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ABSTRACT In this paper, the opinion dynamics model with antagonistic (competitive) relationship,
multiple interdependent topics and the stubborn individuals is investigated. Different from the classical
Friedkin-Johnsen (FJ) model, in our model, antagonistic and cooperative relationships are considered
simultaneously. Furthermore, multiple logically interdependent topics are discussed in our model where the
logical interdependence between the different topics is captured by a logic matrix. For structurally balanced
and unbalanced network topologies, we rigorously examine the stability and convergence of our proposed
model. A few conditions of stability and convergence are obtained. These conditions completely depend on
network topology, stubborn coefficient and the logic matrix. They fully show that these factors jointly affect
the evolution of opinions. Finally, a few numerical simulations are provided to illustrate our obtained results.

INDEX TERMS Opinion dynamics, antagonistic relationship, multiple interdependent topics, stability.

I. INTRODUCTION
In recent years, opinion dynamics has received much atten-
tion for researchers in various fields. As an interdisciplinary
subject of sociology, biology, economics, physics and control
theory, opinion dynamics plays a great role in the devel-
opment of human society [1]–[10]. In the society, the reci-
procity between individuals constitutes the social network.
As a special complex network, social networks have been
studied extensively and many great achievements have been
obtained [11]–[14]. Opinion dynamics is an important branch
of social network research, it is concerned with the funda-
mental question of how individuals are influenced by other
individuals in a social group. Here the term ‘‘opinion’’ is
used to denote individuals’ displayed attitudes to objects
(i.e., topics or issues). The key problem of opinion dynamics
lies in the constructing of models. In social networks, individ-
uals interact and discuss opinions on a topic or a set of topics
according to certain rules. Establishing mathematical models
to analyze the evolution of opinions in social networks not
only reveals the basic laws of the development of human
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society and animal population, but also plays an important
role in the development of scientific knowledge and engineer-
ing technology [15], [16].

In order to investigate the evolution of opinions and the
impact of interactions between individuals, many opinion
dynamics models have been proposed over the past few
decades. Among them, the classic DeGroot model [17] was
proposed in the 1970s. The DeGroot model examines how a
group of individuals reach an agreement on a common topic
by exchanging their subjective opinions in a social network.
In the DeGroot model, the opinion of individual i is deter-
mined by a weighted average of the opinions of individual i
and its neighbors at the previous moment. If the network
contains a spanning tree and the strong connected subgraph
which consists of all root nodes is aperiodic, then theDeGroot
model always reaches opinion consensus for the arbitrary
initial opinions [18].

Subsequently, investigators made a further analysis of the
DeGroot model, and a lot of variable models were proposed
to capture the properties of opinion evolution [19]–[21].
Sociologist found that social actors accept readily opinions
of like-minded individuals, and accept the more deviant
opinions with discretion. This phenomenon is called the
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biased assimilation [22]. Combining the updated rules of
the DeGroot model with the idea of biased assimilation, the
bounded confidence (BC) models were proposed [22], [23].
In BC modes, individuals only accept opinions within their
confidence intervals but ignore the opinion which are outside
the confidence intervals. Compared with the DeGroot model,
BC models capture the basic rules of individual interaction
in human society and may model more complex phenomena,
such as, animal flocking [24]. In fact, different individu-
als may have different confidence intervals. Heterogenous
BC models were used to represent this phenomenon [25].
In BC models, the network topologies are dependent on
the system states, so it is more difficult to perform a strict
mathematical analysis on it. So far, the rigorous mathematical
analysis of BC models is still an open problem. For example,
the statistical characteristics for the distribution of clusters are
still unclear [25].

Another classic extension of the DeGroot model is the
FJ model [26]. In the FJ model, the presence of the stub-
born individuals was considered. The so-called stubborn
individuals are willing to maintain their initial opinions as
their prejudices. Different from the DeGroot model where
each individual updates its opinion based on its own and
neighbors’ opinions, in the FJ model, the stubborn individ-
uals also factor their initial opinions into every iteration of
opinions. In other words, the stubborn agents never forget
their prejudices, and are influenced by exogenous conditions.
Therefore, it is difficult to reach opinion consensus for the
FJ models. In fact, if the stubborn agents exist in the social
network, social groups often formmultiple clusters [27]–[29].
In [30] and [31], sufficient conditions for the stability of the
FJ model was obtained. In [27], the FJ model was referred to
a best-response game. By minimizing its own local function,
the individuals update their opinions according to opinions of
themselves and their neighbors [27]. For further extensions
of the FJ model, please refer to references [31]–[33].

In all the literatures mentioned above, only coopera-
tive relationship between individuals was investigated, while
the possible antagonistic relationship between individuals
was ignored. However, in fact, no matter in human soci-
ety or in nature, confrontation and competition can be
found [34], [35]. In human society, people compete with
each other for resources. In nature, animals fight for
water and territory. In biological system, cooperative and
antagonistic relationships exist in the form of activators/
inhibitors [34]. Therefore, the opinion dynamics models with
antagonistic relationship have attracted extensive attention
recently [36], [37]. Due to the existence of confrontation,
it is difficult for social networks to achieve consensus. In this
case, the concept of bipartite consensus was proposed in
literature [35] to represent a kind of special disagreement of
opinions. The signed graphs were used to characterize the
cooperative and antagonistic relationship between individu-
als [35]. In [38], both state-dependent susceptibility to per-
suasion and antagonistic interactions were investigated. For
three specializations of state-dependent susceptibility, some

sufficient conditions of bipartite consensus were obtained.
In [39], the competition between two stubborn agents was
examined, the convergence and stability were discussed for
the structurally balanced signed network. It should be pointed
out that most existing literatures focus on the structurally
balanced social networks. In this paper, for the structurally
balanced and unbalanced networks, we will try to examine
how opinions evolve.

