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ABSTRACT Transmission line parameters are usually calculated based on technical and environmental
approximations, e.g. line height, cable conductivity, etc. These characteristics vary depending on the
environment and technical issues, meaning that the transmission line should be considered as a dynamic
system with time-varying parameters. Estimation methods are a useful way to determine line parameters
taken into account such characteristics. Most methods estimate these parameters at 50 ∼ 60 Hz, useful for
steady state analysis. However, for transient state or harmonic distortion analyses, a frequency range should
be estimated, which varies according to the phenomenon to be investigated. In this matter, considering the
gap existent of studies to estimate frequency-dependent parameters, we propose an efficacious and simplified
method based on the two-port line representation and the well-known least squares method to estimate these
parameters of a transmission line with 400 km length, considering a minimum number of synchronized
measurements from 1 Hz up to 250 Hz.

INDEX TERMS Frequency-dependent parameters, parameter estimation, synchronized measurements,
transmission lines.

NOMENCLATURE
Zextii self external impedance.
Zextik mutual external impedance.
1Zii self earth-return impedance (Carson term).
1Zik mutual earth-return impedance (Carson

term).
Zskin impedance due to skin effect (internal

impedance).
ri radium of the wires (or the geometric mean

radius - GMR).
hi height between the wires and the ground.
µ0 magnetic permeability.
dik distance between conductor i and k .

The associate editor coordinating the review of this manuscript and
approving it for publication was Youngjin Kim.

Dik ′ distance between conductor i and the
image k ′.

σg soil conductivity.
hk height of the wire k from the ground.
Vs voltage at the sending end.
Vr voltage at the receiving end.
Is current at the sending end.
Ir current at the receiving end.
A,B,C,D two-port network terms.
l line length.
γ propagation function of the line.
Z impedance of the line.
Y admittance of the line.
Z (s) frequency-dependent impedance.
s complex frequency.
Atf numerator of the transfer function.
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Btf denominator of the transfer function.
an n coefficient of Atf .
bm m coefficient of Btf .
R(ω) resistance of the line dependent of fre-

quency ω.
L(ω) inductance of the line dependent of fre-

quency ω.
z complex vector of sizeM (M ≥ n+ m+ 1).
Hz Jacobian Matrix of sizeM × n+ m+ 1.
x complex vector with the state variables.
J (x̂) performance index.
x̂ vector that minimizes the performance index.
Q matrix with the same dimensions of Hz.
R upper triangular matrix representing the

reduced version of the factorization.
W weight matrix related to measurements.
K estimator gain matrix.
P estimation error covariance.
R variance of the noise corrupting the signal.
Zeq equivalent impedance of a long line.
Yeq equivalent admittance of a long line.
Zc characteristic impedance of a line.
Yc characteristic admittance of a line.

I. INTRODUCTION
The previous knowledge of the series impedance and shunt
admittance of transmission lines is required for the reliable
operation of an entire power system, specially considering the
increasing context of smart grid networks [1], [2]. The correct
parameterization of relays, fault detection/location, propaga-
tion characteristics, surge protection are directly dependent
on the accuracy in which the line parameters are determined.

The frequency-dependent parameters of transmission lines
are usually calculated based on the physical and structural
characteristics of the line (line height, geometry of the towers,
bundle, cables, and soil characteristics) while considering
the earth-return current and the skin effect in the wires.
The classical analytic method for parameters calculation is
based on the Bessel and Carson formulation, which leads to
certain inaccuracies because of improper approach on the soil
conductivity and geometrical structure of the lines [3], [4].
In general, soil resistivity varies from 10 up to 10.000 �m;
depending on moisture, composition, and temperature. How-
ever, it is well known that such characteristics are affected
by the different environmental conditions and also along the
terrain in which the line cross through [5], [6]. Furthermore,
the transmission line is subject to several technical issues,
such as: unbalanced bundles, different aging through the line
sections, degradation of tower insulators, and various others.
In this sense, it is possible to state that the line may be con-
sidered as a dynamic system with time-varying parameters.

Introduced in the 70’s and developed since then [7]–[9], the
transmission line parameters estimation (TLPE) represents an
accurate procedure to determine these electrical parameters
by using synchronized current and voltage measurements at

both terminals of the line. With the advent of modern moni-
toring and measurement technologies, and state of the art in
estimation methods, several TLPE methods have been pro-
posed since 2000’s, with several contributions to the develop-
ment of new state estimation methods and transmission line
models [10]–[15].

