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ABSTRACT This paper presents a new method for computationally effective implementation of a discrete-
time fractional-order proportional–integral–derivative (FOPID) controller. The proposed method is based
on a unique representation of the FOPID controller, where fractional properties are modeled by a specific
finite impulse response (FIR) filter. The balanced truncation model order reduction method is applied
in the proposed approach to obtain an effective, low-order model of the FOPID controller. The time-
invariant FOPID controller implementation is presented first, and then the methodology is extended to the
controller with time-varying gains. A comparative analysis shows that the proposedmethodology leads to the
effective modeling of discrete-time FOPID controllers. In addition to simulation runs, the effectiveness of the
introduced methodology is confirmed in a real-life experiment involving the control of the DC motor servo
system. The paper concludes with the implementation tools developed in the Matlab/Simulink environment.

INDEX TERMS Fractional-order discrete-time PID control, model order reduction, DCmotor servo system.

I. INTRODUCTION
During the past two decades, the fractional-order generaliza-
tions of various control strategies have attracted considerable
research attention in science and technology. A fractional-
order proportional-integral-differential (FOPID) controller
was first described in [1]. FOPID has two additional param-
eters compared to the classical PID controller, which are
fractional orders of integrator and derivative. Moreover, since
these extra parameters are mutually influenced by the con-
troller’s gains, tuning the parameters of the FOPID controller
is much more challenging than for the classical integer-order
case. To solve this problem, various optimization strategies
have been applied, including particle swarm optimiza-
tion [2]–[4], genetic algorithms [5], [6], differential evolution
methods [5], chaotic firefly algorithms [7], extensions of
classical tuning methods for PID controllers [8], [9], and
other techniques [10]–[14]. Several implementations in con-
trol loops of various processes show that FOPID controllers
can be effectively used, and their control performances can
be much better than classical PID [14]–[23]. Additionally,
the FOPID controllers can also apply fractional variable-
order elements. However, the application of fractional-
variable order is not unique and exists various solutions to
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this problem [24], [25]. Therefore, various variable-order
FOPID controller implementations can be found in the
literature [26]–[29].

A fundamental difficulty of the fractional-order element
implementations is that the calculation of fractional-order
integrator and derivative may lead to infinite complexity.
Therefore, various approximations are used for the imple-
mentation of these elements. One of the most popular
approaches in modeling the derivative/difference is the
Oustaloup approximator. The Oustaloup method results in
a rational, integer-order model described by the arbitrary
order transfer function. This approximation convergence is
quite high, requiring a relatively low model length to obtain
satisfactory modeling performance in a given frequency
range. The Oustaloup model has an elegant, simple form
and can be easily calculated for both continuous- and
discrete-time cases [4], [30]–[32]. Another popular approach
is finite-length implementations of the Grünwald-Letnikov
fractional-order integrator/derivative. In this case, the model
is represented in the form of the discrete-time FIR (finite
impulse response) filter. This conceptually simple method
leads to high accuracy in the high-frequencies and can be
easily implemented recursively. However, the main disad-
vantage of this FIR-based approach is a slow convergence
of the algorithm. Similar to above, the FIR-class model
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results from power series expansion (PSE) applied to the
Grünwald-Letnikov difference. Likewise, in the numerous
papers [13], [32]–[34], we can find various discrete-time
integer-order IIR-class filters, which can be obtained in many
ways. These useful concepts use iterative algorithms such as
continuous fraction expansion (CFE) and the Muir recursion
based on the Tustin and Al-Alaoui discretization operators.
An alternative IIR-based approach is the application of an
orthonormal basis function-based model to the approxima-
tion of the Grünwald-Letnikov difference [35]. Comparative
analysis of these approaches is presented in [32], [35]. Note
that similar results may be obtained for Caputo and Riemann-
Liouville definitions [36]–[38].

Considering all the above, to implement the FOPID con-
troller, we have to use the fractional difference and integrator
approximations. In the FOPID controllers, the finite-length
implementations of the Grünwald-Letnikov fractional-order
integrator/derivative, in terms or the Oustaloup approxi-
mations have often been used. For the first case, a high
implementation length is required to obtain satisfactory
accuracy in the low-frequency range, which leads to the high
computational complexity of the FOPID model. Therefore,
the accurate implementation of this approach is hardly
realizable in real-time, especially in industrial platforms.
A straightforward implementation of the discrete-time
FOPID controller can be achieved for low implementation
lengths of integrator/difference at the cost of accuracy
(see, e.g., [18]). The second popular approach in FOPID
controllers is based on the Oustaloup approximation. The
Oustaloup approximation requires much lower model orders
to obtain satisfactory modeling performances. Since the
FOMCON toolbox for Matlab/Simulink [39] implements
FOPID controllers using theOustaloup approach, thismethod
is the most commonly used in recent years [5], [9], [40]. Note
that other Matlab/Simulink toolboxes for the implementation
of fractional-order systems and controllers use the Oustaloup
approximation (see e.g. FOTF toolbox [42], [43]). The
outlook of the various implementation methods of FOPID
controllers has been presented in [20], [42]. However,
the steady-state error is one of the side effects of using
classical approximations of the fractional-order elements
within the FOPID controllers. It results that for t → ∞,
implementations of fractional-order integrator have no longer
the integration property. In [6], [44] it is shown that using
various optimization techniques reduces the steady-state
error. Another way to eliminate steady-state error is proposed
in [45], [46], where integer-order integration combined with
fractional-order derivative is used to model the fractional-
order integrator. In this case, for t → ∞ the FOPID
controller results in a classical PI controller, which eliminates
the steady-state error of the closed-loop system. Themain dis-
advantage of various discrete-time Oustaloup-based FOPID
implementations is relatively low accuracy in the high-
frequency range. This issue significantly decreases controller
adequacy in the transient state, particularly for fast-dynamic
systems.

