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ABSTRACT Analytic expressions of scattered electric fields for different categories of cylindrical targets
buried in the half-space have been developed. In all the cases, investigation domains have been considered
two-dimensional and are infinitely long in the remaining dimension. The investigation domains have been
excited by the fields generated by a z-directed line source of constant amplitude, operating in the microwave
frequencies. The usefulness and validity of these scattering models have been examined by inversion of
the scattered electric field generated by the same. The inversion is based on the fact that the scattered
field is mapped by a linear operator containing the induced current density and Green’s function of the
investigation domain. On application of the incident field, the presence of a discontinuity in half-space
induces the current density. By using the information retrieved from the reconstruction of current density
by inversion and analytical expressions of the scattered electric field, information about the diameter and
the type of the scatterer have been obtained. In addition, the performance of the linear sampling method for
shape reconstruction of the scatterer in half-space is also explored.

INDEX TERMS Current density, green’s function, half-space, inversion, microwave, scattered fields,

scatterer.

I. INTRODUCTION

The penetration capability of the microwave signal through
the optically opaque areas encourages the researchers to
explore its capability of detecting targets of interest in the hid-
den area. Inversion of the scattered electric field at microwave
frequencies, measured on the limited number of spaces,
known as microwave imaging, helps to recover the param-
eters characterizing the object of interest [1]. An alternative
approach to microwave imaging is microwave detection, used
by Ground Penetrating Radars (GPR) or through-the-wall
radars to detect the existence of targets having constitutive
parameters different from the background [2]. An application
of microwave signals in detecting human beings is available
in [3]. In general, microwave inverse problems are non-
linear. However, in certain cases, the inversion can be lin-
earized [4]. Linear inversion, a qualitative method, helps to
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infer only the position and approximate geometrical shape
of the target [4]. On the other hand, the non-linear inver-
sion, also known as the quantitative method, can provide the
exact distribution of the electrical parameters of the target
of interest [5], [6]. Based on the mathematical models of
the cost function, the non-linear inversion can be catego-
rized into two classes [7]. The first one of its classes is
the Newton-iterative type [8], [9], and the remaining one is
known as the Contrast Source Inversion (CSI) [10], [11].
A study on microwave inversion using the combination of
the Newton-iterative method and CSI is also reported in [12].
The linearized inversion, being simple, is popularly used. The
most commonly used linearized inversion methods are the
Born Approximation (BA) for detecting the dielectric target
and the Kirchoff’s Approximation (KA) for reconstructing
the Perfectly Electrical Conductors (PEC). Application of
these methods in half-space geometry is reported in [4],
[13]-[16]. In some iterative methods, the contrast function
is determined and updated by using a linearized inversion in
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each iteration [17], [18]. An application of linearized CSI for
imaging a three-dimensional half-space is available in [19].
Linear Sampling Method (LSM) is also another popular qual-
itative inversion method used to determine the shape of the
unknown scatterer [20]-[23]. LSM is introduced to detect
the non-penetrable scatterers like PEC based on the far-field
scattering data [24]. However, it has been extended for detect-
ing the penetrable scatterers and also in near-field cases [21],
[22]. The scope of the LSM in the half-space investigation
scenario is also studied and reported in [25]-[27]. Due to
the inherent nature of the half-space geometry, it is quite
natural that the object buried in half-space does not get
fully illuminated by the fields from all directions. In [28],
an attempt is made to predict the electric fields in the shadow
region created by the targets in the investigation domain, and
after that, the shape of the target is retrieved considering 3-D
geometry. Depending on the occurrence of the observation
scenario and the amount of information to be recovered, one
needs to adopt different kinds of imaging configuration [29],
[30]. The effective electrical parameters and the geometrical
information of the targets are inferred in [31], [32] without
considering the iterative methods. Another method, known as
Orthogonality Sampling Method (OSM), similar to the LSM,
is also applied to determine the shape of the anomalous target
both for the far-field and near-field application [33]-[35].
Apart from this, Factorization Method (FM), Multiple Sig-
nal Classification (MUSIC), KA based shape reconstruction
strategies, and many more can also be helpful in estimating
the shape of the scatterer [36]-[39].

A. RESEARCH ISSUE

In the case of GPR imaging, the geometry is always of half-
space type. However, in the case of through-wall imaging,
the half-space becomes a three-layered medium (air-wall-air).
Based on the previous studies, the authors have observed that
due to the limitation of illumination, LSM and other shape
reconstruction methods become ineffective to reconstruct the
shape of the target buried in half-space, thereby leading to
localization only. Linearized inversion schemes based on BA
and KA are comparatively simple and provide a reasonably
acceptable result for locating the target in the half-space.
Notably, the obtained results become more accurate if the
proper linearization method (BA for dielectric reconstruction
and KA for PEC) is chosen beforehand. Although, making
the appropriate choice for detecting the unknown scatterer
is difficult. These mentioned issues motivated the authors to
explore the qualitative imaging methods and the analytical
bases of the scattering models influencing them.