Some TLPE methods have taken place in the last decade in
which dynamical equations are used to model measurements
of transmission lines. In some cases, the parameter estimation
is carried out in the time domain by employing synchronized
current and voltage measurements during transient state at
both sending and receiving terminals [16], [17]. Despite
these methods show a good performance, the parameters
estimation is only possible after transient occurrences (fault,
abrupt load varying, lightning etc). On the other hand, there
are also estimation methods that are developed in the fre-
quency domain by using phasor measurements at both ends
of the line [18]–[21]. Some phasorial methods propose the
estimators by using equations based on the well-known π
line model and the Gauss-Newton method for non-linear
equations [12], [22]. These methods can be applied from
steady state measurements, representing a notable advantage
compared to those methods restricted only to transient state,
in which the parameters estimation can be only possible after
a transient or fault occurrences [15].

A summary of papers and studies that dealt with TLPE in
the last two decades is presented in Table 1.
Although various transient- and steady-state TLPE meth-

ods show to be accurate in specific operation and technical
conditions, none of them take into consideration the fre-
quency dependency of the estimated series parameters, i.e.
longitudinal resistance and inductance, as seen in Table 1.
The majority of papers that discuss frequency-dependent
parameters focuses only on the model itself or in the anal-
ysis of systems in such conditions and not the TLPE.
Indeed, this proposal represents a very complex task, since
most of time-domain line models are developed by using
fitting techniques, and TLPE methods have been devel-
oped for specific analyses at fundamental frequency of
50 or 60 Hz [35]–[37].

The importance of taking the frequency-dependent nature
of these parameters in consideration has been treated in the
literature for a long time, as in some transient cases, the treat-
ment of the parameters as constant can produce a magnifica-
tion of the high harmonics of the signals and, consequently,
generate distortions in the shapes and magnitudes of waves.
Also, parameters of transmission lines with ground return,
as well as the inner impedance of a conductor are highly
dependent of the frequency range [38].

In this context, this paper proposed an original and simpli-
fied method to calculate and estimate frequency dependent
series parameters of a transmission line TL with 400 km
length. Focusing on the TLPE of these frequency depen-
dent parameters is the major novelty of the presented study,
as literature review shown that such approach is nonexis-
tent. The approach considers that current, power and voltage
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TABLE 1. Summary of TLPE publications and papers from the last 20 years.

measurements are available at both ends of an overhead TL
for a given frequency range (1∼250 Hz). Such measure-
ments can be obtained through synchronized measurements
via PSCAD simulations. In real cases, these values can be
obtained through fault records by digital relays and subse-
quent frequency decomposition [39].

Since the frequency values are known, parameters are
calculated by using the two-port equivalent line model
in these fixed frequencies points. Finally, the coefficients
that represent the transfer function (TF) of the parame-
ters that are frequency-dependent are determined, initially,
via five least-square (LS) methods, to represent the curves
of frequency-dependent resistance and inductance into the
established frequency range. In order to find the LS method
that produces the best estimation and verify the influence
of different values of voltage and loading in the proposed
approach, the transmission line is modeled in the PSCAD
under separate simulations considering different loading and
voltage conditions. All the reference values were obtained
from the transmission line and cable constants (TLCC) algo-
rithm using the Deri-Semlyen model to calculate the ground
impedance in PSCAD. The Deri-Semlyen method is the way
that PSCADTLCC algorithm approximates Carson’s Integral
in overhead transmission lines, which is responsible to deter-
mine the ground impedance. More of Deri-Semlyen can be
found in [40]. The synchronized measurements are simulated
and obtained from 38 frequency points, which are logarith-
mically distributed from 1 Hz up to 250 Hz (frequency range
in which occurs most of switching and maneuver transients
in power systems) [35]. The proposed method provides an
efficient application for transient studies and harmonic dis-
tortion analysis up to the frequency where the parameters are
estimated, helping to improve parameterization of protection
and simulation of transmission systems when dealing with
such phenomenons.

The main goals of the paper can be summarized as follows:

• Proposal of a simplified and efficient method for esti-
mation of the frequency-dependent transmission line
parameters;

• The use of a reduced number of measurements to esti-
mate the frequency-dependent parameters of a TL with
400 km length;

• Estimation of a frequency range which represents most
of switching and maneuvers electromagnetic transients
phenomena in power transmission systems (1∼250 Hz).

The paper is structured as follows: Section II presents an
overview on overhead TL parameters and models, Section III
introduces the proposed method, Section IV presents the
simulations, results and discussions. Finally, conclusions and
further researches are presented in Section V. An Appendix
describes the derivation of the main equations of the method.

