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ABSTRACT Extended warranty is an optional contract that often provides additional protection for users
after the basic warranty expires. Considering the high warranty cost borne by manufacturers and the lack
of system availability guarantee, the present study proposes a two-dimensional extended warranty approach
for a multi-component series system considering economic dependence. Based on the imperfect preventive
maintenance model and the combination of free warranty and pro-rata warranty policies, the manufacturer’s
and user’s warranty cost model and availability model for a single component are established. Considering
the economic dependence between multi-components, the preventive maintenance of each component is
combined using the grouping maintenance approach. In the case study, we consider the reconnaissance
equipment as the research object and use the grid search method to obtain the two-dimensional extended
warranty scheme of reconnaissance equipment considering economic dependence. Comparative and sensi-
tivity analyses verify that the approach can effectively reduce the extended warranty cost of the manufacturer
and improve the availability of the multi-component system. Additionally, the approach can provide support
for warranty cost calculation and system availability estimation under different extended warranty periods.

INDEX TERMS Maintenance management, grouping maintenance, imperfect preventive maintenance, two-
dimensional extended warranty, combined warranty, multi-component series system.

I. INTRODUCTION
The extra warranty period supplied by the manufacturer for
its equipment at the end of the basic warranty, which is an
extension of the basic warranty, is referred to the extended
warranty [1]. Extended warranty is an optional contract that
often provides additional protection for users after the basic
warranty expires and must be purchased separately at an
additional fee [2]. Extended warranties have been a lucrative
source of revenue formanufacturers. Also,many users choose
for extended warranty services to alleviate the financial bur-
den of equipment failures [3]. However, the lack of standard
decision-making methods and the support of a scientific aux-
iliary decision-making model substantially raise the warranty
cost of themanufacturer during the extendedwarranty period,
and the equipment availability cannot be guaranteed. There-
fore, formulating a reasonable extended warranty strategy,
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reducing the warranty cost, and improving the availability
of the system are the major challenges that remain to be
overcome.

The advancement of technology and improvement of mod-
ern industrial sectors have led to the development of vari-
ous new complex equipment, which have been used widely
in many fields. New complex equipment such as ships,
automobiles, and aeroengines are highly systematical and
have a complex structure. Moreover, they consist of many
multi-component series systems, and the life of the multi-
component series system is mostly affected by calendar time
and usage, so two-dimensional warranty is usually adopted
for them [4]. In addition, these systems consist of multiple
components in a series, and the failure of a single com-
ponent results in system failure. Simultaneously, downtime
of any component can result in system downtime, provid-
ing opportunities for maintenance of other components [5].
Combining the maintenance work of each component can
effectively reduce downtime and warranty cost [6]. Economic
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dependence means that the combination of maintenance of
system components renders the warranty cost of the system
higher or lower than the sum cost of the respective main-
tenance of system components [7]. Grouping maintenance
is a maintenance strategy usually adopted when consider-
ing economic dependence. For the multi-component series
system, the grouping maintenance strategy considering eco-
nomic dependence can effectively reduce the warranty cost
and improve the system availability [8].

Based on the actual situation of the multi-component series
system, this study examines the two-dimensional extended
warranty strategy for the multi-component series system.
A regular preventive maintenance strategy is adopted, and
preventive maintenance is imperfect maintenance. The effect
of imperfect preventive maintenance is described by the
improvement factor. In this study, imperfect preventive main-
tenance strategy and corrective maintenance strategy are
effectively integrated, and the manufacturer’s and user’s
warranty cost model and availability model for a single
component are established basing on it. Considering the eco-
nomic dependence between multi components in a series, the
preventive maintenance benchmark interval is introduced; the
preventive maintenance time of each component is adjusted
to an integral multiple of the benchmark interval. As a result,
the preventive maintenance work of multi components is
combined to reduce the manufacturer’s warranty cost and
improve the availability of the multi-component system.

Considering the design utilisation rate as the limit, the
combination of freewarranty and pro-rata warranty policies is
adopted, implying that when the actual utilisation rate is less
than the design utilisation rate, all corrective maintenance and
preventivemaintenance costs during thewarranty period shall
be borne by the manufacturer. When the actual utilisation rate
is greater than the design utilisation rate, the maintenance
costs during the warranty period shall be separately borne
by the manufacturer and the user in a certain proportion
according to the time or usage of equipment at the time of
maintenance activities. This approach reduces the manufac-
turer’s warranty cost and improves the user’s awareness of the
rational use of equipment. Most studies have considered the
lowest warranty cost as the decision-making goal. The present
study considers the availability constraint, which implies that
the availability should meet the minimal requirements of
users to satisfy the demands of manufacturers and users.

A. PAPER ORGANIZATION
The remainder of this article is organised into four sec-
tions. Section 2 provides a literature review of related stud-
ies. Section 3 presents the description of the model and
provides a description of notations based on reasonable
assumptions. Based on the failures of single-component
systems, the imperfect preventive maintenance and minimal
maintenance strategies are adopted to establish the two-
dimensional extended warranty cost and availability models.
In the cost model, a combination of free warranty and pro-
rata warranty policies is adopted. Finally, the combination

strategy of preventive maintenance is introduced. Section 4
presents a real case scenario of a reconnaissance equipment
manufacturer of China to illustrate the applicability of our
model. Finally, Section 5 presents the conclusions.

II. LITERATURE REVIEW
A. TWO-DIMENSIONAL EXTENDED WARRANTY
Recently, scholars have increasingly focused on the two-
dimensional extended warranty strategy. At present, the
research on two-dimensional extended warranty is increas-
ingly highlighting the heterogeneity of users, that is, the war-
ranty scheme is tailored for different users [9]–[11].More and
more attention is paid to the establishment of warranty policy
to strike a balance between manufacturers and users, that is,
to make both manufacturers and users acceptable [11], [12].
However, since the formulation of extended warranty strategy
is in the hands of the manufacturer, most of the current
researches are from the manufacturer’s point, aiming at the
lowest cost or maximum profit of extended warranty, with lit-
tle consideration of users’ requirements for equipment avail-
ability [13]–[16]. Furthermore, most studies have focused on
a single-component system, and the economic dependence
between multi-components is ignored.

B. ECONOMIC DEPENDENCE
In the research on warranty strategies for multi-component
systems, researchers have increasingly focused on the eco-
nomic dependence between multi-components and have con-
sidered combination strategies of maintenance work from
varied perspectives. Reference [17] proposed a mainte-
nance optimisation method for a series-parallel system with
multi-state components considering economic dependence
and state-dependent inspection intervals. Reference [18]
proposed a condition-based maintenance strategy model for
two-component systemswith stochastic and economic depen-
dence. Dao et al. [19] explored the formulation of a selec-
tive maintenance strategy for a multi-state series parallel
system related to economic dependence: decision makers
can select components for maintenance according to main-
tenance objectives, resource availability, and maintenance
time and cost of each component to reduce maintenance
cost. Su and Chen [20] considered the economic depen-
dence between wind turbine components. Furthermore, the
author established a long-term average cost rate model under
the condition-based maintenance strategy considering the
renewal process theory and analysed the optimal detection
cycle of a multi-component system.

