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ABSTRACT The finite horizon H, control problem is investigated for a class of discrete nonlinear time-
varying systems subject to Weighted Try-Once-Discard communication protocol. The equations of state and
output under investigation involve both deterministic and stochastic nonlinearities. By resorting to the Taylor
series expansion formula, Lyapunov stability theory and cross-amplification lemma, sufficient conditions are
established for the existence of the desired observer-based Hoo controller. The gain matrices of the controller
and observer are obtained by solving a set of recursive linear matrix inequalities.

INDEX TERMS H, control, finite horizon, nonlinear time-varying networked control systems, weighted

try-once-discard communication protocols.

I. INTRODUCTION

In recent years, more and more scholars have developed
a strong interest in the control and filtering of nonlinear
systems [1]-[3]. Literature [4] studied the sliding mode con-
trol (SMC) problem for Markovian jump systems with prob-
abilistic denial-of-service (DoS) attacks. In Literature [5], an
event-triggered nonfragile distributed Ho, control problem
was considered for uncertain nonlinear networked control
systems over sensor networks with random communica-
tion packet dropouts and redundant channels. Literature [6]
treated the problem of periodic tracking control of fractional-
order IT-2 fuzzy systems with state and external disturbance,
where an observer-based fractional-order modified repetitive
controller has been designed to make the resulting closed-
loop fuzzy control system asymptotically stable together
with a prescribed Hy, disturbance attenuation level. In litera-
ture [7], the envelope constraint and filtering problem of the
system were considered simultaneously. The nonlinearities
here include deterministic nonlinearities and stochastic non-
linearities. Literature [8] investigated the recursive filtering
problem for nonlinear time-varying stochastic systems with
measurement outliers. Literature [9] assumed that the spatial
distance between the filter and the sensor is relatively long,
and the measured value may be lost in the transmission
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process from the sensor to the filter due to insufficient energy
stored in the sensor. Under such a condition, the finite horizon
filtering problem of a class of nonlinear time-delay systems
with energy acquisition sensors is studied.

It is worth noting that the most current literature on the
study of nonlinear system is not enough in-depth, only the
existence of nonlinear term in the system is considered in
the literature. And the parameters of the system is steady,
the control problem is not considered when both the state
equation and the output equation of the system have only
nonlinear terms with time-varying parameters.

Networked control system (NCS) is a closed-loop con-
trol system formed by the real-time network of sensors,
controllers, actuators and other system related components
[10], [11]. In a network system, components transmit data
over a communication network. In the process of data trans-
mission, communication resources are often limited, which
inevitably leads to communication constraints such as data
conflicts, network congestion and channel competition, etc.
Therefore, communication networks need to add communi-
cation protocols to allocate permissions for each node to use
the network [12], [13]. In networked systems with multiple
network nodes, the Weighted Try-Once-Discard (WTOD)
protocol provides a good solution to the communication priv-
ilege allocation problem of each sensor node. Literature [14]
first proposed WTOD protocol, and elaborated the scheduling
principle and implementation method of WTOD protocol.
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For the tracking control problem of nonlinear continuous time
system, literature [15] gave the maximum allowable sampling
interval of tracking control under the constraint of WTOD
protocol. In literature [16], the influence of WTOD protocol
was considered in the study of synovial control algorithm of
automobile electronic valve system, and good stability effect
was achieved.

Based on the above discussion, this paper investigates the
finite horizon control method for networked time-varying
nonlinear systems under the weighted try-once-discard com-
munication protocol. Compared with the existing research,
the main contributions of this paper are as follows: (1) Based
on the Lyapunov stability theory, cross amplification lemma
technology and recursive linear matrix inequality technique,
an observer-based finite horizon controller is designed.
(2) The influence of WTOD communication protocol is con-
sidered in the finite time domain H, control problem for
networked time-varying nonlinear systems. (3) The proposed
controller can ensure both the stability and the prescribed H
performance index of the closed-loop system over a given
finite horizon.