In [47]–[49] it is shown that using model order reduction
methods can be effective in approximation/ implementation
of the fractional-order systems both in continuous-time and
discrete-time cases. In particular, authors in [48] show a
simple and effectivemethod based on the balanced-truncation
model reduction method applied to a specific FIR-based
approximation of the discrete-time fractional-order system,
the so-called FIRBTmethod. On this basis, we propose a new
method for the implementation of the FOPID controller. It is
based on a specific representation of the FOPID controller,
with a FIR filter representing fractional-order elements.
This enables implementing an analytically driven balanced
truncation model order reduction method. As a result,
we obtain an accurate approximation of the FOPID controller.
Since the approach is based on the FIR-based model, the
high-frequency accuracy of the FOPID approximation is
provided. Additionally, we present a modification to the
methodology for time-varying gains of the FOPID filter.
In both cases, we obtain a low-order state-space model of
the FOPID controller, which can be easily implemented in
real-time applications on industrial computers of relatively
low performance. Bothmethods are proposed for the discrete-
time case, but they can be easily modified for continuous-
time controllers. To evaluate the proposed implementation
method’s performance, we use the FOPID controller in the
real-life experiment to control DC motor servo system [51].

This paper is organized as follows. Having introduced
the problem of FOPID systems in Section I, the imple-
mentation/approximation problem formulation for FOPID
controllers is presented in Section II. The main result in
terms of a new implementation method for discrete-time
FOPID controller is presented in Section III. In particular,
we offer a) a specific form of state-space representation for
FOPID controller, with the fractional properties modeled in a
specific FIR filter, b) analytical implementation of balanced
truncation model order reduction method to obtain a low
and accurate approximation of FOPID controller, and c)
modification to the approximation methodology for time-
varying gains of the FOPID controllers. An analysis of the
efficiency of the proposed methodology is compared to the
Oustaloup-based methods for modeling FOPID controllers
is presented in Section IV. Section V contains a real-
life implementation of the FOPID controller in closed-loop
control with the DC motor servo system. Conclusions of
Section VI complete the paper.

II. PROBLEM FORMULATION
It is well known that the FOPID controller can be described
as

u(t) =
(
Kp + KiD−λ + KdDµ

)
e(t) (1)

where t is the continuous time, Kp, Ki and Kd are the
controller parameters, e(t) and u(t) are the controller input
(error signal) and output (control signal), respectively, and
D is the fractional-order derivation/integration operator.
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Note that D−λ denotes the integrator of fractional order
λ > 0 andDµ denote the derivative of fractional orderµ > 0.

This paper considers a more useful, from the implemen-
tation point of view, a discrete-time equivalent of FOPID
controller, defined in the uniform time scale t ∈ T = hZ =
{0, h, 2h, . . .}, h ∈ R+ (see [52], [53]). In this case, the
fractional-order PID controller can be defined as follows

u(t) =
(
Kp + Ki∇−λ(q)+ Kd∇µ(q)

)
e(t) (2)

where e(t) and u(t) are the system input and output,
respectively, ∇−λ(q) and ∇µ(q) denote the backward (nabla)
discrete-time fractional-order integrator and difference,
respectively, and q is the forward shift operator. The nabla
fractional-order difference can be defined by the use of the
discrete-time Grünwald-Letnikov operator as

∇
µe(t) = h−µ

t/h∑
j=0

(−1)j
(
µ

j

)
e(t − hj) = ∇µ(q)e(t) (3)

with ∇µ(q) = h−µ
t/h∑
j=0

(−1)j
(
µ
j

)
q−j. Note that the sum in

Eq. (3) increases in every step of the simulation process,
therefore in general form, the Z-transform of the fractional-
order difference is as

∇
µ(z) = h−µ

∞∑
j=0

(−1)j
(
µ

j

)
z−j = h−µ(1− z−1)µ

Eq. (3) can still be used to calculate the fractional-
order integrator ∇−λ(q), with µ being substituted by −λ.
Alternatively, the operator 1−λ(z) can also be obtained as
follows

∇
−λ(z) =

1
∇λ(z)

=
1

h−λ
∞∑
j=0

(−1)j
(
λ
j

)
z−j

(4)

It is essential to note that, in general, the filters ∇−λ(z)
and ∇µ(z) cannot be implemented in practice due to the
incorporation of the infinite sum, therefore in practical
applications, their finite-length implementations can be
employed in the form of

∇
µ(z) ≈ ∇µL (z) = h−µ

L∑
j=0

(−1)j
(
µ

j

)
z−j (5)

