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ABSTRACT Aiming at the problem that it is difficult to ensure the trajectory tracking accuracy and driving
stability of driverless racing car under the extreme conditions of high-speed turning with different road
adhesion coefficients, a trajectory tracking control strategy is proposed. Firstly, the road adhesion coefficient
is estimated using the extended Kalman filter algorithm. Draw the phase plane diagram of the vehicle’s
centroid sideslip angle-centroid sideslip angular velocity. Use the two-line method to determine the phase
plane stability area and obtain the expected limit vehicle speed under different road adhesion coefficients
and different front wheel steering angle. Tracking of the desired limit travel speed is achieved through drive
and brake control. Secondly, a predictive control algorithm based on adaptive prediction horizon model
is designed as a lateral motion control strategy to improve the trajectory tracking accuracy. Finally, using
MATLAB/Simulink andCarSim co-simulation, the results show that the proposed control strategy can ensure
the driving stability of the driverless racing car and improve the trajectory tracking accuracy under extreme
conditions.

INDEX TERMS Adaptive prediction horizon model predictive control, driverless racing car, extreme
conditions, trajectory tracking control.

I. INTRODUCTION
In order to meet the current requirements for safe, intelligent,
and efficient traffic development, and to solve problems such
as environmental pollution, traffic safety and urban traffic
congestion, driverless has become a hot research direction for
major car companies and universities [1]. As one of the core
technologies of driverless car, the motion control technology
of driverless car determines all the actions performed by
driverless car according to the instructions. A controller with
excellent performance is the foundation of driverless tech-
nology. Since the development of driverless car control tech-
nology, the current motion control research mainly focuses
on medium and low speed normal operating conditions, and
trajectory tracking under extreme operating conditions is a
difficult problem to be solved [2]. For driverless racing car,
due to their special working conditions, driving in a track
surrounded by cones of different colors, it is necessary to
drive at a higher speed as much as possible without rushing
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out of the track limit to obtain better results. If the speed is
too fast, it may be driven in the extreme working conditions
of high-speed turning. Currently, it is necessary to ensure the
stability and carry out the trajectory tracking control.

The common method of early research on vehicle extreme
conditions control is to integrate path planning and tracking.
Its advantage is that it can plan the optimal path of the vehicle
in real time. However, this method has a large amount of
calculation, and it is difficult to ensure real-time performance.
In obtaining optimal trajectories, one approach is to gener-
ate driving trajectories through optimization algorithms. For
instance, Gerdts et al. [3] introduced the method of opti-
mal control and moving vision to obtain the best driving
trajectory of the vehicle, so that the vehicle can track the
obtained optimal trajectory. Velenis et al. [4] used the optimal
control method to constrain the acceleration to obtain the
optimal speed, thereby increasing the lap speed of the car.
Cardamone et al. [5] decomposed the track to obtain the best
cornering trajectory and used a genetic algorithm to find a
balance between track length and track curvature to improve
the speed of the car through corners. Some scholars also
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use the method of simulating the technology of professional
racing drivers to solve the problem of extreme conditions of
vehicles. Theodosis et al. [6] used a set of simple curves to
simulate the optimal trajectory of the vehicle during the turn-
ing process, and analyzed professional driving techniques,
and concluded that the trajectory is a longer clothoid curve
can improve the lap time. Casanova et al. [7] used a sequen-
tial quadratic programming (SQP) algorithm that minimizes
functions of restricted variables to solve the resulting non-
linear programming problem to obtain the minimum vehicle
maneuvering time.

In recent years, with the development of high-precision
positioning technology, the simple trajectory tracking control
method has gradually become the mainstream method to
study the extreme conditions control of vehicles. Its char-
acteristic is that the tracking effect has nothing to do with
the path, and the control algorithm only needs to make the
vehicle give full play to its own performance to obtain
the optimal control effect. Therefore, many scholars focus
on the control algorithm research. Bobier et al. [8] used
the sliding mode variable structure algorithm to control the
vehicle when the vehicle reached the control limit, so that
the vehicle can track the trajectory quickly and smoothly.
Kapania et al. [9] improved the trajectory tracking perfor-
mance by making the direction of the vehicle’s center of
mass velocity the same as the tangent direction of the desired
path by means of feedforward control. Erlien et al. [10]
consider local path planning and path tracking, designed a
model predictive controller for trajectory tracking control.
Kapania et al. [11] introduced an iterative learning control
algorithm to improve iterative information as transient driver
input. Novi et al. [12] proposed a hierarchical control method
based on nonlinear model predictive control (NMPC), using
high-level MPC to calculate the optimal speed curve, and
low-level NMPC to constrain the curve, improving the real-
time performance of the control algorithm. Wang et al. [13]
proposed a lateral control algorithm combining comprehen-
sive feedforward-feedback and active disturbance rejection
control compensation, which improved the trajectory track-
ing accuracy of high-speed driverless car and the robust-
ness of the controller. Nevertheless, the control effect of the
algorithm is also affected by the performance of the vehicle
itself in extreme conditions. Therefore, some scholars impose
constraints on vehicles to improve the control effect of the
algorithm. Jin et al. [14] determined the vehicle limit stable
car speed on the road with different adhesion coefficients and
different front wheel rotation angles according to the phase
plane diagram of the car’s center of mass sideslip angle - the
center of mass sideslip angle. Li et al. [15] studied the nonlin-
ear characteristics of tires and combined tire nonlinearity with
model predictive control to improve vehicle stability under
extreme conditions. Chen et al. [16] planned the limit speed
of the vehicle through the tire friction limit circle, designed
a horizontal and vertical coordinated controller for trajectory
tracking, and designed a stability controller to improve the
driving stability of the vehicle. Xin et al. [17] improved the

