cx(d)) =
|IAUx)<a|l = |AUx)| =[], di, while if 0 < d < [, d;
then

dim(Cx(d))

_ (n+d> [ilz(nﬂl ld>

: n—i—d—d,'l—"'—di.
e (=1 j
ok ) <d—d,-.—~--—d,-->
I<ij<--<ij<n J
n+d—-d—---—d,
e (=]
B
where we set () = 0if b < 0.

To determine the dimension of D()‘é’s)(d ) we give an argu-
ment similar to the one used to prove the above formulas.
Proposition 3.3: Let

AULEY = (M € Allx)<a | degy M < dy — 8+ 1,

then dim(D (@) = |AUx) ).

Proof- Givenf € PY let g € Fy[X1, ..., X,] be its
remainder in the division by {fi, ..., f,}, then ¥(f) = W(g).
From the division algorithm we know that any monomial
which appear in g is not a multiple of LM (f;) = X,.di for all
i = 1,...,n, and also that degg < degf and degy g <

di — 8+ 1. Thus g € P;S’S) and moreover, g is a linear
combination of monomials in A(/, X)(g;). This shows that
dim(D$"(@)) < |AUT)E)). Let

N7E Fq[Xl,..., W/ Ix — IFZ'
be defined as E(f + Iy) = Y(f), we know that W is an

isomorphism and clearly

DY) = (Wlh+1x) | h e (AU)D)),

where (A([ X)( S)) is the IF,-vector space generated by the

monomials in A(IX)( ) Since Al y )( +5) C A(lyx) we know
from Buchberger’s result (see e.g. [1, Prop 2.1.6]) that the

classes in Fy[ Xy, ..., X;;]/1x of the monomials in A(I,'\g)(8 +5)
are linearly independent over [, thus we get
. 8,8 3,
dim(DY (@) = |AUT)E)I.
O
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Let

n
d = Z(di —1)+d; — 8.
por

Corollary 3.4: 1fd > d then DY*(d) = DY (), and

n
dim(DY(@) = (d; — 8 + D[] di.
ot
. (8,8) 7 T 8,8) 7
Also dim(Dy 7 (d — 1)) = dim(D 7 (d)) — 1
Proof From the above proof we get that if M €
AUx)%; then degy (M) < dy— 5+ 1and degy (M) < d; for

alli € {1,....n}\ {s}. Thusif d > d we have A(lx)";) =
Alx)?3 which implies DY (d) = DY (d). We also have
that

dim(D$Y(@))

:|{Xf1~-~X,f"|0§a,-<d,-,i:1 .,n,i#s, and
n
0<a;<di—8+1}|=(d—5+ D] ]d
e
Observe that in A(/ X)(j;) there is only one monomial of

degree d, so that iim(DV(d — 1)) = dim(DYY(@)) - 1
Now, for 1 <d < d (whend = 0 we have D®9(0) ~ Fy),
we present a formula for the dimension of DE9(d) in terms
of the dimension of certain affine cartesian codes, and for that
we introduce some notation.
Definition 3.5: For s € {1,...,
product

n} we denote by X the

X =Ky x - x Ky | XxKgp1 X -+ X K.

In the next result we relate the dimension of Dgi’ 9 (d)to the
dimensions of Cy(d) and the affine cartesian code Cy, (d).
Theorem 3.6: Let s € {1,...,n} and let d be an integer
suchthat ] <d <d. If1 <d < r =ds—~8—|—1then
dimg, DY(d) = dimg, Cx(d), and if r < d < d then
§—2
dimp, DY (d) = dimg, Cx(d) — Y _ dimp, Cx,(d—r — i),
i=0
()
where dimp, Cx,(d—r — i) =0ifd—r —i < 0.
If1 <d <r =d;— &6+ 1 then from Definitions 2.2 and 2.3
we get that dimg, Dg"y)(d) = dimp, Cx(d), so we assume
now thatr <d < d. Define the following sets:

