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ABSTRACT This study introduces an effective population-based optimization algorithm, namely the Golden
Search Optimization Algorithm (GSO), for numerical function optimization. The new algorithm has a
simple but effective strategy for solving complex problems. GSO starts with random possible solutions
called objects, which interact with each other based on a simple mathematical model to reach the global
optimum. To provide a fine balance between the explorative and exploitative behavior of a search, the
proposed method utilizes a transfer operator in the adaptive step size adjustment scheme. The proposed
algorithm is benchmarked with 23 unimodal, multimodal, and fixed dimensional functions and the results are
verified by a comparative study with the well-known Gravitational Search Algorithm (GSA), Sine-Cosine
Algorithm (SCA), Grey Wolf Optimization (GWO), and Tunicate Swarm Algorithm (TSA). In addition,
the nonparametric Wilcoxon’s rank sum test is performed to measure the pair-wise statistical performance
of the GSO and provide a valid judgment about the performance of the algorithm. The simulation results
demonstrate that GSO is superior and could generate better optimal solutions when compared with other
competitive algorithms.

INDEX TERMS Global optimization, golden search, metaheuristic, population-based, benchmark function.

I. INTRODUCTION

Many real world design problems can be considered as
optimization problems, and an appropriate optimization
method is required for the solution. On the other hand,
design problems have become harder when discontinuities,
incomplete information, dynamicity, and uncertainties are
involved. In such a case, classical optimization algorithms
based on mathematical principles demand exponential time
or may not find the optimal solution at all. One of
these classical algorithms is the gradient-based methods,
which utilize the gradient of the objective function for the
configuration of the optimization problem. To overcome the
mentioned problem, during the last few decades, introducing
new efficient metaheuristic optimization algorithms to deal
with the drawbacks of classical techniques has been of
great concern. The privileges of these algorithms include
derivation-free mechanisms, simple concepts and structure,
local optima avoidance, and effectiveness for discrete and
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continuous functions. Accordingly, there is an increasing
interest in presenting new metaheuristic algorithms that have
high efficiency, great accuracy, and an increased speed rate
in dealing with difficult optimization problems. Generally,
metaheuristic algorithms have two types: single-solution
based methods (also known as trajectory methods) and
population-based algorithms.

As the name indicates, in the former type, only one solution
is generated (usually at random) and processed during the
optimization phase until a stopping criterion is satisfied.

Some of these methods are Simulated Annealing (SA) [1],
Tabu Search (TS) [2], Iterated Local Search (ILS) [3],
and Vortex Search Algorithm (VSA) [4]. In the latter
type, a set of solutions (i.e., a population) is generated
randomly and updated iteratively in each iteration of the
optimization process until satisfying a stopping criteria. Some
well-known examples of these algorithms are the Genetic
Algorithm [5], Ant Colony Optimization [6], Particle Swarm
Optimization [7], Firefly Algorithm [8] and Harris hawks
optimization [9]. Regardless of the wide variety of recently
developed metaheuristic algorithms, they have two main
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FIGURE 1. Categorization of meta-heuristic algorithms.

phases include investigating the various promising regions
in a search space (exploration) and the local search around
the obtained promising regions (exploitation). The basic
differences between metaheuristic methods is the special
procedure that they applied for well balance among these two
phases. Based on the nature of the metaheuristics, population-
based algorithms are more exploration-oriented, while single-
solution algorithms are more exploitation-oriented [10].

Although all population-based metaheuristics could obtain
relatively acceptable results, there is no metaheuristic
method that provides superior performance in solving all
optimizing problems [11]. Hence, proposing new high per-
formance metaheuristic algorithms is welcome. In addition,
as shown by Mirjalali [12], a meta-heuristic does not
necessarily need actual inspiration, and simple mathemat-
ical functions can also be used to design optimization
algorithms.

Therefore, the motivation of this study is to propose
a simple and effective global optimization technique for
complex problems. The proposed algorithm utilizes a new
adaptive step size adjustment scheme, which has a simple
concept and significantly improves the performance of the
search process. It is worth mentioning that the presented
method could provide a well balance between exploration
and exploitation. According to the capability of the proposed
algorithm in finding a (near) global solution in a reasonable
time, it is called a “Golden Search Optimizer” (GSO).

The remainder of this paper is organized as follows: In
section II, a survey on metaheuristic algorithms is presented.
Section III presents a description and step-by-step framework
of the proposed GSO algorithm. In section IV, the empirical
evaluation of GSO in an extensive test environment is
carried out, and the simulation results are compared with the
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selected metaheuristic algorithms. Finally, the summary and
conclusions of the study are presented in Section V.

Il. RELATED WORKS

In recent years, optimization has become a popular research
field and an economical way to find an optimal solution
to complex problems. According to Fig. 1, we have
divided the optimization algorithms into four categories
based on the type of inspiration. The first group is swarm-
based algorithms, which consist of a population of simple
agents interacting locally with one another and with their
environment. These algorithms employ artificial swarms of
autonomous agents that follow simple rules (relative to the
system’s complexity) to update their state through time. In the
optimization framework, a swarm consists of a number of
search agents whose state represents a candidate solution to
the optimization problem at hand. The agents adhere to basic
rules that promote their cooperation during the search for
better solutions. The search is typically defined as an iterative,
highly distributed procedure where the agents explore the
given search space for the problem while communicating
their findings to their mates. Information sharing is a key
issue for the efficiency of such computational schemes [13].
Some examples of swarm based algorithms include Par-
ticle Swarm Optimization (PSO) [14], Firefly Algorithm
(FFA) [15], Ant Colony Optimization (ACO) [16], Artificial
Bee Colony (ABC) [17], Krill Herd (KH) [18], Whale
Optimization Algorithm (WOA), Crow Search Algorithm
(CSA) [19], Rat Swarm Optimizer [20], Sperm Swarm
Optimization [21], Chameleon Swarm Algorithm [22]. The
second group is evolutionary algorithms, which are efficient
heuristic search methods based on Darwinian evolution
with powerful characteristics of robustness and flexibility
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to capture global solutions to complex optimization prob-
lems. Genetic Algorithm (GA), Evolution Strategy (ES),
Genetic Programming (GP), Biogeography Based Optimizer
(BBO), Evolutionary Programming (EP) [23], Differential
Evolution (DE) [24], Virulence Optimization Algorithm
(VOA) [25] are some of these algorithms. The third
category is physics-based algorithms inspired by natural
phenomena and imitating physical and biological processes
of nature, such as Simulated Annealing (SA) [1], Black Hole
Algorithm (BH) [26], Curved Space Optimization Algorithm
(CSO) [27], Ray Optimization (RO) [28], Gravitational
Search Algorithm (GSA) [29]. The fourth category is
human-based algorithms that allow humans to contribute
solution suggestions to the evolutionary process, such as
Harmony Search (HS) [30], Teaching Learning Based Opti-
mization (TLBO) [31], Imperialist Competitive Algorithm
(ICA) [32], Exchanged Market Algorithm (EMA) [33],
Thermal Exchange Optimization (TEO) [34] and Tabu Search
(TS) [35]. There are other algorithms that are a combination
or modification of algorithms in these four categories. Some
of them are: modified particle swarm optimization [36], [37],
modified harmony search algorithm [38], modified gravi-
tational search algorithm [39], [40], modified ant colony
optimization [41], modified sine cosine algorithm [42], [43],
modified wild horse optimization [44], modified slime mould
algorithm [45], hybrid genetic algorithm and particle swarm
optimization [46], hybrid firefly algorithm [47], hybrid sperm
swarm optimization and gravitational search algorithm [48],
hybrid tunicate swarm algorithm and pattern search [49],
hybrid arithmetic optimization algorithm and sine cosine
algorithm [50].