stability of the vehicle under extreme conditions by con-
straining the tire slip angle of the vehicle and constraining
the vehicle within the stability boundary. Sun et al. [18] took
the direction angle deviation of the velocity vector as the
control reference, replaced the actual center of mass side-
slip angle with the ideal center-of-mass side-slip angle, used
the affine approximation method for the steering angle of the
rear wheels to improve the trajectory tracking accuracy. For
the vehicle extreme conditions control after the constraints
are imposed, it can be regarded as solving the problem of
high-order nonlinear systems with constraints, and advanced
control methods can also be used. Such as BLF-based method
is used to solve problems [19], [20]. A second-order slid-
ing mode control method [21] and an adaptive SOSM con-
troller design by using a sliding-mode-based filter [22]. The
advanced control method has better control effect, consider-
ing that the driverless racing car is a very complex nonlinear
system, there are different working conditions in the process
of trajectory tracking. Therefore, to ensure the stability of
the driverless racing car during the trajectory tracking control
process as much as possible, this paper has not yet used the
advanced control method in the system.

In summary, scholars have done a lot of work on the
trajectory tracking control of driverless vehicle under extreme
conditions. However, at present, most of the literatures focus
on driverless vehicle, and there are few studies on driverless
racing car. Driverless racing car have the characteristic of
high-speed turning. Therefore, for the extreme conditions of
high-speed turning on road with different adhesion coeffi-
cients of driverless racing car, we propose a trajectory track-
ing control strategy. Compared with the existing research, the
main contributions include the following two aspects.

1) By plotting the phase plane of centroid sideslip angle
and centroid sideslip angle velocity, the expected limit
speed of the vehicle under different road adhesion
coefficient and different front wheel steering angle is
obtained. Compared with a fixed speed, it can bet-
ter improve the stability of the vehicle under extreme
conditions.

2) Based on the three degrees of freedom model of
the vehicle, a linear model predictive controller is
designed. According to PGC and the lateral position
error, the fuzzy controller is used to adaptively control
the prediction horizon of the linear model predictive
controller. Compared with the fixed prediction time
domain, the adaptive prediction horizon can signifi-
cantly improve the trajectory tracking accuracy of the
vehicle.

II. LONGITUDINAL MOTION CONTROL STRATEGY
In this article, for the trajectory tracking control of the driver-
less racing car under extreme conditions, it has good tra-
jectory tracking accuracy whereas ensuring the stability of
its trajectory tracking process. A trajectory tracking control
strategy is proposed, as shown in Fig. 1. It mainly includes
longitudinal motion control and lateral motion control.
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Longitudinal motion control mainly includes road adhesion
coefficient identification, stable limit vehicle speed genera-
tion, driving and braking control. Firstly, the vehicle three
degrees of freedommodel and the Dugoff tire model are built,
and the force analysis of the vehicle model and tires is carried
out to obtain the state space expression of the system, and the
Kalman filter algorithm is used to estimate the road adhesion
coefficient. Secondly, a simplified two degrees of freedom
model is established, the phase plane diagram of centroid
sideslip angle-centroid sideslip angular velocity is drawn, and
the two-line method is used to determine the stable area of the
phase plane, and the stable driving limit speed of different
road adhesion coefficients and front wheel steering angle is
obtained. According to the estimated current road adhesion
coefficient and the steering angle of the front wheels of the
vehicle, the stable driving limit speed of the vehicle in the
current state is obtained. Drive and brake control is performed
with the steady running vehicle speed as the desired vehicle
speed. Lateral motion control is mainly based on the principle
of model predictive control (MPC), and a linear model pre-
dictive controller is designed. According to the average of the
second-order differential quotient of the road and the lateral
position error, the adaptive control of the fuzzy controller is
adopted for the prediction horizon of the model predictive
controller. According to the difference between the current
state vector of the vehicle and the reference state vector, the
front wheel steering angle is solved, so that the vehicle can
track the reference trajectory.

FIGURE 1. Trajectory tracking control strategy.

