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ABSTRACT To solve the problem of the non-linear Fourier phase shift caused by the wavelength shift in
the celestial spectrum velocimetry, a celestial spectrum velocimetry method based on non-uniform discrete
Fourier transform and compressed sensing is proposed. First, according to the properties of the non-
uniform discrete Fourier transform with non-periodic celestial spectra, the non-linear relationship between
the spectral wavelength shift and the Fourier phase shift is deduced theoretically. And then, the discrete
cosine transform is used to decompose and reconstruct the spectrum to construct the phase dictionary of
the non-periodic spectrum. In this dictionary, the spectral wavelength shift has a non-linear relationship
with the Fourier phase shift. Finally, the non-uniform Fourier transform matrix is used as the measurement
matrix. And the Doppler wavelength shift is estimated by using a non-linear and super-resolution matching
algorithm to estimate the velocimetry. Experimental results show that when the spacecraft’s velocity is high,
the celestial spectrum velocimetry method with non-linear Fourier phase shift (CSV-NFPS) can effectively
measure the velocity from the spectrum, and its accuracy approaches the theoretical Cramer-Rao lower
bounds (CRLB). Compared with the traditional Taylor method, the CSV-NFPS has an average accuracy
improvement of 16.18% and a computational complexity reduction of 25.07%. In short, ourmethod eliminate
the non-linear bias in the celestial spectrum velocimetry and reduce a certain computational complexity.

INDEX TERMS Celestial navigation, compressed sensing, CRLB, Fourier transform, phase shift.

I. INTRODUCTION
Deep space exploration refers to the exploration and observa-
tion of the moon and beyond. Compared with the near-Earth
space exploration missions, there are still many difficulties in
the deep space exploration missions that need to be broken
through, such as the long-distance and the large time delay.
Autonomous celestial navigation can solve these problems,
as it relies on real-time celestial information measurement
instead of the velocity and the position information given by
the ground stations. It has the advantages of low time delay,
high accuracy, strong anti-interference ability, and navigation
errors that do not accumulate with time [1], [2]. Autonomous
navigation improves the success rate of spacecraft in com-
pleting unique and complex tasks [3].

Celestial navigation measurements include three types:
angle measurement [4], distance measurement [5] and
velocimetry [6]. The traditional celestial navigation obtains
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the velocity information indirectly by solving the angle infor-
mation and the distance information. [7], [8]. The accurate
velocity information is difficult to obtain directly.

The wavelength shift information can be obtained from the
celestial optical information. By analyzing the information,
the real-time velocity of the spacecraft can be obtained [9].
Stars in space can be used as the navigation light source [10].
By observing three or more navigational celestial bodies
simultaneously, the three-dimensional velocity vector of the
spacecraft can be obtained. After the real-time and high-
accuracy velocity estimation is achieved in autonomous nav-
igation [11], [12], it can be combined with the angle and
range navigation methods to further improve the performance
of autonomous navigation [13]–[16]. The idea of using the
spectral variation of the Doppler effect for navigation has
long been proposed [17], and a lot of research has been
done on the measurement of radial velocity (RV) of celestial
bodies [18]. The velocimetry navigation mainly focuses on
themeasurement of RV using spectrum. The commonmethod
is to synthesize a high signal-to-noise ratio standard spectrum

VOLUME 10, 2022
This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.

For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/ 23321

https://orcid.org/0000-0002-0214-0619
https://orcid.org/0000-0002-1098-722X
https://orcid.org/0000-0003-3563-3601
https://orcid.org/0000-0001-6389-0221


Z. Zhang et al.: Celestial Spectrum Velocimetry With Non-Linear Fourier Phase Shift and Its CRLB

template, and then match the measured spectrum with the
template spectrum to derive the RV [19], [20]. In terms
of measurement principle, these algorithms can be divided
into the non-transform domain and transform domain. The
non-transform domain methods include the cross-correlation
function (CCF), the least square fitting [20], the differential
estimation method [20], and the Gaussian processes [21].
The Taylor method (Taylor FFT) and the Bispectrum method
are typical transform domain methods. The non-transform
domain method is affected by the wavelength resolution and
the frequency resolution. Generally, high wavelength reso-
lution is benefit to the velocimetry accuracy. However, the
wavelength resolution of the spectrometer at spacecraft is
low due to the limitation of technology [22]. The Fourier
transform domain method is robust to wavelength resolution.
It is worth mentioning that the amount of computation of
the Taylor method is far fewer than that of the bispectrum
method. Thus, the bispectrum method is not suitable for
spacecraft.

Zhang used compressed sensing to optimize the Taylor
method, and proposed the mirror NDFT-CS method [23].
However, in the simulation of the mirror NDFT-CS method,
it is unpractical to directly move the wavelength of the spec-
trum instead of the change of flux. In the above methods,
the Fourier phase shift is assumed as linear [24]. However,
the Fourier phase shift of the non-periodic celestial spec-
trum is non-linear. In addition, the non-linear velocimetry
bias increases with the shortening of the celestial spectrum
band [19]. The wavelength band of the spectrometer in space-
craft is short, which causes a large velocimetry bias. Several
existing algorithms [19], [20] do not consider the influence
of this bias, whichl affect the high-precision Doppler RV
estimation to a certain degree. To improve the stability and
accuracy of velocimetry, it is requirable to eliminate this non-
linear bias.