II. OVERHEAD TRANSMISSION LINE PARAMETERS
There are several overhead TL models available in the tech-
nical literature. A well-established one is the π line model,
which is composed of shunt admittance and series impedance
parameters. Thus, a long transmission line can be modeled by
a cascade of π equivalent circuits or as a hyperbolic approx-
imation, i.e. the distributed nature of the line parameters are
represented by lumped elements. The detailed description of
such models, helps to understand how the frequency directly
influence these parameters. Figure 1 shows a π equivalent
circuit representing an overhead TL [12].

Although steady state representations are more common
in TL modeling, some specific cases, such as transient and
harmonic studies [17], should take into consideration the
frequency effect on the line parameters. These are calculated
based on the physical and geometrical characteristics of the
conductor, being influenced by the environment (e.g. soil
characteristics and temperature).
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Several works in the literature consider that the shunt
parameters (conductance and capacitance) are not frequency-
dependent. Nevertheless, the parameters of the impedance
(resistance and inductance) are frequency dependent due to
the earth-return current and skin effect [17], [41].

The self and mutual impedance of two conductors i and k
can be calculated as a function of the frequency by using the
conventional Bessel formulation and Carson’s terms. In this
methodology, several approaches are considered, e.g. con-
stant soil resistance, line height, air permittivity, and bun-
dle characteristics. These approaches are far to be accurate
and lead to errors in the overhead TL parameters determi-
nation [15], [39]. The self and mutual impedances can be
calculated through equations 1 and 2, respectively [42].

Zii(ω) = Zextii (ω)+ Zskin(ω)+1Zii(ω) (1)

Zik (ω) = Zextik (ω)+1Zik (ω) (2)

The parameters due to the skin effect are more expressive
at low frequencies, while the soil effect is more preeminent
at medium to high frequencies.

The self and mutual external impedances, which are rep-
resented by inductive reactances, considering the image
method, can be obtained from equations 3 and 4 [42].

Zextii = jω
µ0

2π
ln

2hi
ri

(3)

Zextik = jω
µ0

2π
ln
Dik ′

dik
(4)

The external impedance values are given by a frequency
dependent inductive reactance with a constant inductance,
which is calculated as a function of the geometry, distances
and physical characteristics of the medium.

The self and mutual earth-return impedance parameters
are given by using Carson’s formulation. It considers the
calculation of the axial electric field in the ground and fur-
ther obtainment of the magnetic field from Maxwell’s curl
equation. Considering some approximations, improper inte-
grals are able to determine the self and mutual earth-return
impedance as presented in equations 5 and 6.

1Zii(ω) =
jωµ0

π

∫
∞

0

e−2hiu√
u2 + jωµ0σg + u

du (5)

1Zik (ω) =
jωµ0

π

∫
∞

0

e−2(hi+hk )u cos diku√
u2 + jωµ0σg + u

du (6)

To solve these integrals, the expansion by infinite series
term is employed [3].

The parameter Zskin, which results from the electromag-
netic field inside the conductors, it is normally neglected in
transmission line parameters studies dealing with voltages
above 138 kV [4].

III. LINE MODELING AND FREQUENCY DEPENDENT TLPE
First, a transmission line with 400 km length is modeled for
validation of the proposed TLPE method by means of cur-
rent, power, and voltage measurements at both sending and

FIGURE 1. Overhead TL representation by a single π equivalent circuit.

receiving ends of the line. This way, the frequency-dependent
parameters are previously known in order to simulate the
measurements at the line terminals, and also are defined
as a reference value to evaluate the estimated parameters.
The initial proposal is to estimate the frequency-dependent
parameters from 1 up to 250 Hz, a frequency range in which
most of switching and maneuvers electromagnetic transients
are included.

Thus, assuming that it is possible to obtain the current and
voltage measurements in the given range of frequencies at
both ends of the line, it is also possible to determine the
parameters by using the two-port network, which is repre-
sented by equations 7-10, based in the well known two-port
model [43]. The derivation of equations 7-10 can be found in
the Appendix.

A =
VsIs + Vr Ir
VsIr + Vr Is

(7)

B =
Vs − AVr

Ir
(8)

C =
Is − DIr
Vr

(9)

D = A (10)

Terms A,B,C and D are obtained from the impedance and
admittance parameters of the transmission line.

From equations 7-10, the line parameters and propagation
function can be obtained, as expressed in equations 11-13,
based in the hyperbolic model [43].

γ 2
=

(
cosh−1 A

l

)2

(11)

B
C
=

Y
Z

(12)

ZY =

(
cosh−1 A

l

)2

(13)

As γ =
√
ZY [43], equation 11 can be presented as 13.