III. LONGITUDINAL MOTION CONTROL STRATEGY
A. DUGOFF TIRE MODEL
The Dugoff tire model is used for the tire model of the
whole vehicle. Compared with other models, the Dugoff tire
model can calculate the longitudinal force and lateral force
through the slip rate and tire slip angle, and the road adhesion
coefficient can be independent as a separate variable in the
tire force, which meets the requirement of road adhesion
coefficient estimation. The equations are as follows:

Fx_ij = µ_ijFz_ijCx
λ_ij

1− λ_ij
f (L) (1)

Fy_ij = µ_ijFz_ijCy
tan(αij )

1− λ_ij
f (L) (2)

where Fx_ij is the tire longitudinal force, Fy_ij is the tire
lateral force, i ∈ {f , r}, j ∈ {l, r}, such as: Fx_fl is the
longitudinal force of the left front wheel, µ_ij is the road
adhesion coefficient, Fz_ij is the tire vertical load, Cx is the
longitudinal stiffness of the tire, Cy is the cornering stiffness
of the tire, λ_ij is the slip rate, αij is the side slip angle of tire.

f (L) =

{
L(2− L), L < 0
1, L ≥ 0

(3)

where vx is the longitudinal vehicle speed; ε is the speed
influence coefficient.

The equation for calculating slip rate is:
λij =

ωijRij
vx
− 1 < 0 (Brake)

λij = 1−
ωijRij
vx

> 0 (Drive)
(4)

where ωij is the tire angular velocity; Rij is the tire radius.
Normalize the tire force to get a new form:

Fx_ij = µF0
x_ij = µFz_ijCx

λ_ij

1− λ_ij
f (L) (5)

Fy_ij = µF
0
y_ij = µFz_ijCy

tan(α_ij)
1− λ_ij

f (L) (6)

where Fox is the normalized tire longitudinal force, F0
y is the

normalized tire lateral force.

B. VEHICLE ESTIMATION MODEL
The vehicle dynamic model is the basis for designing the
road adhesion coefficient estimator. This section uses a three
degrees of freedom dual-track dynamic model that compre-
hensively considers longitudinal, lateral, yaw, and longitudi-
nal and lateral vertical load transfer, as shown in Fig. 2.

Without considering the rear wheel angle, the vehicle
dynamic equations are obtained as follows:

ax =
1
m
(µflF0

x_fl cos δfl − µflF
0
y_fl sin δfl

+µfrF0
x_fr cos δfr − µfrF

0
y_fr sin δfr

+µrlF0
x_rl + µrrF

0
x_rr )+ vyϕ̇ (7)

FIGURE 2. Three degrees of freedom two-rail model.
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ay =
1
m
(µflF0

x_fl sin δfl + µflF
0
y_fl cos δfl

+µfrF0
x_fr sin δfr + µfrF

0
y_fr cos δfr

+µrlF0
y_rl + µrrF

0
y_rr )− vx ϕ̇ (8)

ϕ̈ =
1
Iz
(a(µflF0

x_fl sin δfl + µflF
0
y_fl cos δfl)

−
Tf
2
(µflF0

x_fl cos δfl − µflF
0
y_fl sin δfl)

+ a(µfrF0
x_fr sin δfr + µfrF

0
y_fr cos δfr )

−
Tf
2
(µfrF0

x_fr cos δfr − µfrF
0
y_fr sin δfr )

+ bµrlF0
x_rl −

Tr
2
µrlF0

x_rl + bµrrF
0
x_rr

−
Tr
2
µrrF0

x_rr ) (9)

where ax is the longitudinal acceleration, ay is the lat-
eral acceleration, vx is the longitudinal speed, vy is the lateral
speed, ϕ̈ is the yaw angular acceleration, m is the vehicle
mass, Iz is the moment of inertia about the z-axis, Tf is the
wheelbase of the front axle, Tr is the wheelbase of the rear
axle, a and b are the distances between the center of mass
and the front and rear axles.

The equations for calculating the vertical load of the tire
are as follows:

Fz_fl = mg
b
2l
+ may

hg
Tf

b
l
− max

hg
2l

(10)

Fz_fr = mg
b
2l
− may

hg
Tf

b
l
− max

hg
2l

(11)

Fz_rl = mg
b
2l
+ may

hg
Tr

b
l
+ max

hg
2l

(12)

Fz_rr = mg
b
2l
− may

hg
Tr

b
l
+ max

hg
2l

(13)

where hg is the height of the gravity center from the ground.

C. ROAD ADHESION COEFFICIENT
ESTIMATION ALGORITHM
Based on the establishment of the vehicle model and the
Dugoff normalized tire model, the extended Kalman fil-
ter algorithm is used to design a road adhesion coefficient
estimator, which finally realizes the estimation of the road
adhesion coefficient. The principle of the extended Kalman
filter algorithm is as follows:

x̂−k = Ax̂k−1 + Buk
P−k = APk−1AT + Q

Kk =
P−k H

T

HP−k H
T
+ R

x̂k = x̂−k + Kk (zk −Hx̂
−

k )
Pk = (I − KkH)P−k

(14)

where x is the state vector, z is the observed vector, A is the
state matrix, B is the control matrix, u is the control vector,
Q is the process noise covariance matrix, R is the measure-
ment noise covariance matrix.