Many of the previous models focus on a specific topic, but
in the social networks, the agents always discuss a few topics
at the same time [33]. A corresponding multidimensional
FJ model was proposed in [33] where each topic was assumed
to be inter independent. However, the topics may be interde-
pendent in our real life, and the dynamics of the topic specific
opinions are entangled. The multiple interdependent topics
(the attitude to fruit and the attitude to watermelon) make
models more complex. In [40], the authors proposed two
continuous-time opinion dynamics models where the topics
are multi interdependent. Besides, the necessary and suffi-
cient conditions for the network to reach a consensus on each
separate topic were obtained. If the dependencies between
topics were ignored, then those models in [40] may not reach
a consensus. This means that it is very important to consider
the dependencies between topics when modelling opinion
dynamics. As we all know, so far, the antagonistic relation-
ship, stubbornness and multiple interdependent topics have
not been considered simultaneously in any paper. In fact, this
situation is possible in real social networks. So, in this paper,
we consider the antagonistic relationship, stubbornness and
multiple interdependent topics simultaneously to model the
opinion evolution. Of course, this undoubtedly increases the
difficulty of mathematical analysis model. In particular, when
the network topology is structurally unbalanced, the existing
results can not provide more meaningful reference. For a
structurally unbalanced network, the relationship between
individuals may be very chaotic. The evolution of opinions
is often unexpected. This invisibly increases the difficulty
of discussion. Therefore, the most existing literature pays
more attention to the structurally balanced network. However,
in this paper, by using the spectrum analysis and graph theory,
we give a sufficient condition of the network convergence
for the structurally unbalanced network, i.e., the network
is connected. Of course, this condition may be relatively
conservative.

The main contributions of this paper are as follows. Firstly,
we have extended the classical FJ model and proposed a
more general model. Competitive relationship and multiple
interdependent topics, stubborn individuals are considered
simultaneously in the proposedmodel. Secondly, by using the
matrix theory and graph theory, the conditions of convergence
and stability have been obtained for the structurally balanced
and unbalanced network topologies. Meanwhile, these con-
ditions depending on stubborn coefficient, network topology
and logic matrix also fully show how these factors affect
the opinion evolution together. In particular, we find that the
structural unbalance will not destroy the convergence of the
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connected network. Finally, numerical simulation have been
used to show that the dependence between topics can not
only affect the final opinion value, but also can influence the
convergence of opinions.

This paper is organized as follows. In section II, we intro-
duce the related knowledge of graph theory and make a
brief introduction to our model. Main results and proofs are
given in III. Section IV provides four simulation examples to
illuminate our results. Finally, our conclusion is given in V.

II. PRELIMINARIES
In this section, model and mathematical preliminaries are
provided to derive the main results of this paper.

A. NOTATIONS
Throughout this paper,Rm×n andRn denote, respectively, the
m × n real matrix space and the n-dimensional real vector
space. |A| = [|aij|]ni,j=1 means that each entry of matrix A
takes an absolute value. The notation 1n denotes the column
vector of [1, 1, . . . , 1]T ∈ Rn, and In is the identity matrix
of size n. Given a square matrix A, ρ(A) denotes its spectral
radius. Given a pair of matrices A ∈ Rm×n,B ∈ Rp×q, their
Kronecker product is defined by

A⊗ B =


a11B a12B · · · a1nB
a21B a22B · · · a2nB
...

. . .
...

am1B am2B · · · amnB

 ∈ Rmp×nq.

B. GRAPH THEORY
The graph consists of nodes and arcs (or edges). A node can
be represented by a dot in the plane. And an arc is a directed
line or curve which connecting a dot to another dot or itself.
A graph is denoted by G = (V ,E), where V stands for the
finite set of nodes and E ∈ V × V is the set of arcs. The
node i connected to the node j is defined as the arc eij = (i, j).
An arc eii = (i, i) is called a self-loop, and it connects a node
to itself. In our paper, we use nodes, agents and individuals
interchangeably to represent the same concept. For any arc
eij = (i, j) ∈ V the inverse arc eji = (j, i) exists, we call
that the graph is a undirected graph, otherwise, the graph is
directed. Sequence of nodes v0 7→ v1, v1 7→ v2, . . . , vr−1 7→
vr ∈ V is called a walk from v0 to vr ; the node vr is reachable
from the node v0 if there at least exists one walk from v0
to vr . A walk without repeating nodes is referred to a path.
In the graph G(V ,E), if there is a node i which has a directed
path from i to other nodes, then the graph G(V ,E) contains a
spanning tree and the node i is named the root node. Suppose
a matrix A ∈ Rn×n satisfies: aij 6= 0 ⇔ (j, i) ∈ E , then
the matrix is called the weighted adjacency matrix of the
graph G(V ,E). In this situation, G(A) is used to represent the
graph G(V ,E). If the adjacency matrix A is allowed to take
both positive and negative values, then it is called the signed
adjacency matrix and its associated graph is called the signed
graph. SupposeA ∈ Rn×n, if there exist two setsV1

⋂
V2 = ∅

where ∅ denotes the empty set and V1
⋃
V2 = V such that

aij ≥ 0 for ∀i, j ∈ Vl(l ∈ {1, 2}) and aij ≤ 0 for ∀i ∈
Vp, j ∈ Vq, p 6= q, (p, q ∈ {1, 2}), we claim that the signed
graph G(A) is structurally balanced [35]. In other words, the
signed graphG(A) is structurally balanced if and only if there
exists a diagonal matrix P =diag[d1, d2, . . . , dn] such that
PAP ≥ 0 where di ∈ {1,−1} [35].