C. PREVENTIVE MAINTENANCE
There are many definitions of system availability. This paper
mainly studies the operation availability of the system, which
represents the ratio of the available time length of the system
in a specific time interval to the length of the whole interval.
The availability of a system depends to some extent on effec-
tive maintenance and inspection, in addition to the structural
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design, quality and reliability of the components that make up
it. Preventive maintenance refers to a series of maintenance
on the premise of no system failure or damage, which can
effectively avoid the occurrence of system failure with loss
characteristics. References [21]–[24] introduced preventive
maintenance strategy earlier in the study of warranty pol-
icy. In the later study, scholars considered more influential
factors, making the formulation of warranty policies based
on preventive maintenance strategy more consistent with the
reality. For example, Huang et al. [25] adopted the bivariate
method, considered the time and usage of repairable prod-
ucts, and used regular preventive maintenance to formulate
a two-dimensional warranty strategy for repairable products.
Wang et al. [26] analysed the effects of customers’ non-
punctuality on the optimisation of preventive maintenance
strategy and the resulting warranty costs. Dai et al. [27]
jointly optimised the proportion of preventive maintenance
cost, the number of preventive maintenance activities, and the
corresponding preventive maintenance level. Currently, stud-
ies examining the two-dimensional extended warranty for a
multi-component system are inadequate. Preventive mainte-
nance can effectively increase availability and reduce war-
ranty cost for complex products whose failure rate increases
with time [28]. Therefore, it is necessary to add preventive
maintenance strategy in the formulation of two-dimensional
extended warranty strategy.

D. THE COMBINED WARRANTY STRATEGY
The failure rate of the multi-component system in the
extended warranty stage is significantly higher than that in
the basic warranty stage, thereby causing immense pres-
sure on the manufacturer with regard to the warranty cost.
A reasonable warranty cost sharing mechanism can reduce
the manufacturer’s warranty cost, expand the profit space,
and improve the manufacturer’s warranty enthusiasm. Under
the one-dimensional warranty mode, the proportional com-
pensation usually determines the cost proportion borne by
users according to the time of failure. However, research
on the two-dimensional proportional compensation remains
scarce. The usual warranty service strategy is free war-
ranty, where the manufacturer bears the entire warranty cost.
Liang [29] proposed a combined warranty strategy adopted
during the two-dimensional warranty period. The warranty
region is divided into multiple sub-regions according to the
use intensity. Furthermore, different strategies of proportional
warranty, including free warranty and pro-rata warranty, are
adopted according to the region of warranty activity. The
combinedwarranty strategy reduceswarranty costs, standard-
ises users’ product use behavior.

In summary, although the results of various research
directions are relatively mature, no research has focused
on the formulation of two-dimensional extended war-
ranty strategy for multi-component systems with economic
dependence. Based on this, this paper proposes a new
two-dimensional extended warranty method, which cov-
ers grouping maintenance, periodic imperfect preventive

FIGURE 1. Basic warranty and extended warranty regions.

maintenance, and combination of free warranty and pro-rata
warranty policies. It can play a significant role in reduc-
ing the manufacturer’s two-dimensional extended warranty
cost, expanding its profit space and improving equipment
availability.

III. MODEL FORMULATION
A. MODEL DESCRIPTION
We assume that users prefer to purchase extended warranty
service for equipment and that the warranty is for multi-
component series systems. WB and UB denote the age and
usage limits of the basic warranty region.WE and UE denote
the age and usage limits of the extended warranty region,
as illustrated in Fig. 1. R denotes the system utilisation rate.
R = U (t)/T (t), where U (t) denotes the usage of systems
at time t , and T (t) denotes the length of service at time t ,
with T (t) = t . During the basic warranty period, corrective
maintenance, which is the minimal maintenance, is adopted
for all component failures. During the extended warranty
period, themulti-component series system adopts regular pre-
ventive maintenance, which is imperfect maintenance. Fur-
thermore, the minimal maintenance approach is adopted for
failures occurring between preventive maintenance intervals.
Considering that the failure rate of multi-component series
system is significantly higher in the extended warranty period
than that in the basic warranty period, the adoption of free
warranty policy will increase the pressure on manufacturers
with regard to warranty cost. Thus, the combined strategy
of free warranty and pro-rata warranty is adopted in the
extended warranty period. Fig. 2 illustrates that when the
actual utilisation rate rl is less than or equal to the design
utilisation rate r1, the warranty cost shall be borne by theman-
ufacturer. When the actual utilisation rate rl is greater than
the design utilisation rate r1, the manufacturer and the user
shall bear part of the warranty cost in proportion according to
the location of the two-dimensional extended warranty plane
area where the maintenance activities are undertaken. The
optimal preventive maintenance interval and improvement
factor should be decided to ensure that the manufacturer’s
two-dimensional extended warranty cost is the lowest, and
the availability of systems meets the minimal availability
acceptable to users.
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FIGURE 2. Combined strategy of free warranty and pro-rata warranty.

B. ASSUMPTIONS AND NOTATIONS
1) ASSUMPTIONS
We make the following assumptions to develop the mathe-
matical model:

1) After the minimal maintenance, the failure rate of the
components remains unchanged. After the imperfect preven-
tive maintenance, the repair degree of the components is
between bad as old and good as new.

2) To simplify the analysis steps, we assume that the shape
parameters of the basic warranty and the extended warranty
regions are the same, that is, rB =

WB
UB
= rE =

WE
UE

.
3) For the same batch of equipment, the utilisation rate of

the same user is the same for the basic warranty and extended
warranty periods, and the utilisation rate of different users is
a random variable subject to a certain distribution.

4) Only consider the purchase of extended warranty ser-
vices during the purchase of equipment, and do not consider
the purchase of extended warranty services after the end of
the basic warranty.

5) The components in the multi-component system are in
series.

2) NOTATIONS
λi(t|r) : Failure rate function of the i-th com-

ponent.
(WB,UB) : Two-dimensional basic warranty

period.
(WE ,UE ) : Two-dimensional extended warranty

period.
Ti : The i-th component preventive main-

tenance interval during the extended
warranty period.

θi : The i-th component preventive main-
tenance improvement factor.

Cpi : The cost of one preventive mainte-
nance by the manufacturer for
component i.

CDi : The preparation costs for preventive
maintenance by the manufacturer for
component i.

Cfi : The cost of one corrective mainte-
nance by the manufacturer for
component i.

Tpi : The time of one preventive mainte-
nance by the manufacturer for
component i.