Qs ={(ai,...,a,) eN"|0<a; <d;, for
I<i<na+--+a, <d};
QY = (a1, ..., an) € Qu | a; < dy — 8).
From previous considerations we get that dim]Fq Cx(d) =

|€24] and diqu D%“)(d) — |Q§18,s)|_
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For any (ay, ..., a,) € Q4 we have that either a; < dg — §
orag=d;— 6+ 1+ iforsomeiintherange) <i<§—2
(because ay < dy—1).Ifag=ds— 5+ 1+4+i=r +ithen
we have

ai+---tas-1tag1+ - +ag <d—r—i,

and for 0 < i < § — 2 we define

N0

s, d—r—i — {ar,...,an) € Qy—r—i | as =0},

so that Q(O)

s,d—r—i
Thus we have

§—2
s, 0
12 = 12071+ > 1%,

=@ifiissuchthatd —r —i < 0.

s,d—r—i
i=0
and since dimp, Cxd—r — i) = |Q§?317r7i| for all
i €{0,...,5 — 2} the above equation implies equation (1)

in the statement.

IV. MINIMUM DISTANCE AND OPTIMAL CODES

In this section we relate the minimum distance of D()i’s)(d)
to the minimum distance of the affine cartesian code Cx(d).
In what follows we denote by W (C) the minimum distance
of acode C.

Letd be an integer intherange 1 <d < ), ,(d;—1),and
let k and £ be uniquely defined by writingd = Zle di—DH+
£, with0 < £ < dy41 — 1 (ifd < d; — 1 then take kK = 0 and
¢ =d,if k +1 = n then we understand that [T/_, ,, d; = 1).
We recall that

WO Cx(@) =1 -0 [] di )
i=k+2

(see e.g. [18, Theorem 3.8]).
Theorem 4.1: Let

k
d= Z(di —1+¢
i=1
where 0 <k <nand 0 < £ < dj4; — 1.
‘We have
w(Cx(d))

< WD @) < m— dimg, DY (d)

. (8,8)
_ ({MW - 1)(8— D+l G

where m = [[/_, di,r = d; — 8 + 1 and for x € R, [x] is the
smallest integer such that x < [x7]. If

(1) k+2 <nanddiyy <d;, or

(i) ds < dg+1and0 <ds — (dg+1 —0) <r
then we get W(DYY(d)) = WD(Cx ().

Proof: Since DY (d) C Cx(d), we have WD (Cx(d))

< W(l)(D()‘é’x)(d )). From Theorem 2.4 we know that D()‘g‘s) (d)
is locally recoverable with locality (r, §), so we may apply
[19, Theorem 2] and we get the second inequality of (3).
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Assume that k + 2 < n and dr42 < d;. We consider two
cases,s > k+2ands < k+2,let’s suppose first that s > k+2.
Consider an element « = («q,...,®,) € X, and consider
distinct elements By, ..., B¢ € Kx+1. Define the polynomial

k 4
f=T1T1&-o ][ — 80, “
i=1

i=1 OlEKl'
aFa;

Observe that f € 77;3"?) so that W(f) € Dg’s)(d). Denoting
by w(v) the weight of a codeword v we have w(W¥(f)) =
WD(Cx(d)), and we're done. Assume now that s < k + 2,
from dr42 < d; we must have Ky = K41 = Ki43. Clearly
s € {1,...,k + 1} so replacing K by K4, in (4) we still
have f € P and w(¥(f)) = WD(Cx(d)).

Finally suppose that (ii) is satisfied, i.e. s < k 4+ 1 and
0 < dy — (dk+1 — £) < r, and to avoid overlapping with
the previous case we also assume that either d; < dy42 or
n =k + 1. Now we take

k+1 ds—(dg+1—0)

=l J1&-o ] &-80
i=1 aek; i=1
i#S aFa;

where B, ..., Bd,—(d.—¢) are distinct elements of K, and
again we have f ¢ Pff’s), V() € D(;é’s)(d) and w(¥(f)) =
WO (Cx (). U

Following [19], we say that the code D(;é’s)(d) is optimal
if its minimum distance attains the upper bound presented in
the above theorem.

Corollary 4.2: The codes DV(d) and D (d — 1) are
optimal, and have minimum distance equal to, respectively,
dand § + 1.