B. AUTHORS’ CONTRIBUTION

Based on the prevailing issues and getting inspired by [31],
[32], the authors have emphasized the necessity of develop-
ing the forward scattering models for the specific scatter-
ing objects buried in the half-space. The capability of the
inversion methods in extracting useful information can be
improved by using the appropriate model of the scattered
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electric field. Thus, following are the contributions from the
authors that make the article novel and unique:

o development of the analytical expressions for the scat-
tered electric fields that are measured on the half-space
boundary for a single PEC, a single dielectric, and two
PEC cylindrical scatterers separately.

« study on the inversion methods in identifying the scatter-
ing objects in half-space, and also to prove the validity
of the developed analytical expressions.

« proposition of a technique for retrieving the radius and
type of the cylindrical target buried in two-dimensional
half-space using the qualitative inversion and the math-
ematical models of the scattered electric field.

Il. ANALYTICAL EXPRESSIONS FOR THE FORWARD
SCATTERING

In this section, the analytical expressions for the scattered
electric fields are derived. In all the cases, the scattered elec-
tric fields have been measured on the half-space boundary.
The primary purpose of deriving these analytical expressions
in all such cases is to extend the capability of the linear
inversion schemes to determine the exact size of the scattering
object present in the half-space. Also, the developed models
will help to avoid the dependency on the full-wave solvers.
In all the cases, the geometry has been assumed to be located
at the constant—z plane. Also, the same has been assumed
to be invariant along the z—direction. Different kinds of
targets like a single dielectric cylinder, single PEC cylinder,
and two PEC cylinders have been assumed to be buried in
the lower half-space, and they generate the scattered fields
on the application of the fields incident to the investigation
domain. In the beginning, we will start with the generic
forward scattering scenario. Figure 1 can be considered as a
generic half-space investigation domain for the forward and
the inverse scattering.

The upper half-space (y < 0) represents the air. The lower
half-space (y > 0) represents the non-magnetic soil with
generic relative permittivity €. It is worth noting that the
term “‘soil”’ throughout the article can also be interpreted as
a homogeneous non-magnetic medium with relative permit-
tivity other than air. In general, €;, can be a complex quantity,
representing a lossy one. An arbitrarily shaped target X, hav-
ing a two-dimensional cross-section with relative permittivity
€,(x,y) # €p, has been assumed to be buried in the soil. The
boundary of the target has been represented as 9 X in Figure 1.
The parameters r and r’, respectively, represent the position
vectors corresponding to (x, y) and (x’, y"). In Figure 1, the
quantities D and M, respectively, represent the investigation
domain and the measurement line. The source points (x;, 0)
and the observation points (x,, 0) are contained in M. For the
rest of the calculations, let us represent the incident electric
field, scattered electric field, incident magnetic field and the
scattered magnetic field, respectively, by Ej,c, Escars Hine, and
Hicq:. The total electric field Ey,, is the algebraic sum of the
incident and the scattered electric fields. Similarly, the total
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FIGURE 1. The generic investigation domain of half-space forward and
inverse scattering.

magnetic field, H,, can be represented as the algebraic sum
of the incident and the scattered magnetic fields. By solving
Maxwell’s equations for the total and incident fields, we get

V2Escar (1) + ki Escar (1) = jopoJeg(r); 1 € 5,1 € B.

ey

The quantity k), = w,/fLo€o€s and Joy (1) = jweole, — €5]Eror
in chronology represent the wavenumber of the background
medium and the current density induced due to the presence
of the discontinuity of the relative permittivity. Equation (1)
has a generic solution, and it is given as

Egcar(r) = —jouo / Jeg(r)G(r,rYdr'; reD. (2
D)

The quantity G(r, r’) in (2) represents the fundamental solu-
tion of Helmholtz’s equation in the homogeneous unbounded
medium, and it is given as [40]

G(r.r) = —ﬁHé”(kM —rD. 3)

Thus, using (3) the generic solution provided in (2) can be
derived for the half-space geometry. So,

/ —
Einc(r)+k3 / [@} Go1(r, ) Egi (rhdr';

reM
Etoi(r)= - e (r)—e
Eine(r) +K / [-6—} Goa(r. Vv (1)

N

reD.
“)

It is worth noting that the Green’s functions, G21(r, r’) (when
observation is made at upper half-space and the scatterer is in
the lower half-space) and G, (r, r’) (when both the observa-
tion point and scatterer are lying in the lower half-space), used
in (2) are the modified versions of (3). Modifications have
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been done to incorporate the reflection and the transmission
at the air-soil boundary. The analytical expression for such
kind of Green’s function is well-established in literature [40].

A. INCIDENT ELECTRIC FIELD IN HALF-SPACE
A point in a two-dimensional half-space effectively repre-
sents a line in the three-dimensional half-space. Therefore,
a point source in the two-dimensional half-space effectively
represents an infinite line source (z—directed with reference
to Figure 1) in a three-dimensional half-space. Referring
to [41], the electric field generated from an infinite line source
with magnitude Iy, located at (xg, yy) in the two-dimensional
homogeneous medium containing the source, can be written
as
2

E(r): = —%Hé”(klz — 1. )
Here, r; = x;a; + ysay and r = xa, + yay. The quantities
k = w,/mo€ and € represent, respectively, the wave number
and permittivity of the homogeneous medium. Now, repre-
senting (5) with its plane wave spectrum and imposing the
boundary condition of electric and magnetic fields at the half-
space boundary, we get the transmission coefficient (T™) as