Hence, the value of Z , and consequently of R and L, can be
calculated by replacing equation 12 in 13. The derivation of
equations 11-13 can be found in the Appendix.
Several frequency-dependent TL models are developed

directly in the time domain by using rational functions and
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an equivalent electric circuit [41]. In these methods, a transfer
function is determined to fit the frequency dependent param-
eters. This function will represent the parameters in the given
frequency range. So, when using this function in a fixed fre-
quency (e.g. 60 Hz) it will result in a real and imaginary part,
which will represent respectively the resistance and induc-
tance of the line in this frequency. One of these methods is
known as the Levy approach, where the frequency-dependent
TL impedance is fitted by equation 14 [44]. The impedance
parameters are also frequency dependent, as shown in equa-
tion 15 [38].

Z (s) =
a0 + a1s+ a2s2 + . . .+ ansn

1+ b1s+ b2s2 + . . .+ bmsm
=
Atf (s)
Btf (s)

(14)

Z (s) = R(ω)+ sL(ω) (15)

s = jω (16)

Multiplying equation 14 by Btf (s) and rewriting as a func-
tion of one measurement z1(s) = R1(ω)+sL1(ω), equation 17
is found.

z1(1+ b1s+ b2s2 + . . .+ bmsm)

= a0 + a1s+ a2s2 + . . .+ ansn

z1 = a0 + a1s+ a2s2 + . . .+ ansn − z1b1s1
−z1b2s21 + . . . z1bms

m
1 (17)

Expanding the equation 17 to a series of k measurements,
an equation system is obtained and expressed in matrix form
as follows:


z1
z2
z3
...

zk

=


1 s1 s21 . . . s
n
1 −z1s1 −z1s

2
1 . . . −z1s

m
1

1 s2 s22 . . . s
n
2 −z2s2 −z2s

2
2 . . . −z2s

m
2

1 s3 s23 . . . s
n
3 −z3s3 −z3s

2
3 . . . −z3s

m
3

...
...
... . . .

...
...

... . . .
...

1 sk s2k . . . s
n
k −zksk −zks

2
k . . . −zks

m
k


·



a0
a1
a2
...

an
...

b0
b1
...

bm


(18)

This way, equation 18 can be presented in matrix notation
as follows in equation 19, and therefore characterized as a
state estimation problem [45]:

z = Hzx (19)

To solve the state estimation problem, a number ofmethods
can be applied. Here, the focus resides in the use of an array
of Least-Squares algorithms.

A. LEAST SQUARES-BASED METHODS
The conventional Least Squares - LS algorithm aims to find
the vector x̂ that minimizes J (x̂), defined in equation 20 [46].

J (x̂) = (z− Hzx̂k)′(z− Hzx̂k), (20)

where X ′ represents the transposed matrix of a generic rect-
angular matrix X .
When the first optimally condition is imposed, the best

estimation of x̂ can be found through a single non-iterative
step given by equation 21 [46].

(H′zHzx̂) = H′z z (21)

Although the LS method shows to be robust in several
applications, a variation of the conventional algorithm can be
applied, where a QR decomposition is used and the Hz can
be described as a function of the product of two matrices QR,
according to equation 22 [47]:

Hz = QR (22)

Another well-established LS method is theWeighted Least
Squares - WLS. In this method, weights are attributed to each
measurement in order to indicate the most important points
during the estimation process [46]. It is similar to the con-
ventional LS method, with a single variation in equation 21,
thus, obtaining equation 23 [46].

(H′zWHzx̂) = H′zWz (23)

The QR decomposition can be also applied to the WLS,
with the multiplication of the matrix H and x̂ by the weight
matrix before the QR factorization (WLS-QR) [47]. As QR
decomposition presents itself as a numerically robust alter-
native to solve the given problem and is one of the fastest
and most usual ways to perform the factorization in least-
squares algorithms, it was chosen as the method to perform
such approximation in the two cases proposed (LS andWLS).
The Recursive Least Squares - RLS is another variation of

the conventional LS method. It considers that new data can
be incorporated into the previous set of measurements, which
leads to continuous updating during a dynamic estimation
process. This represents an iterative procedure which can be
summarized by the following equations [46].

Kk = Pk−1H′k(HkPk−1H′k + Rk)
′

x̂k = ˆk1 + Kk (zk − Hk ˆk−1)x

Pk = (I − KkHk)Pk−1(I − KkHk)
′
+ KkRkK ′k (24)

Normally, in the estimation process, the value of P is given
by an identity matrix, and the initial value of K is calculated
through the first step of equation 24 [46].