Proof: We have

n n—1
d=>Y di—D)+di—8=) (di—1)+dy—8

i=1 i=1

i#s
so from (2) we get WDCx(d) =d, — (d, —8) = 8. On the
other hand, from Corollary 3.4 and the fact thatr = d; — & +
1 we get that the upper bound for W! )(Dg’ ) (d)) in the above
theorem is

: dimp, DY (d
m — dimg, D (d)— ({F”—X() ~1) (6 - D+l
r

n n n
=[[di-d—s+D[[d— [ [[d—1 |6 - D+1=5

i=1 i=1 i=1

i#S i#S
SO W(l)(D()i’S)(Zz’)) = 4. In the same way one proves that
WD @ - 1) =5+1. 0
One may check that if d; = d,, and d < d then either
condition (i) or condition (if) of the above Proposition is

satisfied, so we get W(l)(D()‘é"T)(d)) = WW(Cx(d)). In the
following section, among other results, we present some
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values for W (DY (d)) when we have W(DP (@) >
WO (Cx ().

Corollary4.3: Leté > 2,n = 2,r = 2,5s = 2,d; <
dy = § 4+ 1 and g a prime power greater or equal than d;. For
I <d < (d — 1)+ (d— 8 = di, the code DY (d) is
optimal with minimum distance (d; — d)(§ + 1).

Proof: From Corollary 4.2 ford =d; — 1 andd = d;
the code D(’S 5) (d) is optimal. If d < d; — 1 then from Propo-
sition 3.3 we get d1m1p D((s v)(d) (d+2)(d+1) (d)(d D _
2d + 1 and from Theorem 4.1 we get W(l)(D(‘S S)(d))
(di —d)dr = (di —d)(6 + 1).

From [19], the upper bound of DY (d) is dids — (2d +

1 — ([w;lb(a — D41 = (W —dd, = WD

(DY d)). O

V. FURTHER RESULTS ON THE MINIMUM
DISTANCE IN A SPECIAL CASE
In this section we assume that K, ...,
KiCcK,C---CK, CF,

We write Aff(IE‘;’) for the affine group of F”, i.e. the
transformations of Iy of the type @ —— A« + B, where
A e GL(n,Fy)and B € IF;’.

Definition 5.1: The affine group associated to X’ is

K,, are fields such that

Aff(X)={p: X > X | o =1y, withyy € Aff(Fg)
and ¥ (X) = X}.
Let {e1,...,e,} C IF;’ be the canonical basis of JFZ, since
e1,...,e, € X we get that for each ¢ € Aff(X) there exists

only one i € Aff(IFg) such that ¢ = |,,.

Lemma 5.2: Lety € Aff(Fy) be given by a@ —> Aa + B,
where
a0 A4 by
A= . . and B=1|:],
Anl o A bn
and let ¢ = ,. Then ¢ € Aff(&X) if and only if the
following conditions are satisfied:
(1) foralli,je{l,...,n}, ajj € K;, bj € K; and if K; g K;
then a;; = 0;
(ii) foralli<je{l,...,n}suchthatK; | S K;=K; &
Kj the square submatrix formed by entries a,,, with
i <u,w <jisinvertible.

Proof: Lety :aa —> Aa+ B € Aff(IFZ) and suppose
that ¥, = ¢ € Aff(X). Fora = 0 we get ¢(0) = B € &,
which implies b; € K for all j € {1, ..., n}. We also get that
the transformation ¥ : &« — Aa € Aff(IF;) is such that
@0 = Yo, € Aff(X).

Let{ei, ..., ey} C IFZ be the canonical basis of IE‘Z. For any
jef{l,...,n} we get
ayj
vole) = [ ¥ | ex
pj
and so a;; € K; foralli € {1,...,n}.