1l _ 2k}’0

= effods, (6)
kyo + ky,

where ky, = ,/k? — k2 with i = {0, b}. Referring to the
geometry shown in Figure 1, y; = 0. Therefore, using (6) and
the stationary phase approximation, (5) has been modified
to develop the analytical expression for the incident electric
field in the lower half-space (r € D). So,

psoil _ —Iokg 2ky, cos b

e,z
dweo kp cos O+ k3 — ki sin? 0,

Where sin 6; is expressed as

2
HSP (kplr—r,)).

(N

(x — x5)
Vi —x 2 +37

It is important to note that a closed-form expression cannot be
obtained in those cases where the source is not located at the
half-space interface and (or) when the object is sufficiently
close to the source. They are expressed in terms of integral
representation in those cases as given in (9), and they need to
be solved numerically.

2 o0
E_soil - _ Iok() l /
’ 4weg

sin 6y =

®)

2k
kyo + ky,

e TRy IR X =X9) g )

B. SCATTERED FIELD DUE TO A SINGLE PEC CYLINDER
BURIED IN LOWER HALF-SPACE

A half-space scenario shown in Figure 2 has been consid-
ered for this case. A cylindrical PEC (which has a circular
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FIGURE 2. Representation of buried PEC in half-space.

cross-section in two-dimension) having the center at (x,, y.)
with cross-sectional radius a is buried in the soil. The region
y < Orepresents the air, and y > 0 indicates the non-magnetic
background with complex relative permittivity ;. As the
buried anomalous object is a PEC, the tangential component
of the electric field will be zero at the boundary of the PEC
(xp, yp) € 0X%. Thus, representing r, = xpdx + ypdy and
7, = X0y + Ycay as the respective position vectors of (xp, y5)
and (xc, y.), we can conclude that |, —r.| = a. Now, as there
is no electric field inside the PEC, the scattered field will
always be outgoing from the periphery of the cylinder. Thus,
the scattered field can be expressed mathematically and given
as

ES! = CHP (kylr — r.]). (10)

scat,z

Here, C in (10) has been computed by imposing the electric
field boundary condition at the periphery of the PEC. So,

—Iokg 2kp, cos 6

40€0 Jo, cos O + kG — k2 sin? 6

HP (kylry — 1)
HYP (kpa)

C =

)

Here, the parameter sin 6, in (11) can be calculated from (8)
with replacing (x, y) by (xp, y»). The induced current density
generates the scattered electric field, and the induced current
density is dependent on the strength of the field incident on
the scatterer. Due to the presence of the half-space, there
will be a reflection of the scattered field at the interface.
Therefore, the scattered field reflected from the interface will
be of reduced amplitude than the original one. Hence, at the
vicinity of the scatterer, the amplitude of the scattered electric
field is insignificant compared to the sum of the amplitude
of the incident and that of the scattered electric field. There-
fore, the scattered field reflected from the interface can be
neglected under this situation. Thus, it is essential to note
that while deriving the expression for C, the portion of the
scattered electric field backpropagated from the half-space
interface has been ignored. The scattered electric field trans-
mitted from the lower half-space to the air will be measured
by receiving antennas positioned at the half-space boundary.
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FIGURE 3. Investigation scenario for two PEC scatterers.

Hence, by imposing the field boundary conditions on the
electric and magnetic fields and with the help of the stationary
phase approximation, we can determine the scattered electric
field at the interface as

; 2kp, cos 6 2
Egy.=C < HY (kplrg—r.)).
kp cos 6, + \/m
(12)
where
Sin g, = 0 = %) (13)

Vo —x 2 + 32

From the above analysis, for each point on the boundary of the
PEC, (11) can be evaluated. Thus, at any specific observation
point, the effective scattered electric field has been calculated
by superpositioning those originating from each point on the
boundary. Due to PEC, there is a mismatch of magnetic fields
at the boundary, which induces an electric current density
at the periphery of the PEC. This induced current density
is causing the scattered electric and magnetic fields in the
investigation domain.

C. SCATTERED FIELD DUE TO A SINGLE DIELECTRIC
CYLINDER BURIED IN LOWER HALF-SPACE

The investigation domain shown in Figure 2 has also been
considered for the case of the dielectric. Here, instead of a
PEC, a dielectric cylinder with cross-sectional radius a is
buried at the lower half-space. The center of the dielectric
is located at (x., y.) and the cylinder has a relative permit-
tivity of €4, a complex quantity in general. The rest of the
assumptions on the investigation scenario remain unaltered as
described in the case of PEC. The calculation of the scattered
electric field due to the buried dielectric cylinder is not as
straightforward as it had been for the PEC. There will be
some amount of electric field inside the dielectric cylinder.
Referring to [40], [41] the electric field transmitted inside
the dielectric and that scattered outside can be represented
by (16) and (17), respectively. Therefore,

Ejf = Talo(kalr — r.]);

1,z

rex, (16)
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soil
and Excat,z

= TaH (kylr —r.)) reD;rgx. (I7)

The parameters Tq and I'q in (16) and (17), respectively,
denote the amplitudes of the respective fields. Similar to
the assumption made in the case of PEC, here also, we are
assuming that the contribution of the scattered electric field
flowing back from the air-soil interface is negligible com-
pared to the original one. Thus, imposing the field boundary
conditions at the dielectric soil boundary, we can deduce the
analytical expressions for Tq and I'q. Therefore, doing so,
we get (14) and (15), as shown at the bottom of the page. The
prime in the Hankel function and Bessel’s function denotes
their corresponding first derivative with respect to r. The
derivation of the expression for sinf; in (14) and (15) is
similar to that in the case of PEC. Thus, using (12) and (13),
we can derive the expression for the scattered electric field at
the air-soil interface. Hence,

2kp, cos 6,

d
kp cos O.+,/ kg — kg sin? 6,

As mentioned in the case of the PEC scatterer, here also
the effective scattered field is the superposition of the fields
contributed by each point on 9 X of the dielectric.

