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ABSTRACT The reduction in system inertia under the penetration of power electronic-interfaced generation
has fostered various proposals on wind synthetic inertia. Several works in the state of the art propose control
strategies to optimize synthetic inertia performance; however, most of the performance metrics indirectly
represent frequency control adequacy indicators such as rate of change of frequency or frequency nadir.
Also, control definitions assume that there is one variable speed wind turbine and one controller, which
limits the applicability of the proposals as power systems normally count with various wind turbines/farms
over extended geographical areas with different wind regimes. This work presents a H2 optimal control
approach for a variable speed wind turbine synthetic inertia controller. First, the objective of the formulation
is to explicitly minimize the rate of change of power system frequency. Second, a stability proof for the
multi-wind turbine case is proposed, allowing optimal controllers to be independently implemented for an
arbitrary number of wind turbines and wind regimes. The effectiveness of the proposed control scheme is
demonstrated with a numerical example, considering an empirically-validated, reduced-order model of the
Electric Reliability Council of Texas frequency dynamics.

INDEX TERMS Frequency control, optimal control, synthetic inertia, wind farm, frequency response.

I. INTRODUCTION
The inertia and frequency response reduction in power sys-
tems has led to various approaches of Variable Speed Wind
Turbine (VSWT) Synthetic Inertia (SI) [1]. Most of these
approaches normally consist in withdrawing kinetic energy
from themoving part of the turbine, emulating the behavior of
synchronous machines. In general, the turbine kinetic energy
must be restored afterwards to reestablish the operating speed
given by maximum power point tracking controllers, leading
to different control proposals aiming to maintain SI stabil-
ity. Most approaches consider full control of electric torque,
so methods require the use of type III (doubly fed induction
generator) or type IV (full converter) wind power conversion
systems exclusively.

SI proposals can be divided into two categories: open loop
and closed loop. Open loop approaches are based on detecting
a frequency event for which a pre-defined kinetic energy
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release is performed [2]. Closed loop proposals develop SI
feedback controllers that measure system state variables to
release kinetic energy depending on the magnitude of the
event, emulating the functioning of synchronous generator
governors. Closed-loop strategies have shown better perfor-
mance, proposing, in general, a gain that decreases with wind
speed under various criteria for maintaining stability [3].

Detailed revisions of current SI techniques can be found
in [4]–[7]. In the literature, various definitions of SI can be
found, see, for example, [8], [9]. However, most definitions
relate SI only with a proportional response to the Rate of
Change of Frequency (RoCoF). In our case, SI will refer to
withdrawing kinetic energy from the moving part of the tur-
bine in response to a frequency change, considering RoCoF
and other state variables that participate in the dynamic
phenomenon.

Among current closed-loop SI approaches, no particular
attention is paid to controller parameter choice to maximize
performance. These approaches basically propose a control
law that represents the dynamic limitations on the amount
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of kinetic energy that can be stably withdrawn from the
VSWT; for example, [10] proposes an energy constraint to a
linear controller to account for the dynamic limitations with
a stabilising low-pass filter. Similarly, in [11], a simplified
constraint representing the feasible choice of a SI linear con-
troller is added to an economic operation formulation. In gen-
eral, theses approaches are simple, and consider frequency as
the only feedback variable; however, they cannot ensure an
optimal behavior of the entire dynamic phenomena as they are
focused on maintaining stability, overlooking performance
optimization. Similar approaches are found in [12]–[14].