VOLUME 10, 2022

Leti,j € {1,...,n} such that K; G K; (so in particular
J > i) and choose y; € K;\K;. From yje; € X we get

viaij
.
Yolyep = | " | e ¥
Vjanj
and, in particular, y;a; € K; which is only possible if a;; = 0.
Assume that K; € K, and let ig, ..., i; be integers such

=
that0=i0<i1<~~~<i,=n,withK,+1_ _I(,u+1
forallu=0,...,t —land K;, G K, forallue{l
t — 1}. Then the matrix A can be ertten as

B 0 0 0

* By 0 -+ 0

A= * * By - 0

« % % B
where for all j = 1,...,¢ the matrix B; is of size (i; —
ij—1) x (ij — ij—1). Since detA = det By - det B, - - - det B; and

detA # Owe getforallj =1, ..., ¢ that B; is invertible with
coefficients in K,-/.. Conversely, if (i) and (ii) are satisfied then
it is easy to see that ¢ € Aff(X). O

The affine group Aff(X") acts over the set of polynomials
Fy[X1, ..., X,]inthe following way. Letf € IFy[X1, ..., X,],
¢ € Aff(X) and ¥ € Aff(Fy) such that ¥, = ¢.
We define f o ¢ € Fy[Xy,...,Xplas f o pXy,..., X)) =
f (WX, ..., Xn), where (X1, ..., X,) is written as a column
vector.

Definition 5.3: We say that f, g € Fy[Xi,...,X,] are
X-equivalent if there exists ¢ € Aff(X) such thatf = go .

In [9] affine cartesian codes were studied as images of
polynomial functions evaluated at the points of X, and
two polynomials define the same function if their differ-
ence belongs to Iy. In the following result we rewrite
[9, Thm. 3.5] without using the function concept.

k

Theorem 5.4: Letd = Z(di —1)+4£4,0 <k <nand

i=1
0 <? <dks1 — 1, the minlimal weight codewords of Cy(d)
are of the form W(f) where f € FFy[Xy, ..., X;]<q4 is such

that there exists g € Fy[X1, ..., X,], withf—g € Iy and g is
X-equivalent to a polynomial
k+1 dj—(dg+1—0)
di—1
h=o [ &= J] &-w).
i=1,ij =1

where j € {1,...,k + 1} is such that d; — (dx+1 — €) > O,
o € Fjand ay, ..., og—a,,—¢ are distinct elements of K;
(if dj — (dx41 — £) = 0 we take the second product as being
equal to 1).

The following result describes a property of certain polyno-
mials of degree 1 which will be used in the next proposition.

Lemma 5.5: Let p = X1 + -+ + wXp + n €
F,[X1,...,Xu], where y1,...,y» € Fg and y # O.
Then there exists ¢ € Aff(X) andj € {1, ..., n} such that
Xjop =pifandonlyif y; € K;foralli e {1,...,h},n € K;
and K = K.
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Proof: Assume that there exists ¢ € Aff(X’) such that
Xjop =pforsomej e {l,...,n},andlet ¢ € Aff(]FZ) be
such that ¢ = v,.. If ¥ is given by &« —— Aa + B, then the
Jj-throw of A has to be (y1,..., ¥, 0,...,0),s0 ¥ € K; for
alli € {1,..., h}, likewise the j-th entry of § has to be 7, so
that n € K;. From the general form of A, which was described
in Lemma 5.2 we get that K;, = K;. The proof of the converse
is simple and follows from Lemma 5.2. 0

Definition 5.6: A linear form L = y1 X1 + --- + yuXs,
where y;, # 0, y; € Kjforalli € {1, ..., h} and K}, = K; will
be called a X-linear form over K;.

Proposition 5.7: Let f € Fy[Xy,...X,] be a polynomial
of degree

k
d=Y (di-1)+¢,
i=1
where 0 < k < nand 0 < £ < dr41 — 1. Assume that
no monomial in f is a multiple of Xl.d" Jforalli=1,...,n.

n
IEw(W()) = (dk+1 — £) 1—[ d; then there exists a mono-
i=k+2

k+1
mial in f of the form X:j_(dk“_z) HX;?"_I for some 1 <
%
J < k + 1 such that d; > diy1 — £, where 11, ..., tiy1
are distinct elements of {1,...,n} and K;; = K; for all
ie{l,....k+1}.
Proof: From (2) we get that w(W(f)) = WD(Cx(d))

so from Theorem 5.4 there exist j € {l,...,k + 1} and a
polynomial
k+1 di—(dg+1—0)
g=o[J@i-ey™" =1 [ @&—80.
i=1 s=1
i#]

where 0 € Fy, B, ...,ﬂdj_(dk +1—¢) are distinct elements
of Kj, L; is a X-linear form over K; and o; € K; for all
i € {l,...,k + 1}, the forms Ly, ..., Ly4+; are linearly
independent over I, and f—g € Ix. Since deg(g) = d we
getg € Fy[Xy, ... Xy]l<qg and W(g) = W(f) € Cx(d).