∇
−λ(z) ≈ ∇−λL (z) =

1

h−λ
L∑
j=0

(−1)j
(
λ
j

)
z−j

(6)

where L is the finite implementation length.
To obtain an accurate approximation of fractional-order

difference and integrator, the value of L should be very
high, in particular for low orders µ and λ, respectively.
For example, to reach ||∇0.51(t) − ∇0.5

L 1(t)||∞ < 0.01,
we have to use L > 2000. Using high L can hardly
be implementable in an industrial environment due to
high computational complexity. Moreover, limit L of the

FIGURE 1. Block diagram of the discrete-time FOPID controller.

fractional-order integrator in the FOPID controller leads to
the control steady-state error (see e.q. [45], [46]). Solutions to
these problems, related to computationally simple, accurate
steady-state error-freemodeling of the FOPID, are the paper’s
main contributions.

III. MAIN RESULTS
It is easy to show that the discrete-time FOPID controller of
Eq. (2) can be presented in the form of

u(t) =
[
∇
−m(q)

(
Ki∇m−λ(q)+ Kd∇m+µ(q)

)
+ Kp

]
e(t)

=

[
∇
−m(q)Gdi(q)+ Kp

]
e(t)

(7)

where Gdi(q) = Ki∇m−λ(q) + Kd∇m+µ(q), ∇−m(q) is
the discrete-time integer-order integrator, and ∇m−λ(q) and
∇
m+µ(q) are the fractional-order differences. The order

m ∈ Z+ is selected as the ceiling function from the integrator
order m = dλe. The block diagram of the FOPID of Eq. (7)
is presented in Fig. 1.

Fractional-order properties of the FOPID controller are
described by the filter Gdi(q). Considering Eq. (5), the filter
Gdi(q) can be approximated as

Gdi(z) ≈ GdiL (z) = Ki∇
m−λ
L (z)+ Kd∇

m+µ
L (z)

=

L∑
j=0

(−1)j
[
Kih−m+λ

(
m− λ
j

)

+Kdh−m−µ
(
m+ µ
j

)]
z−j

Taking into account that the fractional-order differences
∇
m−λ(z) and ∇m+µ(z) (see Eq. (5)), and consequently the

filterGdiL (z) are the class of an FIR model of order L, we have
GdiL (q)δ(t − t0) = 0 ∀ t > t0 + hL, with δ(.) being the
Kronecker delta. Therefore, for control error at the time t0, the
fractional-order PID responses as the discrete-time FOPID
controller for t ≤ t0 + hL, but for time t > t0 + hL the
FOPID responses as integer-order PI controller. The above
leads to the elimination of steady-state error, which is a well-
known issue for the control process based on finite-memory
FOPID controllers [45], [46].

The state space representation for the filter GdiL (z) is as

x(t + h) = AGdiL x(t)+ BGdiL e(t)

ydi(t) = CGdiL x(t)+ DGdiL e(t) (8)
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where system matrices are as follows

AGdiL =


0 0 . . . 0 0
1 0 . . . 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0

 (9)

BGdiL =
[
1 01×(L−1)

]T (10)

CGdiL =
[
φ1 . . . φL

]
(11)

DGdiL = Kih−m+λ + Kdh−m−µ (12)

where AGdiL ∈ <
L×L , BGdiL ∈ <

L×1, CGdiL ∈ <
1×L and DGdiL ∈

<, with

φj = Kih−m+λ(−1)j
(
m− λ
j

)
+Kdh−m−µ(−1)j

(
m+ µ
j

)
(13)

j = 1, . . . ,L and m = dλe.
In the discrete-time integer-order integrator ∇−m(z) pre-

sented in the state space form

x(t + h) = A∇−mx(t)+ B∇−mydi(t)

y∇−m(t) = C∇−mx(t)+ D∇−mydi(t) (14)

we have

A∇−m =


p1(m) p2(m) . . . pm(m)
1 0 . . . 0
0 1 . . . 0
0 0 . . . 0

 (15)

B∇−m =
[
hm 01×(m−1)

]T (16)

C∇−m =
[
p1(m) p2(m) . . . pm(m)

]
(17)

D∇−m = hm (18)

where pi(m) = (−1)i+1
(m
i

)
, i = 1, . . . ,m.

Taking into account the block diagram of the FOPID shown
in Fig. 1 we can finally present the model of the controller in
the state space form

x(t + h) = APIDx(t)+ BPIDe(t)

u(t) = CPIDx(t)+ DPIDe(t) (19)

with matrices {APID,BPID,CPID,DPID} as follows

APID =

[
AGdiL BGdiL C∇

−m

0m×L A∇−m

]

=



0 0 . . . 0 0 p1(m) p2(m) . . . pm(m)
1 0 . . . 0 0 0 0 . . . 0
0 1 . . . 0 0 0 0 . . . 0
...
...
. . .

...
...

...
...

...
...