C. MODEL DESCRIPTION
Opinion dynamics models on a particular topic have
been widely researched and many conclusions have been
drawn [41]–[44]. With the progress of communication tech-
nology, communication online is becoming more and more
common. The amount of information in social networks
has increased dramatically [19]. As a result, the spread and
diffusion of many topics on social networks happen at the
same time. Furthermore, these topics may be always inter-
dependent. So in this paper, we examine the evolution of
individuals’ opinions under multiple interdependent topics.
This implies that in our model the individuals’ opinions on
one specific topic are influenced by the opinions about the
other topics. Now, let’s consider the following scenario: a
group of people discuss two topics, for example, fruit and
watermelon. Watermelon is a very common and popular fruit
in summer. If an individual hates fruit, then he dislikes to eat
watermelon. If the influence process changes the individuals’
attitudes toward fruit, saying that eating more fruit is good
for health, then as a kind of fruit, there will be more people
like to eat watermelon. On the contrary, the influence process
changes the individuals’ attitudes against fruit, warning that
fruit now has high levels of the hormone detected, then fewer
people choose watermelon even on a hot day. So it can be
observed that there exists usually a certain logical relationship
between multiple topics in social networks.

To ensure the consistency of the belief system, individuals
may need to adjust their positions on multiple related topics
at the same time. Tension and discomfort caused by inconsis-
tencies can be resolved through an individual’s introspective
process. This introspective process was researched in cogni-
tive dissonance and cognitive congruence theory [40]. It is
thought to be an automatic process in the brain and can enable
individuals to develop a system of consistent attitudes and
beliefs. The external form of this introspective process can be
reflected by the logical matrix mentioned below to a certain
extent [40].

An opinion dynamics model describing multiple logically
interdependent topics in discrete time was firstly proposed
by Parsegov [14]. In [14], the authors characterized the logic
interdependent relationships through a matrix of multi-issues
dependence structure(MiDS). In [40], the authors defined
a logical matrix to encode the logical coupling relation-
ships between issues. Similarly, in this paper, we introduce a
logic matrix to represent the dependencies between different
topics. It should be pointed out that only cooperative rela-
tionship between individuals was considered in [14], [40].
To our knowledge, there is no literature to research the impact
of competition on the evolutions of individuals opinions
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with multiple interdependent topics. Therefore, in this paper,
we simultaneously consider both the competitive relationship
and multiple interdependent topics, and propose a novelty
opinion dynamics model based on the classic FJ model.

xi(k + 1) = λiC
n∑
j=1

wijxj(k)+ (1− λi)xi(0),
i = 1, . . . ,N , (1)

where xi(k) ∈ Rm represents the opinions of individual i at
time k . C ∈ Rm×m is the logical matrix. It is used to describe
the dependencies between topics. The constant λi ∈ [0, 1]
expresses the susceptibility of the individual i to interpersonal
influence. Naturally, (1 − λi) represents the stubbornness
of individual i regarding initial opinions xi(0). If λi = 0,
we call the individual i a totally stubborn agent. It implies
that the individual i refuses to communicate with others or
ignores the other individuals’ opinions. So his/her opinions
will never change. If 0 < λi < 1, we call the individual i
a stubborn agent, which implies he/she is not completely
‘‘open-minded’’ [26]. The stubborn agents communicate with
the others, but retain their original opinions to a certain extent.
If λi = 1, we call the individual i a non-stubborn agent.
The non-stubborn agent ignores the initial opinions and is
influenced by the opinions of other individuals. In our article,
we consider a special class of non-stubborn agents: they
can be influenced by other stubborn agents. This implies
that there exists a path from the stubborn agent to the non-
stubborn agent. Such individual can be considered as ‘‘an
implicitly stubborn agent’’.

In order to facilitate our research, we reclassify all individ-
uals. We use the uniform name ‘‘non-opening agents’’ to rep-
resent totally stubborn agents, stubborn agents and implicitly
stubborn agents. The remaining individuals are called ‘‘open-
ing agents’’. They are not the stubborn agents. Furthermore,
they are also not influenced by the stubborn agents.
W = [wij] ∈ RN×N describes the network topology.

In this paper, both cooperative and competitive relationships
between individuals are considered simultaneously. It implic-
itly indicates that G(W ) is a signed graph. If wij 6= 0 shows
that the agent j can send information to the agent i at k instant.
In other words, the individual j is a neighbor of the indi-
vidual i. This means that the individual i can be affected by
the individual j, i.e., when making a decision the individual i
will consider the opinions of individual j. |wij| represents the
degree of impact and

∑N
j=1 |wij| = 1 are assumed for all

i = 1, 2, . . . ,N . And wij > 0 represents the cooperative
relationship and wij < 0 indicates the competitive or con-
frontational relationship.