Il. NONLINEAR CONTROL SYSTEM MODEL
Take the nonlinear time-varying system in finite horizon as
the research object, and the controlled object is described as

Xpr1 =g () +f (xx) + Brug + Dywy
Y =h (xx) + Exv (D
zk = Lixy

where x; € R™, uy € R™, zp € R2 andy, € RY
respectively represent system state, control input, controlled
output and measurement output vector without network trans-
mission. wi € Kbjo,n] and vx € Do,y are the process noise
and measurement interference of the system respectively. The
matrices By, Dy, Ej and Ly, are time-varying parameter matri-
ces with known appropriate dimensions. g (xx) and h (xy) are
known nonlinear functions which can be analyzable every-
where in the finite horizon k € [0, N]. f (xx) is the random
nonlinear function and the first moment and covariance of the
random nonlinear function f (x;) satisfy

E{f @0 lxi) =0 @
E{f ofT (o) lxef = 0. k) 3

Bif wosT@ola) =37 Kkl Touw @)

where ¢ is known as a non-negative integer, £, and
Tk (m=1,2,1,...,q) are known as the appropriate dimen-
sional matrix.

Consider the communication network between the sensor
of the controlled object and the remote controller using a
WTOD protocol. Dynamic scheduling protocol is a schedul-
ing method in which network nodes obtain communication
network access permissions according to some given rules.
The Weighted try-once-Discard protocol is a kind of dynamic
scheduling protocol which determines the node receiving
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network communication permissions at instant k based on
the difference in size between the data to be sent by each
transfer node at time k and the data sent last time. The greater
the difference is, the higher the transmission demand of this
node is, and the sensor node with the highest transmission
demand will have the priority to obtain the permission to
use the communication network. The sensor node defined to
obtain access to the network at the instant k of sampling is
& eS@ {1, 2,0 ..., n)} and the value of & is calculated by
the following formula:

T
& = arg ni];x (.Vi,k _-‘_’i,k—1> 0 (yi,k _yi,k—l) o)

where Vi refers to the data last sent by sensor node i before
moment k (excluding & ), and Q; refers to the known positive
determination matrix, which represents the weight matrix
of transfer node i under Weighted try-once-discard protocol
schedule.

Equation (5) can be further converted into

§ = arg max (yk _.}_’k_])TQEi (yk —y'k_.) (©6)

where, under the dispatching action of WTOD protocol,
the measured output after transmission from the sensor

T
EZe A
0 = diegl01.0y.....0, ) B = diagls - DI,
§(—21,),....,8(—ny)I}, and 6() € {0,1} are

Kronecker-delta functions. Consider equations (1) and (3),
we can get:

to the controller network is y,

yk = Efkyk + (I - Efk)-)_’k—l )

Remark 1: In a networked control system with multiple
sensor nodes, the WTOD protocol can solve the problem
of distribution of communication authority of each sensor
node. In the network where the WTOD protocol exists, sensor
nodes obtain communication rights through ‘“‘competition”.
The rules of this “competition” are based on the difference
between the amount of data sent by the node at the previ-
ous moment and the amount of pre-sent data at the current
moment. The greater the difference, the higher the transmis-
sion demand, so the sensor with the highest demand will have
priority in obtaining the communication authority.

For system (1), an observer-based state feedback controller
is designed in the following form:

Xk41 = GiXy + Hiyy + By

u (k) = Kpxy ®

where X € R is the state estimation of system (1), Xo = O,
Gy € R H; € R K € R™>*"™ are the gain matrix
of the observer and controller to be solved.

In the finite horizon k € [0, N], the nonlinear function
g (xx) and h (x) can be linearized according to the Taylor
series expansion formula, and the Taylor expansion formula
of g (x;) and h (x;) at the system state estimation Xy, is:

gxr) =g (&) + Pr (xx — %) +LiA (xk — %) (9
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ho(xr) = h (%) + Wi (xx — %) + LoAg (xe — %) (10)

a%(x) ’ 2. ,L] (S Rnxxnll and
x x:ﬁk x x:ik

L, € R™*"2 are known scaling matrices, A; € R™ "™ and
A, € R™>™ js unknown matrix, which satisfies ||A{]| < 1,
Azl < 1.