Eatr,dtel -T

scat,z

2
HYP (kplro—r.D).

(18)

D. SCATTERED FIELD DUE TO TWO PEC CYLINDERS
BURIED IN LOWER HALF-SPACE
So far in the previous subsections, we have derived the math-
ematical equations for the scattered electric fields measured
in the half-space boundary when a single scattering object
is buried in the lower half-space. In this subsection, we will
derive the expressions for the scattered electric fields both at
the air-soil interface as well as in the lower half-space when
two PEC cylinders are buried. Let us refer to the investiga-
tion scenario represented by Figure 3. Two PEC cylinders
(X1 and %) with different cross-sectional radii are positioned
arbitrarily at (x¢,, y¢;) and (xc,, Y¢,). The quantities 7., and
re, denote the position vectors corresponding to the center
of the PEC cylinders. Extending the similar concepts used for
the case of a single cylindrical object here, we can calculate
the effective scattered electric fields contributed by these two
cylinders independently. Thus, extending (10) for the case of
two cylinders, we get

Exit . =CiH (olr—ro D+ CoHP (Kslr—ro ). (19)

scat,z

By following the standard procedure of matching the fields
at the boundaries of the soil and the respective PECs, we can
deduce the mathematical expressions for the quantities Cy
and C,. Let us represent the generic points (xp,, yp,) € 0%
and (xp,,yp,) € 0% as the points on the peripheries of
the respective PEC targets. Also, the position vectors of the
respective boundary points are represented as r;, and ry, .
Now, similar to the situation assumed for the single PEC
or dielectric case, here also,we have chosen the boundary
points in such a way that it satisfies |r, — r. | = a and
Irp, — re,| = b. It is important to note that while imposing
the boundary conditions at the boundary of the first cylinder,
we are considering the effect of the scattered field due to the
second one and vice-versa. In this way, the mutual interac-
tion of the fields is accounted into the model [refer to (25)
and (26)]. Hence, solving the respective equations generated
from matching the electric fields at the boundaries we get,

R —R

Cy = 201 1Q2’ 20)
P1Q> — P20y
RPy — R P

C2 — ﬁ’ (21)
P01 — P1Q>

where the quantities in (20) and (21) are given in (22)-(27).

R - —Iok] 2k cos O,

4weo +/ kg — k}% sin? Op, + kp cos O,

x HY (kplry, — 1) (22)
Ry — —Iokg 2k, cos 6,

dweo \/ kg — k7 sin 6, 4 kp cos 6,

x H (kylry, — r,]). (23)
Py = HY (kpa). 24)
Py = HP (kplry, — 1, D). (25)
01 = HY (kylry, — 1., ). (26)
0> = H?(kyb). 27)

The expressions corresponding to sinf),, and sinf, have
been derived with the help of (8) by replacing (x, y) with
(Xp,> yp,) and (xp,, yp,), respectively. Finally, with the help
of stationary phase approximation, the scattered electric field
measured at the air-soil interface can be expressed as

pair _ 2kp cos b,

scat ,z 2 7 . 2
\ kg — ki sin” 0c; + kp cos O,

2
HY (kylry — 1., 1)

T, = 1ok 2ky cos B Vg o1y — rDHY o) = Hiolry = rDV@HG ko) |
400 12 _ k2 sin? 0, + ky cos 6 JaH (kpa)Jo(kaa) — Jea (ke H (kpa)
oo hokg 2k 03 6 VeHG kol — 1, Votkaa) = JEaHg (ks |ry — r ) (kaa) as)
d =

dweo Jki — ki sin” @), + ky, cos 0,
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2kp cos 6,

\/ kg — kz% sin? Oc, + ki, cos O,

x Co2HY (kplr, — 1, ))- (28)

x Cy1 +

The values of sin6., and sinf., in (28) can be obtained
from (13) by replacing (x., y.) with (x¢,, y¢;) and (x¢,, ye,),
respectively. To get a more general idea to solve scat-
tered electric fields for multiple scattering objects in a
homogeneous unbounded medium, interested readers may
follow [42].

Ill. ESTIMATION OF SIZE OF THE SCATTERER THROUGH
INVERSION

In this section, we will propose an algorithm to estimate the
size and type (either a dielectric or a PEC) of the scatterers
present in the half-space. The algorithm needs the location of
the scattering object as one of the inputs. This information
about the location of the scattering object has been obtained
through a qualitative inversion. Therefore, different linear
imaging methods have been discussed first, followed by the
proposition of the algorithm for estimating the size and type
of the unknown scatterer present in half-space.