B. PROPOSED LS METHOD FOR ESTIMATION PROCESS
The overall proposed estimation process is described in the
following steps.
• First, current, voltage, and power measurements are
obtained at both ends of the TL for a given range of
frequencies. Although the current magnitude can be
directly measured, phase values cannot be directly mea-
sured, thus the power measurements are used to deter-
mine both magnitude and phase values;
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• The line parameters are calculated for each frequency
point in which values of current, voltage, and power are
available (same frequencies of the available reference
values 1∼250 Hz obtained through the PSCAD TLCC
routine using the Deri-Semlyen method) by the two-port
network, representing the required inputs to estimate the
curve that represents the frequency-dependent parame-
ters of the line;

• In a second stage, the coefficients a and b of the trans-
fer function in equation 18 are estimated by those five
methods presented to obtain the parameter values in the
proposed frequency range;

• Finally, the error between the reference values obtained
from PSCAD/EMTDC TLCC algorithm with the
Deri-Semlyen method, and estimated values, is calcu-
lated in order to verify the robustness and eventual lim-
itations of the proposed estimation method.

IV. TESTS AND RESULTS
Tests were performed based on a 400-km overhead TL
under several conditions of rated voltage and load, which are
described in Table 2. All these scenarios were conducted in
separate simulations, being, therefore, uncorrelated. The line
characteristics are shown in Figure 2 and extracted from the
PSCAD 4.5 database. A transmission line with 400 km length
is considered because usually two AC substations are linked
by lines with 400 up to 500 km due to voltage stability issues.

FIGURE 2. Characteristic of the studied overhead TL.

The synchronized measurements were simulated at both
line terminals, taking into consideration white gaussian noise
of zero mean and signal to noise ratio of 40 and 80 dB, which
it was proved an acceptable value in [48].

These measurements are voltage phasors, active and
reactive power values, whereas the current phasors are then
determined from the power measurements. Regarding the
synchronization errors of the double end measurements,
a reduction to a minimum value, and therefore almost neg-
ligible, is provided when using PMU’s or intelligent relays
to obtain such measurements, which can be easily considered
in cases similar to the ones presented in this paper. As for
frequency errors, the standards [49] indicates that they are
minimum when working in ranges similar to the ones studied
in this paper and with equipment that attend the specified
standard levels.

So, in the presence of small measurement errors, the use of
traditional LS methods in favour of more complex solutions
as total-least squares (TLS) is justifiable, as both presents
similar results under such conditions [50]. Then, Five varia-
tions of the LS method were tested during the estimation pro-
cess. The frequency rangewas limited from 1Hz up to 250Hz
because most of the switching and maneuver transients are in
this range, and also it covers events up to the 4th harmonic as
well as oscillatory low-frequency transients [51].

TABLE 2. Test conditions - long line - 400 km.

The load values in Table 2 are calculated based on the
technical literature, in which the voltage levels are 140,
230 and 380 kV, and 100, 300 and 600 MVA loads [26].
Some additional tests were also performed for 10 km long
line under different values of voltage and load in the same
frequency proposed here (1∼250 Hz), with results similar
to the ones presented to 400 km line. However, due to the
page limitations, and with the intention of focusing in a case
more closer to reality, as pointed out in previous sections, only
the 400 km line results under the presented conditions were
presented.

A. PRELIMINARY ANALYSIS - MEASUREMENT
VALIDATION
Figures 3a and 3b show the curves simulated for the cases
in Table 2 up to 250 Hz, based on the two-port equa-
tions, as introduced in section III. The impedance parameters
obtained frommeasurements and by using the two-port repre-
sentation are then compared to the reference values calculated
by means of the TLCC algorithm with the Deri-Semlyen
method available in PSCAD/EMTDC.

It is possible to verify that the calculated frequency-
dependent resistance and inductance, respectively, are in
accordance with reference values obtained from the TLCC
algorithm using Deri-Semlyen method, hereinafter named
only as reference values. Some minor variations are observed
for cases 2 and 4 at low frequencies around 6 Hz. As these
variations are small, limited in number of points and pre-
sented only for two of the nine studied cases, they end up
not significantly affecting the results under the conditions
herein studied as it is seen and easily confirmed by the results
presented for all cases, scenarios and algorithms studied. The
low influence under such circumstances is also corroborated
by the error analysis presented in the following subsections.
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FIGURE 3. Frequency Dependent Series Parameters - two-port network vs PSCAD TLCC algorithm with
Deri-Semlyen.

B. PARAMETERS ESTIMATION
The LS methods are applied to estimate the resistance and
inductance from the transfer function in equation 14. A set
of reliable measurements are considered to estimate the line
parameters in the specified frequency range 1∼250 Hz. The
estimation is carried out by fitting the transfer function Z (s) as
a third- and seventh-degree polynomial, where the numerator
and denominator are indicated by terms n and m, respec-
tively. The conventional LS method, WLS, WLS-QR, RLS
and RLS-QR (section III) are denominated in the following
analyzes as algorithms 1 - 5, respectively.