Some of the most famous of these optimization algorithms
are described below. The Genetic Algorithm (GA) is the
most popular evolutionary inspiration technique that mimics
the principles of Charles Darwin’s Compatibility Survival
Theory. This method involves the selection process, the
crossover, and the mutation process to replace the worst
solution in each generation. In this algorithm, solutions are
improved according to the best solutions obtained by each
particle so far and the best solution found for the overall
swarm. The ACO algorithm imitates the collective behavior
of ants in finding the shortest path from the nest to the
food source. One of the most important and most interesting
behaviors of ants is their behavior when finding food, and
in particular, how to find the shortest path between food
and nest. This kind of behavior by the ants has a kind of
swarm intelligence that has recently attracted the attention of
scientists. In the natural world, ants of some species (initially)
wander randomly, and upon finding food, return to their
colony while laying down pheromone trails. If other ants find
such a path, they are likely not to keep travelling at random,
but instead to follow the trail, returning and reinforcing it if
they eventually find food. The DE is presented to overcome
the main defect of the genetic algorithm, namely the lack of
local search in this algorithm.
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The main difference between GA and DE is in the selection
operators. In the ABC model, the colony consists of three
groups of bees: employed bees, onlookers, and scouts. It is
assumed that there is only one artificially employed bee for
each food source. In other words, the number of employed
bees in the colony is equal to the number of food sources
around the hive. Employed bees go to their food source and
come back to the hive to dance in this area. The employed bee
whose food source has been abandoned becomes a scout and
starts to search for a new food source. Onlookers watch the
dances of employed bees and choose food sources depending
on the dances. The FA is a meta-heuristic algorithm, inspired
by the flashing behavior of fireflies. The primary purpose of a
firefly’s flash is to act as a signal to attract other fireflies. The
Firefly Algorithm is based on the life cycle of firefly worms.
In the firefly algorithm, worms tend to be attracted to high-
attraction lights. The worm with less light can be absorbed
by the worm with more light. In this situation, the swarm
moves like a PSO. Of course, the degree of motion is also
taken randomly to prevent the early convergence of the FA.

Optimization algorithms have advantages and disadvan-
tages. For example, the PSO algorithm solves problems with
small and simple dimensions well, but has poor performance
in high-dimensional, complex, and hybrid problems and
suffers from premature convergence [51].

The Gravitational search algorithm (GSA) is a novel
meta-heuristic stochastic optimization algorithm inspired by
the law of gravity and mass interactions [29]. In GSA,
individuals, called agents, are a collection of masses that
interact with each other based on Newtonian gravity and
the laws of motion. The agents share information using
the gravitational force to guide the search towards the best
location in the search space. The high performance and the
global search ability of GSA in solving various nonlinear
functions are inferred from the results of experiments
undertaken previously [29], [52]. In GSA, all agents move to a
new place, the direction and distance are determined by their
velocities. By changing the velocities over time, the agents
are likely to move towards the global optima.

The sine cosine algorithm (SCA) is a relatively new
meta-heuristic optimization approach developed by Mirjalili
in 2016 [12]. Compared with other meta-heuristics, the
SCA has a simple concept and structure and does not
have complicated mathematical functions. In the SCA, the
formulas for updating the population rely solely on sine
and cosine functions. SCA is better than other competitive
methods at finding optimal solutions and is suitable for
tackling real-world optimization problems [53].

The Tunicate Swarm Algorithm (TSA) is a recently
developed swarm-based algorithm [54]. Tunicates use swarm
intelligence and jet propulsion at sea to choose the optimal
state for seeking food in their surroundings. TSA outperforms
other competitor approaches when it comes to identifying
optimal solutions and is well-suited to real-world optimiza-
tion challenges.
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FIGURE 2. The GSO flowchart.

The Grey Wolf Optimizer (GWO) is a novel heuris-
tic swarm intelligent optimization algorithm proposed by
Seyedali Mirjalili et al. in 2014 [55]. The wolf, as a top
predator in the food chain, has a strong ability to capture
prey. Wolves generally like social life, and in the interior
of the wolves, there exists a rigid social hierarchy. The
GWO algorithm mimics the leadership hierarchy and hunting
mechanism of grey wolves in nature. Four types of grey
wolves, such as alpha, beta, delta, and omega, are employed in
simulating the leadership hierarchy [55]. In addition, the three
main steps of hunting: searching for prey, encircling prey, and
attacking prey are implemented. The GWO is able to provide
very competitive results compared to other well-known meta-
heuristics [55].

Ill. GOLDEN SEARCH OPTIMIZATION (GSO) ALGORITHM
Despite the wide variety of population-based algorithms
in the field of stochastic optimization, they are almost
all the same in the process of finding the optimum.
These algorithms commonly start the search process with a
randomly generated initial population (potential solutions).
These random solutions are evaluated during iterations using
a fitness function and improved by a set of formulas, which is
the core of an optimization technique, until satisfying some
termination condition.
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In this study, according to the principles and commonly
used procedures of metaheuristic algorithms, a very simple
but effective optimization method called the Golden Search
Optimizer (GSO) is proposed. In fact, the new method
combines some major advantages of previously presented
algorithms like particle swarm optimization (PSO) and sine
cosine algorithms (SCA) to provide a fine balance between
global exploration and local exploitation and to avoid
premature convergence. In the GSO algorithm, the objects
update their position using a step size parameter, which is
almost the same as the velocity in the PSO algorithm [7].
However, instead of simple random values, the GSO utilizes
sine and cosine functions. The oscillation behavior of sine and
cosine functions allows one object to be re-positioned around
another one, and it can guarantee exploitation of the space
defined between two solutions. In addition, the exploration
capability of the algorithm will be improved by increasing
the range of sine and cosine functions, which allow a
solution to update its position outside the space between itself
and another solution [12]. Apart from its simple structure,
the algorithm outperforms other metaheuristics in terms of
convergence to the global best solution.