In recent years, compressed sensing (CS) has become a
research hotspot in the field of signal processing due to its
strong non-linear signal processing capabilities [25], [26].
To solve the problem of the non-linear Fourier phase shift,
we introduce CS into the celestial spectrum velocimetry, and
propose the celestial spectrum velocimetry method with non-
linear Fourier phase shift (CSV-NFPS). The core of this ideal
is that the non-linear Fourier phase shift is approximated
by the phase dictionary of the non-periodic spectrum. First,
we use discrete cosine transform (DCT) and non-uniform
discrete Fourier transform (NDFT) to generate a series of
Doppler spectra that construct a phase dictionary of the
non-periodic celestial spectrum. And then we design the
low-frequency measurement matrix with NDFT to generate
the observation vector. Finally, the non-linear and super-
resolution matching algorithm is used to derive velocity.
Besides, we deduce the Cramer-Rao lower bound (CRLB) of
the celestial spectrum velocity.

The structure of the remainder of this paper is as fol-
lows. Section 2 introduces the principles of celestial spectrum
velocimetry. The property of non-linear Fourier phase shift

of non-periodic spectrum is given in Section 3. The celestial
spectrum velocimetry method with non-linear Fourier phase
shift is proposed in Section 4. The CRLB for the celestial
spectrum velocimetry is deduced in Section 5. The simulation
results in Section 6 demonstrate the accuracy, real-time and
low requirements for spectrometer of the CSV-NFPS. Finally,
conclusions are summarized in Section 7.

II. PRINCIPLE OF CELESTIAL SPECTRUM VELOCIMETRY
In this section, we review the basic principle of celestial spec-
trum velocimetry. When the spacecraft moves away from the
light source, the spectrum moves to red; when the spacecraft
approaches the light source, the spectrummoves to blue. This
phenomenon is the Doppler effect of light. This article aims to
analyze the RV between spacecraft and light source. The rela-
tionship between the RV and the Doppler wavelength shift is
as follows (without considering the influence of relativity):

1
λs
=

1
λ0

(1+
v
c
) (1)

where λ0 is the original spectral wavelength, λs is the Doppler
spectral wavelength, v is the RV between the light source and
the spacecraft, and c is the speed of light.

Taking the logarithm of both sides of (1), we get (2) as
follows:

lnλs = lnλ0 − ln(1+
v
c
) (2)

The relationship between the original spectrum and the
Doppler spectrum can be expressed as follows:

s(lnλs) = s[lnλ0 − ln(1+
v
c
)] (3)

where s(lnλ0) and s(lnλs) are the original and the Doppler
spectra, respectively.

III. NONLINEAR FOURIER PHASE SHIFT OF THE
NON-PERIODIC SPECTRUM
The Fourier phase shift between the shifted periodic spectrum
and the original spectrum is linear. However, the celestial
spectrum is finite and non-periodic, which results in non-
linear Fourier phase shift. In this section, we prove the prop-
erty of the non-linear Fourier phase shift of the non-periodic
spectrum.
Property 1: The Fourier phase shift between the Doppler

spectrum and the original spectrum is non-linear.
Proof: The original celestial spectrum, s(lnλ0), λ0 ∈

[3a, 3b], is non-periodic and finite. Assume that3a and 3b
are the starting wavelength and the cut-off wavelength of the
spectrum, respectively. s(lnλs), λs ∈[

c3α
c+v ,

c3b
c+v ], denotes for

the Doppler spectrum.
For periodic spectrum, that is, s(lnλ0) = s(lnλ0 + ln3b −

ln3a), the Fourier phase shift between the Doppler spectrum
and the original spectrum is linear (4) holds

F {s(ln λs)} ejωτ

= F {s(ln λ0 − τ )} ejωτ

23322 VOLUME 10, 2022



Z. Zhang et al.: Celestial Spectrum Velocimetry With Non-Linear Fourier Phase Shift and Its CRLB

=

∫ ln3b

ln3a

s(ln λ− τ )e−jω(ln λ−τ)d(ln λ)

=

∫ ln3b

ln3a−τ

s(ln λ)e−jω ln λd(ln λ)

−

∫ ln3b

ln3b−τ

s(ln λ)e−jω ln λd(ln λ)

=

∫ ln3b

ln3a−τ

s(ln λ)e−jω ln λd(ln λ)

−

∫ ln3b−(ln3b−ln3a)

ln3b−(ln3b−ln3a)−τ
s(ln λ)e−jω ln λd(ln λ)

=

∫ ln3b

ln3a−τ

s(ln λ)e−jω ln λd(ln λ)

−

∫ ln3a

ln3a−τ

s(ln λ)e−jω ln λd(ln λ)

=

∫ ln3b

ln3a

s(ln λ)e−jω ln λd(ln λ)

= F {s(ln λ0)} (4)

where τ is the logarithmic wavelength shift, whose expres-
sion is given as follows:

τ = ln(1+
v
c
) (5)

For the non-periodic spectrum, the above equation does not
hold. The reason is that s(lnλ0) 6= s(lnλ0 + ln3b − ln3a).
The phase shift between s(lnλ0) and s(lnλs) is non-linear:

F {s(ln λs)} ejωτ =
∫ ln3b

ln3a−τ

s(ln λ)e−jω ln λd(ln λ)

−

∫ ln3b

ln3b−τ

s(ln λ)e−jω ln λd(ln λ)

6=

∫ ln3b

ln3a−τ

s(ln λ)e−jω ln λd(ln λ)

−

∫ ln3a

ln3a−τ

s(ln λ)e−jω ln λd(ln λ)

= F {s(ln λ0)} (6)

Therefore, the phase shift between the original spectrum
and the Doppler spectrum is non-linear.

IV. CELESTIAL SPECTRUM VELOCIMETRY WITH
NON-LINEAR FOURIER PHASE SHIFT
The CS-based celestial spectrum velocimetry for non-
periodic spectrum is proposed in this section. In the previous
section, we have proved the property of non-linear phase shift
caused by non-periodic spectral wavelength shift. The tradi-
tional Taylor method explores linear time shift property to
derive the RV. However, the non-linear phase shift has a cer-
tain impact on the accuracy of the traditional Taylor method.
To eliminate the influence of non-linear phase shift between
the Doppler spectrum and the original spectrum, we intro-
duce compressed sensing. The non-linear phase shift is seg-
mented by the phase dictionary of the non-periodic spectrum.

The non-linear and super-resolution matching algorithm is
used to obtain accurate estimation. In this method, the bias
of non-linear phase shift caused by non-periodic spectral
wavelength shift is avoided. Firstly, the basic principles of
NDFT and non-linear phase shift in the Taylor method are
introduced. Then the low-frequency matrix, the zero phase
shift atom, the observation vector and the phase dictionary
are given in compressed sensing. Finally, the algorithm is
summarized.
The diagram of the CSV-NFPS is shown as Figure 1,

where⊗ denotes for the matrix multiplication. The algorithm
consists of four modules: (1) the design of the low-frequency
Fourier measurement matrix (yellow underpainting), (2) the
construction of the phase dictionary (green underpaint-
ing), (3) the obtainment of the observation vector (purple
underpainting), and (4) the acquisition of Doppler velocity
using the non-linear and super-resolution matching algorithm
(red underpainting). And Figure 1(a) is a module of construc-
tion of phase dictionary of Figure 1(b) (white underpainting).
The construction of measurement matrix and dictionary

is completed on grand in advance; the acquisition of the
measured spectrum and the solution of velocity using the non-
linear and super-resolution matching algorithm operate at the
spacecraft. Our goal is to fast derive the Doppler velocity after
the spectrum collection. Hence, our optimization objective is
to decrease the computational load of the fourth module.
The details of four modules of the CSV-NFPS are given as

follows.

A. ANALYSIS OF THE NON-LINEAR PHASE IN THE NDFT
TAYLOR METHOD
In this section, we analyse the non-linear phase shift in the
NDFT Taylor method. Assume that the original spectrum is
s(lnλn), where λn is the wavelength of the spectrum, n =
0, 1, 2, 3 . . .N − 1. N is the number of sampling points of
the spectrum. S(k) and φ(k) are the amplitude and phase of
the NDFT of s(lnλn), respectively, where k is the discrete
frequency.
The expression of the NDFT of s(lnλn) is shown as follows:

S(k)ejϕ(k) =
N−2∑
n=1

(ln λn+1 − ln λn−1) s(ln λn)e
−

j2πk ln λn
ln3b−ln3a

(7)

The Doppler spectrum received by the spacecraft is
p(lnλn). P(k) and θ (k) are the amplitude and phase of the
NDFT of p(lnλn), respectively. The expression of the NDFT
of p(lnλn) is shown as follows:

P(k)ejθ (k)=
N−1∑
n=1

(ln λn+1−ln λn−1) p(ln λn)e
−

j2πk ln λn
ln3b−ln3a (8)

We assume that the relationship between s(lnλn) and
p(lnλn) is as follows:

p(ln λn) = κ[s(ln λn − τ )]+ ω(n) (9)

where κ is the amplitude factor, ω(n) is the noise.
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FIGURE 1. Diagram of the CSV-NFPS. (a) is the process of construction a dictionary, just on the ground.
(b) is the velocimetry process on spacecraft.

The displacement τ and the gain κ can be derived
by (10) [24]

E2(κ, τ ) =
N/2∑
k=1

∣∣∣∣∣P(k)− κS(k)ej[ϕ(k)−θ (k)+µ(k,τ )]ξ

∣∣∣∣∣
2

(10)

where ξ is the root mean square amplitude of the noise, and
E2(κ, τ ) is the square accumulated error.