Tfi : The time of one corrective mainte-
nance by the manufacturer for
component i.

r1 : Basic warranty and extendedwarranty
region shape parameters.

ri : Design utilisation rate of the i-th
component.

Iti : Start time of the extendedwarranty for
component i.

Oti : End time of the extended warranty for
component i.

ni : The number of preventive mainte-
nance activities of the i-th component
during extended warranty period.

ECx(T , Iti ,Oti ) : The expected warranty cost during the
extended warranty period of the
i-th component.

EDx(T , Iti ,Oti ) : The expected downtime during the
extended warranty period of the i-th
component.

EAi : The operational availability of the
i-th component during the extended
warranty period.

ms : Number of series components in
multi-component systems.

Gi(r) : Cumulative distribution function of
the utilisation rate of the i-th
component.

gi(r) : Probability density function of the
utilisation rate of the i-th component.

rli : Lower limit of utilisation rate of the
i-th component.

rui : Upper limit of utilisation rate of the
i-th component.
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C. SINGLE COMPONENT FAILURES
Currently, univariate [30], bivariate [31], [32], and composite
scale methods [33] are used to construct the two-dimensional
failure rate function. We use the univariate method to con-
struct the failure rate function model of a single-component
system. In the univariate method, a linear relation is assumed
between the usage u of components and time t , that is, u = rt .
r denotes the utilisation rate of components. The utilisation
rate r of components by a single user is constant, and the
distribution Gi(r) of r can be obtained by statistics. For a
given utilisation rate r , the failure rate function of component
i is expressed as λi(t|r). This is a non-decreasing function of
t and r . We refer the study by Yun and Kang [34]:

λi(t|r) = θ0i + θ1ir + θ2it2 + θ3irt2 (1)

D. IMPERFECT PREVENTIVE MAINTENANCE ACTIONS
Preventive maintenance is imperfect preventive maintenance.
After preventive maintenance, the components are between
‘good as new’ and ‘bad as old’. We use the virtual age
method [35] to model the effect of imperfect preventive main-
tenance. Its basic idea is that preventive maintenance reduces
the failure rate of components or systems and enhances the
performance of systems or components, just as the age of
components or systems is reduced for a period of time.
The improvement factor (represented by θi) is introduced
to describe the effect of imperfect preventive maintenance.
Assuming that the improvement factor of the component is
affected by the actual service life ti of the component, imper-
fect preventive maintenance interval Ti, and single imperfect
preventive warranty cost Cpi, the improvement factor can be
expressed as follows:

θi = (
C0
pi

C0
pi − πCpi

)
Ti−ti
Ti (2)

where, C0
pi denotes the preventive replacement cost of com-

ponent i; π is the adjustment coefficient that changes with
the change of component type, nature, and condition and is
usually set according to experience. The improvement factor
θi is temporarily assumed to be constant for research and
calculation.

After the k-th imperfect preventive maintenance, the fail-
ure rate of the component or system decreases to the failure
rate kθiTi before the maintenance. Therefore, the failure rate
of the component or system is as follows:

λ0i(t|r) = λ(t|r)
λ1i(t|r) = λ(t − θiTi|r)
...

λki(t|r) = λ(t − kθiTi|r)

(3)

where λki(t|r) denotes the failure rate function between the
k-th and (k + 1)-th imperfect preventive maintenance of
component i under the utilisation rate r .

E. TWO-DIMENSIONAL EXTENDED WARRANTY COST
The failure and preventive maintenance of two-dimensional
warranty equipment usually occur at a point in the rectangular
region. The equipment in the extended warranty period have
experienced the basic warranty period. So in the extended
warranty period, with the passage of time, the failure rate
gradually increases. If the manufacturer completely bears the
warranty cost at this stage, it will bring great pressure to
the manufacturer, thereby resulting in the manufacturer’s low
enthusiasm for warranty. Therefore, the combined strategy of
free warranty and pro-rata warranty is adopted.

Under pro-rata warranty, the warranty cost shall be borne
by the user and the manufacturer in a certain proportion. The
user bearing ratio is determined according to the rectangular
region surrounded by the warranty claim point and the origin.
Let t denotes the calendar time when the warranty claim is
generated, and l denotes the usage when the warranty claim
is generated. Assuming that the usage is linearly related to the
calendar time, the correlation can be expressed as follows:

l = tr (4)

Let C denote the current warranty claim, in which the
part to be borne by the user and the part to be borne by the
manufacturer can be expressed as follows [29]:

Y (t, l) =


t2r

W · U
· C 0 ≤ t ≤ W and 0 ≤ r ≤

U
t

C t ≥ W and r >
U
t

(5)

X (t, l) =


W · U − t2r

W · U
· C 0 ≤ t ≤ W and 0 ≤ r ≤

U
t

0 t ≥ W and r >
U
t

(6)

Since the utilisation rate is a random variable and different
users have different utilisation rates, the start and end times
of extended warranty period under different utilisation rates
are different. In practice, r1 and r have different quantitative
relationships. The extended warranty period and the number
of preventive maintenance activities of components differ
according to the different quantitative relationships between
the two [36].

When rl ≤ r ≤ r1, the start time of the extended
warranty for components Iti = WB, and the end time of the
extended warranty Oti = WE . So the number of preventive
maintenance ni is:

ni =


WE −WB

Ti + Ti(θi)
− 1

WE −WB

Ti + Ti(θi)
∈ N ∗⌊

WE −WB

Ti + Ti(θi)

⌋
WE −WB

Ti + Ti(θi)
/∈ N ∗

(7)

In a similar way, When ru ≥ r > r1, the start time of the
extended warranty for components Iti is:

Iti =
UB
r

(8)
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And the end time of the extended warranty Oti is:

Oti =
UE
r

(9)

So the number of preventive maintenance ni is:

ni =


Oti − Iti
Ti + Ti(θi)

− 1
Oti − Iti
Ti + Ti(θi)

∈ N ∗⌊
Oti − Iti
Ti + Ti(θi)

⌋
Oti − Iti
Ti + Ti(θi)

/∈ N ∗
(10)

According to the imperfect preventive maintenance model
in 2.4, for component i, after the k-th preventive maintenance,
the failure rate function of the component is as follows:

λi(t|r) = λi(t − kθiTi|r) Iti + kTi ≤ t < Iti + (k + 1)Ti
0 ≤ k ≤ ni (11)

Then, during the interval from the k-th preventive mainte-
nance to the k + 1-th preventive maintenance, the number of
minimal maintenance activitiesM1 is as follows:

M1 =

∫ Iti+k(Ti+Ti(θi))+Ti

Iti+k(Ti+Ti(θi))
λi(t|r)dt

=

∫ Iti+(k+1)Ti

Iti+kTi
λi(t − kθiTi|r)dt

0 ≤ k ≤ ni − 1 (12)

During the period from the ni-th preventive maintenance
to the end of the extended warranty period, the number of
minimal maintenance activitiesM2 is as follows:

M2 =

∫ Oti

Iti+ni(Ti+Ti(θi))
λi(t|r)dt =

∫ Oti

Iti+nTi
λi(t − niθiTi|r)dt

(13)

In the extended warranty period, the expected warranty
cost comprises preventive maintenance and minimal main-
tenance costs. Indeed, an unequal quantitative relationship
exists between r1 and ri; thus, different situations should be
discussed according to the quantitative relationship between
r1 and ri when calculating the extended warranty cost. Fig. 3
shows the two-dimensional extended warranty period under
different utilization rates.