As a population-based metaheuristic optimization tech-
nique, GSO also commences the search process with an
initial random population of objects (candidate solutions).
In every iteration, the algorithm updates the position of
the objects using a step size parameter until satisfying
some termination criteria. The following is the detailed
mathematical expression of the GSO steps.

A. ALGORITHMIC STEPS

Theoretically, as a global optimization algorithm, GSO
encompasses both exploration and exploitation phases and
could provide a well balance between these two contradictory
abilities.

The algorithm has three main parts; including population
initialization, population evaluation, and updating the current
population. The step-by-step procedure of the proposed GSO
is detailed as follows.

Step 1— population initialization

GSO starts the search process with a set of randomly
generated objects (possible solutions) in the search space
according to the following equation:

O; = Ib; + rand x (ub; — Ib); i=1,2,....,N (1)

where O; presents the location of ith objects in the search
space. Moreover, ub; and Ib; are the lower and upper bounds
of the object, respectively.

Step 2- population evaluation

In this step, initial population will be evaluated based on
objective function and the object with the best fitness value
selected as Ogbest;

Step3- golden change

In the third step, the objects will be sorted according to their
fitness and the object with the worst fitness will be changed
by a random solution.
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Step4- step size evaluation

In each iteration of the optimization process, the objects
are moved toward the best solution using the step size
operator (St;). St equation consists of three parts. The first part
represents the previous value of the step size that is multiple
by the transform operator (7') which decreases iteratively to
balance global and local search of the algorithm. The second
part presents the distance between current position of the ith
object and its personal best position obtained so far by the
cosine of a random value in the range of 0 and 1.

The final part represents the distance between the ith
object’s current position and the best position obtained thus
far among all objects, multiplied by the sine of a random
value between 0 and 1. In the first iteration of optimization
process, St; will be generated randomly and updated using
the following equation during the iterations:

Sti(t 4+ 1) =T.St; (t) + C1.cos (r1) . (Obest; — x; (1))
~+ C3.sin(r2). (Ogbestl- — X (t)) 2)

where C| and C, are a random numbers between 0 and 2,
r1 and rp are random numbers in the range of (0,1), Obest;
is the best previous position obtained by the ith object so
far and T is transfer operator which transforms search from
exploration to exploitation to improve the search performance
and controlling the balance between global search in early
iterations and local search in late iterations. Actually, T is a
decreasing function and evaluated using Eq. (3)

T = 100 x exp(—20 x ——) 3)
tmax

where. t,,4¢ 1 the maximum number of iterations.

Step5- step size limitation

At each iteration, the algorithm proceeds by adjusting the
distance that each object moves in every dimension of the
problem hyperspace. Equation (2) shows that the step size
is a stochastic variable and may allow the objects follows
wider cycles in the problem space. In order to control
these oscillations and to avoid explosion and divergence,
a reasonable interval is introduced to clamp the object’s
movement according to:

_Stimax = Sti = Stimax (4)

where Stjq, 1S a designated maximum movement allowed,
which defines the maximum change one object can undergo
in its positional coordinates during an iteration based on the
following equation:

Stimax = 0.1 x (ub; — 1b;) 5)

Step 6- update position (generate new population)
In this stage, the objects move toward the global optimum
in the search space according to the following equation:

O;it+1)=0;@t)+St; ¢+ 1) 6)

The flowchart of the proposed GSO algorithm is presented in
Fig. 2.
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B. COMPARATIVE TIME COMPLEXITY ANALYSIS
Computational time complexity analysis can be conducted
in order to evaluate the overall performance of a new opti-
mization algorithm from different points of view. In computer
sciences, the “Big O notation” is a mathematical notation
that represents the required running time of an algorithm
by considering the growth rate when dealing with different
inputs [13].

The time complexity analysis of most algorithms involves
analyses of three components. Likewise, the time complexity
analysis of the proposed GSA also requires analyses of these
three components:

1. Time complexity of initialization of the population,
generally calculated by O(N x D) where N denotes the
population size and D denotes the dimensions of the problem.

2. Time complexity of initial fitness evaluation, generally
evaluated by O (N x F(X)), where F(X) represents the
objective function.

3. Time complexity of the main loop, generally calculated
by O (tj1ax X (N X D+N x F (X))), where t,,,4, is the maximum
number of iterations.

Hence, the total time complexity of GSO algorithm is
O(tyax (N x D+ N x F(X))).

IV. COMPARATIVE ANALYSIS OF THE GSO

Because of the stochastic nature of metaheuristic algorithms,
several test cases should be employed to confirm the
effectiveness of an algorithm. In this study, the performance
of GSO is evaluated on a well-studied and diverse set of
benchmark functions from the literature [56], [57] against
a good combination of some well-known state-of-the-art
algorithms. All of these functions are minimization problems,
which are useful for evaluating the search efficiency and
convergence rate of optimization algorithms. The mathemat-
ical formulation and characteristics of these test functions
are available in Tables 1, 2 and 3. Figures 3, 4 and 5 show
three-dimensional drawings of these benchmark functions.
Moreover, the cost functions along with the dimensions,
ranges, and minimum inputs related to the single exponential
benchmark functions are shown in Table 1-3.

This benchmark set covers three main groups: unimodal
functions with a unique global best for testing the conver-
gence speed and exploitation ability of the algorithms; mul-
timodal functions with multiple local solutions and a global
optimum for testing local optima avoidance and exploration
capability of an algorithm; and finally multimodal functions
with a fixed dimension. The proposed algorithm is coded in
MATLAB R2020b programming software.

The MATLAB code will be released after the acceptance of
the paper. In order to verify the success of a newly proposed
computational intelligence algorithm, it is recommended
that the performance of the new method be compared
with the other algorithms that are widely accepted in the
field. In this paper, the results and performance of the
proposed GSO are compared with other well-established
optimization algorithms such as the Gravitational Search
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TABLE 1. Description of unimodal benchmark functions.