We simplify the above formula and replace the exponential
expression with the trigonometric function expression. The
simplified formula E2(κ, τ ) is given as follows:

E2
= ξ−2

N/2∑
k=1

(P2
k + κ

2S2k )

+ 2κξ−2
N/2∑
k=1

(PkSk cos(ϕk − θk + µ(k, τ )) (11)

where E2
= E2(κ, τ ), Pk = P(k), Sk = S(k), ϕk = φ(k),

θk = θ(k), µ(k,τ ) is the phase difference. When E2 reaches
theminimumvalue, τ can be derived by calculating the partial
derivative of (10). The partial derivative is shown as follows:

∂E2

∂τ
= −

2κ
ξ2

N/2∑
k=1

∂µ(k, τ )
∂τ

PkSk sin(ϕk − θk + µ(k, τ ))

(12)

From (4) and (5), we know that µ(k,τ ) is non-linear

θk − ϕk = µ(k, τ ) 6= −
2πkτ

ln3b − ln3a
(13)

As the velocimetry model with non-linear phase shift is
difficult to establish, we need to build a phase dictionary
of the non-periodic spectrum to eliminate the influence of
nonlinear phase shift in Section 4.3.

B. LOW-FREQUENCY MEASUREMENT MATRIX WITH NDFT
A reasonably designed measurement matrix plays a signif-
icant role in the accurate reconstruction of the spectrum.
Ameasurement matrix with good performance can reduce the
running time of the algorithm while ensuring the accuracy of
the reconstructed spectrum. The energy of the solar spectrum
is generally concentrated in the low-frequency part of the
Fourier matrix. In this section, L rows of the low-frequency
part of NDFT is used as the measurement matrix. The low-
frequency measurement matrix with NDFT,8(L × (N − 2)),
is (14), as shown at the bottom of the page, where 1τn =
ln λn+1 − ln λn−1, n = 1, 2, 3 . . .N − 2.
By using the measurement matrix 8, the standard

solar spectrum s and the measured spectrum p, the
zero-phase atom 2 and the observation vector γ are

8 =
1
2



1τ1 1τ2 · · · 1τN−2

e−j
2π ln λ1•1
3b−3a 1τ1 e−j

2π ln λ2•1
3b−3a 1τ2 · · · e−j

2π ln λN−2•1
3b−3a 1τN−2

e−j
2π ln λ1•2
3b−3a 1τ1 e−j

2π ln λ2•2
3b−3a 1τ2 · · · e−j

2π ln λN−2•2
3b−3a 1τN−2

...
...

. . .
...

e−j
2π ln λ1•(L−1)

3b−3a 1τ1 e−j
2π ln λ2•(L−1)

3b−3a 1τ2 · · · e−j
2π ln λN−2•(L−1)

3b−3a 1τN−2


(14)
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shown as follows:

γ = 8 • p =


P(0)ejθ(0)

P(1)ejθ(1)
...

P(L − 1)ejθ (L−1)

 (15)

2 = 8 • s =


S(0)ejϕ(θ )

S(1)ejϕ (1)

...

S(L − 1)ejϕ(L−1)

 (16)

The time complexity of the non-uniform discrete Fourier
transform is O(N 2). In practical applications (especially on
the spacecraft), the non-uniform fast Fourier transform algo-
rithm (nufft) can be used to do quick calculations [27], [28].

C. PHASE DICTIONARY OF NON-PERIODIC SPECTRUM
In order to construct a phase dictionary for a series of Doppler
spectra, it is necessary to shift the standard spectrum at first.
We save the results of the NDFT of the Doppler spectra.

1) DECOMPOSITION AND REPRESENTATION FOR CELESTIAL
SPECTRUM
We need to generate a series of Doppler spectra based on the
standard spectrum. For ensuring that the sampling point of
the spectrum wavelength remains unchanged, the spectrum
is divided into a series of cosine functions. s(lnλn) is a one-
dimensional discrete spectrum. The DCT of s(lnλn) is shown
as follows:

D(0) =
1
√
N

N−1∑
n=0

s(ln λn), u = 0 (17)

D(u) =

√
2
N

N−1∑
n=0

s(ln λn) cos[
π

2N
(2
λn − λ0

R
+ 1)u] (18)

where D(u) is the u-th cosine transform coefficient, u is the
generalized frequency variable, u = 0, 1, 2, 3 . . .N − 1.
The reconstructed spectrum using inverse cosine transform

is shown as follows:

s(ln λn) =
1
√
N
D(0)

+

√
2
N

N−1∑
u=1

D(u) cos[
π

2N
(2
eln λn − λ0

R
+ 1)u] (19)

2) CONSTRUCTION OF THE PHASE DICTIONARY
We suppose λ0 is the initial wavelength of the spectrum,
τi is the Doppler logarithmic factor, and R is the wavelength
resolution. To generate the Doppler spectrum, all the cosine
functions of the inverse cosine transform should be shifted:

si(ln λn) =
1
√
N
D(0)

+

√
2
N

N−1∑
u=1

D(u) cos[
π

2N
(2
eln λn−τi

R
− 2

λ0

R
+ 1)u] (20)

where τi = ln(1 + vi/c). In order to generate a series of
the Doppler spectrum, vi is taken a series of specific val-
ues. Then we perform the non-uniform Fourier transform on
this series of the spectrum, and save the transform results.
We assume that si is the generated Doppler spectra, Si and
ϕi are the amplitude and phase of NDFT, respectively, i =
1, 2, 3, . . . , I . The formed i-th atom, 2i, is expressed as
follows:

2i
= 8 • si =


Si(0)ejϕ

i(θ )

Si(1)ejϕ
i(1)

...