The estimation error ey = x; — X; and the augmented
vector (k) = [xT (k) y;_, €' (k) ]T of the system are
defined. Combined with equations (7)-(10), the closed-loop
nonlinear system (1) can be transformed into the following
closed-loop augmented networked time-varying system:

i1 = Axny + Ff (Tny) + Dywy (11

zk = Ly,

v, =

where ®; =

where Ay, F, T, Dy, wy, and Ly, as shown at the bottom of
the page.

The main research purpose of this paper is on the finite
domain &k € [0, N], design a kind of controller based on
observer such as type (8), by solving the controller and
observer parameter Ky, Gy, H, for the pre-given disturbance
suppression level y, positive definite matrix S and initial state
xo of the system, the controlled output g of the system (11)
satisfies the following H, performance:

N _
J@E {Zk:o (2l = 2 1sl2) - Vzﬂgsﬂo} <0,
Viog 20 (12)

Remark 2: Taylor expansion technique will unavoidably lead
to conservatism, cause the higher order terms are ignored.
Furthermore, the definition of finite horizon H, performance
index (12) of networked time-varying systems refers to lit-
eratures [17], [18]. The physical meaning of Equation (12)
refers to that considering the influence of the initial state n,
of the system, on a given finite horizon [0, N ], the energy gain
of external interference wy to the controlled output z; of the
system is less than the given disturbance suppression level y.

IIl. PERFORMANCE ANALYSIS OF NONLINEAR SYSTEM
CONSTRAINED BY WTOD PROTOCOL

Lemma 1: For given the scalar ¢ > 0, the inequality (13)
is always true for any matrix X and Y with appropriate
dimensions.

eXXT+6e7 YTy > Xy + Y'X (13)

Proof: T
Known (ﬁXT - JLEYQ (ﬁXT - JLEY2 > 0, then
eXXT—XY —YTX+e7'YTY > 0,thatis eXXT+¢ YTy >

XY + YTX, prove completion.

Theorem 1: For given H, performance indexes y > 0 and
positive definite matrix S, the gain matrix K of the controller
and the gain matrix Gy, Hy of the observer are known. If there
is a symmetric positive definite matrix Py, which satisfies
matrix inequality (14) and (15), as shown at the bottom of
the page, then the closed-loop augmented networked control
system (11) satisfies Hy, performance requirements.

Proof: Construct Lyapunov function as:

Vi =mPruy (16)

According to equations (11) and (2)-(4), the difference of
the preceding term for can be obtained

E{Vit1 — Vil
= E{m1Prr1mir1 — miPry
= E | (Aum + Ff (Tny) +Diowe) ' Prey
x (Axmg + Ff (Tng) + Diwi) — ni Py}
=E [ﬂZAsz—HAknk + 20 AL Pi 1 Dy
+f T (Tn) FT Pt Ff (Ty)
+ WZDZPkJrIDka — i Prmy }

=E ["ZAEPIC-HAk”k + 203 A{ P Diowy

[ g (k) + BrK %y 0 @) + LA
Ay = Egh ()??k) I—-Eg BV + EgLrAs ,
_g(ﬁk)—Gk.i‘k—HkESkh(fk) —Hy (I—Egk) O + LA —H Eg Vi —HiEg Ly Ay
F=[1 o 1], T=[1 0 0],
_ [ Dy 0 T
D=1 0 E¢ Ex .owe=[wl Vi),
_Dk —H;E: E;
Le=[L. 0 0].
_T_ _
AP Ay + LiLy + Y T'T (T F'Pi i 1 Fly iy — Py AlP 1Dy
Qp = <0 (14)
_T _T -
D P 1A D Py 1Dy — y?I
Po—y>S<0 (15)
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q
+ Zn:1 M T Tk Ty F P FL, g
_TAT - _
+WszPk+1Dka - ﬂkPkY}k} 17

Add zero term ||z [|*—y? W >y Wi | —llzx ||* to the right
side of equation (17) and define n; = [ nz Wz ]T, we can get:

AVe=E{Vir1 = Vi E@ [l Qi — a2+ e ]
(18)