Function Range fmin n (Dim)
n _ n
Fi(X) = Z 2 [—100,100] 0 30
i=1
—10,10]" 0 30
RX=Y |x,|+1_[ e [=10.10]
= i=
[-100,100]™ 0 30
F0=)" ( x,)
i=1 j=1
F,(X) = max {lx;,1<i< [-100,100]™ 0 30
[-30,30]" 0 30
Fo(X) = Z ) [100(xi+1 —x2)’ + (x; - 1)2]
i=
—100,100]™ 0 30
Fe) =) (xi+0.5)7 [ ]
i=1
[-1.28,1.28]" 0 30

n
F,(X) = E ) llx,- + random[0,1)
i=

FIGURE 3. 3-D versions of unimodal benchmark functions.

Algorithm (GSA) [29], Sine-Cosine Algorithm (SCA) [12],
Tunicate Swarm Algorithm (TSA) [54], and Grey Wolf
Optimizer (GWO) [55]. These algorithms have proved
their effectiveness and robustness when compared with
other well-established methods like PSO, GA, FA, and
so on [12], [29], [54], [55]. It should be noted that
the performance and convergence of these metaheuristic
methods completely depend on the internal parameters of
the algorithms. GSO has a simple structure and needs only
two main parameters, N (number of objects) and Maxliter
(maximum number of iterations).

It is found through experiments that a lower value of N
results in premature convergence and a higher value improves
exploration but increases elapsed time significantly. The

37520

appropriate value of N is considered to be 30, and the
maximum number of iterations is equal to 1000. In Table 4,
the key parameters of the selected methods are presented.

These values have been determined using the reference-
based parameter identification process according to those
recommended by their authors in the original papers. The
references for each method are presented in the third column
of Table 4.

Because metaheuristic methods are stochastic, the results
of a single run may be unreliable, and the algorithms
may obtain better or worse solutions than the previous
one. Therefore, statistical analysis should be applied to
have a fair comparison and effective evaluation of the
algorithms. Regarding this issue, for the selected algorithms,
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TABLE 2. Description of multimodal benchmark functions.

Function Range fmin n (Dim)

" . —500,500]™ 428.9829 30
Fg(X) = E ' l—xism(\/lxil) [ I n
=

[-5.12,5.12]" 0 30

Fo(X) = Zil[x% —10 cos(2mx;) + 10]

pp— L [-32,32]" 0 30
F1o(X) = —20exp| —0.2 —Z x2 | —exp (—Z cos(an,-)) +20
Niaj=1 Niai=1

+e
1 n x; [—600, 600]" 0 30
_ E 2 _ | | jud 3 ’
Fi1(X) = 2000 l_=1xl - cos (\/I) +1

Fip(X) = [-50,50]™ 0 30
n-1
S{tosinGry) + )7 0= D211+ 10sin?(ryie)] + 0 - 12

n
+ Z u(x;,10,100,4)
i=1

N k(x; —a)™ x;>a
yi=1+%‘u(xl—,a,k,m)= 0 a< x;<a
k(—x; —a)™ x; < —a

Fis(X) = 0.1 {sin2(3n'x1) [-50,50]" 0 30

"= 12 o '
+ zizl(x. 1)?[1 + sin?(3mx; + 1)]
+ (%, — 1)?[1 + sin? (ann)]}

n
+ z u(x;,5,100,4)
i=1

FIZ(x1.xz)
F13(x, . x,)

FIGURE 4. 3-D versions of multimodal benchmark functions.
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TABLE 3. Description of fixed-dimension multimodal benchmark functions.

Function Range fmin n (Dim)
1 25 1 -1 [-65.53,65.53]% 1 2
Fua(0) = (— £y —)
500 j=1j + (x; — au)6
u x1(F + bix) x) | [-5,5]* 0.00030 4
Fi5(X) = Z
150 = [ b2+bx3+x4
_c 5]2 .
Fi(X) = 4x2 — 2.1x% + 3x1 + x9%; — 4x3 + 4x} [=5.5] 1.0316 2
1 5 z 1 [-5,5]? 0.398 2
Fi;(X) = (xz o le +— e 6) + 10(1 —E)cosxl +10
Fig(X) =[1+ (x; + 2, + 1)2(19 14x; + 3x% — 14x, + 6x,X, [-2,2]? 3 2
+3x3)]
X [30 + (2x; — 3x,)?
x (18 — 32x; + 12x% + 48x, — 36x,x; + 27x2%)]
4 3 2 [1,3]3 -3.86 3
Fio(X) = — Z (Ciexp (—Z 1aij(xj - pij))
i= j=
4 6 2 [0,1]® -3.32 6
Fao(X) = _Z- c;exp (—Z aij(xj - pij))
i=1 j=
[0,10]" -10.1532 4
Fa0 == [(X-a)(X-a) +cl ™
=1
0,10]" -10.4028 4
Fa ==Y [(X-a)(x-a) +cl ™ [0-101
i=
[0,10]™ -10.5363 4

10
Fy3(X) = —Z'_l[(x —a)X—a)" +¢]™

w

<

-

=

s
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& %

< 0075 o 0076
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018 - 018 L -
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FIGURE 5. 3-D versions of fixed-dimension multimodal benchmark functions.
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TABLE 4. Parameter setting of the selected algorithms.