A. QUALITATIVE INVERSION MODELS

Now referring to (4), let us represent the first quantity 6’6_;”
in the integral as x . Hence, using the assumption that the total
field is the sum of incident and the scattered one, (4) can be
written as

Escar (K)

e / X ()G 1)
D

x| Encl)) + K2 / Gon(r' DX WEe ()2 | dr'.

D
(29)

1) GENERALIZED LINEARIZATION WITH BORN
APPROXIMATION

Equation (29) being non-linear, needs to solve iteratively.
However, it can be simplified by neglecting the integral with
respect to the running variable 1, leading to the very popular
procedure BA [13]-[16]. Therefore, under the BA

F(o) = kl?/X(K/)GZI(K/»LO)Einc(K/)dK/
D
= Escar(r,)- 30)

Here, the operator F is square integrable, mapping the inves-
tigation domain to the measurement one, i.e F : L*(D) —
L?(M). Therefore, looking into (30), we can see that, in order
to carry out the inversion, one needs to know the expression
for Green’s function of the investigation domain along with
that of the incident electric field. Several kinds of researches
have been carried earlier to explore the scope of BA and
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the factors influencing its performance. Hence, they are not
discussed in detail.

2) INVERSION BASED ON CURRENT DENSITY
RECONSTRUCTION (CDR)

With reference to (2), we have seen that the scattered electric
field due to an anomalous target is a function of the induced
current density and Green’s function of the medium. Thus,
with the proper model of Green’s function of a particular
geometry only, fields radiated by an arbitrary current source
can be computed. Hence, the right-hand side (RHS) of (2) can
be defined as an operator that converts the induced current
density into the radiated fields without loss of generality. So,
instead of reconstructing the contrast, reconstruction of the
current density can provide the position of the scatterer. Thus,
for the half-space geometry,

FifJ(n)} = /J(L)Gzl(ﬁo,ﬁ)dz = Escar(r,),  31)

D

where r, € M. As the integral is square integrable
for bounded values of J, the operator can be written as
Fi : L3 (D) — L%*(M). This procedure is similar to the
concept used in BA based linearization; however, it is dif-
ferent from the BA. Comparing (31) with (30), it can be
concluded that based on the mathematical complexity and
computational complexity, reconstruction of the current den-
sity instead of the contrast function is advantageous as it
avoids the dependency on the electric field in the investigation
domain. Although a brief discussion regarding the CDR is
available in [1], the applicability of this method is merely
reported in recent studies. One of the probable reasons is that
both the classical BA and CDR result in similar images of the
unknown scatterer.

Referring to [40], the analytical expression for Gy (r, )
is

kp cos 0
Gai(rg. 1) = - HY (kylr,—1')):
\ /kg —klf sin® 6,+kp cos b,
r, e M; r'eD. (32)

So, by inversion of the integral in (31), the current density
causing the scattered electric field can be reconstructed.

3) LINEAR SAMPLING METHOD

As mentioned earlier, the LSM is one of the qualitative
methods used to determine the geometrical boundary of the
scatterer. According to the LSM, the support of the unknown
scatterer is estimated by a far-field operator given in (33)
when the uniform plane wave of unity amplitude from the dif-
ferent directions illuminate the investigation domain. Thus,

2
FL{E(r,)) = f EZ (. 9)c(r,. ¢)dp = GX(r,).  (33)
0

Here, EJ5, (7, ¢) in (33) represents the scattered far-field
measured in the measurement domain in the radial direction
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pointed by unit vector 7 when a plane wave from the direction
¢ is incident on the investigation domain. Similarly, Goo(gp)
represents the far-field radiated by the point source located at
r,,. The quantity ¢(r,, ¢) is termed as the support indicator
whose Lp—norm (|| (r,,, #)|?) becomes unbounded if r,
does not lie within the unknown scatterer. However, in the
case of the half-space geometry, the classical LSM needs
alteration. Hence, the modified operator can be written as

(concerning Figure 1) [27]

FHL{g(Kp» X)) = / Escar(xo, xs)g(fpv Xg)dxg
M
= Ga(r,). (34)

Therefore, by solving the L —norm for each r,, € D, we may
get the shape and position of the scatterer.

B. REGULARIZED INVERSION

One can determine the unknowns in the operators F and
F;, given in (30) and (31), respectively, by Method of
Moment (MoM), achieved through discretizing the investi-
gation domain [43]. It had been shown in previous literature
that these operators are not directly invertible and require a
regularized solution. Truncated Singular Value Decomposi-
tion (TSVD) based regularized inversion is one of its kind
that is commonly used by many researchers. Although there
are many research pieces, readers can refer [15], [16] for an
idea. Detail discussion regarding the same has been kept out
of the scope of the present discussion.

C. EXTENSION OF QUALITATIVE IMAGING TO ESTIMATE
THE SIZE AND TYPE OF THE SCATTERER

Once the information about the location of the target is
retrieved from the map of the current density or the distri-
bution of the contrast function in the investigation domain,
the following procedure can be adopted for inferring the
approximate diameter and type of the target:

1) From the inversion results, determine the number of
targets and respective coordinate values of the center
of the targets.