Si(L − 1)ejϕ
i(L−1)

 (21)

The formed dictionary is expressed as follows:

9 =
[
21 22

· · · 2i
· · · 2I ] (22)

D. NON-LINEAR AND SUPER-RESOLUTION MATCHING
ALGORITHM
In (12), when φk approaches θk , the value of

∂µ(k,τ )
∂τ

can be
approximately equal to 2πk/(ln3b−ln3a) asµ(k,τ ) is nearly
linear. The relationship between the phase of the i-th atom
and the measured spectrum is shown as follows:

ϕik + µ
i (k, τ ) = θk (23)

where ϕik is the phase of the i-th atom, µi(k,τ ) is the phase
difference between the i-th atom and the measured spectrum.
A matching formula based on dictionary atoms is shown as
follows:

E is =
L−1∑
k=0

kPkSik sin(ϕ
i
k − θk ) (24)

We match the NDFT result γ of the measured spectrum
with the atoms, and calculate the similarity between γ and
the atoms in the dictionary by (22). When the absolute value
of E is is the smallest, the corresponding atom is closest to γ .
The corresponding atomic number is shown as follows:

i = argmin
i

∣∣∣∣∣
L−1∑
k=0

kPkSik sin(ϕ
i
k − θk )

∣∣∣∣∣ (25)

And we can get more accurate velocity through the follow-
ing relationship. The super-resolution algorithm for deriving
the velocity is shown as follows:

µ̂ (k, τ )

=


µi (k, τ )+(ϕi+1k − ϕ

i
k )

L is
L i+1s − L is

if L is · L
i+1
s < 0

µi (k, τ )+(ϕik − ϕ
i−1
k )

L is
L is − L

i−1
s

if L is · L
i−1
s < 0

(26)

Finally, the RV can be derived according to the estimated
value of phase shift.

In summary, the steps of the CSV-NFPS are shown as
follows:
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¬ The measurement matrix is designed, and the low-
frequency part of the non-uniform Fourier transform is used
as the measurement matrix.

 According to the measurement matrix, the vector matrix
of the standard solar spectrum and the measured spectrum,
the zero-phase atom and the observation vector are obtained.

® The phase dictionary of the non-periodic spectrum is
constructed. After a series of Doppler shifts of the standard
solar spectrum, different atoms are obtained by using the
NDFT, and then the dictionary is constructed.

¯ The observation vector is matched with each atom in
the dictionary, and the atom with the highest similarity is got.
Finally, the velocity is derived by using the non-linear and
super-resolution matching algorithm.

V. CRAMER-RAO LOWER BOUND OF THE CELESTIAL
SPECTRUM VELOCITY
In signal estimation, the variance of unbiased estimation
cannot be infinitely small. To evaluate the accuracy of the
proposed method, the CRLB for velocity estimation is given.
We assume that s(lnλn) is the original spectrum, and s(lnλn−
τ ) is the Doppler spectrumwith an unknown parameter τ , and
ω(n) is the Gaussian white noise with a standard deviation
of σ . The relation between them is shown as follows:

p(lnλn) = s(lnλn − τ )+ ω(n) n = 0, 1, 2, . . . ,N − 1

(27)

Its probability likelihood function is given as follows:

L(p; τ ) =
1

(2πσ 2)
N
2

exp

×

{
−

1
2σ 2

N−1∑
n=0

[p(lnλn)− s(lnλn − τ )]2
}

(28)

The first partial derivative of τ is given as follows:

∂ lnL(p; τ )
∂τ

=
1
σ 2

×

N−1∑
n=0

[p(lnλn)− s(lnλn − τ )]
∂s(lnλn − τ )

∂τ
(29)

The second partial derivative of τ is given as follows:

∂2 lnL(p; τ )
∂τ 2

=
1
σ 2

N−1∑
n=0

[p(lnλn)− s(lnλn − τ )]
∂2s(lnλn − τ )

∂τ 2

−
1
σ 2

[
∂s(lnλn − τ )

∂τ

]2
(30)

The mathematical expectation of s(lnλn) is shown as
follows:

E
[
∂2 lnL(p; τ )

∂τ 2

]
= −

1
σ 2

N−1∑
n=0

[
∂s(lnλn − τ )

∂τ

]2
(31)

From (20), the specific form of ∂s(lnλn−τ )
∂τ

is given as
follows:

∂s(lnλn − τ )
∂τ

=

√
2
N

N−1∑
u=0

eln λn−τu
π

RN
D(u) sin

×

[
π

2N
(2
eln λn−τ − λ0

R
+ 1)u

]
(32)

where D(u) is the discrete cosine transform of s(lnλn).
The CRLB of the estimate of τ is shown as follows:

var (̂τ )