Combine the vehicle dynamics equation and the normal-
ized Dugoff tire model to determine the state vector of the
system as xk =

[
µfl, µfr , µrl, µrr

]T and the observed vector
as zk =

[
ax , ay, ϕ̈

]T, The system state space equations are
expressed as follows:

x(t) = Axk−1 + Q (15)

zk = Hxk + R (16)

where A =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

, H is the Jacobian matrix of

the system.
The road adhesion coefficient can be estimated by setting

the initial values of the Q matrix and the R matrix in combi-
nation with the actual work conditions of the vehicle.

D. EXPECTED LIMIT DRIVING SPEED GENERATION
The complex nonlinear dynamic system of the vehicle is
regarded as a controlled system, and the phase plane method
is used to analyze its stability. The three degrees of freedom
dynamic model of the vehicle proposed above has many
parameters, so it is simplified to get nonlinear two degrees
of freedom model:

β̇ =
1
mvx

(Ff cos δf + Fr )− ϕ̇ (17)

ϕ̈ =
1
Iz
(aFf cos δf − bFr ) (18)

where Ff is the longitudinal force of the front tire, Fr is the
longitudinal force of the rear tire.

For the above two degrees of freedom vehicle model. In a
certain initial state β and ϕ̇, the solution of the equation is a

phase trajectories start from the initial state. Choosing dif-
ferent initial states, multiple phase trajectories can be formed
to form the phase plane of the centroid sideslip angle-yaw
rate (β− ϕ̇). Similarly, for different initial states β and β̇, can
get the phase plane of the centroid sideslip angle-the centroid
sideslip angular velocity (β − β̇). Reference [23] shows that
the β − β̇-phase plane is more suitable for vehicle stability
analysis than the β − ϕ̇-phase plane. Therefore, this article
selects the β − β̇-phase plane to obtain the expected limit
driving speed [14].

The phase plane region is composed of multiple phase
trajectories. The region of convergence and equilibrium is
called the stable region, and the divergent region is called
the unstable region. When the vehicle travels under different
working conditions, the difference in road adhesion coef-
ficient, front wheel angle, and driving speed will have an
impact on the stable area of the β − β̇ -phase plane. In this
article, the two-line method is used to divide the stable region
of the phase plane [24]. A tangent is drawn at the equilibrium
points at both ends of the phase plane, and the boundary
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FIGURE 3. Stability boundary at different speeds: (a) vx = 30km/h,
(b) vx = 40km/h, (c) vx = 50km/h, (d) vx = 60km/h, (e) vx = 70km/h,
(f) vx = 80km/h.

equation of the stable region is:{
β̇ ≥ k1β + b1
β̇ ≤ k2β + b2

(19)

Setting the road adhesion coefficient as 0.85 and the front
wheel angle as 3 degrees to obtain the stability boundary at
different vehicle speeds, as shown in Fig. 3.

It can be seen from Fig. 3 that with the change of vehicle
speed, the stable boundary of the phase plane changes, and
the stable area of the phase plane decrease continuously.

Therefore, to obtain the limit speed of the vehicle for stable
driving, by setting the road adhesion coefficient and the front
wheel angle in a certain state, the vehicle speed is gradually
increased to reach the boundary of the stable area. Then the
vehicle speed is the expected limit vehicle speed under the
current road adhesion coefficient and front wheel steering
angle. Fig. 4 shows the relationship between the vehicle
parameter curve and the stability boundary when the road
adhesion coefficient is 0.3 and the front wheel steering angle
is 3 degrees.

It can be seen from Fig. 4 (a) that when the vehicle speed
is 50km/h, the vehicle parameter curve exceeds the stability
boundary, and the vehicle is in an unstable state. It can be
seen from Fig. 4 (b) that when the vehicle speed is reduced
to 47km/h, the vehicle parameter curve is very close to the
stability boundary. Therefore, under the conditions of road
adhesion coefficient of 0.3 and front wheel steering angle
of 3 degrees, the expected limit driving speed is 47km/h. This

FIGURE 4. Vehicle parameter curve and stability boundariy: (a) vx =

50km/h, (b) vx = 47km/h.

FIGURE 5. Expected limit driving speed.

FIGURE 6. Drive control principle.

method is used to obtain the expected limit driving speed
under different road adhesion coefficients and front wheel
steering angle. The range of the road adhesion coefficient is:
0.2 to 0.9, the range of the front wheel steering angle is: 3◦

to 10◦. The desired limit driving speed MAP is obtained as
shown in Fig. 5.

E. DRIVE CONTROL
The driving force control uses the difference between the
expected vehicle speed and the actual vehicle speed as
the input of the PID controller, and outputs the motor torque
to the motor model to accelerate the vehicle. The control
principle is shown in Fig. 6.