More detailed proposals concerning parameter tuning con-
sider more advanced control techniques. In [15], a lineariza-
tion of a VSWT and a power system are merged together into
one equivalent dynamic system to define an operating secu-
rity region, where system frequency deviation is represented.
The region is such that a maximum frequency deviation is
allowed, so a performance constraint is formulated; the work
proposes an algorithm to obtain the security region. In [16],
the algorithm in [15] is optimized. Also, a supervisory con-
trol strategy is proposed for the trajectory of the equivalent
dynamic system to remain inside the security region, with a
proportional control strategy on the derivative of the Center
of Inertia (CoI) frequency. The controller commutates to an
active mode while inside the security region and becomes
off-line while outside of it. In terms of stability, the proposal
in [16] considers a definition of the control gain in [2] that
assumes a minimumVSWT speed of 0.7 p.u as an assessment
of stability, which, presumably, prevents the linear equivalent
from excessive deviations from the actual nonlinear dynam-
ics. In terms of performance, the study proposes a method to
decide when to switch on and off the control action; however,
the control action when the controller is in switched on mode
also depends on the control gain that follows the definition
in [2]. The choice of the gain does not follow a performance-
maximizing criterion.

Other recent works have considered an explicit definition
of performance by the use of optimal control indexing; in
particular, the H∞ and H2 norms. Conceptually, the H∞
approach minimizes the effect of the worse case distur-
bance [17]. The H2 control frameworks seek to minimize
the energy of an output performance signal when affected
by impulse disturbance, making the impact of the control
strategy on minimizing a particular state variable easier to
interpret [17].

In the context of SI control approaches, [18] considers a
one-bus dynamic equivalent of a power systems to formulate
a H∞-based controller. The H∞ controller is focused on
minimizing the value of the largest spectral component of
system frequency. The controller is assumed to be central-
ized and operates on one single VSWT, which poses various
concerns on the applicability on real power systems where
various wind turbines are grouped in one wind plant that
are normally distributed over extensive geographical areas.
Similarly, it is difficult to assess the impact of theH∞ control
proposal on specific frequency adequacy metrics such as the

RoCoF or Nadir (the lowest point of the frequency transient)
as the H∞ controller is focused on minimizing the value
of the largest spectral component of the norm of the state
vector. The work in [19] also considers aH∞-based controller
in comparison to a Linear Quadratic Regulator (LQR) con-
troller. The proposal also formulate a one-bus approximation
and one controller, presenting the same limitations as [18]
in terms of overlooking multi-wind turbine operation. The
LQR example in [19] uses some elements ofH2 control, but a
definition of a specific frequency control performance metric
is not considered. The results above have the limitations of
overlooking a multi-wind turbine scenario and an explicitly
representation of a frequency control performance metrics as
RoCoF or Nadir. To the best knowledge of the authors, no pre-
vious research has been focused on the multi-wind turbine
stability problem and on explicitly representing frequency
control performance metrics as RoCoF or Nadir.

This paper proposes a SI control strategy to both minimize
frequency RoCoF and ensure stable multi-wind turbine oper-
ation considering an H2 norm control technique. First, the
H2 formulation will allow an explicit definition of frequency
control performance, which in this case will be focused on
system RoCoF, allowing a better representation of the actual
role of inertia in Power Systems. Second, a stability proof
is presented, where the definition of distributed controllers
associated with different VSWTs operating under different
wind speeds is represented. To obtain numerical results,
a reduced-order, empirically-validated model of the Electric
Reliability Council of Texas (ERCOT) is considered. The
points above cannot be found in the literature under the con-
cept of either synthetic inertia or Fast Frequency Response.
Notation: In is the n × n identity matrix, 0n and 0m×n

are the n × n and m × n matrices of zeros, respectively.
For a real matrix M , MT denotes its transpose, and M >

0 (< 0) means that M is symmetric and positive-definite
(negative-defined). det{M} stands for the determinant of M
and Diag{M1, . . . ,Mn} is the block diagonal matrix with Mi
matrices lying along the diagonal.

II. POWER SYSTEM FREQUENCY DYNAMICS MODEL
As commonly seen in SI studies [18], [19], this work will
consider a dynamic equivalent of system frequency, partic-
ularly the model presented in [20]. This model is focused
on frequency stability, and simplifies the representation of
other dynamic phenomena in order to facilitates the frequency
stability analysis. A detailed description and validation of this
model can be also found in [21], and its block diagram rep-
resentation can be seen in Fig. 1. Using synchrophasor data
of generation contingencies, a predictive error identification
process [22] is used to obtain the model parameters repre-
senting an actual frequency behavior in the case of Texan
interconnection (ERCOT).