When w; = 0, if matrix inequality (14) is true, then
AV} < 0; For any non-zero external disturbance wy €
1> [0, 00), if matrix inequality (14) is true, then

AVi=E Vi = Vi) E 2 1wl = 1zl?) (19)

Add the sum from O to N on both sides of inequality (19), and
you can get

N
E{Vyi1— Vol <E {Zkzo (7 1wl - ||zk||2)}
(20)
Due to V41 > 0, if matrix inequality (15) was set up, then
J =Vo=Vyu —y?n5Sno < Vo~ y*n58m0 <0
21
Therefore, the system (11) meets the required Hy, perfor-

mance. The proof is completed.

IV. DESIGN OF FINITE HORIZON H,, CONTROLLER

Theorem 2: For given Hy, performance index y > 0, positive
definite matrix S. If there is scalar -, > 0, 1% > O,
€2,k > 0 and the symmetric positive definite matrix P sat-

performance requirements.

—Oux Lo TT
S| =0 (22)
Tty P,
Q L
- <0 (23)
LT —J

where Qx, @k, @i, Ar, Ax, L, Ly, Ly, I, and J, as shown at
the bottom of the page.

Proof: according to Schur complement lemma, matrix
inequality (22) is equivalent to

KnaF Pics 1Pk < Ok 24)
Then by using the property of matrix trace, we can get
tr [ TR kKD TPt | = D 25)

Similarly, according to Schur’s complement lemma, matrix
inequality (23) is equivalent to equation (26).

= —T
e Ac |y 'iT<o0 (26)
Ar =Py,
Define Ay = [Ak Dy ], it can be obtained from the matrix
inequality (14) that
Q= +AEPk+1Ak <0 27

According to Schur complement lemma, equation (27) is
equivalent to

isfies matrix inequalities (15), (22) and (23), then the closed- A =P |~
loop augmented networked control system (11) meets the Hy, (28)
o [ A
k= — LT
_Ak P,
- [ =T=
& = | Leli + X0 T TnpT0ns =P 0
0 |’
S
o, = | Inla + Yoy T T i T F Py 1 Fly o — Py 0
0 2|’
Ar = [Ax  Di].
0 g (%) + BiK & 0 Py
Ar = Egh (%) I— &g Eg Yk ,
| 8 (%) — G — HiEgh (3) —Hi (I — Eg) O — HiEg Wy
i = ~ ST AT
L= [Sl,kLl exly I | ]
Li=[o o 0 0o o LT o LT,
[r=[0 0 0 0 0 o L'z, -LI'=.HT],
i=[0 o o1 0 0 0 o],
J = diaglei i, erid, €14l e24l} .
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Further converting equation (28) can be obtained

]
A _Pl;lrl

&% Al }

Ar —P,

[00000ATLT 0 ATLT]"]

[000000 ATLTE,, —ATLTE HT]]

1'[00000 ATLT 0 ATLT]

ATLz“EkHz] <0
(29)

+
+
_|_

+1'[000000 ATLTE,,

According to lemma 1,

[00000ATLT 0 ATLT]"]

[000000 ATLT =, —ATLYE HT ']
+1'[00000 ATLT 0 ATLT ]
+1'[000000 ATLTE,, —ATLTE, HT ]
+1"[000000 ATLTE,, —ATLTE, HT ]
e14[000000 ATLTE, —ATLIE HT]

x[000000ATLIE:, —ATLYIE, H] ]

- T
+e4[000000 ATLIE:, —ATLIE H] |

[000000ATLT_& ~ATLT=E¢ HY |

e i+er T (30)

IA

For given ||A1|| < I and ||A3]| < 1, it is not difficult to
figure out that (31), as shown at the bottom of the page.

Combined with matrix inequality (25), equation (29) and
equation (31), it can be obtained

Q T \ L .1
[ oA } @ A DTN G
Ac —P, Ay _Pk+]

L
Further, it is not difficult to conclude that if |: k J] <0,
Q. < 0is true, that is, theorem 2 is true to ensure that theo-
rem 1 is true, to ensure that the closed-loop augmented sys-

tem (11) meets the Hy, performance requirements. According

to Theorem 2, the observer gain matrix K; and controller
gain matrices Gy and Hj can be obtained by solving the
recursive time-varying matrix inequalities (22)-(23) using
LMI toolbox. The proof is completed.