F. BRAKE CONTROL
Calculate the braking deceleration according to the difference
between the expected vehicle speed and the actual vehicle
speed, convert the braking deceleration into braking torque,
and output the braking oil pressure to decelerate the vehicle
according to the relationship between the braking torque
and the braking oil pressure. The control principle is shown
in Fig. 7.

According to the difference between the desired vehicle
speed and the current vehicle speed, the required braking
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FIGURE 7. Brake control principle.

deceleration is calculated as:

a =
vx − vx_ref

t
(20)

where a is the braking deceleration, t is the braking time, and
vx_ref is the desired vehicle speed.

The total braking force is evenly distributed to the four
wheels, and the braking torque of the fourwheels is calculated
as:

T =
ma
4
R (21)

where T is the braking torque, R is the wheel radius.
According to the proportional relationship between the

braking torque and the brake oil pressure, the braking pres-
sure applied to the four-wheel cylinders is obtained as:

Pf =
T
k1
, Pr =

T
k2

(22)

where Pf is the braking pressure of the front wheel, Pr is the
braking pressure of the rear wheel, k1 = 95 is the proportional
relationship of the front wheel, k2 = 50 is the proportional
relationship of the rear wheel.

IV. LATERAL MOTION CONTROL STRATEGY
A. VEHICLE PREDICTION MODEL
Based on the vehicle three degrees of freedom dual-track
model proposed above, there are certain requirements for
the real-time performance of the algorithm in the process of
designing the lateral motion controller. Therefore, the model
is simplified to a three degrees of freedom single-trackmodel,
as shown in Fig. 8.

Using the small angle assumption, the tire force is:

Flf = Clf Sf
Flr = ClrSr

Fcf = Ccf αcf = Ccf (δf −
ẏ+ aϕ̇
ẋ

)

Fcr = Ccrαcr = Ccr (
bϕ̇ − ẏ
ẋ

)

(23)

where Flf and Flr is the longitudinal force of the front tire and
rear tire, Clf and Clr is the longitudinal stiffness of the front
tire and rear tire, Sf and Sr is the slip rate of the front tire and
rear tire, Fcf and Fcr is the lateral force of the front tire and
rear tire, Ccf and Ccr is the lateral stiffness of the front tire
and rear tire, δf is the steering angle of front wheels, αf and
αr is the tire slip angle of front and rear tire, respectively. ẋ

FIGURE 8. Three degrees of freedom single-track model.

and ẏ is the speed of the vehicle in the x and y axis directions,
respectively.

According to Newton’s second law, and considering the
conversion between the vehicle coordinate system and the
inertial coordinate system, the vehicle dynamics equation is:

ẍ =
2
m
[Clf Sf + ClrSr − Ccf (δf −

ẏ+ aϕ̇
ẋ

)δf ]+ ẏϕ̇

ÿ =
2
m
[Ccf (δf −

ẏ+ aϕ̇
ẋ

)+ Ccr
bϕ̇ − ẏ
ẋ

]− ẋϕ̇

ϕ̈ =
2
Iz
[aCcf (δf −

ẏ+ aϕ̇
ẋ

)− bCcr
bϕ̇ − ẏ
ẋ

]

Ẏ = ẋ sinϕ + ẏ cosϕ
Ẋ = ẋ cosϕ − ẏ sinϕ

(24)

where ẍ and ÿ is the acceleration of the vehicle in the x
and y axis directions, respectively. A and B is the speed of
the vehicle in the X and Y axis directions of the inertial
coordinate system, respectively.

B. MPC CONTROLLER DESIGN
The linear model predictive controller is used as the lateral
motion controller. Compared with the nonlinear model pre-
dictive controller, the linear model predictive controller is
relatively simple to calculate and has better real-time perfor-
mance, which can meet the real-time requirements of control.

In this vehicle system, ξ (k) = (ẏ, ẋ, ϕ, ϕ̇,Y ,X )T is the sys-
tem state vector and u = [δf ] is the control input. Convert (24)
into the state space expression of the nonlinear dynamic
model, perform linearization and discretization processing,
and obtain the state space equation:

ξ (k + 1) = A(k)ξ (k)+ B(k)u(k) (25)

where A(k)= I + TA(t), B(k) = TB(t), T is the sample
period, A(t) = ∂f

∂ξ
is the state transition matrix, B(t) = ∂f

∂u
is the input matrix, I is the identity matrix.

Assuming that the reference point is (ξdyn,r , udyn,r ), derive
the prediction equation ofMPC and convert (25) into the form
of augmented matrix.

ξ (k|k) =
[

x̃(k|k)
ũ(k − 1|k)

]
(26)
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FIGURE 9. Adaptive prediction horizon adjustment.

where x̃(k |k ) = ξ (k)− ξdyn,r (k), ũ(k − 1 |k ) = u(k − 1)−
udyn,r(k − 1).