year Algorithm Refernces Parameter Specifications
2022 Golden Search Optimization Current study Number of objects 30
(GSO) Maximum iteration 1000
2009 Gravitational Search Algorithm Rashedi and Nezamabadi-pour Search agents 50
(GSA) [29] Gravitational constant 100
Alpha coefficient 20
Number of generations 1000
2014 Grey Wolf Optimizer (GWO) Mirjalili et al. [55] Search agents 80
Control parameter ( “a) Number of [2,0]
generations 1000
2016 Sine Cosine Algorithm (SCA) Mirjalili [12] Search agents 80
Number of elites 2
Number of generations 1000
2020 Tunicate Swarm Algorithm (TSA) Kaur et al. [54] Search agents 80
Parameter Pmin 1
Parameter Pmax 4
Number of generations 1000
TABLE 5. Comparison of different methods in solving unimodal test functions in Table 1.
Function Statistics GSO GSA SCA TSA GWO
F1 Best 0.00 1.0013E-17 1.5523E-07 5.1458E-61 2.4915E-61
Worst 0.00 3.1868E-17 0.0043 1.1586E-54 3.8647E-58
Mean 0.00 2.1148E-17 2.3458E-04 8.3155E-56 4.9162E-59
Median 0.00 2.0077E-17 1.9737E-05 7.1012E-58 1.0534E-59
Std. 0.00 5.8150E-18 7.9295E-04 2.4905E-55 1.0230E-58
F2 Best 0.00 1.5282E-08 1.5005E-09 1.1196E-35 8.3612E-36
Worst 0.00 3.3313E-08 9.8446E-06 3.2814E-32 5.3488E-34
Mean 0.00 2.3935E-08 1.6882E-06 2.1532E-33 8.3658E-35
Median 0.00 2.3469E-08 5.4000E-07 3.1044E-34 5.9294E-35
Std. 0.00 4.0025E-09 2.4046E-06 6.0237E-33 9.8594E-35
F3 Best 0.00 102.9550 70.8285 2.5684E-32 1.2533E-19
Worst 0.00 468.6160 2.6762E+03 2.4492E-17 3.5572E-13
Mean 0.00 245.4694 789.1620 8.1741E-19 1.5096E-14
Median 0.00 221.1150 619.4506 1.8696E-24 2.0740E-17
Std. 0.00 100.1024 746.2287 4.4714E-18 6.5547E-14
Fa Best 0.00 2.2498E-09 1.2610 3.2458E-08 9.8174E-16
Worst 0.00 5.0857E-09 35.6743 6.3429E-05 2.4431E-13
Mean 0.00 3.3030E-09 9.3080 1.0102E-05 1.9487E-14
Median 0.00 3.2020E-09 6.9806 2.0270E-06 6.3817E-15
Std. 0.00 7.4424E-10 8.0720 1.6927E-05 4.4955E-14
Fs Best 3.5924E-04 25.7459 27.3230 25.6273 25.2273
Worst 3.5924E-04 220.9110 49.5110 29.5430 28.7294
Mean 3.5924E-04 42.2647 29.9106 28.4422 26.9256
Median 3.5924E-04 26.1443 29.0097 28.8115 27.1173
Std. 1.6541E-19 45.4674 4.1508 0.7616 0.8418
Fs Best 1.9836E-07 9.711E-18 3.4070 2.0585 0.2466
Worst 0.0220 8.645E-16 4.4435 4.7791 1.2619
Mean 0.0021 3.097E-17 4.0360 3.6724 0.6376
Median 1.9836E-07 2.953E-17 4.0572 3.5615 0.7452
Std. 0.0056 6.165E-18 0.2954 0.6918 0.3353
F7 Best 3.3002E-10 0.0061 0.0015 6.7114E-04 1.5222E-04
Worst 1.2212E-04 0.0462 0.0431 0.0036 0.0022
Mean 7.2800E-06 0.0237 0.0116 0.0018 7.9976E-04
Median 3.3002E-10 0.0222 0.0078 0.0018 7.0098E-04
Std. 2.4887E-05 0.0098 0.0101 7.7268E-04 4.6287E-04
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TABLE 6. Comparison of different methods in solving multimodal test functions in Table 2.

Function Statistics GSO GSA SCA TSA GWO
Fs Best -1.2050E+04 -3.6279E+03 -5.2993E+03 -7.8992E+03 -8.8178E+03
Worst -1.1096E+04 -2.0033E+03 -3.5321E+03 -5.2761E+03 -4.9742E+03
Mean -1.2005E+04 -2.7826E+03 -4.0769E+03 -6.6126E+03 -6.2524E+03
Median -1.2050E+04 -2.7464E+03 -3.9720E+03 -6.6131E+03 -6.2270E+03
Std. 186.4737 365.4671 336.8249 599.2609 852.4634
Fo Best 0.00 8.9546 1.0560E-06 77.7761 0.00
Worst 0.00 21.8891 51.4451 254.9883 10.0548
Mean 0.00 15.6209 5.9694 151.4539 0.8853
Median 0.00 15.9193 9.3391E-04 149.6596 0.00
Std. 0.00 3.1043 12.2476 35.8717 2.4438
Fio Best 8.8818E-16 2.5288E-09 1.5579E-05 1.5099E-14 1.1546E-14
Worst 8.8818E-16 4.4823E-09 20.2198 4.3125 2.2204E-14
Mean 8.8818E-16 3.4912E-09 14.3622 2.4095 1.5928E-14
Median 8.8818E-16 3.4766E-09 20.1275 2.9381 1.5099E-14
Std. 0.00 5.1530E-10 8.9778 1.3920 2.5861E-15
Fi1 Best 0.00 1.6952 4.8381E-07 0.00 0.00
Worst 0.00 10.6642 0.7703 0.0159 0.0140
Mean 0.00 4.2510 0.1368 0.0077 0.0014
Median 0.00 3.5667 0.0032 0.0082 0.00
Std. 0.00 2.0234 0.2218 0.0057 0.0041
F1 Best 3.9317E-08 8.2033E-20 0.2631 0.2738 0.0121
Worst 1.5374E-04 0.1037 5.6300 13.8088 0.0920
Mean 7.0132E-06 0.0198 0.9568 6.3735 0.0364
Median 4.0116E-07 1.3512E-19 0.4964 6.7411 0.0329
Std. 2.7947E-05 0.0400 1.1497 3.4586 0.0201
Fi3 Best 2.6099E-05 1.3407E-18 1.8452 1.7796 0.1006
Worst 9.1819E-04 0.0110 22.5849 4.1077 1.0416
Mean 5.0093E-04 7.3249E-04 3.4211 2.8976 0.5280
Median 5.1139E-04 2.0686E-18 2.3552 2.8914 0.5238
Std. 4.2513E-04 0.0028 3.9911 0.6436 0.2359

30 independent runs are performed and statistical results
are collected and reported in Tables 5-7. In the first stage
of experiments, all the functions are optimized with the
dimension presented in the last column of Tables 1-3.
The results of Tables 5-7 show the best (minimum), worst
(maximum), mean (average), median, and standard deviation
(Std) of the solutions obtained from experiments using the
selected optimization algorithms. The best results among the
five algorithms are shown in bold. According to the results
of these tables in the following subsections, the exploration,
exploitation, convergence rate, and scalability of the new
method are investigated using a comparative performance
comparison of GSO against four selected algorithms.

A. EXPLOITATION CAPABILITY

Unimodal test functions can be considered to investi-
gate the exploitation capability of an optimization algo-
rithm [55], [58]. In this study, to evaluate the ability of GSO
to exploit the promising regions, seven unimodal benchmark
functions (F to F7) are solved, and the results are compared
with four selected optimization methods in Table 5. The
results of this table show that, for all unimodal functions
except F6, GSO could provide a better solution. In addition,
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for four functions (F1-F4), GSO reached the global optima.
It means that the new algorithm has a large potential search
space compared with the other optimization algorithms.
It should be noted that the good exploitative capability of
GSO is due to the effective position updating strategy.