For this, three types of measurements were used, one
considering single measurements, taken in the 15 second
instant, for each frequency point in a steady condition (named
Single), one considering the last 1000 points ofmeasurements
(named Complete), taken between 14.75 seconds and 15 sec-
onds with the established delta. The same 1000 points were
also corrupted with white gaussian noise of zero mean and
signal to noise ratio (SNR) of 40 and 80 dB (Complete -
40dB/80dB). This second analysis is carried out based on line
configurations described in Table 2.
Figures 4a and 4b show the resistance and induc-

tance dependent of the frequency, respectively, fitted by a
third-degree polynomial (n = 3 and m = 3) from the refer-
ence values. Analogously, Figures 4c and 4d show the resis-
tance and inductance, respectively, considering function Z (s)
as a seventh-degree polynomial. The impedance parameters
are estimated by using the five algorithms and 38 frequency
samples.

Figures 4e, 4f, 4g and 4h show the error between the
fitted values with the five algorithms and reference values

of resistance and inductance, respectively, with three- and
seven-degree polynomial.

The error values for all algorithms are low through
the considered frequency range. Some major errors are
observed only at low frequencies up to 10 Hz, for three-
and seven-degree transfer functions, with all algorithms. Nev-
ertheless, the best estimation results are obtained with the
WLS-QR algorithm for 1∼250 Hz when using the WLS-QR
algorithm and measurements divided in six, with the first
1/6 and last 1/6 of the measurements weighted with a value
of 0.5 and the remaining with a weight of 1 (all empiri-
cally defined, based in the previous knowledge that mea-
surements under and above the steady state frequency,i.e.
50 Hz ∼ 60 Hz, tends to less reliable and more difficult to
obtain as the frequency increases or decreases). In this con-
text, the H matrix is composed of real values only.

Initially, only results obtained from a three-degree trans-
fer function (as it is the minimum feasible degree) with
a minimum quantity of information available for the base
case (Case 9) are presented, in order to prove the robustness
of the estimation method even with several restrictions in
terms of measurements and representation of the transfer
function. The results for resistance and inductance in these
minimum conditions, using only 14 frequency samples of
the 38 available in the interval 1∼250 Hz, are presented in
figures 5a to 5h. The percent error between the reference
and estimated values found from the five LS algorithms are
presented in figures 6a to 6h. Table 3 shows the coefficient
values for all tested algorithms under these conditions, con-
sidering also measurements without and with 40 and 80dB
noise.
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FIGURE 4. Impedance parameters with five LS methods for 1∼250 Hz.

From Figures 5a,5c and 5g, it is possible to see a good
adherence of the resistance curve to the reference one by
using all algorithms when considering single, complete, and
80 dB noisy measurements. In inductance values, all algo-
rithms show minor errors up to 20 Hz.

A deeper error analysis is described in figures 6a to 6h,
which shows that using a three-degree transfer function Z (s)
with both single and complete measurements in conjunction
with WLS-QR, errors are under 5% in the majority of the
frequency range of 1∼250 Hz, specifically above 20 Hz for
resistance and 10 Hz for inductance. Errors are higher with a
40 dB SNR. When the SNR is 80 dB, results are practically
similar to case analyses with complete measurements without
noise and single measurements.

The best performance and accuracy were obtained with
algorithm 3 WLS-QR, therefore it was tested throughout the
same frequency range, based on a three-degree transfer func-
tion, for all nine cases defined in Table 2. Figures 7a to 7d
show results obtained considering only a single measure
without noise. Table 4 shows the coefficients found for these
nine studied cases.

It is possible to infer, from Figures 7a and 7b,, that the
algorithm shows a good adherence to reference values of
resistance and inductance in all cases. In the specific case of
the inductance values, the results under 30Hz, have continued
to present a detach from reference values.

Another analysis presented in Figures 7c and 7d shows
that loading and supply voltage has a low impact in the
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TABLE 3. Coefficient values using the five algorithms with three-degree transfer function (1 Hz ∼ 250 Hz).

TABLE 4. Coefficient values (a and b) - all cases - three degree TF - 14 measurements.

estimation process, with only Case 9 presenting a distance of
approximately 4% of relative error from the rest of the cases
in some points for resistance, and approximately 0.5% from
for inductance (both between 10 Hz and 20 Hz). Errors above
5% for resistance values are found only at frequencies lower
than 12 Hz. On the other hand, inductance relative error is
no more than 1% at the entire frequency range of 1∼250 Hz.
In this sense, all cases show to be suitable for estimation both
resistance and inductance values.