0 0 . . . 1 0 0 0 . . . 0
0 0 . . . 0 0 p1(m) p2(m) . . . pm(m)
0 0 . . . 0 0 1 0 . . . 0
0 0 . . . 0 0 0 1 . . . 0

0 0 . . . 0 0 0 0
. . . 0


(20)

BPID =
[
BGdiL D∇

−m B∇−m
]T

=
[
hm 01×(L−1) hm 01×(m−1)

]T (21)

CPID =
[
CGdiL DGdiL C∇

−m
]

=
[
φ1 . . . φL φ̃1 . . . φ̃m

]
(22)

DPID = DGdiL D∇
−m + Kp = Kihλ + Kdh−µ + Kp (23)

with φi, i = 1, . . . ,L and pi(m), i = 1, . . . ,m, as in Eqs. (13)
and (17), respectively, and elements φ̃j ∈ <1×1, j = 1, ..,m,
calculated as

φ̃j = (Kih−m+λ + Kdh−m−µ)pj(m) (24)

Using the FIR filter GdiL (z) incorporated in the FOPID
controller affects model complexity. To obtain satisfactory
accuracy, we usually have to use L > 1000. Therefore,
system with matrices dimensions APID ∈ <(L+m)×(L+m),
BPID ∈ <(L+m)×1, CPID ∈ <1×(L+m), and DPID ∈ < is
hardly implementable in the industrial environment. To cope
with the problem, we use model order reduction techniques
to approximate GdiL (z) filter in the controller.

A. MODEL ORDER REDUCTION
This section applies the square root balanced truncation
model order reduction method to model the filter GdiL (z).
Consequently, we propose two approaches for modeling
FOPID controllers with time-invariant parameters and time-
varying gains.

1) TIME-INVARIANT CASE
The square root algorithm is based on the system’s balanced
form obtained using the singular value decomposition applied
to the Cholesky factorizations of the controllability and
observability matrices. Therefore, to construct the model,
we have to determine the two factorizations, which are
usually obtained as solutions of the Lyapunov equations.
Solving these equations using numerical algorithms is the
most time-consuming element in the whole model order
reduction process. However, in [48] authors show that
factorizations of the controllability and observabilitymatrices
for the fractional-order system GdiL (z) in the form of Eqs. (9)-
(12) can be easily calculated analytically. Following the
results of [48] we can propose the Cholesky factorizations
of controllability and observability gramians S and R,
respectively, in the form of

S = IL×L (25)

R =


φL 0 0 . . . 0
φL−1 φL 0 . . . 0
φL−2 φL−1 φL . . . 0
...

...
...

. . .
...

φ1 φ2 φ3 . . . φL

 (26)

where φi, i = 1, . . . ,L, are as in Eq. (11). The next step is
calculating the SVD decomposition, which is the most time-
consuming operation in the proposed method. Considering
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that S = IL×L we have

RT =
[
U1 U2

] [61 0
0 62

] [
V1
V2

]
(27)

where 61 = diag (σ1, · · · , σk), 62 = diag (σk+1, · · · , σL),
σ1 ≥ · · · ≥ σk > σk+1 ≥ · · · ≥ σL > 0,
with σi, i = 1, . . . ,L being the so called Hankel singular
values. As it is presented in Eq. (27), the Hankel singular
values can be divided into two parts 61 ∈ Rk×k and
62 ∈ R(L−k)×(L−k). The order k is selected according to
approximation accuracy of the reduced-order model, usually
k � L. The transformation matrices used to obtain the
reduced-order model are calculated using Petrov-Galerkin
projections as

T = RTV16
−0.5
1 = U16

0.5
1 (28)

T #
= STU16

−0.5
1 = U16

−0.5
1 (29)

with T # being the right inverse of the matrix T T . Finally,
we arrive at the model ĜdiL (z) in form of (8) with the matrices
as follows {T TAGdiL T

#, T TBGdiL , CGdiL T
#, DGdiL }. It is worth

emphasizing that modelGdiL (z) is asymptotically stable due to
the FIR structure (9)–(12). Thus using the balanced truncation
method guarantees stability preservation of the model ĜdiL (z).

Finally, we arrive to the FIRBT-based model of the
fractional-order controller in form of (19), with the matrices
as

ABTPID =

[
T TAGdiL T

# T TBGdiL C∇
−m

0m×k A∇−m

]
(30)

BBTPID =
[
T TBGdiL D∇

−m B∇−m
]T (31)

CBT
PID =

[
CGdiL T

# DGdiL C∇
−m
]

(32)

DBTPID = DPID = Kihλ + Kdh−µ + Kp (33)

where ABTPID ∈ R(k+m)×(k+m), BBTPID ∈ R(k+m)×1,
CBT
PID ∈ R1×(k+m) and DBTPID ∈ R. Note that the final order

of the FOPID controller is kPID = k + m.
It is important to note that the approximation accuracy of

the model (30)–(33) of the FOPID controller depends on the
accuracy of the filter ĜdiL (z). The filter Ĝ

di
L (z) is obtained by

two approximation steps a) FIR-based approximation GdiL (z)
and b) model order reduction ofGdiL (z) to Ĝ

di
L (z), respectively.