B. EXPLORATION VERIFICATION

In order to evaluate the capability of an optimization
algorithm to effectively explore the search space, multimodal
benchmark functions that have many local optima are usually
considered [55], [58]. Based on the presented procedure,
16 multimodal functions (F8 to F23) are minimized. Accord-
ing to the results of Tables 6-7, it can be observed that the best
and mean values reached by GSO for most of the functions
(except F12, F13, F17-F19) are significantly better than the
other methods. However, the results for F17-F19 functions
are also comparable to the other algorithms. In addition,
for F12 and F13, mean values of GSO are smaller than the
robust GSA method, and the results are much better than
those obtained by SCA, TSA, and GWO. From the standard
deviation point of view, which indicates the stability of the
algorithm, the results show that GSO is a more stable method
when compared with the other techniques.
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TABLE 7. Comparison of different methods in solving multimodal test functions in Table 3.

Function Statistics GSO GSA SCA TSA GWOo
Fia Best 0.9980 0.9980 0.9980 0.9980 0.9980
Worst 0.9980 8.0858 2.9821 12.6705 12.6705

Mean 0.9980 3.6212 1.1964 7.6657 4.1312

Median 0.9980 3.0452 0.9980 10.7632 2.9821

std. 1.4772E-11 2.1942 0.6054 4.8845 4.1443
Fis Best 3.1381E-04 0.0012 3.4063E-04 3.751E-04 3.1749E-04
Worst 3.9684E-04 0.0118 0.0014 0.0566 0.0204

Mean 3.3641E-04 0.0025 8.5975E-04 0.0043 0.0044
Median 3.2323E-04 0.0021 7.3095E-04 4.5390E-04 3.0754E-04

std. 2.4589E-05 0.0019 3.8089E-04 0.0116 0.0081

Fis Best -1.0316 -1.0316 -1.0316 -1.0316 -1.0316
Worst -1.0316 -1.0316 -1.0316 -1.0000 -1.0316

Mean -1.0316 -1.0316 -1.0316 -1.0306 -1.0316

Median -1.0316 -1.0316 -1.0316 -1.0316 -1.0316
std. 1.8597E-06 5.6082E-05 1.0395E-05 0.0058 4.7385E-09

Fir Best 0.3979 0.3979 0.3979 0.3979 0.3979
Worst 0.3979 0.3979 0.3992 0.3980 0.3979

Mean 0.3979 0.3979 0.3982 0.3979 0.3979

Median 0.3979 0.3979 0.3981 0.3979 0.3979
Std. 0 0 3.4881E-04 1.3711E-05 1.1055E-06

Fi Best 3.000 3.000 3.000 3.000 3.0000
Worst 3.005 3.000 3.000 84.00 3.0000

Mean 3.002 3.000 3.000 5.700 3.0000

Median 3.002 3.000 3.000 3.000 3.0000
std. 1.7022E-05 1.5927E-15 5.3498E-06 14.7885 9.5052E-06

Fio Best -3.8628 -3.8628 -3.8625 -3.8628 -3.8628
Worst -3.8628 -3.8628 -3.8539 -3.8549 -3.8549

Mean -3.8628 -3.8628 -3.8560 -3.8625 -3.8620

Median -3.8628 -3.8628 -3.8548 -3.8628 -3.8628

std. 1.3625E-16 2.4795E-05 0.0029 0.0014 0.0022

Fao Best -3.0987 -3.3220 -3.1918 -3.3216 -3.3220
Worst -1.8554 -3.3220 -2.0488 -3.0885 -3.0292

Mean -2.9535 -3.3220 -3.0155 -3.2538 -3.2493

Median -2.9874 -3.3220 -3.0139 -3.2028 -3.2625

std. 0.2446 1.3550E-15 0.1974 0.0671 0.0821

Fa Best -10.1532 -10.1532 -8.1370 -10.1361 -10.1531
Worst -10.1532 -2.6829 -0.8802 -2.6669 -5.0999

Mean -10.1532 -6.3969 -4.3187 -7.2879 -9.4790

Median -10.1532 -3.9547 -4.9053 -7.4198 -10.1526

Std. 2.4990E-07 3.5901 2.0785 2.8594 1.7469

F22 Best -10.4028 -10.4009 -9.0513 -10.3812 -10.4029
Worst -10.4028 -10.4029 -0.9074 -2.7427 -5.0877

Mean -10.4028 -10.4029 -5.4154 -7.8325 -10.2253

Median -10.4028 -10.4028 -5.0380 -10.2554 -10.4025

Std. 5.4202E-15 4.6649E-06 1.7315 3.1843 0.9703

F2s Best -10.5363 -10.5364 -9.3851 -10.5193 -10.5363
Worst -10.5362 -10.5364 -3.2531 -1.6752 -10.5354

Mean -10.5363 -10.5364 -5.2925 -7.6730 -10.5359

Median -10.5363 -10.5364 -5.0398 -10.4114 -10.5360
Std. 2.4855E-05 1.8366E-15 1.0982 3.7585 2.5855E-04

From the analysis, it can be concluded that GSO method for such a comprehensive suite of multimodal
either outperforms the other algorithms or performs almost benchmark functions verifies its superior capabilities of
equivalently. The consistent performance of the new exploration.
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FIGURE 6. Comparison of convergence curves of GSO and selected algorithms for F1-F23.
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FIGURE 6. (Continued.) Comparison of convergence curves of GSO and selected algorithms for F1-F23.

C. CONVERGENCE CAPABILITY

An effective optimization algorithm should converge to a
global optimum, not prematurely converge to some local
optimum. The convergence progress curves of GSO for some
benchmark test functions are compared with GSA, SCA,
TSA, and GWO in Fig. 6. The curves are plotted against the

number of iterations, which is in the hundreds.

VOLUME 10, 2022

The figure shows that GSO outperforms the other algo-
rithms in most cases. The curves of test functions show that
GSO is capable of exploring the search space extensively
and identifying the most promising region in less iteration
because of its position-updating mechanism and utilization
of a random solution instead of worst object during the
iterations.
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TABLE 8. Comparison of different methods in solving F1- F13 with Dim=100.