If WLS-QR is applied considering the same degree
three TF, single measurements, but 38 frequency points,
the coefficients changes to the ones presented in Table 5.
Figures 8a to 8d show the resistance and inductance curves
found with these coefficients and the relative errors between
the reference values and the estimated ones.

It is possible to see in figures 8a and 8b that the use of
the 38 frequency points maintained the adherence of both
resistance and inductance curves to the reference values.
Again, an in-depth error analysis from figures 8c and 8d
shows, in general, little improvement when using such mea-
surements. This improvement is seen especially under 5Hz,
with a maximum relative error of 18% for resistance and 9%

for inductance, showing that the 14 frequency points end up
being enough to maintain a good estimation.

C. POSSIBLE EXTRAPOLATION - DISCUSSION
The simulated range used to get the measurements for all
tested cases was set from 1Hz up to 250Hz, for a transmission
line with 400 km length. This range covers studies up to the
4th harmonic and some oscillatory transients at low frequen-
cies inside the given frequency range [51]. However, there is
a need to extrapolate the values above these frequencies to
guarantee a higher range of coverage of transient effects.

When the values of the coefficients found for theWLS-QR
algorithm are used to extrapolate the parameter values
above the defined range, using a Third-degree transfer
function, single measurements, and 14 frequency points,
Figures 9a to 9d are established.

It is possible to see from this perspective that the values
start to get far from reference values. Even though a good
extrapolation (relative error ≤ 5%) is obtained until 400 Hz
in all cases for resistance values, with faster relative error
growth for Case 9. As for the inductance values, an error of
no higher than 5% is verified for all cases by considering an
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FIGURE 5. Algorithms Comparison - Estimated Parameters (R and L) x Frequency (1∼250 Hz - degree three TF).

TABLE 5. Coefficient values (a and b) - All cases - degree three TF - 38 measurements.

extrapolation up to 3 kHz. So then case 9 presented a higher
relative error rate in comparison with the remaining.

When considering a third-degree transfer function, single
measurements and 38 frequency points, the extrapolated
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FIGURE 6. Algorithms Comparison - Estimated Parameters (R and L) Relative Errors (Reference vs Estimated) x Frequency (1∼250 Hz - degree three TF).

estimation and relative error are given through
Figures 10a to 10d.

Analyzing the results presented and respective relative
error values, it is possible to see that the extrapolation
for Cases 6, 8, and 9 stayed near the reference values
until 1750 Hz and, for inductance, again in all cases until
3 kHz. The relative error analysis for resistance confirms
this, with Cases 6 and 8 staying near a 10% error margin
until 2250 Hz, and Case 9 staying under a 10% error margin
until 1750 Hz. However, the inductance error alongside the
extrapolated margin rose, yet not surpassing 5%.

A test performed with the same 38 frequency points and
weight reduced to 0.1, indicates that all Cases stayed under
a 10 % relative error margin until 1125 Hz for resistance.

Finally, a specific test performed with weight reduced to
0.15 with the range divided in four and the last and first
1/4 of the 38 measurements with this weight, indicates that
Cases 6 and 8 stayed near a 5 % relative error margin and
Case 9 is maintained under a 5 % relative error margin for
an extrapolation until 1125 Hz for resistance, as seen in
Figure 11
Thus, such general and conservative analysis of the extrap-

olation results, the parameter values obtained through the
proposal methods presented can be considered as reliable, i.e
with a relative error ≤ 5%, in the defined range (1∼250 Hz),
and up to 400 Hz, near the 7th harmonic (420 Hz),
when extrapolating the values to regions without any
measurement.
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FIGURE 7. WLS-QR - Estimated Parameters (R and L) and Relative Errors (Reference vs Estimated) x Frequency (1∼250 Hz - three-degree TF for all
Cases - 14 points).

FIGURE 8. WLS-QR - Estimated Parameters (R and L) and Relative Errors (Reference vs Estimated) x Frequency (1∼250 Hz - degree three TF for all
Cases - 38 points).
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FIGURE 9. WLS-QR - Extrapolated Parameters (R and L) and Relative Errors (Reference vs Estimated) x Frequency (degree three TF Single measure -
14 points).

FIGURE 10. WLS-QR - Extrapolated Parameters (R and L) and Relative Errors (Reference vs Estimated) x Frequency (degree three TF Single measure -
38 points).
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FIGURE 11. R Error between lines (WLS-QR) - Ref. Values x Extrapolated
(1∼250 Hz - degree three TF - Single measure - 38 points - Weight 0.15).