Case 1When ri > r1:

1) rl ≤ r < r1
The warranty cost borne by the manufacturer during the
extended warranty period of the component is as follows:

ECx1(Ti, Iti ,Oti ) =
∫ r1

rl
{ni[Ci(θ i)+ CDi]

+

ni−1∑
k=0

CfiM1 + CfiM2}dGi(r) (14)

As indicated in the Fig. 3(1), since the actual utilisation
rate does not exceed the design utilisation rate, users do not
need to bear the warranty cost during the two-dimensional
extended warranty period of the component.

2) r1 ≤ r < ri
The warranty cost borne by the manufacturer during the two-
dimensional extended warranty period of components is as
follows:

ECx2(Ti, Iti ,Oti ) =
∫ ri

r1
{ni[Ci(θ i)+ CDi]

+

ni−1∑
k=0

CfiM1

+CfiM2}dGi(r) (15)

As illustrated in the Fig. 3(2), similar to case (1), the user
does not need to bear the warranty cost during the two-
dimensional extended warranty period of the component.

3) ri ≤ r < ru
As indicated in the Fig. 3(3), since the actual utilisation rate
of components has exceeded the design utilisation rate, the
manufacturer and the user shall bear a certain proportion
of the warranty cost during the two-dimensional extended
warranty period. The warranty cost borne by the manufac-
turer during the two-dimensional extended warranty period
of components is as follows:

ECx3(Ti, Iti ,Oti )

=

∫ ru

ri

∫ UE
r

UB
r

WE · UE − t1 · t1 · r
WE · UE

{ni[Ci(θ i)+ CDi]

+

ni−1∑
k=0

CfiM1 + CfiM2} dt1dGi(r) (16)

The warranty cost borne by the user during the two-
dimensional extended warranty period of components is as
follows:

ECx4(Ti, Iti ,Oti )

=

∫ ru

ri

∫ UE
r

UB
r

t1 · t1 · r
WE · UE

{ni[Ci(θ i)+ CDi]

+

ni−1∑
k=0

CfiM1 + CfiM2} dt1dGi(r) (17)

Case 2When ri < r1:

4) rl ≤ r < ri
The warranty cost borne by the manufacturer during the two-
dimensional extended warranty period of components is as
follows:

ECx5(Ti, Iti ,Oti ) =
∫ ri

rl
{ni[Ci(θ i)+ CDi]

+

ni−1∑
k=0

CfiM1 + CfiM2}dGi(r) (18)

As illustrated in the Fig. 3(4), since the actual utilisation
rate does not exceed the design utilisation rate, users do not
need to bear the warranty cost during the two-dimensional
extended warranty period of components.
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FIGURE 3. Schematic diagram of two-dimensional extended warranty under different utilization rates.

5) ri ≤ r < r1
As indicated in the Fig. 3(5), since the actual utilisation rate
of components has exceeded the design utilisation rate, the
manufacturer and the user shall bear a certain proportion
of the warranty cost during the two-dimensional extended
warranty period. The warranty cost borne by the manufac-
turer during the two-dimensional extended warranty period
of components is as follows:

ECx6(Ti, Iti ,Oti )

=

∫ r1

ri

∫ WE

WB

WE · UE − t1 · t1 · r
WE · UE

{ni[Ci(θ i)+ CDi]

+

ni−1∑
k=0

CfiM1 + CfiM2}dt1dGi(r) (19)

The warranty cost borne by the user during the two-
dimensional extended warranty period of components is as
follows:

ECx7(Ti, Iti ,Oti )

=

∫ r1

ri

∫ WE

WB

t1 · t1 · r
WE · UE

{ni[Ci(θ i)+ CDi]

+

ni−1∑
k=0

CfiM1 + CfiM2}dt1dGi(r) (20)

6) r1 ≤ r < ru
As indicated in the Fig. 3(6), similar to case (2), since
the actual utilisation rate of components has exceeded the
design utilisation rate, the manufacturer and the user shall
bear a certain proportion of the warranty cost during the
two-dimensional extended warranty period. The warranty
cost borne by the manufacturer during the two-dimensional

extended warranty period of components is as follows:

ECx8(Ti, Iti ,Oti )

=

∫ ru

r1

∫ UE
r

UB
r

WE · UE − t1 · t1 · r
WE · UE

{ni[Ci(θ i)+ CDi]

+

ni−1∑
k=0

CfiM1 + CfiM2}dt1dGi(r) (21)

The warranty cost borne by the user during the two-
dimensional extended warranty period of components is as
follows:

ECx9(Ti, Iti ,Oti )

=

∫ ru

r1

∫ UE
r

UB
r

t1 · t1 · r
WE · UE

{ni[Ci(θ i)+ CDi]

+

ni−1∑
k=0

CfiM1 + CfiM2}dt1dGi(r) (22)

To sum up, the total expected cost borne by the user during
the warranty period is as follows:

EC1i =

{
ECx4(Ti, Iti ,Oti )ri > r1
ECx7(Ti, Iti ,Oti )+ ECx9(Ti, Iti ,Oti )ri ≤ r1

(23)

The total expected cost borne by the manufacturer during
the two-dimensional extended warranty period of the compo-
nent is as follows:

EC2i =


ECx1(Ti, Iti ,Oti )+ ECx2(Ti, Iti ,Oti )
+ECx3(Ti, Iti ,Oti ) ri > r1

ECx5(Ti, Iti ,Oti )+ ECx6(Ti, Iti ,Oti )
+ECx8(Ti, Iti ,Oti ) ri ≤ r1

(24)
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TABLE 1. The downtime of the component when ri > r1.

F. TWO-DIMENSIONAL EXTENDED
WARRANTY AVAILABILITY
During the two-dimensional extended warranty period, the
downtime of components mainly constitutes corrective main-
tenance downtime and preventive maintenance downtime.
Availability is the ratio of trouble-free time to the total service
time within the extended warranty period of components, and
it can be expressed as the following formula [37]:

EA =
Extended Warranty period− Expected downtime

Extended Warranty period
(25)

Therefore, the key to calculating the availability of compo-
nents during the two-dimensional extendedwarranty period is
to calculate the downtime of components. We can refer to the
calculation method of warranty cost in the two-dimensional
extended warranty period to calculate the downtime of com-
ponents in the two-dimensional extended warranty period.
We only need to replace the corrective maintenance cost
and preventive maintenance cost in some formulas with
the corrective maintenance time and the preventive main-
tenance time. The downtime of components during the
two-dimensional extended warranty period is as indicated in
the following Table 1.