Assume, for a moment, that there are at least two factors in
the first product in the definition of g, i.e. assume that there
existu,w € {l,...,k+ 1} withu < wand u, w # j. Observe
that evaluating the polynomial

((Lu — Olu)d”_l _ ])((Lw _ aw)dw—l _ 1)

at the points of X we get the value zero, except for those
P e X where L,(P) = o, and L, (P) = a,, and at these
points we get 1. For any y € K,, we get the same results
evaluating the polynomial

(Ly — 0™ ™' = DLy — oty — ¥ Ly — )™ = 1)

at the points of X'. Thus we may replace, in the polynomial g,
the factor (L,, —ct,, )™~ — 1 by the factor (L,, — at,, — y (L, —
o)) ~1 —1 obtaining a polynomial g such that W(g) = W(g),
and a fortiori g—g € Ix. This reasoning shows that we may
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perform a Gaussian elimination process in the set {L; — «; |
i=1,...,k+ 1,i # j}, starting with the linear form with
the greatest index and proceeding to the linear form with the
least index, and find a set of k integers 1 < f; < -+ <
i1 < tjy1 < --- < tr41 < nsuch that after the elimination
process we may assume that L; = X;, + Zw<t;,W¢A a;,, X, for
allie{l,....k+1\{j},whereA={s; |i=1,...,j—1,
j+1,...,k+1}. Observe that K;; = K; foralli € {1, ...,
k + 1} \ {j} and we still have

k+1 dj—(dy-+1—0)
fot[J@wi-w =1 [] @w-Boelx

i=1 s=1

i

forsome v € Fy, and y; € K; foralli e {1,...,k+ 1} \ {j}.
Leti € {1,...,k + 1}\{j} be such that K;, C K; and let
& € Kj, then the polynomials
dj—(dg+1—0)

@—-w* =1 T]

s=1

(Lj — Bs)

and
di—(dg+1—1)
@i-yw" "= TJ]
s=1
yield the same value when evaluated at any P € X,
so their difference is in /y. As before, after a Gauss-Jordan
elimination process, we may assume that L; = X, +
ZW<%W¢A ajwXw, with #; ¢ A and K;; = K;. Again,

(Lj— Bs —EWi — vi)

k+1 dj—(dg41—-0)
f=nl@i-w" =10 ] @-6)elr.
(= =

still holds, for some n € F, and 65 € Kj,s = 1,...,d; —
(di+1 — £). Taking the lexicographic order where X < --- <
X,,, we get that the leading monomial of the right hand side
polynomial in the above difference is

lj

k+1
M = x 4= T xé".

i=1

i#]
Since the remainder in the division of f — g by the Grobner
basis {X]d] —Xi,..., X,‘,i" —X,}1s zero, and M is not a multiple
of Xt.di foralli = 1,...,n, we get that this monomial must
also appear in f. ]
We apply the above result to obtain a converse to

Theorem 4.1.
Theorem 5.8: Assume that K1, ..., K}, are fields such that
k

Ki CKy C-- CKy CFyLetd =) (d; — 1)+ £ where

i=1
0<k<nand0 < € < deyy — 1. E WODEV (@) =
W (Cx(d)) then one of the following conditions must hold:
(i) k+2<nanddisr <ds;
(i) ds < dg+1and 0 <ds — (dr+1 —0) <.
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Proof: Suppose that condition (7) is not satisfied, then
n =k + 1ords < diyo, which implies, in both cases, that
ds < dy41. If condition (ii) is also not satisfied we must then
have dy — (dk+1 — €) < OQorr < ds — (dy4+1 — £). Thus if
conditions (i) and (ii) are not satisfied, then n = k + 1 or
ds < dpya,and ds — (dgy1 — €) <Oords — (dg41 — £) > 7.
We assume that W(l)(Dg’z’s)(d)) = WD(Cx(d)) holds, and
letf e 77((18’” be a polynomial of degree d such that

w(W(f)) = WD(Cx(d)).