≥
σ 2

N−1∑
n=0

[
∂s(lnλn−τ )

∂τ

]2
=

σ 2

2π2

N 3

N−1∑
n=0

{
N−1∑
u=0

eln λn−τ uRD(u) sin
[
π
2N (2

eln λn−τ−λ0
R +1)u

]}2

(33)

where τ = ln(1+ v/c).
The CRLB of the estimate of v is shown as follows:

var(v̂)

≥
σ 2
( dv
dτ

)2
N−1∑
n=0

[
∂s(lnλn−τ )

∂τ

]2
=

σ 2c2
(
1+ v

c

)4
2π2

N 3

N−1∑
n=0

{{
N−1∑
u=0

λn
u
RD(u) sin

[
π
2N (2

cλn
c+v−λ0

R + 1)u
]}}2

(34)

From (34), we find some properties as follows:
¬ The CRLB is proportional to the variance of the

noise, σ 2.
 The CRLB decreases with the D(u). The D(u) of

reflected light from different planets are different, and the
corresponding CRLB is also different.

®With the increase of the RV, the CRLB increases slightly.
The reason is that v is much smaller than the speed of light.

VI. EXPERIMENTAL RESULTS
In this section, we compare the NDFT Taylor method
with the CSV-NFPS. The effects of noise level, the atomic
interval, the number of spectral lines, the degree of spectral
aberrance, the wavelength range and the reflectivity on the
CSV-NFPS are also analyzed.

A. SIMULATION CONDITIONS
In the selection of the standard spectrum, it is necessary to
select the spectrum during the tranquil stages of solar activity.
The number of solar photons in the sun in 2018 is small,
so the spectrum in 2018 is selected as the standard spectrum.
The solar spectrum data can be obtained from the astronomy
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website of Chile [29]. The parameters of the solar spectrum
used in this experiment are shown in Table 1.

TABLE 1. Parameters of the solar spectrum data.

The range of the second half of the spectrum is from
538.192nm to 691.192nm. We set the theoretical veloc-
ity of the spacecraft to 9750m/s, and generate the corre-
sponding Doppler spectrum. If not stated, the flux noise
is the Gaussian white noise with standard deviation σ =
1000erg/s/cm2/angstrom. The unit of the noise amplitude is
the same as the spectral flux, namely erg/s/cm2/angstrom.
The experiments were carried out on a Hasee notebook with
an Intel Core i7-10750H CPU @ 2.60 GHz and 8 GB RAM.

B. CRAMER-RAW LOWER BOUND (CRLB)
In order to reflect the superiority of the CSV-NFPS, we com-
pared its accuracy with CRLB. Table 2 shows the accuracy
of the CSV-NFPS and its CRLB with different noises. The
value of CRLB increases with the noise level. And the two
of them are of proportional relation. As can be seen from
Table 2, there is a small room for improvement of accuracy.
It shows that our velocimetry accuracy is very close to the
CRLB values with different noise levels.

Table 3 shows the effect of the spacecraft velocity on
CRLB. With the same noise level, CRLB slightly increases
with the velocity. As the spacecraft velocity is much smaller
than the velocity of light, the variation of the spacecraft
velocity has little effect on CRLB.

The spectrum used for navigation can also come from
other planets or asteroids (reflected light from the sun) [30].
We select the spectrum of reflected light of celestial bod-
ies, whose parameters are the same as Table 1 except for
the observation time. These reflection spectrum data can be
obtained on the Astronomy website of Chile [29]. These
reflection spectra are used to investigate the effect of D(u)
on CRLB. Table 4 shows the velocity estimated errors using
spectra of the reflected light. It can be seen that the velocime-
try accuracy is close to CRLB.

Figure 2 shows the amplitude-frequency of different reflec-
tion spectra from the output of DCT. We can see that the four
groups of reflection spectra are similar in frequency compo-
nents, and the difference is in the size of frequency amplitude.
The frequency amplitude of spectra of Io and Moon is larger
than the other two groups, so their CRLB is smaller. The
reason is that the CRLB increases with the D(u), which is

consistent with (34). In addition to direct sunlight, we can
select a spectrum of strong reflected light for navigation.

C. THE NUMBER OF NDFT SPECTRAL LINES
The celestial velocimetry method on spacecraft has high
requirements for timeliness. On the one hand, in the CSV-
NFPS, the number of NDFT spectral lines is in proportion
to the computational load. On the other hand, the number
of NDFT spectral lines is related to velocimetry accuracy.
Therefore, the number of Fourier spectral lines makes a good
compromise between velocimetry accuracy and computa-
tional load.

Figure 3 shows the velocimetry error vs. the number of
spectral lines. It can be seen from Figure 3 that when the num-
ber of the NDFT spectral lines changes from 1000 to 16000,
the error decreases rapidly; when the number of frequency
spectrum lines varies from 16000 to 20000, the error
decreases slowly and reaches the lowest value at 20000.
When the number of NDFT spectral lines is larger than
20000, the velocimetry error tends to be stable. The square
root of CRLB is 0.966m/s. When the number of NDFT spec-
tral lines is 20000, the velocimetry error is 0.987m/s, which
is close to the square root of CRLB. Therefore, we select
20000 spectral lines.