The model, that has been used to represent the frequency
dynamics of the ERCOT [20], Nordic [23] and Chilean [24]
power systems, can be modified to represent the response of
SI control strategies. Moreover, the damping coefficient of
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FIGURE 1. Simplified model of frequency dynamics [20].

the frequency dynamics will be neglected as a simplifying
assumption [25].

Themodel has beenmodified to include a power input from
a SI control strategy by adding a new term in the sum point,
that represents the additional power that comes from the wind
energy system, namely 1Pω. The state-space representation
of the simplified model is shown in (1).

Ẋs = AsXs + Bs1Pω + Bsw1P (1)

where,

Xs =

[
1f

1Pm

]
, As =

 0
−1
TH

Kf
Ta

−Kf
Ta

(
1+

Tc
TH

)
 ,

Bs = Bsw =


1
TH

Kf Tc
TaTH

 ,
1f : system frequency deviation (Hz),
1Pm : system governors power response (MW),
1P : system power balance (MW),
TH : system inertia (s),
1Pω : SI delivered power (MW),
Ta,Tc : model dynamic parameter (s), and
Kf : governor droop of the system (MW/Hz).

As detailed in [20], the parameters Ta, Tc, Kf , and TH are
identified to represent an actual data; in this case, data of a
low load condition in the ERCOT system in January 26th,
2010 at 1:58am is identified. This condition represents a
scenario of low inertia, with low load and low number of
synchronous machines online. The identified parameters are
shown in Table 1 and the identified frequency response in
Fig. 2

TABLE 1. Identified parameters [20].

Themodel in (1) represents the CoI (Center of Inertia), as it
is usually in advanced control SI studies [18], [19].

III. WIND POWER PLANT MODEL AND SI CONTROL
The one-mass VSWT model proposed in [26] is adapted to
represent SI control and the dynamics of a wind turbine as

FIGURE 2. Identified dynamic behavior [20].

shown below:

ω̇r =
1
Jw
Tm −

1
Jw
Te −

Ngb
Jw

TSI,

Ṫe = Ngb
(
kpω̇r + ki[ωr − ωro(vω)]

)
,

Pw = NgbTeωr ,

1Pw = NgbTSIωr , ta),

Tm =
Pwind
ωr
=

0.5ρAv3wCP(λ, β)
ωr

,

CP(λ, β) = 0.645{0.00912λ+
−5− 0.4(2.5+ β)+ 116λi

e21λi
},

λi =
1

λ+ 0.08(2.5+ β)
−

0.035
1+ (2.5+ β)3

, (2)

where
ωr : VSWT mechanical speed (rad/s),
Jw : VSWT moment of inertia (Kg· m2),
Tm : VSWT mechanical torque (MNm),
Te : torque reference from the Maximum Power Point

Tracking (MPPT) control (MNm),
TSI : torque reference from the SI control (MNm).
Ngb : gearbox conversion factor,
kp, ki : proportional and integral gains of MPPT control,
ωro : Tip Speed Ratio (TSR) reference (rad/s),
vω : wind speed (m/s),
ρ : air density (kg/m3),
A : rotor-swept area of a VSWT (m2),
Pwind : VSWT power input from wind (MW),
Pw : VSWT power output (MW),
1Pw : VSWT SI power output (MW),
λ : VSWT tip speed ratio,
β : VSWT pitch angle.

Note that ωro is the speed leading to the optimal TSR con-
dition (maximum energy generation) for a particular wind
speed vω, for which there also exists an optimal TSR torque
Tωo. For control purposes, consider a linearization of system
(2) for a set n of wind turbines with i = 1, .., n:

˙̄Xi = ĀiX̄i + B̄i1T(SI )i,

1Pwi = C̄iX̄i + D̄i1T(SI )i, (3)

where X̄i = [1ωri 1Tei]T , 1ωri ∈ R and 1Tei ∈ R are the
wind speed deviation and electrical torque deviation from the
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VSWT operation point, respectively. Moreover, Āi ∈ R2×2,
B̄i ∈ R2×1, C̄i ∈ R1×2 and D̄i ∈ R are numerical matrices
obtained from the linearization process.