From Proposition 5.7 there exists a monomial in f of the
form

-y . k+1
M] ZXZ.J_ k+1—0) | |Xltl],'71
i
i=1

i
for some 1 < j < k + 1 such that d; > dy41 — £, where
11, ..., txy1 are distinct elements of {1, ..., n} and K;, = K;

forallie{l,...,k+1}.

Ifn=4k+ 1then{t,...,tx+1} = {1,..., k + 1}, which
implies that s = ¢; forsome i € {1, ...,k +1}. IfdengMj =
dg — 1 then degXSMj >dy; — 6+ 1,and if degXS M; = d; —
(dk+1 — £) then we cannot have dy — (dx4+1 — £) < 0 so we
must have dg — (dy+1 — £) > r, which leads to a contradiction
since we also must have degy M; <ds—6+1=r.

Thus we suppose now that k + 1 < n and dy; < dj3. Let
u be the integer such thats < u < k+2andd,—; < d, =
d+7. From the definition of the set {f, ..., fr+1} we have,
in particular, that K;, = K; foralli e {1,...,u—1},s0s =
forsomei € {1,...,u— 1} C {1,...,k + 1}. As above,
analysing the degree of M; we get f ¢ Pg(la’s) , which finishes
the proof. 0

Thus, if conditions (i) and (ii) of the above theorem
are not satisfied, then from Theorem 5.8 we get that
WD) > WO(Cx(d)). Since DYV(d) C Cx(d)
we must have W(l)(D(;’S)(d)) > WA(Cx(d)) where
we x(d)) denotes the second lowest codeword weight in
Cx(d), also called next-to-minimal weight of Cx(d). The
values for W (Cy(d)) were determined in the series of
papers [6], [8] and [10]. These papers contain, in particu-
lar, the values for the special case where X = ]FZ, which
had already been determined by a combination of results by
several authors — the reader may find a historical survey of
these results in [9]. From these papers, we get that, writing

k

d=Y (di—1)+twhere0 <k <nand0 < € < dy1 -1,

i=1
the values for W@ (Cx(d)) are as follows:
1) if n = k + 1 then (see [6, Theorem 2.6])

WO (Cx(d) = dy — L+ 1;
2) if3 <dy <--- <d,andeither £ = 1 and dy41 <
di42, or £ > 2 then (see [8, Theorem 3.10])
n
WOCx(d) = (dip1 — L+ D2 — D) [] s

i=k+3
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3) ifd <dj=gqforallie{l,...,n}and £ = 1 then (see
e.g. [10, Theorem 3.5])

wOCxd) = ¢,

4) For all other cases where dy+1 = dk4+2, £ = 1 and
3<d; <---<d,then (see [10, Theorem 3.5])

n
WOCx@) =@, -1 ]
i=k+3
Corollary 5.9: Assumethatn =k +lor3 <d; <--- <
d, if the conditions () and (if) of the above proposition are
not satisfied and dy — (dy+1 — £) = r then WD (@) =

dy— €+ 1 ifn=k+1;

n
(dis1 — €+ D(dgsr — 1) ]_[ d; ifn>k+1.
i=k+3

Proof: 1If (i) and (ii) of Theorem 5.8 are not satisfied,
then, as in the above proof we getthatn = k+1 ord < di42,
and dy — (dx4+1 —4¢) < 0ordy—(di+1 —£) > r. These last two
inequalities we replace by the hypothesis dy — (dx+1—£€) = r.

Let

k+1 ds—(di1—0—1
di—1
e=[]x"" =[] &G—8w.
i=1 h=1
i#s

then deg() = Y17 L (di — D) +dy — (dip1 — 0) — 1 =
Zle(d,- —D+2—1=d—-1(fds—(dr+1 —£) = 1 then we
take the second product in the definition of g as being 1 and
still get deg(g) = d—1).Clearly g € 73[(]3"?) since degy g < r.