We denote the entry of the matrix C with cpq, which
represents the influence of the issue q to the issue p.
If cpq > 0, it means that the issue p is closed to the issue q.
For example, the following two topics: (a) eating fish is good
for one’s health and (b) people should eat more salmons.
On the contrary, cpq < 0 means the issue q is opposite to
the issue p. Similarly, we give two issues: (a) eating fish is
good for one’s health and (b) fishes are now contaminated

by toxic chemical. A natural assumption in this paper is that∑m
q=1 |cpq| = 1, p = 1, . . . ,m and cii > 0, which implies

that the matrix | C | is a row-stochastic matrix.
In fact, both competition and logical relationship between

topics can impact on the finial opinions of individuals, wewill
illustrate this with a few examples.
Example 1: The model (1) will regress to the classical

FJ model if C = Im. And the compact form of the classical
FJ model is:

x(k + 1) = 3Wx(k)+ (IN −3)x(0), (2)

where 3 =diag[λ1, . . . , λN ]. x(k) = [x1(k)T , . . . , xN (k)T ]T

represents the opinions of all individuals at time k .We assume
that there are five individuals in the network and two topics
are discussed at the same time.We set the stubborn coefficient
as 3 =diag[0.7, 0.6, 0.8, 0, 0.9]. Obviously, the agent 4 is
a totally stubborn agent and the individuals 1,2,3 and 5 are
stubborn agents. The adjacent matrix is as follows

W1 =


0.4 0.15 0.2 0.15 0.1
0.2 0.3 0.1 0.1 0.3
0.4 0.1 0.3 0.1 0.1
0 0 0 1 0

0.15 0.15 0.2 0.3 0.2

 . (3)

The opinions of two independent topics (a) and (b) are repre-
sented by x1i (k) and x

2
i (k) respectively. Here, we choose the

initial opinions:

x(0) =
[
20,−20︸ ︷︷ ︸ −20, 5︸ ︷︷ ︸ 50, 20︸ ︷︷ ︸ 75,−50︸ ︷︷ ︸ 85, 5︸︷︷︸]T . (4)

Through simple calculation, the final opinions of all individ-
uals are:

x ′1 =
[
35,−22︸ ︷︷ ︸ 16,−11︸ ︷︷ ︸ 43,−13︸ ︷︷ ︸ 75,−50︸ ︷︷ ︸ 53,−24︸ ︷︷ ︸]T .

(5)

Comparing the initial opinions with the final opinions, one
can find that the opinions of all individuals have changed
except the individual 4. Especially, the individuals 2,3
and 5 have opposite attitudes towards the topic (b). Besides,
for the topic (a), the individual 2 changes from negative
attitude to positive attitude. By taking a comprehensive obser-
vation, it is obvious that the attitudes of other agents are
consistent with individual 4. These changes fully indicate
that stubbornness has a significant impact on individuals’
opinions. If both cooperative relationship and competitive
relationship exist between individuals, we replace the adja-
cent matrixW1 with W2:

W2 =


0.4 −0.15 0.2 −0.15 −0.1
0.2 0.3 −0.1 0.1 0.3
0.4 0.1 0.3 0.1 −0.1
0 0 0 1 0

0.15 −0.15 0.2 −0.3 0.2

 . (6)

And the other conditions remain the same, we obtain the
individuals final opinions

x ′2 =
[
−4, 1︸ ︷︷ ︸ 2,−4︸ ︷︷ ︸ 16, 1.6︸ ︷︷ ︸ 75,−50︸ ︷︷ ︸ 38,−15︸ ︷︷ ︸]T .

(7)
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Compared (5) and (7), it can be found that when there exists
competitive relationship between individuals, the attitude of
individual 1 has a significant change about topic (a) and
topic (b). This implies that competitive relationship can also
affect the individuals’ attitude towards events.
Example 2: Different from example 1, in this example,

we assume that topics are interdependent. For instance,
we have the topic (a): the attitudes about fruit and the
topic (b): the attitudes about watermelon (as a part of fruit).
In our cognition, people who don’t like fruit generally don’t
like watermelon. Conversely, people who don’t like water-
melon may also don’t like fruit. It implies that the opinions
of all individuals on these two topics should be consistent
in symbols. In other words, there is a positive interaction
between the two topics. We introduce the matrix C1 to
describe the relationship of the topics (a) and (b).

C1 =

[
0.9 0.1
0.4 0.6

]
. (8)

Next, we use the same initial opinions (4) and obtain the
final opinions of the five individuals

x ′C1
=

[
−1,−8︸ ︷︷ ︸ 0.2, 4︸ ︷︷ ︸ 15, 3︸︷︷︸ 75,−50︸ ︷︷ ︸ 33, 4︸︷︷︸]T .

(9)

Comparing (5) and (7), we find that when the interde-
pendence between individuals is not considered, the atti-
tudes of individual 1 towards the two events are opposite.
When the dependency is considered, the attitudes of indi-
vidual 1 towards the two events are the same. It implies
that considering dependencies makes it easier to achieve
consistency in belief systems. Therefore, it is easier for social
networks to reach agreement on belief systems by considering
dependencies. That is to say, topic interdependence plays an
important role in the evolution of opinions.
Remark 1: The Example 1 illustrates competitive rela-

tionship between individuals and stubbornness can cause the
inconsistency of agent’s opinions. The Example 2 shows that
the interdependent relationships between different topics can
affect the final opinions of agents too. In this paper, compet-
itive relationship, stubbornness and multiple-interdependent
are investigated. To some extent, our model is more popular.
Remark 2: Different from the classic FJ model [26], where

a special topic was considered, in ourmodel, multiple interde-
pendent topics are researched simultaneously. Furthermore,
we allow elements of the adjacency matrix W to have nega-
tive values, it implies cooperative relationship and competi-
tive relationship are considered at the same time. However,
the classic FJ model ignored the competitive relationship
between individuals.