As seen in the literature, SI controllers measure system
state variables and act on the turbine through1TSIi, coupling
systems (1) and (3). In particular, one can define a constant
feedback state control strategy that measures the state vari-
ables to deliver a control action TSIi for a particular wind
turbine i, as shown in Fig. 3.

FIGURE 3. Dynamic interactions between a power system and a
particular wind turbine i .

Note that the resulting 1-wind turbine system has now
four state variables: 1f , 1Pm, 1ωri, 1Tei, which are the
connection of the states space variablesXS of (1) and X̄i of (3).

Assuming Ki = [ki1 ki2 ki3 ki4] as control gain, the state
feedback control law is given by T(SI )i = Kiς . The current
advanced SI control techniques aim to compute a particular
gainKi in order to maximize the contribution of the SI control
strategy to system frequency stability for the one- VSWT
case. With the above consideration, the one wind turbine,
closed-loop system is given as follows:

ς̇ = (Ai + BuiKi)ς + Bww, (4)

where,

ς =

[
Xs
X̄i

]
, Ai =

[
As BsC̄i
0 Āi

]
,

Bui =
[
BsD̄i
B̄i

]
, Bw =

[
Bsw
0

]
where ς ∈ R4×1 is the state vector, Ai ∈ R4×4, Bui ∈ R4×1

andBw ∈ R4×1 are constant matrices representing the coupled
linearized dynamic system with w = 1P ∈ R.

IV. OPTIMAL SI CONTROLLER
In this section, a RoCoF-minimizing approach is presented.

A. BASIC IDEA
Most advance control proposals of SI in the state of the art
use the H∞ norm to represent performance of the SI control
action. The H∞ norm primarily concerns with the peaks in
the frequency spectrum in response to a energy-bounded dis-
turbance, which is normally associated with a sudden power
balance change. This way, the impact of the H∞ norm on
direct frequency adequacy metrics, such as RoCoF or Nadir,
is not easy to assess. TheH∞ proposals in the literature show
some effect on arresting RoCoF or Nadir, but the objective

function given byminimizing theH∞ norm of the state vector
is not explicitly related to RoCoF or Nadir.

Also, the general concept of inertia is more related with
the RoCoF. The inertia of a synchronous machine is associ-
ated with the kinetic energy that is released to maintaining
power system balance, and it is, mathematically, inversely
proportional to the RoCoF the first instants of a frequency
transient after a sudden loss of power balance [27]. Therefore,
the SI concept in an advance control framework should be
explicitly associated to RoCoF to better emulate the actual
physical meaning of inertia in a power system.

In this context, the H2 control theory better suits the con-
ditions given above. The H2 control theory minimizes state
variable energy in response to an impulse disturbance. If one
can define the objective function of the H2 control to min-
imize the energy of RoCoF, the control proposal will better
represent the fundamentals of inertia and the core aim of the
control action. However, this idea has two main complexities:
• RoCoF is not a state variable of dynamic model (4), and
• the H2 theory requires the perturbation signal to be an
impulse, while the perturbation to the SI controller is a
step function (a sudden loss of power balance).

The following sections develop a model to allow a H2 for-
mulation to minimize the RoCoF in a SI proposal.