The total downtime of the component during the two-
dimensional extended warranty period is as follows:

ED =

{
(1)+ (2)+ (3) ri > r1
(4)+ (5)+ (6) ri ≤ r1

(26)

The availability of components during the two-dimensional
extended warranty period is as follows:

EAi =
WE −WB − ED

WE −WB
(27)

The decision-making objective of this model is to min-
imise the warranty cost borne by the manufacturer of each

component in the two-dimensional extended warranty period.
The constraint is that the availability of components in the
two-dimensional extended warranty period should be greater
than or equal to a set minimum value, and this minimum value
of availability should be acceptable to users. Accordingly,
the two-dimensional extended warranty decision model of a
single component can be expressed as follows [38]:

min EC2i

s.t.
EAi ≥ A0i

(28)

where A0i denotes the lowest value of component availability
acceptable to the user.

The total warranty cost of multi-component series system
during the two-dimensional extended warranty period is as
follows:

ECtotal2 =
ms∑
i=1

EC2i (29)

As any component shutdown will cause system shut-
down, the availability of the multi-component series sys-
tem in the extended warranty period is 1 minus the sum
of the unavailability of each component. The availability of
the multi-component series system in the two-dimensional
extended warranty period is as follows:

EA = 1−
ms∑
i=1

(1− EAi) (30)

G. COMBINATION STRATEGY OF
PREVENTIVE MAINTENANCE
By solving formula (28), the optimal preventive maintenance
interval of each single component can be obtained. Before
groupingmaintenance, the preventivemaintenance time array
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FIGURE 4. Adjustment of preventive maintenance time for components.

of each component is as follows:

TiA = (T ∗i , 2T
∗
i , 3T

∗
i , . . . , kT

∗
i ) 1 ≤ i ≤ ms; 1 ≤ k ≤ ni

(31)

Due to the different failure rules of each component, the
optimal preventive maintenance interval is different. If pre-
ventive maintenance is undertaken according to their optimal
preventive maintenance interval, it is bound to increase the
shutdown times and downtime of multi-component system as
well as increase the expenditure of preventive maintenance
preparation cost. Reasonable preventive maintenance com-
bination strategy can adjust multiple preventive maintenance
works of multiple components to the same time, effectively
reduce the warranty cost of the system in the two-dimensional
extended warranty period, and enhance the availability level
of the system.

The preventive maintenance benchmark interval TJ of the
multi-component system is introduced to adjust the preven-
tive maintenance time of each component to an integral mul-
tiple of the preventive maintenance benchmark interval. The
preventive maintenance time array of each component after
adjustment is as follows:

T∗iA= (T
∗

i1,T
∗

i2,T
∗

i3, . . . ,T
∗
ik )T

∗
ik=

[
kT ∗i
TJ

]
· TJ ; 1 ≤ i ≤ ms

(32)

If the last preventive maintenance time after the group-
ing maintenance exceeds the extended warranty period, the
preventive maintenance shall be adjusted to the maximum
integer multiple of the preventive maintenance benchmark
interval to ensure that the number of preventive maintenance
activities before and after the grouping maintenance of each
component remains unchanged. Considering the preventive
maintenance time of each component after adjustment as
the input, the two-dimensional extended warranty cost and
availability of the system are obtained using the models in
3.5 and 3.6. The grouping maintenance model is indicated in
the Fig. 4.

IV. CASE STUDY
A. PROBLEM DESCRIPTION AND CASE PREPARATION
A reconnaissance equipment is mainly used for reconnais-
sance and surveillance of ground targets. It mainly comprises
laser rangefinder, thermal imager, and radar. The normal
operation of reconnaissance equipment requires the close
cooperation of three components, that is, the three compo-
nents work at the same time to ensure the predetermined
function of reconnaissance equipment.

The three components of this reconnaissance equipment
are independent warranty units and have different failure
modes and failure laws; However, they all show degrada-
tion in two dimensions of time (Calendar time, unit: years)
and usage (Work time, unit: Kilohour). Therefore, using the
two-dimensional failure rate function to describe the failure
law of each component is essential. As the three components
are technology-intensive products, users can only do simple
maintenance work such as wiping, drying, and powering on
their surfaces. Works such as condition detection, failure
prevention, and corrective maintenance need to be completed
by the manufacturer. The basic warranty period of reconnais-
sance equipment is (2years, 2Kh), that is,W = 2 years, U =
2Kh. The extended warranty period is (3years, 3Kh), that is,
WE = 3years, UE = 3Kh. The user signs a two-dimensional
extended warranty contract with the manufacturer while pur-
chasing the equipment. Determining the optimal preventive
maintenance interval and improvement factor of imperfect
preventive maintenance is crucial so that the availability of
reconnaissance equipment in the two-dimensional extended
warranty period can reach the minimum acceptable to users,
reduce the warranty cost, and expand the profit margins of
manufacturers.

One year is approximately regarded as 360 days. The
parameters of each part within the extended warranty period
are indicated in the Table 2.

As shown in Table 2, the preventive maintenance time
and preventive maintenance cost of components are linearly
related to the improvement factor of imperfect preventive
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TABLE 2. Parameter setting.

TABLE 3. Algorithm basic steps.

maintenance, that is, with the improvement factor, the cor-
responding time and cost expenditure also increase.

For different users, the component utilisation follows the
two-parameter Weibull distribution, and each component
follows the same distribution. The probability density func-
tion expression of two-parameter Weibull distribution is as
follows:

g(r) =
δ

η
(
r
η
)δ−1e−(

r
η
)δ (0.5Kh/year < r < 4Kh/year)

In this case, δ is 2 and η is 2.5 years.
Each of the three components has a major failure mode.

The main failure mode of laser rangefinder is that the laser
cannot emit laser. The main failure mode of thermal imager

is that it cannot image normally. The main failure mode of
radar is that the system has no response or false alarm of
target position. The method in appendix is used to fit the
two-dimensional failure rate function, and the failure rate
function of the main failure modes of the three components
is as follows:

Laser rangefinder:

λ1(t|r) = 0.2+ 0.015r + 0.01t2 + 0.014rt2

Thermal imager:

λ2(t|r) = 0.1+ 0.06r + 0.003t2 + 0.001rt2
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Radar:

λ3(t|r) = 0.3+ 0.02r + 0.01t2 + 0.02rt2

B. SOLUTION OF OPTIMAL EXTENDED WARRANTY
SCHEME FOR SINGLE COMPONENT
According to the single-component two-dimensional extended
warranty decisionmodel in 2.6, the grid searchmethod is used
for optimisation. Grid search method is an exhaustive search
algorithm. Given all the possible values of decision variables,
the algorithm can find the optimal decision variables by
calculating all corresponding objective function values and
then provide the best scheme for decision makers.