D. MATHEMATICAL PRELIMINARIES
The following definitions and lemmas are needed for the
derivation of our main results in this paper.
Definition 1: If for any initial value xi(0)(i = 1, 2, . . .N ),

the sequence xi(k)(i = 1, 2, . . .N ) has a limit, the model (1)

is convergent. Especially, if ρ((3W )⊗C) < 1, the model (1)
is stable. A stable model (1) is convergent.
Lemma 1 ([45]): Suppose A ∈ Rn×n and B ∈ Rm×m. The

spectrum of the matrix A ⊗ B consists of all products λiµj,
where λ1, . . . , λn are eigenvalues of A and µ1, . . . , µm are
those of B.
Lemma 2 ([18]): A is a stochastic matrix, G(A) has a span-

ning tree and its strongly connected component of all its root
nodes is aperiodic. Then, 1 is the only maximum-modulus
eigenvalue of A, and its algebraic multiplicity is 1.
Lemma 3 ([15]): Let C ∈ Rm×m be an irreducible matrix,

and there exists at least a diagonal entry cii > 0, then ρ(C) =
ρ(|C|) if and only if G(C) is structurally balanced.
Lemma 4 ([19]): Suppose that the matrix W is a row-

stochastic matrix. limk→∞W k exists if and only if each
independent strongly connected component ofG(W ) contains
at least one node whose the lengths of all loops are coprime.

III. MAIN RESULTS
In this section, we discuss the stability and convergence of
system (1). For the convenience of analyzing the problem,
we will rewrite the system (1).

Let x(k) = [x1(k)T , x2(k)T , . . . , xN (k)T ]T , W =

[wij]N×N , x(0) = [x1(0)T , x2(0)T , . . . , xN (0)T ]T , 3 =

diag[λ1, λ2, . . . , λN ]. Then the model (1) can be rewritten by
following compact from:

x(k + 1) = [(3W )⊗ C]x(k)+ [(IN −3)⊗ Im]x(0). (10)

We assume that the index set of non-opening individuals is
expressed as {1, 2, . . . , n1}, the index set of opening agents is
{n1+ 1, n1+ 2, . . . ,N }. Now we can rewrite the matrix3W
with the following from:

3W =
[
311W 11 311W 12

0 W 22

]
, (11)

where 311
=diag[λ1, λ2, . . . , λn1 ], W

11
= [wij]n1×n1 , i, j ∈

{1, 2, . . . , n1}, W 12
= [wij]n1×(N−n1), i ∈ {1, 2, . . . , n1},

j ∈ {n1 + 1, n1 + 2, . . . ,N }. W 22
= [wij](N−n1)×(N−n1),

i, j ∈ {n1 + 1, n1 + 2, . . . ,N }.
In our paper, the considered graph is a signed graph. Here,

we firstly consider the structurally balanced graph.
(A) G(W ) is a structural balanced graph.
Because G(W ) is structurally balanced, there exists

a diagonal matrix P =diag[d1, d2, . . . , dN ] such that
PAP ≥ 0 where di ∈ {1,−1}.
Let

y(k + 1) = (P⊗ Im)x(k + 1). (12)

As P−1 = P, we also obtain that x(k+1) = (P⊗ Im)y(k+1).
At this time

y(k + 1)

= (P⊗ Im)x(k + 1)

= (P⊗ Im){[(3W )⊗ C]x(k)+ [(IN −3)⊗ Im]x(0)}

= [(P3WP)⊗ C]y(k)+ [(IN −3)⊗ Im]y(0). (13)

VOLUME 10, 2022 31599



G. He et al.: Opinion Dynamics With Antagonistic Relationship and Multiple Interdependent Topics

Let y1(k) = [y1(k)T , y2(k)T , . . . , yn1 (k)
T ]T , P1 =

diag[d1, d2,. . . , dn1 ], y
2(k) = [yn1+1(k)

T , yn1+2(k)
T , . . . ,

yN (k)T ]T , P2 =diag[dn1+1, dn1+2, . . . , dN ]. Then we have

P =
[
P1

P2

]
Therefore, we can rewrite model (13) with the following

form:[
y1(k + 1)
y2(k + 1)

]
=

[
(P1311W 11P1)⊗ C (P1311W 12P2)⊗ C

0 (P2W 22P2)⊗ C

] [
y1(k)
y2(k)

]
+

[
(In1 −3

11)⊗ Im
0

] [
y1(0)
y2(0)

]
=

[
(P1311W 11P1)⊗ C (P1311W 22P2)⊗ C

0 (P2W 22P2)⊗ C

] [
y1(k)
y2(k)

]
+

[
[(In1 −3

11)⊗ Im]y1(0)
0

]
.

That is to say:

y1(k + 1) = [(P1311W 11P1)⊗ C]y1(k)

+[(P1311W 12P2)⊗ C]y2(k)

+[(In1 −3
11)⊗ Im]y1(0), (14)

y2(k + 1) = [(P2W 22P2)⊗ C]y2(k). (15)

Theorem 1: If the opening agents are absent, then the
model (1) is stable. At this time, the final opinion

x ′C : = lim
k→∞

x(k)

= P∗{[(ImN − P3WP)⊗ C]−1(IN −3)}P∗x(0), (16)

where P∗ = P⊗ Im.
Proof:We construct a matrix B as following:

B(N+1)×(N+1) =
[
1 01×N
β P3WP

]
,

where β = [β1, β2, . . . , βN ]T , βi = 1 − λii. Obviously, the
matrix B is row-stochastic,G(B) contains a spanning tree and
an unique root node.

In other words, strongly connected component consist-
ing of all root nodes is aperiodic. According to Lemma 2,
we know that 1 is the only maximum-modulus eigenvalue of
B, and its algebraic multiplicity is 1.