Function Statistics GSO GSA SCA TSA GWOo

F. Best 0.00 9.1449 109.4939 1.0005e-32 1.9970e-31
Worst 0.00 358.7965 8.7187e+03 2.4209e-28 1.0011e-28
Mean 0.00 99.6956 2.3752e+03 1.4063e-29 1.9615e-29
Median 0.00 76.6121 1.9529e+03 1.4617e-30 9.8708e-30
Std. 0.00 85.6953 1.9898e+03 4.4135e-29 2.4406e-29

F2 Best 0.00 0.0659 0.0164 6.2526e-20 2.2242e-18
Worst 0.00 4.1552 9.1679 4.1657e-18 1.5550e-17
Mean 0.00 1.1819 1.1396 6.7191e-19 5.4811e-18
Median 0.00 1.0639 0.4189 4.7107e-19 5.0501e-18
Std. 0.00 0.8565 1.8451 8.4920e-19 2.8567e-18

Fs Best 0.00 2.8983e+03 6.9139e+04 5.9815 0.0013
Worst 0.00 8.6796e+03 2.2845e+05 923.7997 90.5065
Mean 0.00 4.5394e+03 1.6080e+05 181.9688 11.7494
Median 0.00 4.2716e+03 1.6508e+05 99.9221 1.9712
Std. 0.00 1.0803e+03 3.4812e+04 216.9327 23.3218

Fa Best 0.00 8.2264 76.6566 7.4159 5.7100e-05
Worst 0.00 13.4815 88.1797 40.9080 0.0332
Mean 0.00 10.5279 83.4811 20.3113 0.0043
Median 0.00 10.3173 84.1916 18.3850 0.0024
Std. 0.00 1.2062 2.6972 9.0404 0.0064

Fs Best 0.0039 561.4479 6.5155e+05 96.2634 95.5724
Worst 97.1730 3.4908e+03 1.2263e+08 98.6328 98.4996
Mean 7.7575 1.5527e+03 3.4909e+07 98.2623 97.7396
Median 0.0039 1.3119e+03 2.7435e+07 98.4449 98.0088
Std. 24.2253 785.2370 2.8434e+07 0.5146 0.7823

Fe Best 0.0023 153 96.3543 11.2208 7.4877
Worst 0.1249 714 1.1185e+04 15.3391 10.7297
Mean 0.0203 427.8000 3.1954e+03 13.2997 9.1784
Median 0.0023 403.5000 2.3750e+03 13.4577 9.1352
Std. 0.0395 148.2227 2.6730e+03 1.3311 0.7363

F7 Best 1.0856e-06 0.2445 4.4690 0.0034 9.7286e-04
Worst 4.7358e-05 0.7975 129.7873 0.0179 0.0059
Mean 7.5899e-06 0.5315 40.7898 0.0094 0.0028
Median 3.8095e-06 0.5244 28.3883 0.0094 0.0026
Std. 9.2543e-06 0.1540 34.8030 0.0040 0.0012

Fs Best -4.1142e+04 -7.9232e+03 -8.3003e+03 -1.7994e+04 -1.9780e+04
Worst -3.6383e+04 -3.8808e+03 -6.7026e+03 -1.3409e+04 -6.7310e+03
Mean -4.0516e+04 -5.3879e+03 -7.5852e+03 -1.4830e+04 -1.5971e+04
Median -4.1142e+04 -5.2638e+03 -7.5823e+03 -1.4646e+04 -1.6186e+04
Std. 1.6248e+03 904.2650 443.0405 1.0864e+03 2.3405e+03

Fo Best 0.00 61.6874 15.1946 677.5464 2.2737e-13
Worst 0.00 101.5179 532.6513 1.0857e+03 3.8250
Mean 0.00 78.7815 194.0863 877.3163 0.3228
Median 0.00 77.7492 187.3070 842.3914 4.5475e-13
Std. 0.00 10.6616 88.5358 119.6674 1.0117

Fio Best 8.8818e-16 0.0295 7.0593 3.2863e-14 9.325%e-14
Worst 8.8818e-16 1.8382 20.5997 3.2382 1.3589%e-13
Mean 8.8818e-16 1.1835 20.0866 0.1899 1.1031e-13
Median 8.8818e-16 1.1248 20.5310 3.9968e-14 1.1102e-13
Std. 0 0.4295 2.4607 0.7300 9.2078e-15

Fu Best 0.00 39.7079 3.3963 0 0
Worst 0.00 81.9494 90.5554 0.0220 0.0185
Mean 0.00 57.8396 29.5224 0.0049 0.0028
Median 0.00 56.4497 22.8226 0 0
Std. 0.00 9.5189 23.7075 0.0071 0.0058

F12 Best 5.1220e-06 0.7711 1.1566e+07 2.0521 0.1778
Worst 0.0025 2.8600 3.1018e+08 19.3780 0.4243
Mean 2.0671e-04 1.9197 1.0006e+08 10.5160 0.2692
Median 5.1220e-06 2.0369 8.5138e+07 10.5861 0.2510
Std. 5.5042e-04 0.5249 7.3013e+07 4.7096 0.0747

Fi3 Best 4.4115e-07 41.1755 3.8238e+07 9.9353 5.5985
Worst 0.3930 95.8439 4.0425e+08 13.2658 7.0013
Mean 0.0152 67.4076 2.0184e+08 11.5413 6.2006
Median 9.5286e-05 64.4100 1.8720e+08 11.5733 6.1879
Std. 0.0721 15.4201 1.0263e+08 0.9947 0.3481
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TABLE 9. Results of Wilcoxon'’s rank sum test.

Function Wilcoxon test GSO vs GSA GSO vs SCA GSO vs TSA GSO vs GWO
Parameters
F1 p- value 1.7344E-06 1.7344E-06 1.7344E-06 1.7344E-06
R+ 465 465 465 465
R- 0 0 0 0
Winner GSO GSO GSO GSO
F2 p- value 1.7344E-06 1.7344E-06 1.7344E-06 1.7344E-06
R+ 465 465 465 465
R- 0 0 0 0
Winner GSO GSO GSO GSO
F3 p- value 1.7344E-06 1.7344E-06 1.7344E-06 1.7344E-06
R+ 465 465 465 465
R- 0 0 0 0
Winner GSO GSO GSO GSO
F4 p- value 1.7344E-06 1.7344E-06 1.7344E-06 1.7344E-06
R+ 465 465 465 465
R- 0 0 0 0
Winner GSO GSO GSO GSO
F5 p- value 1.7344E-06 1.7344E-06 1.7344E-06 1.7344E-06
R+ 465 465 465 465
R- 0 0 0 0
Winner GSO GSO GSO GSO
F6 p- value 7.4523E-7 1.7344E-06 1.7344E-06 2.353E-06
R+ 0 465 465 462
R- 465 0 0 3
Winner GSA GSO GSO GSO
F7 p- value 1.7344E-06 1.7344E-06 1.7344E-06 1.7344E-06
R+ 465 465 465 465
R- 0 0 0 0
Winner GSO GSO GSO GSO
F8 p- value 1.7344E-06 1.7344E-06 1.7344E-06 1.7344E-06
R+ 465 465 465 465
R- 0 0 0 0
Winner GSO GSO GSO GSO
F9 p- value 1.7344E-06 1.7344E-06 1.7344E-06 0.02
R+ 465 465 465 21
R- 0 0 0 0
Winner GSO GSO GSO GSO
F10 p- value 1.73E-06 1.73E-06 1.73E-06 1.73E-06
R+ 465 465 465 465
R- 0 0 0 0
Winner GSO GSO GSO GSO
F11 p- value 1.73E-06 1.73E-06 1.473E-03 0.068
R+ 465 465 91 10
R- 0 0 0 0
Winner GSO GSO GSO N.A
F12 p- value 0.041 1.73E-06 1.73E-06 1.73E-06
R+ 140 465 465 465
R- 325 0 0 0
Winner GSA GSO GSO GSO
F13 p- value 3.74E-04 1.73E-06 1.73E-06 1.73E-06
R+ 66 465 465 465
R- 399 0 0 0
Winner GSA GSO GSO GSO
F14 p- value 1.73E-06 2.56E-06 4.81E-06 3.22E-04
R+ 465 435 403 152
R- 0 0 3 1
Winner GSO GSO GSO GSO
F15 p- value 1.73E-06 2.35E-06 0.006 0.393
R+ 465 462 366 274
R- 0 3 99 191
Winner GSO GSO GSO N.A
F16 p- value 0.059 0.371 0.132 1.59E-06
R+ 304 276 50 0
R- 161 189 415 465
Winner N.A N.A N.A GWO
F17 p-value 1.37E-06 3.18E-06 1.73E-06 1.73E-06
R+ 465 465 465 465
R- 0 0 0 0
Winner GSO GSO GSO GSO
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TABLE 9. (Continued.) Results of Wilcoxon’s rank sum test.