A new equation can be written as

ξ (k + 1|k) = Ã(k)ξ (k|k)+ B̃(k)1u(k|k)

η(k|k) = C̃(k)ξ (k|k) (27)

where

Ã(k) =
[
A(k) B(k)
01×6 I1

]
, B̃(k) =

[
B(k)
I1

]
,

C̃(k) =
[
0 0 1 0 0 0
0 0 0 0 1 0

]
.

According to (27), the model prediction equation of the k
sample time can be expressed as

Y (k + 1|k) = ψξ (k)+21U(k) (28)

where Y (k + 1|k) is the system output at the k sample time,
1U(k) is the system input at the k sample time, Y (k +
1|k),1U(t),2, and ψ , as shown at the bottom of the next
page, Np is the prediction horizon, Nc is the control horizon.

The cost function is designed as:

J =
∑ Np

i=1||η(k + i|k)− ηref(k + i|k)||
2
Q

+

Nc−1∑
i=1

||1u(k + i|k)||2R + ρε
2 (29)

where η(k+ i|k) is the actual system state, ηref (k+ i|k) is the
referenced system state,1u(k + i|k) is the control increment
of the front wheel steering angle, Q is the state weight coef-
ficient matrix, R is the control increment weight coefficient
matrix, ρ is the relaxation factor weight coefficient, ε is the
relaxation factor.

The constraint of the front wheel steering angle and the
variation are designed as[

−20◦ ≤ δf ≤ 20◦

−0.85◦ ≤ 1δf ≤ 0.85◦

]
(30)

Solving the following constrained optimization problem to
obtain the optimal control increment acting on the system

min J
1Umin ≤ 1U t ≤ 1Umax

Umin ≤ U t ≤ Umax

yhc,min ≤ yhc ≤ yhc,max

ysc,min − ε ≤ ysc ≤ ysc,max + ε

(31)

FIGURE 10. Membership function: (a) membership function of e,
(b) membership function of PGC , (c) membership function of Np.

TABLE 1. Fuzzy rule control table.

TABLE 2. Vehicle parameters.

where 1Umin and 1Umax are the minimum and maximum
values of the control input increment, Umin and Umax are the
minimum and maximum values of the control input, yhc,min
and yhc,max are theminimum andmaximum values of the hard
constraint of output, ysc,min and ysc,max are the minimum and
maximum values of the soft constraint of output.
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TABLE 3. Controller parameters.

Solving (24), the optimal front wheel steering angle incre-
ment sequence is obtained as follows:

1U∗t =
[
1u∗t ,1u

∗

t+1, · · · ,1u
∗

t+Nc−1, ε
]T (32)

The first item of the increment sequence is used as the
control increment input of the system.

u(t) = u(t − 1)+1u∗t (33)

C. ADAPTIVE PREDICTION HORIZON
The prediction horizon Np is one of the main parameters
affecting the control effect of the MPC controller. Therefore,
this article uses a fuzzy controller to adaptively control the
prediction horizon Np to improve the control accuracy of the
controller.

Firstly, the average of the absolute value of the second
derivative of the road is introduced to define the lateral

position change of the reference path [25], as follows:

PGC =
1

Np − 1

Np−1∑
j−1

∣∣f ′′(xr,j+1)∣∣
 (34)

Where f ′′(xr,j+1) =
f ′(xr,j+1)−f ′(xr,j)

1xr
, 1xr,j = (j − 1)1xr ,

f ′(xr,j+1) =
f (xr,j+1)−f (xr,j)

1xr
,1xr = vxT , T is the sample time,

j is an integer between 1 to Np + 1.
The prediction horizon Np represents the prediction step

size of the system for the future time. If Np is larger, the
characteristic of the system is that it cares more about the state
of the futuremoment, and theweight of the state of the current
moment is smaller. Therefore, the control effect shown is that
the control accuracy of the current state is reduced, but the
stability of the control system is better. On the contrary, the
characteristic of the system is that the more it cares about
the state of the current moment, the less weight it gives to
the state of the future moment. Therefore, the control effect
shown is that the control accuracy of the current moment is
better, but the stability of the control system is deteriorated
due to the small prediction of the future moment. Therefore,
the reasonable choice of prediction horizon Np has a very
important influence on the control results [26]. The vehicle
state of the driverless racing car changes during the trajectory
tracking process, and the fixed prediction horizon cannot
guarantee the optimal control effect in different states.

Based on the above principles, to ensure the stability of the
vehicle and at the same time improve the trajectory tracking
accuracy in different vehicle states. According to PGC and
lateral position error, the prediction horizon Np is adaptively
adjusted using a fuzzy controller. Fixed control horizon Nc is
adopted. The adaptive prediction horizon adjustment control
structure is shown in Fig. 9.

Y (k + 1|k) =


η(k + 1|k)
η(k + 2|k)
. . . .

η(k + Np|k)

 , 1U(t) =


1u(k)

1u(k + 1)
. . . ..