Let Ti take value in [0.1years, 2.9years] in steps of 0.1
years and θi take value in [0.1, 0.9] in steps of 0.1, respec-
tively. Next, calculate the expected warranty cost EC2i borne
by the manufacturer; the expected warranty cost EC1i borne
by the user; and the expected availability EAi of the com-
ponents corresponding to each group of (Ti, θi) and store
them. Finally, 261 groups (Ti, θi,EC2i), (Ti, θi,EC1i), and
(Ti, θi,EAi) are obtained. In combination with the availability
constraints of the model, the unqualified groups are removed.
Then we compare the remaining EC2i, and find the minimum
value. At the same time, the corresponding preventive main-
tenance interval and improvement factor are output, that is,
the optimal two-dimensional extended warranty scheme for a
single component is obtained.

In the programming process, when the actual utilization
rate r < r1, as Iti and Oti are fixed, the preventive main-
tenance times ni can be determined after the preventive
maintenance interval Ti is set, which is independent of the
actual utilization rate r . At this point, obtaining the extended
warranty cost and availability is easy. When r > r1, Iti and
Oti are constantly changing with the actual utilization rate r ;
thus, it is difficult to use the algorithm for programming and
problem solving. The approximate algorithm that converts
continuous to discrete is adopted to solve the problem of
extended warranty cost and availability. The specific process
is as follows:

Step 1. We divide [r1, ru] into 20 sub-intervals on
average. These sub-intervals are respectively expressed as
[ra−1, ra), a = 1, 2, . . . , 20, and ra can be expressed as
follows:

ra = r1 + a×
ru − r1
20

, a = 1, 2, . . . , 20

Step 2.We determine the average utilization rate correspond-
ing to each sub-interval, which can be expressed as follows:

ra =
∫ ra

ra−1

sg(s)
G(ra)− G(ra−1)

ds

Step 3. We determine the probability corresponding to each
sub-interval, which can be expressed as follows:

Pa = G(ra)− G(ra−1)

Step 4. Within the utilization rate range, the average utiliza-
tion rate ra can be used for approximate calculation to obtain

Iti =
UB
ra

and Oti =
UE
ra
. On this basis, the extended war-

ranty cost Ca and availability Aa can be obtained. Combined
with the probability Pa corresponding to the sub-interval,
the expected extended warranty cost and availability of the
sub-interval are obtained.

ECa = CaPa, EAa = AaPa

Step 5.We calculate the expected extended warranty cost and
availability of the system at r > r1.

ECr>r1 =
20∑
a=1

ECa, EAr>r1 =
20∑
a=1

EAa

Fig. 5 illustrates the algorithmflow, and the algorithm basic
steps are presented in Table 3.

Using these data of output, three-dimensional images of
EC2i, EC1i, and EAi can be drawn. The radar component is
taken as an example to illustrate the image trend.

Fig. 6 presents the variation trend of extended warranty
cost and system availability with preventive maintenance
interval and improvement factors of radar, in which (1)
and (2) represent the manufacturer’s extended warranty cost
EC2i and user’s extended warranty cost EC1i, respectively.
As shown in Fig. 6 (1), when the improvement factor and
preventive maintenance interval are small, the manufacturer
needs to bear more warranty cost during the extended war-
ranty period. Furthermore, when the improvement factor
and preventive maintenance interval are large, the expected
warranty cost borne by the manufacturer increases further.
According to the image trend, an optimal preventive main-
tenance interval and improvement factor exist to minimise
the expected warranty cost borne by manufacturers. Fig. 6 (2)
shows the same trend as Fig. 6(1), that is, the user’s warranty
cost of each component presents the same trend as the man-
ufacturer’s warranty cost. However, from the perspective of
magnitude of warranty cost, the user’s warranty cost is much
smaller than the manufacturer’s warranty cost.

Fig. 6(3) presents the change trend of radar availability
with preventive maintenance interval and improvement fac-
tor. Optimal preventive maintenance interval and improve-
ment factor maximise the expected availability of radar.

In the model established in this study, the manufacturer’s
warranty cost and multi-component system availability are
related to the preventive maintenance interval and improve-
ment factor, and their values will have varying degrees of
impact on the two indicators. To observe these impacts
more intuitively, dimension reduction analysis is performed
in Fig. 7.

Fig. 7 (1) represents the change trend of the manufacturer’s
extendedwarranty cost of radar with improvement factor after
a fixed preventive maintenance interval. Further, Fig. 7 (2)
represents the change trend of extended warranty availability
of radar with improvement factor after a fixed preventive
maintenance interval. The image clearly indicates that an
extremely large or small preventive maintenance interval is
not conducive to cost saving and improving the component
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FIGURE 5. Algorithm flow chart.

availability level by manufacturers. An optimal preventive
maintenance interval minimises the manufacturer’s warranty
cost or maximises the component availability within the
extended warranty period. Therefore, determining the pre-
ventive maintenance interval by using a quantitative analysis
model is essential. The empirical method may result in war-
ranty cost waste or reduce availability.

Fig. 7 (3) represents the change trend of the manufacturer’s
extended warranty cost of radar with the preventive mainte-
nance interval. Further, Fig. 7(4) represents the change trend
of extended warranty availability of radar with the preven-
tive maintenance interval. With an increase in the improve-
ment factor, the manufacturer’s warranty cost decreases and
the extended warranty availability of the multi-component
system increases. This is mainly because the higher the
improvement factor of imperfect preventive maintenance, the

lower is the failure rate during the preventive maintenance
interval, and the lower is the cost of minimum maintenance
after multi-component system failure in addition to less
downtime. In general, manufacturers should continuously
improve the technical level of preventive maintenance and
strengthen technological innovation andmaintenance person-
nel training to seek greater improvement factors of imperfect
preventive maintenance, reduce warranty costs, and improve
the availability of multi-component systems. This approach
can also improve user’s satisfaction and enhance marketing
competitiveness of the manufacturer.

As we focus on the manufacturer’s minimum war-
ranty cost, the optimal preventive maintenance interval
and improvement factor can be obtained by searching
the manufacturer’s minimum expected warranty cost of
the radar in Fig. 6 (1). On this basis, combined with
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FIGURE 6. Three-dimensional images of the Radar two-dimensional extended warranty scheme.

FIGURE 7. Dimension reduction analysis.

TABLE 4. Single component optimal extended warranty scheme.