F18 p- value 1.08E-06
R+ 0
R- 465
Winner GSA
F19 p- value 8.38E-08
R+ 465
R- 0
Winner GSO
F20 p- value 5.029E-07
R+ 0
R- 465
Winner GSA
F21 p- value 0.046
R+ 329
R- 136
Winner GSO
F22 p- value 1.44E-07
R+ 465
R- 0
Winner GSO
F23 p- value 1.46E-05
R+ 435
R- 30
Winner GSO
Total Superior 17/5/1

/Inferior/N.A

1.73E-06 3.11E-05 1.73E-06
0 30 0
465 435 465
SCA TSA GWO
1.73E-06 1.73E-06 1.73E-06
465 465 465
0 0 0
GSO GSO GSO
0.894 1.73E-06 1.92E-06
239 0 1
226 465 464
N.A TSA GWO
1.73E-06 1.73E-06 1.73E-06
465 465 465
0 0 0
GSO GSO GSO
1.73E-06 1.73E-06 2.13E-06
465 465 463
0 0 2
GSO GSO GSO
1.73E-06 1.73E-06 3.51E-6
465 465 458
0 0 7
GSO GSO GSO
20/1/2 20/2/1 19/2/2

D. IMPACT OF HIGH-DIMENSIONALITY

In order to present the ability of GSO to solve very high-
dimensional problems effectively, the dimensions of all the
scalable benchmark functions (F1-F13) have been increased
to 100. The algorithms’ parameters are the same as in
Table 4. The results are compared with those obtained by
the other methods in Table 8. The results show that all
100-dim functions become more difficult than their 30-dim
counterparts.

As it can be seen from Table 8, the GSO outperforms the
competitors for all high-dimensional functions, which indi-
cates the scalability and efficiency of the proposed method in
terms of the number of variables in the optimization problem.

E. STATISTICAL SIGNIFICANCE ANALYSIS

A non-parametric pairwise statistical analysis should be
conducted in order to determine the statistical significance
of the comparative results between two or more algorithms.
As recommended by Derrac et al. [59], to assess meaningful
comparison between the proposed and alternative methods,
the nonparametric Wilcoxon’s rank sum test is performed
between the results. In this regard, utilizing the best
results obtained from 30 runs of each method, a pair-wise
comparison was conducted.

Wilcoxon’s rank sum test returns p-value, the sum of
positive ranks (R+) and the sum of negative ranks (R—) [60].
Table 9 presents the results of Wilcoxon’s rank sum test
of GSO when compared with other methods. The p-value
indicates the minimum significance level for detecting
differences. In this study, « = 0.05 is considered the level
of significance If the p-value of the given algorithm is greater
than 0.05, then there is no significant difference between the

37530

two compared methods. Such aresultis indicated with “N.A”
in the winner rows of Table 9. On the other hand, if the p-value
is less than «, it definitively means that, in each pair-wise
comparison, the better result obtained by the best algorithm
is statistically significant and it was not gained by chance.
In such cases, if the R+ is greater than the R-, GSO performs
better than the alternative method; otherwise, GSO performs
poorly and the alternative algorithm performs better [61].

According to the results of Wilcoxon’s rank sum test
in Table 9, the pairwise comparison between GSO and
GSA reveals that in the optimization of 23 test functions,
the new method has superior performance in 17 cases and
has inferior performance in 5 cases. In addition, for F16,
both methods are statistically equivalent. Similarly, in the
other pairwise comparison, for the majority of the test suite,
GSO provides better results. Therefore, the nonparametric
statistical analysis proves that GSO generates significantly
better solutions and, comparatively, has superior performance
over the other algorithms.

V. CONCLUSION

This study develops a novel population-based Golden Search
Optimizer based on some principles of metaheuristic algo-
rithms. In the proposed GSO algorithm, during the search
process, the objects (candidate solutions) interact with each
other and improve their positions based on the best position
obtained so far as the reference point. In summary, the main
features of GSO are as follows: it has just two internal
parameters; it is easy to code; and it is easy to apply. The
performance of the new method is tested by utilizing several
experiments. First, a set of various unimodal and multi-modal
benchmark functions have been considered to investigate
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the exploration, exploitation, and convergence rate of the
proposed algorithm. Moreover, the results were compared
with four well-known and recently developed algorithms,
including GSA, SCA, TSA, and GWO. As per the results
and findings, it was observed and may be concluded that
GSO is capable of finding the global solution for most of the
unimodal, multi-modal, and composite benchmark functions
and outperforming the other algorithms in a statistically
significant manner. While, for most of the benchmark test
functions, all the competitor methods rarely reach the global
optimal solutions. In order to evaluate the capability of
the new method for solving high-dimensional problems,
13 scalable benchmark functions are optimized. Optimization
results of scalable test functions proved that the performance
of GSO remains consistent even if the dimensions of the
problems are increased to 100. Finally, to provide a mean-
ingful comparison and valid judgment between the proposed
and alternative algorithms, the nonparametric Wilcoxon Rank
Sum test has been conducted. According to the statistical
experiments, it is evident that GSO outperformed well-
established optimization methods, and its superiority is
statistically significant.
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