Suppose that n = k + 1, since w(W(g)) = dx+1 — £+ 1 we
must have WD (d)) = WO (Cx(d)) (from the above
data on W(Cx(d)).

We now treat the case where k + 1 < n, then we have
ds < dk42, and from the hypothesis we also have 3 <
di < --- < dy. Assume that dy4; < di4o and let f =
¢Xi42, then deg(f) = d and f € PP, from w(¥(f)) =
(dip1 — £+ D(dipr = D [Ty 3 di we get WODEY @) =
WA(Cx(d)). In the case where dy 41 = dj4o fromdy < dyi»
and dy — (di+1 — ) = £ —(dg42 —ds) = r > 1 we see that we
must have £ > 2, so again we have w(¥(f)) = WP (Cx(d)),
which finishes the proof. |

VI. EXAMPLES

In this section we present some tables with numerical data
obtained from the above results and we also do some com-
parisons with other works. In the tables, we use the fol-
lowing notation: m = |X| is the length of Dg’s)(d), K =
dimg, DYV(@), v = WO(Cx(d), w = WD(DYY(d)) and
we denote by N = m — « — ([f]—l)(a — 1) + 1 the
upper bound for the minimum digtance, which appears in
Theorem 4.1. In the tables d runs in the range 1 < d < d.
When w # v then w > W®(Cx(d)) and in Section 5 the
values for W@ (Cy(d)) are presented. When w # v and we
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TABLE 1. X :=TF; x Fyq.

D% (4)
4 5 10 15 20 25 26 27 28 29 30
343 343 343 343 343 343 343 343 343 343 343
15 21 56 91 126 160 165 169 172 174 175
147 98 45 40 35 30 29 28 27 26 %
329 323 240 181 98 40 35 31 28 26 25

Zg|x|3 |

TABLE 2. X :=TFg x Fa5 x Fys.

DI (d)
d 2 3 24 25 26 27 47 48 49
m | 3125 3125 3125 3125 3125 3125 3125 3125 3125
K 9 16 625 674 721 766 1246 1249 1250
v 1875 1250 125 100 75 50 6 5 4
w 2400 > 1800 125 100 96 > 72 >7 5 4
N | 3105 3089 1565 1444 1325 1214 14 5 4

TABLE 3. X :=A; x Ay, |A;| =10, |Ay| = 13 and g > 13.

)
5 6

1 2 3 7 8 9 10
130 130 130 130 130 130 130 130 130 130
3 5 7 9 11 13 15 17 19 20
117 104 91 78 65 53 39 26 13 12
117 104 91 78 65 53 39 26 13 12

Zg|x|3 |~

are in the hypotheses of Corollary 5.9, then we write the true
value of w. In the table 1, for the d presented we always have
w = v. In the table 2, for some values of d we have w # v.

From Corollary 4.3 we get optimal codes where the mini-
mum distance is a multiple of § 4- 1, see for example Table 3.

Optimal codes have been the object of active investigation
(see e.g. [4], [5], [11]-[13] and [17], among many other
papers). We finish this section with comparisons of our codes
with codes which appear in some of the papers above.

In [13, Corollary 1], the authors find optimal codes with
minimum distance equal to § + 1, 6 + 2 and 2§, while in
Corollary 4.2 we have optimal codes with minimum distance
equal to § and §+1, and in Corollary 4.3 we construct optimal
codes whose minimum distance may be adjusted to be one
among several multiples of § + 1.

In [4, Example 1] the authors present an optimal code with
parameters [12, 5,4] and (r,8) = (2, 3). In this case the
minimum distance is 4 = §+ 1. From Corollary 4.3, choosing
(d1, dz) = (3,4) and the same locality (r, §) we get the same
code as in the above mentioned example, among three optimal
codes with parameters [12, 3, 8], [12, 5, 4] and [12, 6, 3].

Finally we observe that in [11], the authors present cyclic
optimal (r, §)-LRC codes such that the length divides g + 1,
while the length of our codes has no such restriction.
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