2) Choose a set of values for the approximate radius (an
idea of selecting the range of radius can be obtained
from the approximate spread of the current densities).

3) For a single target, for the chosen set of radii values
and making a fair guess on the relative permittivity of
the target, respective analytical formulations given in
Section-1I can be used.

4) For more than two targets, the process becomes further
complicated as the field is influenced by the coordinate
values of the respective targets and their radii.

5) By choosing the appropriate formulation, the best
match between the predicted scattered field and that of
the measured scattered field can be achieved for a spe-
cific value of radius. The minimum value of the Mean
Square Error (MSE) can be considered as a metric for
determining the best fit.
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The proposed procedure is similar to that used in solving
the non-linear inversion problems. However, the proposed
one is computationally simpler than the non-linear inversion
ones as it can take advantage of the developed closed-form
expressions of the scattered electric field instead of solving
the complex forward scattering problems. Estimation of the
actual complexity of the proposed algorithm has been kept
out of the scope of the present study.

IV. NUMERICAL EXPERIMENTS

In this section, we will show the results of the qualitative
inversion, followed by the performance of the proposed algo-
rithm. In our study, instead of using the numerical solution,
we have used the analytical expressions to generate the scat-
tered electric field. Therefore, the results of the inversion
using these scattered field data also help to prove the validity
of the developed scattered field data. As an explanation, if the
inversion of electric field data, predicted by the analytical
model of a single PEC scatterer, results in a single object then,
we can claim the model as a valid one. The same concept can
be extended for the other cases too. It is important to note that
all the results shown in the subsequent stages are generated
with a high signal to noise ratio situation (> 30 dB).

A. IMPLEMENTATION OF LINEAR INVERSION METHODS
It is important to note that as the constitutive parameter of
the buried target is unknown, BA based linearized inversion
scheme is considered. It is also essential to be remembered
that the LSM is applied at 0.5 GHz throughout the cases.

1) RECONSTRUCTION OF SINGLE PEC CYLINDER
For reconstructing a PEC cylinder, the investigation domain
shown in Figure 2 has been considered. The investigation
domain has a size of 1 m x 1 m, and it is filled with a
lossless material with relative permittivity of 2.0. A PEC scat-
terer with a cross-sectional diameter of 14 cm is coordinated
arbitrarily at different positions in the lower-half space of
the investigation domain. An array of 60 transceiving anten-
nas has been placed along the boundary of the half-space.
As literature reveals that the BA based inversion works well
when the multi-monostatic multi-frequency configuration is
considered; therefore, here also the same is used [14]-[16].
For BA, the operating frequency range has been selected as
0.4 GHz to 0.6 GHz with ten uniform frequency steps.
However, for the CDR and LSM, the multi-static single
frequency configuration has been considered. In this con-
figuration, at a particular instant, one antenna (at a specific
position) among the arranged antennas acts as a source, and
the remaining act as receivers. We have seen during the
development of the forward scattering model that the position
of the source influences the scattered electric field; therefore,
in another way, we can claim that the position of the source
also affects the current density induced at the location of the
scatterer. Hence, at each of the positions of the source, the
received fields are inverted. In the end, the individual inver-
sion results are averaged to get the final one. The results are
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FIGURE 4. Reconstruction of PEC target: (a) with BA (target located at
(0, 0.35)), (b) with CDR at 0.5 GHz (target located at (0, 0.35)), (c) with BA
(target located at (0.35, 0.55)), (d) with CDR at 1.2 GHz (target located at
(0.35, 0.55)), (e )with BA (target located at (—0.35, 0.35)), (f) with CDR at
0.5 GHz (target located at (—0.35, 0.35)), (g) with LSM (target located at
(0, 0.35)), (h) with CDR at 1.2 GHz (target located at (—0.35, 0.35)),
(i) with LSM (target located at (—0.35, 0.35)) and (j) with LSM (target
located at (0.35, 0.55)).

shown in Figure 4. Comparing Figure 4(a) with Figure 4(b),
Figure 4(c) with Figure 4(d), and Figure 4(e) with Figure 4(f),
it can be concluded that the images constructed with BA
place the PEC target into a deeper level as compared to their
actual location. On the contrary, the images created with CDR
based inversion place the scatterers to their corresponding
actual locations accurately. Hence, the CDR based inversion
is proven more suitable in the case of imaging a single PEC
target. It is also worth observing that the modified LSM in the
half-space could not provide shape of scatterer. Similar result
was also found in [25], [27]. The frequency dependency of
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the CDR based inversion method has been studied for this
case. Comparing Figure 4(f) and Figure 4(h), we can observe
that as the frequency of operation increases, the spread of
the current density in the vicinity of the scattering object
gets reduced, providing a better reconstruction. It can also
be pointed that distortion in retrieving location information
provided by BA and LSM is noticed.

It was already said earlier that the conventional BA is the
most popular one, and many researchers had applied it in
half-space. A detailed study on the effect of the measure-
ment configurations on BA is available in [44]. The study
shown in [44] had considered a weak scattering object only.
An analysis of the performance of BA based reconstruction
while both the strong and weak scatterers are embedded in
half-space was reported in [4]. The applicability of linear
inversion on the experimental data is available in [2], [45].
Hence, from the previous experiments, it can be seen that the
conventional BA can only localize the targets, and the results
shown in Figure 4(a) - Figure 4(f) corroborate the earlier
findings for multi-monostatic multi-frequency case.