Fig. 6(2) and Fig. 6(3), we calculate the user’s expected war-
ranty cost and component expected availability and judge

whether the optimal scheme can be accepted by the user
according to the constraints. Laser Rangefinder and Thermal
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Imager images show the same pattern as radar, and the opti-
mal scheme is obtained in the same way as radar. The optimal
scheme of single component is presented in the Table 4.

Table 2 indicates that the minimum availability acceptable
to users of all components is 0.9, and the expected availability
of components corresponding to the manufacturer’s lowest
expected warranty cost is higher than this value. Therefore,
the optimal preventive maintenance interval and improve-
ment factor with themanufacturer’s lowest expectedwarranty
cost are the optimal extended warranty scheme of compo-
nents. The optimal preventive maintenance intervals of laser
rangefinder, thermal imager, and radar are 1.6, 2, and 0.9
years, respectively, and the optimal improvement factors of
the three components are 0.9, 0.9, and 0.8, respectively.

Before grouping maintenance, each component shall carry
out preventive maintenance according to the optimal pre-
ventive maintenance interval separately. As each preventive
maintenance requires a certain preventivemaintenance prepa-
ration cost and each preventive maintenance will cause equip-
ment shutdown, additional warranty costs will be increased
and the availability of equipment will be reduced. We use the
groupingmaintenancemethod proposed in 2.7 to combine the
preventive maintenance work of each component. Through
this method, multiple adjacent preventive maintenance works
are combined. Multiple preventive maintenance activities
only require one preventive maintenance preparation cost
to reduce the expenditure of equipment preventive main-
tenance preparation cost. Multiple preventive maintenance
works are carried out at the same time, and the preventive
maintenance downtime takes the maximum of all preven-
tive maintenance working hours to reduce the equipment
preventive maintenance downtime and improve equipment
availability. Finding the preventive maintenance benchmark
interval that minimises the manufacturer’s warranty cost is
crucial. The specific method is to make TJ take a value
between [0.7years, 2.7years] and calculate the sum of the
manufacturer’s warranty costs ECtotal2 of the three compo-
nents corresponding to any TJ to obtain the change trend
diagram of ECtotal2 with TJ .
Fig. 8 indicates that with the increase of preventive mainte-

nance benchmark interval, the manufacturer’s warranty cost
first decreases and then increases. The optimal preventive
maintenance benchmark interval is 0.9 years. At this time,
the manufacturer’s extended warranty cost is 7074.4 CNY,
which is 13.5% lower than 8180.6 CNY before grouping
maintenance.

Fig. 9 depicts the adjustment of preventive maintenance
of components after grouping maintenance. After grouping
maintenance, the extended warranty times of reconnais-
sance equipment are reduced from 5 to 3. The preventive
maintenance of laser rangefinder and thermal imager are
simultaneously undertaken with the second preventive main-
tenance of radar. The comparison of availability for compo-
nents before and after adjustment is presented in Table 5.

After grouping maintenance, the availability of recon-
naissance equipment will be slightly improved due to the

reduction of preventive maintenance times and downtime
of reconnaissance equipment within the extended warranty
period. Grouping maintenance reduces the manufacturer’s
warranty cost and improves equipment availability. There-
fore, it is a win–win strategy for manufacturers and users to
adopt grouping maintenance in the extended warranty period.

C. COMPARATIVE ANALYSIS
1) COMPARISON BETWEEN WITH AND WITHOUT
COMBINED WARRANTY
The introduction of the warranty cost sharing mechanism in
which both the manufacturer and the user bear the warranty
cost in proportion leads the user to bear a certain warranty
cost during the two-dimensional extended warranty period
of the equipment. This part of the cost does not constitute
a high proportion of the total warranty cost but is paid by
the user to the manufacturer on the basis of the extended
warranty price; therefore, it can expand the manufacturer’s
profit margin to a certain extent. Assuming that the profit
demand of the manufacturer for providing extended warranty
service for each part of reconnaissance equipment is 800
CNYper year, the expansion proportion of themanufacturer’s
profit margin can be obtained as shown in Table 6.

Introduction of themechanism of combined strategy of free
warranty and pro-rata warranty has significantly expanded
the manufacturer’s profit margin. Therefore, extended war-
ranty has become an essential source of revenue for manu-
facturers. Of course, users can also regulate their own use
behavior to avoid excessive equipment utilisation, which is
conducive to reducing the risk of equipment failure and
avoiding more warranty expenses. The enthusiasm of the
manufacturer to participate in the extendedwarranty of equip-
ment is aroused, and the maintenance activities carried out
according to the optimal preventive maintenance plan can
effectively ensure the availability of components to meet the
requirements of the user.

2) COMPARISON BETWEEN BEFORE AND AFTER TAKING
PREVENTIVE MAINTENANCE
During the extended warranty period, regular preventive
maintenance shall be undertaken for all components of recon-
naissance equipment. If preventive maintenancemeasures are
not taken for each component and only corrective mainte-
nance strategy is used, that is, minimummaintenance strategy
after failure, themanufacturer’s warranty cost and availability
of each component within the extended warranty period can
be calculated accordingly. The obtained value is compared
with the value when preventive maintenance measures are
taken, and Table 7 can be obtained.

The comparison indicates that during the extended war-
ranty period, after adopting preventive maintenancemeasures
for reconnaissance equipment, the manufacturer’s extended
warranty cost can be saved by 32.4% and the availability
of equipment can be increased by 25.1%. This is mainly
because preventive maintenance helps reduce the failure rate
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TABLE 5. Comparison of availability of components before and after combined maintenance.

FIGURE 8. Change trend of manufacturer’s warranty cost.

FIGURE 9. Preventive maintenance adjustment of each component.

of the multi-component system and the occurrence of fail-
ures. Therefore, preventive maintenance strategy plays an
important role in reducing manufacturer’s warranty cost and
improving equipment availability.

D. SENSITIVITY ANALYSIS
The aforementioned case is based on the extended warranty
period of 3 years (i.e. 1,080 days). It is worth discussing
whether the optimal extended warranty scheme obtained
with changes in the extended warranty period is applicable.

Therefore, the extended warranty period is changed, and the
preventive maintenance benchmark interval and correspond-
ing extended warranty cost and availability of the system
are calculated using the same method as the case, as shown
in Table 8.

With the change in the extended warranty period, the
basic interval of preventive maintenance will have irregu-
lar changes (Table 8). Moreover, the system extended war-
ranty cost increases and the system availability decreases.
The extended warranty period and the system warranty cost
exhibit an obvious positive correlation, whereas the extended
warranty period and the system availability exhibit an obvious
negative correlation.

The data of extended warranty period and system warranty
cost are fitted usingMATLABCurve Fitting Toolbox, and the
fitting method is polynomial, with the degree being two. The
regression function can be expressed as follows:

EC = 0.004881W 2
E − 2.447WE + 4173

The fitting effect is shown in Fig. 10. The adjust R-square is
0.9954, indicating that the fitting effect of the model is good.