It is easy to show that theH∞ norm of the modeling error for
the GdiL (z) filter can be described by the equation

||Gdi(z)− GdiL (z)||H∞

=

L∑
j=0

(−1)j
[
Kih−m+λ

(
m− λ
j

)
+Kdh−m−µ

(
m+ µ
j

)]
(34)

It is well known that H∞ norm of the BT reduction satisfies
the condition

||GdiL (z)− Ĝ
di
L (z)||H∞ ≤ 2

L∑
j=k+1

σj (35)

with σj, j = 1, . . . ,L, are as in Eq. (27). Combining Eqs. (34)
and (35) we arrive at

||Gdi(z)− ĜdiL (z)||H∞ ≤
L∑
j=0

(−1)j
[
Kih−m+λ

(
m− λ
j

)

+Kdh−m−µ
(
m+ µ
j

)]
+2

L∑
j=k+1

σj

(36)

The actual convergence of the Hankel singular values is
very rapid (see, e.g., [54]). Therefore, even for low order
systems, the upper limit of Eq. (36) leads to satisfactory
approximation.

Note that the above presented implementation method
is realized only once for a given fractional-order PID
controller. Every change of FOPID parameters leads to the re-
implementation of the controller modeling procedure. In the
next section, we present an alternative way of implementing
FOPID controller for time-varying gains Kp, Ki, and Kd and
still constant orders λ and µ.

2) TIME-VARYING CASE
In the case of modeling of fractional-order PID con-
troller with time-varying parameters, we have to use the
above methodology separately for modeling fractional-order
discrete-time integrator and difference. The fractional-order
integrator ∇−λ(z) can still be modeled by the use of
Eqs. (30)-(33), where Ki = 1, Kp = 0, and Kd = 0.
On the other hand, the fractional-order difference ∇µ(z) can
be modeled by ĜdiL (z) in the form of (8) with the matrices
as {T TAGdiL T

#, T TBGdiL , CGdiL T
#, DGdiL }, with the parameters

Ki = 0, Kp = 0, and Kd = 1. Therefore, finally, the matrices
of the state-space model of fractional-order PID controller
(19) are as

ABTTV−PID =

 T
T
d A∇µL T

#
d 0k×k 0k×k

0k×k T Ti A∇m−λL
T #
i T Ti B∇m−λL

C∇−m

0m×k 0m×k A∇−m


(37)

BBTTV−PID =
[
T Td B∇µL T Ti B∇m−λL

D∇−m B∇−m
]T (38)

CBT
TV−PID =

[
KdC∇µL T

#
d KiC∇m−λL

T #
i KiD∇m−λL

C∇−m
]
(39)

DBTTV−PID = DPID = Kihλ + Kdh−µ + Kp (40)

where A
∇
µ
L
= A

∇
m−λ
L
= AGdiL , B∇m−λL

= B
∇
µ
L
= BGdiL .

The matrices C
∇
µ
L
= CGdiL , Td and T #

d are calcu-
lated using Eqs. (17), and (26)−(29), respectively, with
φj = φ

d
j = h−µ

∑j
k=1(−1)

j
(
µ
j

)
, j = 1, . . . ,L. The matrices

C
∇
m−λ
L
= CGdiL , Ti and T

#
i are obtained in the same way with

φj = φ
i
j = h−m+λ

∑j
k=1(−1)

j
(m−λ

j

)
, j = 1, . . . ,L. Note that

the order of time-varying FOPID controller of Eqs. (37)-(40)
is kTV−PID = 2k + m and the orders of matrices are as
follows ABTTV−PID ∈ R(2k+m)×(2k+m), BBTTV−PID ∈ R(2k+m)×1,
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FIGURE 2. Block diagram of the time-varying discrete-time
fractional-order PID controller.

CBT
TV−PID ∈ R1×(2k+m) and DBTTV−PID ∈ R. In the case of

changing parameters Kp, Ki or Kd the most computationally
burden process of selection of the balanced matrices Ti, T #

i ,
Td and T #

d is avoided, therefore only simple recalculation of
CBT
TV−PID and DBTTV−PID is required. Alternatively, the time-

varying FOPID controller can be presented in an equivalent
form using separate proportional, integral, and derivative
parts. The block diagram of such representation is presented
in Fig. 2.

The approximation accuracy for the time-varying FOPID
can be analyzed in a similar way to the time-invariant FOPID.
It is important to note that the final order of the time-varying
FIRBT-based FOPID controller is kTV−PID = 2k + m.
Therefore, to obtain comparable approximation accuracy,
we have to use higher order of the FOPID approximation.
In the specific cases of fractional-order PI (FOPI) and
fractional-order PD (FOPD) controllers, the time-varying
models of the controllers are equivalent to the time-invariant
models.

B. ALGORITHMS
The sampling period h of the FOPID controller has to be
selected with regard to the upper bound of the frequency-
domain characteristic of the controller. The approximation
length L has to be selected according to the lower bound
of the adequacy range of the FOPID controller. Assuming
the number of decades of adequacy range is w, then
approximation length is L = 10w. Finally, the model’s
frequency adequacy range is ω ∈

[
π
Lh ,

π
h

]
rad/s. Note that

the proposed implementation methodology in both time-
invariant and time-varying cases uses a numerically involving
and memory-consuming SVD method, which leads to a high
computational burden, particularly for implementation length
L > 10000. Therefore, using w ≤ 4 is recommenced.

Based on the results presented above, we propose the
following algorithms to generate two versions of the FOPID
controller.