2) RECONSTRUCTION OF SINGLE DIELECTRIC CYLINDER

An investigation domain that was considered in reconstruct-
ing the PEC cylinder has been used for reconstructing the
dielectric. The dimension of the investigation domain, consti-
tutive parameter of the background medium, and the arrange-
ment of antennas remain unaltered as it was in the case of
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PEC. In this case, instead of a PEC cylinder, a lossy dielectric
cylinder (¢4 = 8.0 — j0.02) of a cross-sectional diameter
of 14 cm is assumed to be located at the lower half-space.
Figure 5 shows the reconstruction results obtained through
the previously mentioned inversion methods. Similar to the
earlier case, for BA, the frequency range of 0.4 GHz to
0.6 GHz is used with ten uniform steps.

In the case of reconstruction of single PEC material,
we have examined the frequency dependency of the CDR
based inversion method. Here, in this case, also, similar
behavior has been noticed. Therefore, the results for the same
are not shown. From Figure 5, it can be concluded that all
the methods can unambiguously identify the position of the
dielectric target. However, in the LSM based reconstruction,
the approximate size of the target increases mainly due to
the half-space, causing the limitation in the illumination.
An important observation can be pointed here that, in the case
of reconstruction of the buried single dielectric, the BA based
inversion works better compared to the case of the single
PEC as the inversion model suits better for a dielectric. As
observed in the case of reconstructing a PEC, in this case also,
results are comparable to those shown in [2], [4], [44].

3) RECONSTRUCTION OF TWO PEC CYLINDERS

The generic half-space investigation geometry shown in
Figure 3 has also been considered in the case of reconstruc-
tion. The size of the investigation domain is 1 m x 1 m, and
it is filled with a lossless dielectric of relative permittivity
2.0. Two PEC cylinders with the same diameters of 0.14 m
are coordinated arbitrarily. The multi-static single frequency
configuration has been used in the inversion. The inversion
results are shown in Figure 6. As there is more than one target
in the investigation domain, there will be mutual scattered
electric fields in between the targets. Thus, to verify this
effect, the targets have been placed closely in one case, and in
another case, they are kept away from each other. As done in
earlier cases, a frequency range of 0.4 GHz to 0.6 GHz with
ten equispaced steps has been used for BA based reconstruc-
tion. Referring to Figure 6(a), we can observe that a ghost
target has appeared in between the actual PEC targets when
BA based reconstruction is applied. A similar phenomenon
was reported in [4] when the scatterers are positioned close
to each other. Referring to Figure 6(b), we can see that the
appearance of the ghost targets is insignificant when the CDR
based reconstruction is applied at 0.5 GHz. However, the
effect becomes prominent when the frequency of operation
is increased to 1.2 GHz (Figure 6(e)). The probable reason
behind this is the effect of the scattered mutual field in
between the targets, although finding the actual reasons needs
further investigation. It is essential to observe that when the
inter target distance is kept sufficiently large, the ghost targets
in the reconstructed image disappear (refer to Figure 6(c),
Figure 6(d), and Figure 6(f)). Although the performance of
the LSM is poor in the case of a half-space geometry, the
problem of ghost targets is not there in the case of LSM based
reconstruction even when inter target distance is small.
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FIGURE 6. Reconstruction of two PEC targets: (a) with BA (target located
at (—0.2, 0.4) and (0.2, 0.4) ), (b) with CDR at 0.5 GHz (target located at
(—0.15, 0.35) and (0.15, 0.35)), (c) with BA (target located at (—0.4, 0.35)
and (0.4, 0.35)), (d) with CDR at 0.5 GHz (target located at

(—0.2, 0.35) and (0.3, 0.35)), (e) with CDR at 1.2 GHz (target located at
(—0.15, 0.35) and (0.15, 0.35)), (f) with CDR 1.2 GHz (target located at
(—0.2, 0.35) and (0.3, 0.35)), (g) with LSM (target located at (—0.15, 0.35)
and (0.15, 0.35)), and (h) with LSM (target located at (—0.4, 0.35) and
(0.4, 0.35)). The boxes and circles indicate the existence of targets and
ghosts only, do not carry any information on shape and size.

B. RETRIEVAL OF SIZE OF THE BURIED OBJECTS

In this subsection, the performance of the proposed method
in determining the size and type of the buried targets
is discussed. In the earlier subsection we have proved
the correctness of the developed analytical expression by
localizing the targets through inversion. Also, referring to
Figure 4 - Figure 6, we can conclude that CDR, being simple,
is well-suited for all cases. All the inversion methods dis-
cussed here lead to localization only. Therefore, considering
the superiority, information obtained from CDR is fed to
the proposed algorithm. It can be noted that throughout the
analysis, the operating frequency of the source is chosen as
0.5 GHz. The multi-static measurement configuration with
the source located at (0, 0) has been considered while deter-
mining the best fit of the scattered electric fields.
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1) CASE-A: SINGLE PEC