V. THE SIMULATION RESULTS

In order to verify the effectiveness of the method proposed in
this paper, the non-stationary growth system model proposed
in literature [7] and literature [19] are taken into account, and
its specific parameters are as follows:

Xk4+1 = 0.5x; +25 T+ x 5+ 0.06sign (x;) x; 'y
k

+ Brug + 8cos (1.2 (k + 1)) + 0.5¢79-2%

2
xj cos (2k)
="k 15 (33)
Y= 50 T
e 0 2sin (2k)
Y26 = T 1+ k
zr = 0.2xy

where By = 0.1, f (xx) = 0.06sign (xg) xx 'k, I'y is gaussian
white noise matrix. It’s not difficult to figure out

E{f (xx) Ixk} = 0,
E {f @ fT ) |xk} — 0.0036xTx.

Node

0 § 10 15 20 25 30 35 40
Time step &

FIGURE 1. Changes of the selected sensor nodes.

Given the initial state of the system xo = 0, L and L,
are set as 0.05I, @; = 0.92, O, = 1.15. Given finite
horizon k € [0, 40].0n the premise that the proposed method
has a solution and the Hy, performance index is as small
as possible, y = 2.25 and positive definite matrix § =
0.5, Pp = 0.5I are set. According to Theorem 2, recursive
time-varying matrix inequality (22) and equation (23) can

[0 0 0 0 0 ATL]

+1'"[0 0 0 0 0
+1I'"[0 0 0 0 0
+1'[0 0 0 0 0 0

0
+[0 0 0 0 0 O

ATLT T
ATLT—'Sk ATLT'-'&HZ ]Ti
ATLT 0 ATLT]
ATL2 gy _ATLT'-‘&HE]
ATLT-sk ~ATLyEq Hy |

~ ~ ~ ~ ~T~
< El,kLlLlT + 82,kL2L2T +erxl 1+ 82,kl |

=7 'iT
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be solved by LMI toolbox. The corresponding simulation
results of the system are shown in Figure 1, Figure 2 and
Figure 3. Figure 1 depicts the changes of sensor nodes that
obtain network permissions under the influence of WTOD
communication protocol. FIG. 2 and FIG. 3 show the con-
trolled output images of the open-loop system and closed-
loop system respectively. It can be seen from Figure 3 that,
on a given finite horizon AA, the controlled output curve of
the closed-loop system oscillates and converges. It can be
calculated from Figure 3 that when there is disturbance, the
Ho performance index formula (12) in the finite horizon is
established. The simulation results demonstrate the effective-
ness of the finite horizon H, controller design method.

zfk)

o 5 10 15 20 25 30 35 40
Time step &

FIGURE 2. The state trajectories of the open-loop system.

T T T T T T T T T

1 == == Algorithm in [14] g
Algorithm in this paper

2(k)

0 5 10 15 20 25 30 35 40 45 50

Time step k

FIGURE 3. The state trajectories of the closed-loop system.

VI. CONCLUSION

In this paper, under the influence of WTOD protocol, the
finite horizon Hy, control problem with both nonlinear and
random nonlinear time-varying systems that can be analyzed
everywhere in the state equation and the output equation
is studied. First, a nonlinear time-varying system model
is constructed. Then, in the sensor-controller transmission
network, the WTOD communication protocol is added to
avoid data conflicts. Then, the nonlinear terms determined
by Taylor expansion technique are processed, the stochastic
nonlinear terms are processed by statistical method, and the
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sufficient conditions for the system to meet the Hy, per-
formance requirements are obtained by Lyapunov stability
theory and cross amplification lemma. On this basis, the con-
troller design algorithm based on observer is given. Finally,
simulation shows the effectiveness of the proposed method.
In addition, extending the proposed finite horizon H, control
method to nonlinear systems under Round-Robin protocol
and Random Access protocol is a problem that requires fur-
ther research.
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