D. ATOMIC INTERVAL
The atomic interval affects the velocimetry accuracy, compu-
tational load and storage space. In this section, we investigate
the effect of atomic interval on velocimetry. The NDFT result
files based on the original frequency spectrum shifted from
8800m/s to 10400m/s are generated.

The velocimetry error, running time and dictionary size are
shown in Table 5. It can be seen that during the atomic interval
change from 50m/s to 100m/s, the velocimetry error does
not change significantly. When the atomic interval exceeds
100m/s, the velocimetry error increases with the atomic
interval. As the atomic interval increasing, the running time
becomes shorter, and the dictionary size gradually decreases.
Therefore, we choose 100m/s as the experimental atomic
interval, which reduces the amount of calculation and the
requirement of storage space while ensuring accuracy.

E. THE NDFT TAYLOR METHOD
We compare the CSV-NFPS with the NDFT Taylor method
that is a classical velocimetry algorithm. As the velocimetry
accuracy is related to the velocity, we set different preset
velocities, vp. The velocity search range of the two methods
is from vp−100(m/s) to vp+100(m/s). The running time here
is the time operating on the spacecraft. The searching step of
the NDFT Taylor method is 0.03m/s.

It can be seen from Table 6 that when the RV is smaller
than 1km/s, the non-linear bias of the NDFT Taylor method
is approximately 0.01m/s; when the RV reaches 10km/s, the
non-linear bias of the NDFT Taylor method is on the order
of 0.1m/s, which affects the performance of the velocimetry
navigation. The CSV-NFPS almost eliminates the non-linear
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TABLE 2. The CRLB and the estimation errors with different noise levels.

TABLE 3. The CRLB with different v and different noise levels.

TABLE 4. Velocity estimation error using planetary spectrum and their CRLB.

FIGURE 2. DCT of four groups of spectra.

bias. The residual is on the order of 10−5m/s, which has no
effect on the performance of the velocimetry navigation. The
reason is that the non-linear phase shift is approximated by

the phase dictionary of the non-periodic spectrum. Besides,
the running time of the CSV-NFPS with non-linear Fourier
phase shift is less than that of the NDFT Taylor method.
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FIGURE 3. Velocimetry error and running time with different numbers of
spectral lines.

TABLE 5. Velocity estimation performance with different atomic intervals.

TABLE 6. NDFT Taylor method vs. CSV-NFPS (without noise).

The reason is that the large atomic interval and super-
resolution matching algorithm reduces the number of
searches greatly, while in the NDFT Taylor method, the
searching step is short, and the number of searches is large.

Table 7 shows the comparison between the NDFT Taylor
method and the CSV-NFPS with different noise levels. The
search interval of both methods is from 9650m/s to 9850m/s.

It can be seen from Table 7 that with the different noise
levels, the CSV-NFPS is better than the NDFT Taylor method

TABLE 7. NDFT Taylor method vs. CSV-NFPS (with noise).

in terms of velocimetry accuracy and running time. The above
simulation results confirm the superiority of the CSV-NFPS.

F. WAVELENGTH RESOLUTION OF THE CELESTIAL
SPECTRUM
The wavelength resolution is also an essential factor in
velocimetry navigation. High resolution is conducive to
improving the velocimetry accuracy, while a low resolution is
conducive to reducing the requirements for the spectrometer.
In this section, we investigate the effect of spectral resolution
on velocimetry.

FIGURE 4. Velocimetry error and running time with different resolutions.

Figure 4 shows the relationship among the wavelength
resolution, velocimetry error and running time. In the pro-
cess of reducing the resolution from 0.001nm to 0.01nm,
the velocimetry error of the CSV-NFPS does not change
significantly, and the running time is largely reduced. In the
process of reducing the resolution from 0.01nm to 0.1nm, the
velocimetry error of the CSV-NFPS increases significantly,
and the running time remained almost unchanged. The reason
is that the transform domain method is little affected by the
time resolution. In practical application, the 0.01nm spectral
resolution makes a good compromise between velocimetry
accuracy and requirements for the spectrometer, which can
reduce the resolution of the spectrometer.
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G. FREQUENCY ABERRANCE
Solar activities, such as flares and prominences can distort the
spectral frequency, seriously affect the velocimetry accuracy.
The frequency fluctuation of the spectrum is also an impor-
tant part that affects the performance of velocimetry. In this
section, we investigate the influence of spectral frequency
aberrance on velocimetry accuracy.

FIGURE 5. The relationship among the velocimetry error, the flux noise
level, and the frequency noise level.

Figure 5 shows the effect of the flux noise level and
the frequency aberrance on the velocimetry accuracy. It can
be seen from Figure 5 that the shape of velocimetry error
is a curved quadrilateral. The velocimetry error increases
with both the flux noise level and the frequency aberrance.
Moreover, the influence of the frequency aberrance on the
velocimetry accuracy is more obvious than the flux noise.
Therefore, in practical application, we select celestial spec-
trum with a more stable frequency for navigation.