Furthermore, we have

|λIN+1 − B|

=

∣∣∣∣[λ λE
]
−

[
1 01×N
β P3WP

]∣∣∣∣
=

∣∣∣∣λ− 1 01×N
−β λIN − P3WP

∣∣∣∣
= (λ− 1)|λIN − P3WP|. (17)

According to (17), it can be obtained that ρ(P3WP) < 1.
We know that ρ(C) ≤ 1, hence we have ρ[(P3WP)⊗C] < 1,

if this holds:

y(k + 1) = [(P3WP)⊗ C]y(k)+ [(IN −3)⊗ Im]y(0)

= [(P3WP)⊗ C]{[(P3WP)⊗ C]y(k − 1)

+[(IN −3)⊗ Im]y(0)} + [(IN −3)⊗ Im]y(0)

= . . .

= [(P3WP)⊗ C]k+1y(0)

+{[(P3WP)⊗ C]k + . . .+ ImN }

× [(IN −3)⊗ Im]y(0). (18)

As ρ[(P3WP) ⊗ C] < 1, we have limk→∞[(P3WP) ⊗
C]k+1 = 0. Besides, {[(P3WP) ⊗ C]k + . . . + ImN }
[ImN − (P3WP) ⊗ C] = ImN − [(P3WP) ⊗ C]k+1,
so limk→∞{[(P3WP)⊗C]k+. . .+ImN } = [ImN−(P3WP)⊗
C]−1. Therefore, limk→∞ y(k + 1) = [ImN − (P3WP) ⊗
C]−1[(IN −3)⊗ Im]y(0).
Notice that x(k + 1) = (P⊗ Im)y(k + 1) and our proof has

been completed.
Corollary 1: If the graph G(W ) is strongly connected and

3 6= IN , then the model (1) is stable.
Proof: The strong connectivity of G(W ) implies that the

agents are either stubborn or reachable by the other stubborn
agents. It indicates that the opening agents disappear. Accord-
ing to Theorem 1, the conclusion is obviously true.

When the logic matrix is structurally unbalanced, we have
the conclusion as follows.
Theorem 2: If the matrix C is irreducible and G(C) is

structurally unbalanced, then the model (1) is stable and the
vector of final opinions is (16).
Proof: According to Lemma 3, if the matrix C is irre-

ducible and G(C) structurally unbalanced, then ρ(C) <

ρ(|C|) = 1. Noticing that ρ((P3WP)⊗C) = ρ(P3WP)ρ(C)
and ρ(P3WP) = ρ(3W ) ≤ 1, then we obtain that
ρ((P3WP) ⊗ C) < 1. Next, according to the proof of
Theorem 1, one can complete the proof of Theorem 2.

Next, we consider the case where there exist opening
agents and the matrix C is structurally balanced. And the
conclusion is as follows.
Theorem 3:When there exist the opening agents. Suppose

the matrix C is structurally balanced and G(W ) has a self-
loop. The model (1) is convergent if and only if each inde-
pendent strongly connected component of G(C) and G(W 22)
contains at least one node whose the lengths of all loops are
coprime. The final opinions

x ′C = P∗
[
[(In1 − P

1311W 11P1)⊗ C]−1 0
0 I(N−n1)m

]
QP∗x(0), (19)

where

Q =
[
(In1 −3

11)⊗ Im (P1311W 12P2W 22
∗ )⊗ CC∗

0 W 22
∗ ⊗ C∗

]
,

W 22
∗ = limk→∞(P2W 22P2)k and C∗ = limk→∞ Ck .
Proof: It can be seen from the above that x(k + 1) and

y(k + 1) have the same convergence. If each independent
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strongly connected component of G(C) and G(W 22) contains
at least one node which the length of all loops is coprime,
then each independent strongly connected component of
G(P2W 22P2) also contains at least one node which the length
of all loops is coprime. According to the Lemma 4, we know
that limk→∞(P2W 22P2)k exists. Obviously, limk→∞ Ck also
exists. Then we have y2(k)→ (W 22

∗ ⊗ C∗)y
2(0) as k →∞,

if this holds, according to (14) and (15), similar to the proof
of [14], one immediately obtains (19). The sufficient part has
proved.

Proof of necessity: According to (14) and (15), the conver-
gence of the model (1) implies that limk→∞[(P2W 22P2) ⊗
C]k exists. Furthermore, the existence of limk→∞[(P2W 22

P2) ⊗ C]k shows that both limk→∞[(P2W 22P2)]k and
limk→∞ Ck exist. Otherwise, we suppose that limk→∞[(P2

W 22P2)]k doesn’t exist. Noticing that the matrix P2W 22P2

is a stochastic matrix, 1 is an eigenvalue of it. On the
other hand, when limk→∞[(P2W 22P2)]k doesn’t exist, there
must exist a eigenvalue α of the matrix P2W 22P2 such that
α 6= 1 and its modulus is 1. Since the matrix C is struc-
turally balanced, it means that 1 is the maximum-modulus
eigenvalue of it. According to Lemma 1, 1 · α = α is the
maximum-modulus eigenvalues of P2W 22P2 ⊗ C . Noticing
α 6= 1, therefore we conclude that limk→∞[(P2W 22P2) ⊗
C]k doesn’t exist. This is obviously contradictory. Similarly,
if we suppose that limk→∞ Ck doesn’t exist, we can obtain
that limk→∞[(P2W 22P2) ⊗ C]k also doesn’t exist. Noting
that both G(C) and G(W 22) have a self-loop, it implies that
each independent strongly connected component ofG(C) and
G(W 22) contains at least one node with the length of all
loops is coprime. According to Lemma 4, we know that both
limk→∞ Ck and limk→∞[(P2W 22P2)]k exist. The proof of
Theorem 3 has been completed.
(B) G(W ) is a structurally unbalanced graph.
In this section, we reclassify the individuals. We divide

all individuals into non-totally stubborn individuals which is
represented by index set {1, 2, . . . , n2} and totally stubborn
individuals with {n2+1, n2+2, . . . ,N }. Then the system (1)
can be represented as following:

xi(k + 1) = λiC
n2∑
j=1

wijxj(k)+ (1− λi)xi(0)