1) TIME-INVARIANT CASE
Input FOPID parameters: gains Ki, Kp, Kd , fractional
orders λ, µ, sampling period h, approximation length L,
the order k of the model ĜdiL (z).

1) Calculate Cholesky factorization of the observability
gramian R on the basis on Eq. (26)

2) Calculate transformation matrices T and T # as in
Eqs. (28) and (29)

3) Calculate the FIRBT-based FOPID controller as
in Eqs. (30)-(33)

2) TIME-VARYING CASE
Input FOPID parameters: gains Ki, Kp, Kd , fractional
orders λ, µ, sampling period h, approximation length L,
the order k of the models ∇µL and ∇−λL

1) Calculate transformation matrices Ti, T #
i , Td and T #

d as
is presented in Section III-A2

2) Calculate the FOPID model matrices ABTTV−PID and
BBTTV−PID as in Eqs. (37) and (38)

3) Each time step: Calculate CBT
TV−PID and DBTTV−PID for

current values of Ki, Kp, Kd as in Eqs. (39) and (40).
As a result of the above algorithms, we obtain an

approximation of the FOPID controller in the form of the
discrete-time state-space system of order kPID or kFV−PID.
Considering that computational complexity of one-step
control signal calculation is the class of O2 and kPID and
kTV−PID is relatively low, therefore the real-time control can
easily be applied in most of the industrial microcontrollers.
Note that the time-invariant FOPID implementation requires
all parameters, i.e., Kp, Ki, Kd , λ and µ constant. Changing
any of the parameters’ values involves recalculation of the
algorithm, which is unimplementable in real-time. For the
time-varying approach, the controller gains Kp, Ki, Kd can
be changed in real time without recalculating the FOPID
controller. However, λ and µ still have to be constant.

Appendix I presents the implementation tool for the
fractional-order PID controller in the Matlab/Simulink envi-
ronment based on the presented algorithms.

IV. EFFICIENCY ANALYSIS
In this section, the models of both FOPI and FOPID
controllers are analyzed in the time and frequency domains.
The parameters of FOPI and FOPID controllers, such as
Ki,Kp,Kd , λ, and µ, are tuned for the DC motor system
according to [41]. The modeling performance of the method-
ology presented in the paper is compared to the various
Oustaloup approximations [30], [39], Tustin approach using
CFE method, and PSE-based Euler approximation [32], [35].

A. FOPI CONTROLLER
Consider the FOPI controller with its parameters as follows:
Kp = 5.4972e-2, Ki = 5.5043e-2, λ = 0.6631 as in [41].
Assuming the adequacy range of the FIRBT-based FOPI
controller is ω ∈ [0.01π, 100π ] rad/s, thus h = 0.01 s and
L = 10000. The FIRBT-based controller is modeled using
Eqs. (30)−(33) with k = 3, 5, 7, 9 and 11, which results in
the following FOPI model lengths kPI = k + m = 4, 6, 8,
10 and 12, respectively. These models are compared to the
FOPI controllers based on:
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TABLE 1. Norm of errors of models’ impulse responses.

• the Osutaloup approximation of orders N = 1, . . . , 5,
which results in the FOPI model lengths kPI = 2N + 2,
and optimized frequency adequacy range ω ∈ [ωb, ωh].

• the modified Oustaloup approximation of orders
N = 1, . . . , 4, which results in the FOPI model lengths
kPI = 2N +4, and optimized frequency adequacy range
ω ∈ [ωb, ωh] (see Section 12.1.3 in [30]).

• the Tustin-CFE approximations, which results in the
respective FOPI model lengths kPI .

• the Euler-PSE approximation with implementation
length 10000 and application of BTA reduction algo-
rithm resulting in the respective FOPImodel lengths kPI .

Analyses consider discretized Oustaloup-based models
with the sampling period h = 0.01 s. The frequency
responses and approximation errors of the considered model
compared to the actual FOPI controller are presented in
Figs. 3–4. The errors of frequency responses in Figs. 3–4 are
calculated as

20 log |GPID(ejωh)− ĜPID(ejωh)|

where GPID(ejωh) and ĜPID(ejωh) are frequency responses of
the actual and approximated FOPID controllers, respectively.

It can be seen from Figs. 3−4 that for the high-
and medium-frequency ranges, the FIRBT-based FOPID
controllers lead to lower approximation errors than the both
Oustaloup-based models of respective orders. In contrast,
in the low-frequency ranges, the Oustaloup-based models
produce lower approximation errors than the FIRBT-based
approach. Overall, higher order FIRBT-based models of the
FOPI controller outperform Oustaloup-based implementa-
tions in the majority of the given adequacy range. Moreover,
the Oustaloup-based implementation may lead to instability
due to some numerical problems [55]. Note that the discrete-
time version of the Modified Oustaloup approach generates
similar results to the regular Oustaloup method. The Tustin-
CFE-based models give unsatisfactory results regardless of
the model orders. The Euler-PSE approximation produces
comparable results to our FIRBT-based approach. However,
the model calculation is a much more time-consuming
process compared to our approach, due to the necessity of
solving the Lyapunov equations.