H. REFLECTIVITY
When the celestial spectrum used for navigation comes from
the reflected light of other planets or asteroids, the surface
reflectivity of the planet or asteroid to sunlight also affect the
performance of velocimetry. In this section, considering this
factor, we analyze the influence of reflectivity on velocimetry
accuracy. We assume that planets or asteroids have the same
reflectivity for all wavelengths of sunlight.

As can be seen from Figure 6, with the same noise level,
the velocimetry error gradually decreases with the increase
of reflectivity. The reason is that the signal-to-noise ratio
increases with reflectivity, and the velocimetry accuracy
increases with the signal-to-noise ratio. Therefore, it is appro-
priate to select the spectrum of a planet or asteroid with high
reflectivity as the celestial optical information for navigation.

I. WAVELENGTH RANGE
In this section, we investigate the effects of wavelength ranges
on velocimetry. The short wavelength range of the spectrom-
eter is benefit to reduce the load of the spectrometer.

FIGURE 6. The relationship among velocimetry error, flux noise level and
reflectivity.

FIGURE 7. NDFT Taylor method vs. CSV-NFPS with different wavelength
ranges.

In Figure 7, it can be seen that with different wavelength
ranges, the CSV-NFPS has further smaller biases than the
NDFT Taylor method. The velocimetry bias of the NDFT
Taylor method decreases with the wavelength range, while
the CSV-NFPS ensures very small biases with different wave-
length ranges. This demonstrates that the CSV-NFPS elimi-
nates the non-linear biases. The reason is that the non-linear
phase shift is approximated by the phase dictionary of the
non-periodic spectrum. The short wavelength range declines
our requirements for spectrometers.

We use the measured Ceres spectra to verify the effec-
tiveness of the CSV-NFPS. Due to the lack of the real RV
value, we can only take a different approach to evaluate the
velocimetry accuracy of the measured spectra. Theoretically,
the mean RV of all pieces, RVm, and the RV derived by
computing the whole spectrum, RVh, is equal. The difference
between the RVm and the RVh reflect the non-linear bias.
And the standard deviation of the RV of all pieces, σRV also
reflect the velocimetry accuracy. The Ceres spectrum, whose
observation time is 2015-08-28 6.03.37, is adopted as the
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TABLE 8. RV measurements obtained with ceres.

template spectrum. The wavelength range of each piece is
4.096nm.

In Table 8, we list the observation time of the object spec-
trum, RV of the whole spectrum, the mean RV of all pieces,
the standard deviation, and the Observation date. In the four
experiments, RVh and RVm derived by the CSV-NFPS are
approximately equal, while the difference between RVh and
RVm derived by the NDFTTaylor method is large. In addition,
for different spectra, the CSV-NFPS has a smaller standard
deviation than the NDFT Taylor method. The above experi-
ment results confirm that the CSV-NFPS eliminates the non-
linear bias in a short wavelength range. A short-wavelength
range means a small spectrometer load.

VII. CONCLUSION
A novel celestial spectrum velocimetry method with non-
linear Fourier phase shift is proposed in this paper. In this
method, we use the low-frequency Fourier measurement
matrix, the phase dictionary of the non-periodic spectrum,
and the non-linear and super-resolution matching algorithm
to construct the CS with non-linear Fourier phase shift. And
we estimate the Fourier phase shift between the spacecraft
and the navigation star through the CS with non-linear phase
shift. According to the simulation results, conclusions can be
drawn as follows:

¬ High accuracy and real-time. As the effect of a wave-
length shift on a spectrum is to introduce its transform a
non-linear Fourier phase shift, the CSV-NFPS use the phase
dictionary of the non-periodic spectrum to approach the non-
linear Fourier phase shift. Long atomic interval (100m/s) and
the super-resolution matching algorithm decrease the number
of searches greatly, and improve real-time performance. The
CSV-NFPS proposed in this paper is superior to the NDFT
Taylor method in terms of accuracy and computational com-
plexity. Besides, the number of Fourier spectral lines makes a
good compromise between velocimetry accuracy and running
time.

 Low requirements for the spectrometer. On the one
hand, to reach 1m/s velocimetry accuracy, the wavelength
resolution of the spectrometer only requires 0.01nm. The
wavelength resolution of the HARPS in Chile is 0.001nm.
Thus, our requirements for the wavelength resolution of the
spectrometer is low. On the other hand, the short wavelength

range leads to a large non-linear velocimetry bias in the
NDFT Taylor method. However, the CSV-NFPS is robust to
this non-linear velocimetry bias, and ensures a high accu-
racy with a short wavelength range. Thus, the CSV-NFPS
has low requirements for the wavelength resolution of the
spectrometer.

To sum up, the CSV-NFPS has high accuracy, real-time,
and low requirements for the spectrometer. The CSV-NFPS
is suitable for the celestial velocimetry navigation.

In the future work, we will consider the effects of planetary
surface reflectivity and atmospheric absorptivity on Doppler
velocimetry in detail. At the same time, we will strive to
improve the velocimetry performance of our method under
low signal-to-noise. Our algorithm will be further improved
in a large number of measured spectra.
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