+λiC
n∑

j=n2+1

wijxj(0)(i ∈ {1, 2, . . . , n2}), (20)

xj(k + 1) = xj(0), (j ∈ {n2 + 1, n2 + 2, . . . ,N }). (21)

We rewrite the matrix 3W as follows:

3W =
[
322W 11 322W 12

0 0

]
, (22)

where 322
=diag[λ1, λ2, . . . , λn2 ], W

11
= [Wij]n2×n2 ,

W 12
= [Wij]n2×(N−n2), (i ∈ {1, 2, . . . , n2}, j ∈ {n2 +

1, n2+2, . . . ,N }). Then the model (20), (21) can be rewritten

as follows:[
x1(k + 1)
x2(k + 1)

]
=

[
(322W 11)⊗ C (322W 12)⊗ C

0 0

] [
x1(k)
x2(k)

]
+[(IN −3)⊗ Im]

[
x1(0)
x2(0)

]
. (23)

Remark 4: If 322W 11 is structurally balanced, similar to
Theorem 2, we can obtain the conclusion of the convergence
of the model. As the length of our paper, we will not repeat
here. Next, the main thing that we focus on is the convergence
of system (23) when 322W 11 is structurally unbalanced.
In this case, our conclusion is as follows.
Theorem 4: The system (23) is convergent if 322W 11 is

structurally unbalanced and strongly connected. At this time,
x2(k) → x2(0); x1(k) → [(In2 − 3

22W 11) ⊗ C]−1{[(In2 −
322)⊗ In2 ]x

1(0)+ [(322W 12)⊗ C]x2(0)}.
Proof: As G(322W 11) is structurally unbalanced and

strong connected, according to Lemma 3, we have
ρ(322W 11) < ρ(|322W 11

|) ≤ 1. As ρ(C) ≤ 1, we can
get ρ[(322W 11) ⊗ C] < 1. According to the proof of The-
orem 2, we can obtain limk→∞ x1(k) = [(IN − 322W 11) ⊗
C]−1{[(IN −322)⊗ In2 ]x

1(0)+ [(322W 12)⊗ C]x2(0)}.

IV. NUMERICAL EXAMPLE
In this section, we will give four examples to verify the
validity of our conclusions. In the following simulations,
the blue and red lines are used to represent the opinions of
stubborn agents and non-stubborn agents, respectively.
Example 3: In this example, we consider a network with

7 agents. The network topology, logic matrix and the initial
opinions of 7 agents are given as follows:

W3 =



0.3 0 0 0.3 0.1 0 − 0.3
0.3 0.2 0.1 0 0.2 − 0.2 0
0 0.3 0.2 0.4 0.1 0 0
0.2 0 0.2 0.4 0.2 0 0
0 0 0.2 0.3 0.3 0 − 0.2
0 − 0.3 0 0 0.2 0 0.5
−0.1 0 − 0.4 0 0 0.3 0.2


,

C2 =

[
0.9 0.1
0.8 0.2

]
,

x(0)a = [0.3,−0.1, 0.6, 0.5, 0.1,−0.6, 0.4],

x(0)b = [0.5, 0.3,−0.8, 0.1, 0.7, 0.6, 0.2]. (24)

x(0)a and x(0)b represent the initial opinions of 7 agents about
the topic (a) and the topic (b), respectively. According to
W3, we know that G(W3) is structurally balanced and has a
spanning tree. Let 31 = diag[0, 0.7, 1, 1, 1, 1, 1], then the
individual 1 is a totally stubborn agent and the individual 2
is a stubborn agent. The non-stubborn agents 3,4,5,6
and 7 are influenced by the agents 1 and 2, which implies
that the conditions of Theorem 1 are satisfied. The evolutions
of opinions are shown in Fig.1 and Fig.2. According to Fig.1
and Fig.2, we find that the system reaches the equilibrium
point quickly.
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FIGURE 1. Evolution of opinions for the topic a in Example 3.

FIGURE 2. Evolution of opinions for the topic b in Example 3.

Let 3 = IN , we can obtain a similar DrGroot model.
In the model, we consider the same initial opinions (24) and
the evolutions of opinions are shown in Fig.3 and Fig.4. It is
obvious that the final opinions of the similar DeGroot model
reach an agreement. It implies that the stubborn agents play an
important role in social networks. Furthermore, if letC2 = I2,
our model degenerates into the classical FJ model. Under
these circumstances, for the initial opinions (24), the evolu-
tions of opinions are shown in Fig.5 and Fig.6. Compared
Figs.1.2 with Figs.5.6, one can find that logical matrix C can
affect the final opinion value. So, for the same initial opinions,
our presented model and the classical FJ model will generally
converge to the different opinions.
Example 4: In this example, we replace the network topol-

ogy and logic matrix in example 3 with W4 and C3. Other
conditions remain the same.

W4 =



0.3 0 0.3 0 0 0 −0.4
0.3 0.4 0 0 0.3 0 0
0 0.5 0.1 0.1 0 −0.3 0
0.2 0 0.3 0.3 0.2 0 0
0 0 0 0.2 0 0 −0.8
0 0 0 0 0 0.2 0.8
0 0 0 0 0 0.7 0.3


.

C3 =

[
0.9 −0.1
−0.8 0.2

]
.

FIGURE 3. Evolution of opinions of the similar DeGroot model for topic a
in Example 3.