As it is presented in Subsection III-B, the selection of
the model in the adequacy range w ≥ 4 leads to the
time-consuming implementation process. In contrast, both
Oustaloup-based approximations is computationally simple
regardless of the chosen frequency range. However, their

FIGURE 3. Frequency responses and approximation errors of various
approximations of the FOPI controller for kPI = 6 (up), and kPI = 8
(down).

main drawback is low accuracy for high frequencies, which
can be observed in Figs 3−4. L∞ and L2 norms of the
impulse response errors of all considered FOPI controller
approximations for t ∈ [0, 10] s are presented in Table 1.
Fig. 5 presents the impulse responses and approximation
errors for considered FOPI models for kPI = 6.

It can be seen from Table 1 that the proposed in the paper
controller implementation methodology leads to effective
time-domain approximation for kPI ≥ 6. Moreover, increas-
ing the model orders significantly reduces the approximation
errors. This high approximation effectiveness is mainly due
to the time-domain nature of the proposed methodology,
which results in the model’s high-frequency accuracy.

VOLUME 10, 2022 17423



R. Stanisławski et al.: New Reduced-Order Implementation of Discrete-Time Fractional-Order PID Controller

FIGURE 4. Frequency responses and approximation errors of various
approximations of FOPI controller for kPI = 10 (up), and kPI = 12 (down).

Moreover, note that increasing Oustaloup approximations
implementation length does not increase modeling accuracy
in the time domain. It is a result of the inadequate high-
frequency accuracy of the both Oustaloup approaches. It is
not surprising that the Tustin-CFE approximation gives the
least accurate results. It is a result of specific time-domain
properties of the model [35]. The Euler-PSE approach
generates comparable results to our FIRBT-based model,
particularly for low approximation orders, where even better
results can be obtained.

B. FOPID CONTROLLER
Consider the FOPID controller with its parameters as follows:
Kp = 0.005, Ki = 0.021235, Kd = 0.0014588,
λ = 0.8 andµ = 0.5 as in [41]. As for the FOPI case, assume
the adequacy range of the FIRBT-based FOPID controller as
ω ∈ [0.01π, 100π ] rad/s, therefore h = 0.01 s and L =
10000. The FIRBT-based FOPID controller is implemented
using the time-invariant model of Eqs. (30)−(33) and the
time-varying model of Eqs. (37)−(40). As in the case of
FOPI, the obtained models are compared to the FOPID
controllers based on the Oustaloup and modified Oustaloup
approximations as well as Tustin-CFE, and Euler-PSE
approaches. All FOPID approximations have the same orders

FIGURE 5. Impulse responses and approximation errors of various
approximations of FOPI controller for kPI = 6.

FIGURE 6. Frequency responses and approximation errors of various
approximations of FOPID controller for kPID = 11 (up), and kPID = 15
(down).

kPID = 7, 11, 15, 19 and 23. The frequency responses and
approximation errors of the considered models compared to
the actual FOPID controller are presented in Figs 6−7.
It can be seen from Figs. 6 and 7 that the general remarks

for FOPI case are the same as for the FOPID controllers. The
FIRBT-based models of the FOPID controller give overall
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TABLE 2. Norm of errors of models’ impulse responses.

FIGURE 7. Frequency responses and approximation errors of various
approximations of FOPID controller for kPID = 19 (up), and kPID = 23
(down).

better approximation performance than both Oustaloup-
based implementations for the majority of the chosen
adequacy range. Oustaloup-based FOPID approximations
may generate a lower approximation error than the FIRBT-
based models for the low-frequency range only. Again, the
Tustin-CFE-based model gives unsatisfactory accuracy, and
the Euler-PSE approximation generates comparable results
to our FIRBT-based approach, however, at the cost of a
very time-consuming reduction process. Note that the time-
varying FIRBT-based model also gives satisfactory accuracy.
However, we have to use higher controller order to obtain
equivalent accuracy to the time-invariant case. It is a cost of

FIGURE 8. Impulse responses and approximation errors of various
approximations of FOPID controller for kPID = 11.

using the BTmethod separately for fractional-order integrator
and derivative, respectively.

Again, in the analysis we have discretized the both
Oustaloup-based models with the sampling period
h = 0.01 s. L∞ and L2 norms of the impulse response
errors for all considered models of the FOPID controller for
t ∈ [0, 10] s are presented in Table 2. Fig. 8 presents the
impulse response and approximation errors for considered
FOPID models for kPID = 11.

It can be seen in Table 2 that the introduced implementation
methodology leads to a more effective approximation of
the FOPID filter than all considered methods. The only
Euler-PSE method gives comparable accuracy to FIRBT
and TV-FIRBT results. Moreover, again the Oustaloup-based
implementations can lead to the instability of the FOPID
filter.

V. IMPLEMENTATION TO THE DC MOTOR
SERVO SYSTEM
In this section, the introduced methodology has been applied
to control a DC motor for the INTECO modular servo
system [51], [56]. Various FOPID implementation and opti-
mization techniques have been considered on this platform
in [41], [57]–[59]. This experimental platform consists of
six components in terms of a 24 V DC motor, an inertia
load, a magnetic brake, an encoder, a tachogenerator, and a
gearbox. The servo system is connected to a PC through a
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FIGURE 9. INTECO modular servo system.