V. CONCLUSION
A new method was developed for estimation of frequency-
dependent series parameters of long transmission lines based
on the impedance fitting by rational function. This tech-
nique is usually applied to frequency-dependent line model-
ing direct in time domain for transient simulations. However,
these same fitting techniques applied for parameter estima-
tion represent an original contribution.

First, synchronized measurements are obtained at both
terminals of the line. In sequence, impedance parameters
are calculated through the two-port model. These values
are considered as measurements to estimate the coefficients
of frequency-dependent parameters by a transfer function
through the Levy method, estimated via five different LS
algorithms.

Results proved that parameters can be estimated with good
accuracy by the WLS-QR method with a low number of
reliable measurements for a frequency range of 1∼250 Hz.
With these characteristics, frequency-dependent resistance
and inductance are fitted with minor errors. Furthermore,
It is possible to extrapolate the values for both resistance and
inductance up to 400 Hz, with relative errors ≤ 5 %, even
without reliable measurements above 250 Hz. Such reliable
measurement can be obtained by means of fault records
obtained from digital protective relays, such as previously
discussed in the technical literature [39].

Future works aim to use measurements obtained from
fault records (i.e. simulating real conditions) and improve the
results when dealing with noisy measurements. The second
line of research whichmay be approached consists in improv-
ing the extrapolation of results by obtaining measurements
above 250 Hz, treating outliers with the replacement of these
points, or even applying artificial intelligence and heuristic
methods to establish a database of standard lines and guide
the reconstruction of the extrapolated region of the curve.
Finally, the proposed estimation technique can be extended to
non-transposed transmission lines. These further researches
are possible from the theory and applications described in this
article.

APPENDIX
DERIVED TRANSMISSION LINE EQUATIONS
The two-port network equations presented in section III
are derived through the following steps. Considering a long

transmission line, the voltage, current and all its distributed
parameters can be represented as lumped through the well
known corrected (hyperbolic approximations) model, which
uses the π model of section III and equations 25, 26, 27
and 28 [43].

Vs = Vr cosh γ l + IrZc sinh γ l (25)

Is = Ir cosh γ l +
Vr
Zc

sinh γ l (26)

Zeq = Z
sinh γ l
γ l

(27)

Yeq = Y
tanh γ l

2

γ l
2

(28)

Equations 25 to 28 are the fundamental equations of the
hyperbolic model. As lines can be represented through a two-
port system, the voltage and current equations in the sending
end can be expressed through 29 and 30 [43].

Vs = AVr + BIr (29)

Is = CVr + DIr (30)

Comparing equations 29 and 30 with the fundamental
voltage and current equations of the hyperbolic method, it is
possible to obtain the values of A,B,C and D parameters of
the two-port network, given in equations 31 to 33.

A = D = cosh γ l (31)

B = Zc sinh γ l (32)

C =
1
Zc

sinh γ l (33)

So, to write the two-port parameters in function of voltage
and current measurements, as well as the line parameters,
presented in equations of section III, the previous equations
are taken in consideration with some assumptions. Knowing
that A = D, equation 31, and that AD − BC = 1, this
last expression can be written as A2 − BC = 1. Thus,
manipulating this last relation leads to equation 34 to find the
value of B.

B =
A2 − 1
C

(34)

Replacing B in equation 29 by equation 34, produces
equation 35.

Vs = AVr +
A2 − 1
C

Ir (35)

Through manipulations, equation 35 can be written as
equation 36.

CVs = ACVr + A2Ir − Ir (36)

As A = D, given in equation 31, equation 30 can be
represented through equation 37.

C =
Is − IrA
Vr

(37)

Finally, replacing equation 37 in equation 36 and perform-
ing manipulations, leads to equation 7, representing the value
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of A as a function of the voltage and current values. The
value of equation 10 is the same as equation 7 as A =
D. Equation 8 is easily achieved manipulating equation 29.
Equation 9 is equal to equation 37 when replacing A by D.
Now it is possible to use the values of measurements, the
two-port parameters A,B,C and D, equations of the hyper-
bolic approach, the concept of surge impedance of a lossless
line and propagation to calculate the values of impedance
and admittance of the transmission lines, performed through
equations 11 to 13. To derive these last equations, a corre-
lation between the two-port parameters and the hyperbolic
approach is needed. When manipulating equation 31 to be
represented as cos−1 A = γ l, it can be later expressed as
equation 11. Considering that γ =

√
ZY [43] and replacing

the value of γ in equation 11, the latter is represented through
equation 13. As for equation 12, its derivation comes from
the replacement of Zc by its value in a lossless line (surge

impedance): Zc =
√

Z
Y [43]. Solving a system composed by

these two latter equations considering the condition estab-
lished, it is possible to establish the relationship described in
equation 12.
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