The extended warranty period and system availability are
fitted in the same manner. The regression function can be
expressed as follows:

EA = 6.836 exp(−9)W 2
E − 4.149 exp(−5)WE + 1.004

The fitting effect is shown in Fig. 11. The adjust R-square is
0.9571, indicating that the fitting effect of the model is good.

In practical application, the fitting results can estimate
the optimal extended warranty cost and system availability
in different extended warranty periods, which can provide
a reasonable basis for determining the extended warranty
period. Users and manufacturers can choose the extended
warranty period according to the actual situation to meet the
demands of both parties.

However, it is undeniable that there is an inherent contra-
diction between the extended warranty cost and the availabil-
ity of warranty objects, that is, maintaining and improving
the availability of multi-component systems often leads to the
increase of extendedwarranty cost. Therefore, how to balance
this pair of contradictions and formulate an extended war-
ranty scheme that satisfies both manufacturers and users is
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TABLE 6. Expansion proportion of manufacturer’s warranty cost.

TABLE 7. Comparison of preventive maintenance and corrective maintenance.

FIGURE 10. Fitting curve of We and EC.

FIGURE 11. Fitting curve of We and EA.

an important issue in the current research.. Cost-effectiveness
ratio refers to the ratio of input cost to output benefit.

If there is less input and more output, the cost-effectiveness
ratio is low; More input and less output result in higher
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TABLE 8. Extended warranty scheme.

FIGURE 12. Schematic diagram of cost-efficiency ratio change.

cost-effectiveness ratio. In the extended warranty of the war-
ranty object, the warranty cost can be regarded as the input
cost, and the availability can be regarded as the output bene-
fit. Therefore, lower cost-effectiveness ratio is the common
goal pursued by users and manufacturers. Table 8 shows
the cost-effectiveness ratio under different extended warranty
schemes. The change of cost-effectiveness ratio with the
extended warranty period is shown in the Figure 12.

As can be seen from Fig. 12, with the increase of
extended warranty period, the cost-effectiveness ratio first
decreases and then increases. The cost-effectiveness ratio

is the smallest, and the two-dimensional extended warranty
period is (3.9years, 3.9Kh). At this time, the optimal pre-
ventive maintenance interval is 324 days. It can be seen that
the method proposed in this paper can provide a quantita-
tive analysis method for the determination of the optimal
two-dimensional extended warranty period.

V. CONCLUSION
This study proposes a two-dimensional extended warranty
approach for a multi-component series system considering
economic dependence. We consider imperfect preventive
maintenance, minimum maintenance, and grouping mainte-
nance strategies and adopt a combination of free warranty and
pro-rata warranty policies. Based on the failure rate function
of the two-dimensional approach for a single component,
the manufacturer’s and user’s warranty cost and availabil-
ity models of single component are established. In the case
analysis, the reconnaissance equipment is considered as the
research object. Furthermore, the study uses the grid search
method to acquire the two-dimensional extended warranty
scheme of reconnaissance equipment considering economic
dependence. Through comparative and sensitivity analyses,
the following conclusions can be derived:

(1) Imperfect preventive maintenance and grouping main-
tenance strategies can effectively reduce the manufacturer’s
extended warranty cost and enhance system availability.
Thus, these strategies are win–win strategies for both man-
ufacturers and users.

(2) The combination of free warranty and pro-rata warranty
policies can effectively expand the manufacturer’s profit
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margin and solve the problem of high warranty cost during
the extended warranty period.

(3) The sensitivity analysis results indicate that this method
can provide support for warranty cost calculation and sys-
tem availability estimation under different extended warranty
periods.

Nevertheless, some aspects are worth studying in the
future. First, in addition to economic dependence, fail-
ure dependence and structure dependence exist among
multi components. Developing a two-dimensional extended
warranty scheme considering failure dependence and struc-
ture dependence between multi components is challenging.
Second, grouping maintenance is the only means to com-
bine preventive maintenance for components, which can also
be achieved through opportunity maintenance. Opportunity
maintenance is a condition-based maintenance method that
considers the state of the components, which may be more
advantageous in saving warranty costs and enhancing sys-
tem availability. Therefore, examining the two-dimensional
extended warranty strategy based on opportunity mainte-
nance would be interesting.

APPENDIX A
Fitting of two dimensional failure rate function (1)

The model contains unknown parameters. It is necessary
to determine the specific expressions of λi(t|r) and Gi(r) by
counting the failure time of samples in a period of time within
the warranty period and the usage in case of failure. The
general steps are as follows:

Step 1: Select components sample size L (the number of
observable components is L). ni represents the number of
failures of the i-th component during the warranty period.
ti,j and ui,j respectively represent the time and usage of the
j-th failure of the i-th component. Calculate the value of ri,
ri = ui,j/ti,j, 1 ≤ i ≤ L; 1 ≤ j ≤ ni.
Step 2: Group all ri into a total of M groups, the m-th

interval is represented by [hm−1, hm). Draw the histogram of
ri, then fit probability density function gi(r) of utilization rate.
Step 3: hm is the median of interval [hm−1, hm), and set Im

represents the set of all failure times of components whose
utilization rate falls in this interval. The failure rate function
λi(t|hm) when the component utilization rate is hm is fitted
through the failure time data, as shown in Fig. A.1.

Step 4: Put all the failure rate curves fitted under the spe-
cific utilization rate into the three-dimensional space, and fit
the three-dimensional surface through these curves to obtain
the two-dimensional failure rate function λi(t|r) about t and r .

APPENDIX B
Fitting of probability density function of utilization (33)
of g(r).

Set X as the overall of the utilization rate data. X1,
X2, X3, . . . , Xn are samples from population X, and x1,
x2, x3, . . . , xn are sample values corresponding to sam-
ples. Then the probability that X1, X2, X3, . . . , Xn equals

FIGURE 13. Failure rate function of components under different
utilization rates.

x1, x2, x3, . . . , xn is:

P(δ, η) = P(x1, x2, x3, . . . , xn; δ, η) =
n∏
i=1

g(xi; δ, η)

P(δ, η) is the likelihood function of x1, x2, x3, . . . , xn. Then
the sample value x1, x2, x3, . . . , xn are fixed. the maximum
value of P(δ, η) is found within the value range of δ, η, and
take this value δ̂, η̂ as the estimated value of δ, η. Generally,
it is considered that δ̂, η̂ can be obtained by partial differenti-
ation of likelihood function P(δ, η). Because both likelihood
function and log likelihood function can take extreme values
at the same value. Then the maximum likelihood estimation
of δ̂, η̂ can also be obtained by partial differentiation of the
log likelihood function, that is:

∂ lnP(δ, η)
∂δ

= 0

∂ lnP(δ, η)
∂η

= 0

δ̂, η̂ is obtained by solving the equations.
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