In this case, we will consider two examples where the target
is located in two different positions to verify the performance
of the size retrieval method on the variability of depth. Let us
refer to the results shown in Figure 4(b) and Figure 4(d). The
reason behind choosing these two cases is that one of them is a
shallow target, and another is a deeply-buried one. Referring
to Figure 4(b), by manual inspection, the coordinate of the
buried object is determined as (0.007, 0.347) m. Similarly,
following the same process, the coordinate of the center of
the target shown in Figure 4(d) is obtained as (0.340, 0.522)
m. Now using (12), the scattered electric fields have been
computed for different radii of the cylindrical object cen-
tered at the respective coordinates. The results are shown in
Figure 7. Figure 7(a) and Figure 7(b) show the variation of the
MSE with different values of the radii chosen for the target
centered at (0, 0.35) m and (0.35, 0.55) m, respectively. From
the figures, the lowest value of MSE for the individual cases
has been found, and the radii values are respectively 0.079 m
and 0.071 m for the shallow and deep targets. A comparison
of the actual and predicted fields for both the shallow and
deep targets with the retrieved radius values is shown in
Figure 7(e) and Figure 7(f), respectively. The peripheries
of the reconstructed targets are shown in Figure 7(c) and
Figure 7(d). Using the analytical expression, the set of val-
ues (x, y), constituting the radius of the cylindrical targets,
is filled with a constant value to represent the periphery.
Therefore, the colorbars shown in Figure 7(c) and Figure 7(d)
do not carry any useful information.

2) CASE-B: SINGLE DIELECTRIC TARGET

We have already seen the performance of the size retrieval on
the depth of the buried target. From the results (referring to
Figure 7), it is found that it works well for a shallow target
as well as for the target buried deep. Thus, in the case of
dielectric, we considered a single example. Let us refer to
Figure 5(d) and determine the center of the target by manual
inspection. From Figure 5(d), the value of the center of the
target has been found as (0.008, 0.525) m. The variation in
the MSE as a function of the radius of the cylinder is shown in
Figure 8(a). It can be noted that for the validation purpose and
also for simplicity, we have assumed the relative permittivity
of the dielectric cylinder used in (18) is known beforehand.
However, for the unknown targets, a similar procedure can
be followed by updating the value of the relative permittivity
of the dielectric target. From Figure 8(a), it can be observed
that the minimum error occurs for the radius value 0.061 m;
thus, it has been considered as the size of the cylindrical
object. Figure 8(c) shows a comparison between the actual
field and predicted field using the radius value as 0.061 m.
Figure 8(e) shows the periphery of the reconstructed object
for the dielectric cylinder.

3) CASE-C: TWO PEC CYLINDERS
In the previous subsection while studying the performance of
the inversion schemes, we have found that some additional
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FIGURE 7. (a) Variation of MSE with radius for the target centered at

(0, 0.35), (b) Variation of MSE with radius for the target centered at

(0.35, 0.55), (c) Retrieved diameter of the shallow target, (d) Retrieved
diameter of the deep target, (e) Actual and predicted field for the shallow
target and (f) Actual and predicted field for the deep target.

targets appear as ghosts for targets placed nearby to each
other. Thus, we have chosen the case of the closely spaced tar-
gets to infer the size information and check the performance.
Here, in this case, let us refer to Figure 6(b) and determine
the coordinates of the center of the cylindrical objects. From
the same, they have been noted as (—0.152,0.347) m and
(0.152, 0.347) m. The appearance of more than one cylinder
in the reconstructed image of the current density makes it eas-
ier to choose the analytical expression. However, the presence
of two objects with different radii further complicates the
process of field matching. For simplicity, we have assumed
that the targets have the same size, thereby reducing the com-
plexity considerably. The variation of the MSE as a function
of the radius for two PECs is shown in Figure 8(b). Compared
to the other cases (Figure 7(a), Figure 7(b) and Figure 8(a)),
it can be observed that the amount of error, in this case, is a bit
higher. However, the error attains the minimum for the radius
with a value of 0.08 m. It is important to note that the same
procedure is also followed for other ghost objects in combi-
nation. However, those turned up into cases with very high
MSE, are not shown here. A comparison between the actual
and predicted field, and the retrieved periphery are shown in
Figure 8(d) and Figure 8(f), respectively. An important obser-
vation has been made from this result that although a few
ghost objects appeared in the reconstructed current density,
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however, by an accurate analytical model, those objects have
been suppressed successfully. As mentioned in the case of a
single PEC, the colorbars in Figure 8(e) and Figure 8(f) do
not carry any significant information.

V. CONCLUSION

Based on the study we have carried so far, the following con-
clusive remarks can be drawn. Development of the analytic
expression for the scattered electric field for the specific cases
will be helpful to study the behavior of the scattered electric
fields for different parameters influencing it. Also, in the case
of inversion, the CDR based inversion method has proven
to be most suitable in retrieving the qualitative information.
The CDR based inversion is also more straightforward and
effective as it avoids the direct utilization of the total elec-
tric field inside the investigation domain by incorporating it
within the current density. Another significant utility of the
CDR method is that it overcomes the effect of model-specific
inversion and is found to be effective in reconstructing the
dielectric and PEC. However, the BA based model is superior
in reconstructing only the dielectric, and it introduces distor-
tion while reconstructing the PEC. In addition, the developed
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electric field forward scattering models become effective in
retrieving the size of the objects with great accuracy.
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