FIGURE 4. Evolution of opinions of the similar DeGroot model for topic b
in Example 3.

FIGURE 5. When C = Im, evolution of opinions for topic a in Example 3.

According to W4, it can be easily found that the agents 6
and 7 are opening agents and the agents 3,4,5 are influenced
by the agents 1 and 2. The network topology W 22 consisting
of the agents 6 and 7 is given as follows:

W 22
=

[
0.2 0.8
0.7 0.3

]
.
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FIGURE 6. When C = Im, evolution of opinions for topic b in Example 3.

FIGURE 7. Evolution of opinions for the topic a in Example 4.

According to C3 and W 22, we know that each independent
strongly connected component ofG(C3) andG(W 22) contains
at least one node which the length of all loops is coprime.
Besides,G(C3) is structurally balanced. Therefore, the condi-
tions of Theorem 3 are satisfied. It implies that the system (1)
is convergent for any initial opinions. We use the initial
opinions (24) in Example 3. The evolutions of opinions are
shown in Fig.7 and Fig.8. Similar to Example 3, we assume
that 3 = IN . According to Fig.9 and Fig.10, the similar
DeGroot model can achieve bipartite consensus.
Example 5: In this example, we still consider a network

with 7 agents. The network topology and the initial opinions
are as follows:

W5 =



0.3 0 0 0.2 0 − 0.5 0
0.2 0.3 0 0.4 0 0.1 0
0.5 0 0 0 0.3 0 − 0.2
0 0.4 0 0.5 0 − 0.1 0
0 0.5 0 0 0.1 0.4 0
0 0.4 0 0.3 0 0.3 0
0 − 0.2 0 0.4 0 0 0.4


.

x(0)a′ = [0.6, 0.5, 0.1,−0.6, 0.4,−0.1, 0.3],

x(0)b′ = [−0.8, 0.1, 0.7, 0.6, 0.2, 0.3, 0.5]. (25)

FIGURE 8. Evolution of opinions for the topic b in Example 4.

FIGURE 9. Evolution of opinions of the similar DeGroot model at topic a
in Example 4.

FIGURE 10. Evolution of opinions of the similar DeGroot model at topic b
in Example 4.

Let 3 = diag[1, 1, 1, 1, 1, 0.7, 0] and C = C2. In this case,
the individual 7 is a totally stubborn agent. According to
G(W5), we know that the graph consisting of all agents except
the agent 7 is structurally unbalanced and strongly connected.
According to Theorem 4, the system (23) is convergent for
any initial opinions. We use the initial opinions (25) and
the evolutions of opinions are shown in Fig.11 and Fig.12.
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FIGURE 11. Evolution of opinions for the topic a in Example 5.

FIGURE 12. Evolution of opinions for the topic b in Example 5.

FIGURE 13. Evolution of opinions of the similar DeGroot model at topic a
in Example 5.

According to Fig.11 and Fig.12, one can easily find that the
system (23) converges to the stable point quickly. We also
assume that 3 = IN , at this time, the similar DeGroot can
achieve consensus which is shown in Fig.13 and Fig.14.
Through the above three examples, we find that both

stubborn individuals and competitive relationship between
individuals can create inconsistent opinions.
Example 6: In this example, we still consider a network

with 7 agents. The network topology and logic matrix are

FIGURE 14. Evolution of opinions of the similar DeGroot model at topic b
in Example 5.

FIGURE 15. Evolution of opinions for the topic a in Example 6.

as follows:

W6=



0.8 0 0 0 −0.1 0 −0.1
0.3 0.2 0 0 0 −0.5 0
0.3 0.3 0.4 0 0 0 0
0 0 0 0 0.5 0.5 0
0 0 0 0.6 0 0 0.4
0 0 0 0.7 0 0 0.3
0 0 0 0 0.8 0.2 0


.

C4 =

[
0.9 −0.1
0.8 0.2

]
.

Let 31 = diag[0, 0.6, 0.8, 1, 1, 1, 1]. Obviously, the
matrixC4 is irreducible andG(C4) is structurally unbalanced.
And there exists at least a diagonal entry cii > 0. So the
condition of theorem 2 is satisfied, i.e., the system is stable.
For randomly initial values, Fig.15 and Fig.16 illustrate the
evolutions of opinions. According to Fig.15 and Fig.16, one
can easily find that the system (10) converges to the stable
point quickly. Let C4 = I2, i.e., our model becomes the
classic FJ model. The evolutions of opinions are represented
by Fig.17 and Fig.18. Obviously, through Fig.17 and Fig.18,
the system (10) does not converge. It implies that considering
the dependent relationship between topics may affect the
convergence of opinions. So, according to Example 3 and 6,
it can be concluded the dependent relationship between topics
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FIGURE 16. Evolution of opinions for the topic b in Example 6.

FIGURE 17. When C4 = I2, evolution of opinions for the topic a in
Example 6.

FIGURE 18. When C4 = I2, evolution of opinions for the topic b in
Example 6.

can not only affect the final opinion value, but also affect the
convergence of opinions. Therefore, it is very important to
consider the dependencies between topics.

V. CONCLUSION
In this paper, by extending the classic FJ model, a new
opinion dynamics model has been presented, in which the

individuals’ opinions are affected by the competitive mecha-
nism, stubborn agents and the interdependent relationship of
multiple topics. For structurally balanced network topologies,
we have obtained the conditions of stability and convergence
of the model respectively. For structurally unbalanced net-
work topologies, we have achieved the conditions of conver-
gence. These conditions fully illustrate the influence of topic
interdependent relations and individual competition mecha-
nism on the evolutions of opinions. Finally, several examples
have been used to verify our conclusions.
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