1u(k + Nc − 1)



2 =



C̃(k)B̃(k) 0 0 0

C̃(k)Ã(k)B̃(k) C̃(k)B̃(k) 0 0

C̃(k)Ã
2
t,t B̃(k) C̃(k)Ã(k)B̃(k) C̃(k)B̃(k) 0

. . . . C̃(k)Ã
2
(k)B̃(k) C̃(k)Ã(k)B̃(k) C̃(k)B̃(k)

C̃(k)Ã
Np−2 (k)B̃(k) . . . .. ..

C̃(k)Ã
Np−1(k)B̃(k) C̃(k)Ã

Np−2(k)B̃(k) . . . .. C̃(k)Ã
Np−Nc−1(k)B̃(k)



ψ =


C̃(k)Ã(k)

C̃(k)Ã
2
(k)

. . . ..

C̃(k)Ã
Np (k)

 ,
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FIGURE 11. Simulation results of high adhesion coefficient road: (a) the estimation result of road adhesion coefficient,
(b) the comparison of vehicle trajectory, (c) the comparison of lateral position error, (d) the comparison of prediction
horizon, (e) the comparison of speed, (f) phase plane.

Define the fuzzy domain of PGC is {0,1,2,3,4}. The
corresponding fuzzy subset is {S,MS,M,MH,H}. The fuzzy
domain of lateral position error is {−0.3,−0.15, 0, 0.15, 0.3}.
The corresponding fuzzy subset is {NB,NS,ZO,PS,PB}. The
basic domain corresponding to the output Np is [11], [16],
the fuzzy domain is {1,1.25,1.5,1.75,2}, the correspond-
ing fuzzy subset is {VS,S,M,B,VB}. The input and
output membership functions are all trapezoidal functions,

as shown in Fig. 10. The fuzzy rule control table is shown
in Table. 1.

V. SIMULATION RESULTS
The controller is built in MATLAB/Simulink, the vehicle
model is built in CarSim, and the co-simulation is carried out
to verify the proposed control strategy. The main parameters
of the vehicle are shown in Table. 2.
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FIGURE 12. Simulation results of medium adhesion coefficient road: (a) the estimation result of road adhesion coefficient,
(b) the comparison of vehicle trajectory, (c) the comparison of lateral position error, (d) the comparison of prediction horizon,
(e) the comparison of speed, (f) phase plane.

Considering that the path of the driverless racing competi-
tion is a combination of straights and corners, it is to verify
the trajectory tracking control under the extreme conditions
of high-speed turning. Therefore, a simulation path is estab-
lished by cubic spline curve fitting. Its reference path and
reference yaw angle are shown as follows:

Yref (X ) = aX3
+ bX2

+ cX + d

ϕref (X ) = 3aX2
+ 2bX + c (35)

where Yref is the reference lateral position, X is the longitudi-
nal position, ϕref is the reference yaw angle, a = 0.0001422,
b = −0.02751, c = 1.553, d = 0.
In the simulation environment, the initial position of the

vehicle in the geodetic coordinate system is set to (0,0), and
the initial yaw angle is 57.3◦. Set up four groups of con-
trollers for comparison, namely: controller A, controller B,
controller C, and controller D. Controller A is an adaptive
prediction horizon model predictive controller. Controller B
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FIGURE 13. Simulation results of low adhesion coefficient road: (a) the estimation result of road adhesion coefficient,
(b) the comparison of vehicle trajectory, (c) the comparison of lateral position error, (d) the comparison of prediction
horizon, (e) the comparison of speed, (f) phase plane.

is a fixed prediction horizon model predictive controller
(Np = 16). Controller C is a fixed prediction horizon model
predictive controller (Np = 11). Controller D is a constant
longitudinal vehicle speed, fixed prediction horizon model
predictive controller (Np = 16). The vehicle speed of con-
trollers A, B, and C are controlled by the longitudinal motion
control strategy designed in this article. The controller param-
eters are shown in Table. 3.

A. CASE STUDY 1: HIGH ADHESION COEFFICIENT ROAD
The road adhesion coefficient is set to 0.8 and the initial
vehicle speed is 115 km/h. The simulation results are shown
in Fig. 11.

As can be seen from Fig. 11 (a)-(f), after 28 m, the
entry into the curve starts at this time. Controller D can-
not accurately track the trajectory because the vehicle speed
is too fast, and the vehicle has a large deviation from the
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reference trajectory. The other three sets of controllers decel-
erate according to the front wheel steering angle, and the
speed is almost the same, which can track the trajectory
stably and accurately. The maximum lateral position error of
controller B is 0.21 m. The maximum lateral position error of
controller A is 0.15 m. The maximum lateral position error
of controller C is 0.2 m. Compared with fixed prediction
horizon; adaptive prediction horizon control can effectively
improve the accuracy of trajectory tracking control. The road
adhesion coefficient estimator has small fluctuations in the
estimation process, and finally converges around the set value
of 0.8. The maximum estimation error of the road adhesion
coefficient is 0.03, which has a good estimation effect. The
vehicle speed of 95 km/h at the longitudinal position of
35m-50m is selected as the boundary of the centroid sideslip
angle - the centroid sideslip angular velocity phase plane.
Only a small part of the vehicle’s own trajectory curve of the
three controllers exceeds the boundary curve, and the vehicle
is in a stable state. Therefore, on the road with high adhesion
coefficient, the proposed trajectory tracking control strategy
has a better trajectory tracking control effect under extreme
conditions.