PCI bus card and is interfaced with the MATLAB/Simulink
environment. The system is presented in Fig. 9.

The input signal to the DC motor system is the voltage of
the controlled voltage source, and the output is the angular
velocity of the motor shaft. The system is modeled by a first-
order transfer function, which in our case is identified as

G(s) =
135.132

0.875 s+ 1
(41)

Similar models of this system have been considered in [41],
[56], [59]. To perform the comparative analysis, we use
implementations of the FOPID in terms of a) the time-
invariant FIRBT-based model, b) the time-varying FIRBT-
based model, c) discrete-time Oustaloup-based models,
d) discrete-time modified Oustaloup-based models, e) the
specific Oustaloup-based approach based on a classical PID
controller and external filter (see subsection 5.3 in [41]), f)
Tustin-CFE, and g) Euler-PSE-based models. The model (41)
is controlled by FOPID controllers with parameters presented
in Subsection IV-B. Step responses in terms of the output of
the closed-loop system and control signals are presented in
Fig. 10. Also, Fig. 10 shows errors in terms of differences of
output and control signals between actual and approximate
FOPID controllers.

It can be seen from Fig. 10 that the system output
and control signal for the FIRBT, Euler-PSE-based models
and the actual FOPID controller are hardly distinguishable
from each other. The Oustaloup-based model and the time-
varying FIRBT-based FOPID controllers also give satisfac-
tory results. Slightly worse performances are obtained by
both the Oustaloup-based controller and the specific FOPID
model introduced in [41]. Tustin-CFE-based FIRBT model
gives unsatisfactory accuracy in both transient and steady-
state cases. Table. 3 depicts the L2 norm of differences
between output step responses for t ∈ [0, 10] s of actual and
approximate FOPID controllers for various modeling orders.

Considering the results in Table 3, we can notice that the
high-frequency performance of the introduced methodology
leads to a good modeling performance in closed-loop control.
Again, we can see that in the case of the time-varying FIRBT-
based model, to obtain similar effectiveness, we have to
use higher model’s orders as compared to the time-invariant
FIRBT-based case.

FIGURE 10. Output and control signals of the closed loop system (up)
and errors (down) for various FOPID models.

It can also be seen from Table 3 that the Oustaloup-based
approaches generate significantly greater errors. Moreover,
increasing the orders kPID > 11 for the both Oustaloup-
based approaches does not increase the FOPID modeling
performance in closed-loop control. It is due to the low
approximation accuracy of the model for high frequencies,
which is crucial in the closed-loop control. Note that, in the
case of specific Oustaloup-based FOPID model considered
in [41] the approximation errors are slightly higher than
Oustaloup-based approaches.

The same experiments have been performed in real-life
hardware. Step responses in terms of the output of the closed-
loop system and control signals as well as errors in terms of
differences of output and control signals between actual and
approximate FOPID controllers are presented in Fig. 11.

It can be observed in Fig. 11 that the results are very similar
to those presented in the simulation experiments. Again, the
results for the actual FOPID controller, the FIRBT and Euler-
PSE-based models are hardly distinguishable. Once again,
Tustin-CFE-based FOPID produces the highest errors both in
transient and steady states. The only difference as compared
to the simulation experiments is the high-frequency noises
generated by the encoder.
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TABLE 3. L2 norm of differences between output step responses of actual and approximate FOPID controllers.

FIGURE 11. Output and control signals of the closed loop system (up)
and errors (down) for various FOPID models.

In conclusion, the simulations and experiments presented
above have proved that the methodology introduced in this
paper can be effectively used for implementation of FOPID
controllers. The introduced approach is computationally
simple, contrary to the Euler-PSE-based model, and can be
easily employed in the industrial environment.

VI. CONCLUSION
The paper has presented a new method of approximation
of the discrete-time fractional-order PID controller. The
approach is based on a specific representation of the FOPID
controller, where fractional properties are modeled by the
FIR-based filter, leading to the high FOPID modeling

TABLE 4. Implementation methods in the Matlab/Simulink environment.

accuracy in the high-frequency range. In order to obtain
an effective and low order model of FOPID controller,
BT model order reduction using analytical solutions of
the controllability and observability gramians is applied in
the proposed approach. The Euler-PSE approximation gives
comparable results to our FIRBT-based approach; however,
in contrast to the FIRBT method, reducing the model is time-
consuming due to the necessity of solving the Lyapunov
equations. Also, the paper proposes the modification of the
approximation methodology in terms of time-varying gains
of the FOPID controller. In both cases, we obtain a low-
order state-space model of the FOPID controller, which can
be easily implemented in real-time applications on indus-
trial computers of relatively low performance. Comparative
analysis with various approaches confirms the efficiency of
the introduced methodology to the implementation of the
discrete-time FOPID controllers, which is also confirmed
by the real-life experiment in terms of control of the DC
motor servo system. A Matlab/Simulink implementation tool
is provided as an appendix to the paper.
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APPENDIX
IMPLEMENTATION TOOL FOR MATLAB/SIMULINK
Implementation tool for FOPID controller in the Matlab/
Simulink environment can be downloaded from [60]. The list
of the methods of the tool is presented in Table 4.
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