B. CASE STUDY 2: MEDIUM ADHESION
COEFFICIENT ROAD
The road adhesion coefficient is set to 0.6 and the initial
vehicle speed is 95 km/h. The simulation results are shown
in Fig. 12.

As can be seen from Fig. 12 (a)-(f), after 28 m, the entry
into the curve starts at this time. Controller D cannot accu-
rately track the trajectory because the vehicle speed is too
fast, and the vehicle has a large deviation from the reference
trajectory. But after the longitudinal position of 70m, since
the curvature of the curve is smaller than that of the first
curve, the controller D can continue to track the trajectory.
The other three sets of controllers decelerate according to the
front wheel steering angle, and the speed is almost the same,
which can track the trajectory stably and accurately. The
maximum lateral position error of controller B is 0.22 m. The
maximum lateral position error of controller A is 0.15 m.
The maximum lateral position error of controller C is 0.2 m.
However, after 90m, due to the small prediction horizon, the
lateral position error of the exit increases, and the maximum
is 0.4m. The road adhesion coefficient estimator has small
fluctuations in the estimation process, and finally converges
around the set value of 0.6. The maximum estimation error
of the road adhesion coefficient is 0.02, which has a good
estimation effect. The vehicle speed of 85 km/h at the lon-
gitudinal position of 35m-50m is selected as the boundary
of the centroid sideslip angle - the centroid sideslip angular
velocity phase plane. The vehicle trajectory curves of the
three groups of controllers are almost all within the boundary
curve, and the vehicle is in a stable state. Therefore, the
proposed trajectory tracking control strategy also has a good
trajectory tracking control effect under the medium adhesion
coefficient road surface.

C. CASE STUDY 3: LOW ADHESION COEFFICIENT ROAD
The road adhesion coefficient is set to 0.3 and the initial
vehicle speed is 70 km/h. The simulation results are shown
in Fig. 13.

As can be seen from Fig. 13 (a)-(f), after 28 m, the entry
into the curve starts at this time. Controller D cannot accu-
rately track the trajectory because the vehicle speed is too
fast, and the vehicle has a large deviation from the refer-
ence trajectory. The other three sets of controllers decelerate
according to the front wheel steering angle, and the speed is
almost the same, which can track the trajectory stably and
accurately. Due to the low adhesion coefficient of the road
surface, compared with the previous two working conditions,
the lateral position error of controller D exceeds 3 m, and the
trajectory tracking cannot be continued. Themaximum lateral
position error of controller B is 0.3m. The maximum lateral
position error of controller A is 0.3m. Before the longitudi-
nal position of 90m, the maximum lateral position error of
controller C is 0.25m. However, after 90m, due to the small
road adhesion coefficient and the small prediction horizon,
the lateral position error of the exit increases to 0.3m. The
road adhesion coefficient estimator has small fluctuations
in the estimation process, and finally converges around the
set value of 0.3. The maximum estimation error of the road
adhesion coefficient is 0.01, which has a good estimation
effect. The vehicle speed of 55 km/h at the longitudinal posi-
tion of 35m-50m is selected as the boundary of the centroid
sideslip angle-the centroid sideslip angular velocity phase
plane. The vehicle trajectory curves of the three groups of
controllers are almost all within the boundary curve, and the
vehicle is in a stable state. Therefore, under the low adhesion
coefficient road surface, if the prediction horizon is too small,
the trajectory tracking control effect will be deteriorated. The
adaptive prediction horizon adjustment effect is not obvious,
and the trajectory tracking control effect of controller A and
controller B is close.

VI. CONCLUSION
In this article, the problem of trajectory tracking control of
driverless racing car under extreme conditions is addressed,
while ensuring its stability and tracking accuracy. A trajectory
tracking control strategy is proposed, and the controller is
designed based on the proposed control strategy. Validated
by co-simulation with MATLAB/Simulink and CarSim. The
results show that the trajectory tracking control strategy pro-
posed in this article can consider the vehicle stability and
trajectory tracking accuracy under the extreme conditions of
high-speed turning with different road adhesion coefficients.

In future work, we will carry out hardware-in-the-loop
experiments to verify the control strategy on the hardware-
in-the-loop test bench to test the feasibility of the algorithm
on the test bench. In addition, we will improve the road
adhesion coefficient estimation algorithm. The estimation
algorithm based on tire force used in this article has a certain
error in the road adhesion coefficient estimation when the
tire force changes greatly. Meanwhile, we will study the use
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of advanced control methods in this system to improve the
control accuracy.
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