B. MINIMIZATION OF H2 AND RoCoF
Note that the disturbance 1P can be mathematically
described as a step function, making it challenging to employ
the H2 approach. However, if1P is a step function, then1Ṗ
is an impulse function that can fulfill the conditions for the
H2 control. In order to take advantage of this fact, consider a
new system that is obtained from the time derivative of (4),
by defining ε = ς̇

ε̇ = (Ai + BuiKi)ε + Bww̄,

z = (C + DKi)ε, (5)

where w̄ = ẇ is an impulse signal. The matrices Ai, Bui and
Bw are given in (4), and z is the output performance signal,
where thematricesC andD are selected in function of the per-
formance goal. Note that the system (5) contains the deriva-
tives of the original state vector, so defining C = [1 0 0 0]
and D = 0, the output performance signal z is the derivative
of the frequency, that is, z = 1ḟ = RoCoF. Because of
that, the transference matrix function G(·), between w̄ and
z for system (5) represents the relation between the impulse
signal 1Ṗ and the RoCoF energy, which is the energy of the
frequencyRoCoF. Thus, from theH2 control approach theory,
it is possible to design a control gain Ki in order to minimize
the RoCoF energywhile guaranteeing stability for system (5).
for a given gain matrix Ki, the H2-norm for the G(·) is given
by: ∥∥G(·)∥∥22 = trace{(C + DKi)P̄(C + DKi)T )}, (6)

where P̄ is the solution of the following Riccati Equation:
(Ai + BuiKi)P̄+ P̄(Ai + BuiKi)T + BwBTw = 0.
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Alternatively, in order to design a gain matrix Ki that
minimize the H2-norm of the G(·) for one turbine system i,
the following computable approach based on Linear Matrix
Inequalities (LMI) can be formulated [28]:

min
Z=ZT ,P=PT ,W

trace{Z }

s.a.

AiP+ BuiW + (AiP+ BuiW )T + BwBTw < 0,[
Z CP+ DW

(CP+ DW )T P

]
> 0. (7)

Thus, when the above optimization problem has a solution,
the feedback control gain Ki = WP−1 ensures that the system
(5) is stable and also that

∥∥G(·)∥∥22 ≤ trace{Z }, which means
that the RoCoF energy is minimized.

Since the system is linear and all system matrices are time-
invariant, if there exists a matrix Ki such that system (5) is
stable andminimizes the RoCoF energy, the same gain matrix
Ki ensures also that (4) is stable with a minimized RoCoF
energy. Moreover, since ε = ς̇ , then the control law for
system (5) is given by u̇ = Ṫ(SI )i = Kiε. Applying the time
integral operator in all terms in the last equation, one obtains
that the control law for the system (4), which ensures system
stability and minimized RoCoF energy, is given by

u = T(SI )i = Kiς, (8)

C. LIMITATIONS OF THE LINEARIZATION
To apply themethod described in Section IV-B, the system (2)
must be linearized. In general, the various proposals on SI
consider linear equivalents of system (2), claiming that the
linear representation is sufficient to represent the underly-
ing nonlinear phenomenon [18], [19]. However, in the case
presented, if one computes the gain Ki using the method in
Section IV-B and then implements the proportional controller
in the nonlinear system (2), the control action may fail in
maintaining stability because of the lack of representativeness
of the linear equivalent, as shown in the scheme in Fig. 4.

FIGURE 4. Impact of the nonlinearity on the closed-loop system stability
under the control policy proposed in Section IV-B Vw = 11 m/s.

In Fig. 4, one can see that the torque-speed relationship of
the VSWT presents a nonlinear region around the maximum
torque point. If the control action drives the system towards
that region, stability is compromised. Most SI approaches

prevent turbine speed from dropping below 0.7 p.u. [2] as an
ad-hoc limit.

In order to avoid fixed limits for VSWT speed, this work
reformulates the H2 control problem to prevent the control
action from driving the system into the nonlinear region.

D. AN LQR APPROACH TO ADDRESS THE LINEAR MODEL
REPRESENTATIVENESS
From the optimal control theory, a Linear Quadratic Regu-
lar (LQR) control approach can be considered [29]. The LQR
control aims to compute a feedback proportional control gain
K for system (5) in order to minimize the quadratic cost
functional J given by:

J =
∫
∞

0
(εTQx + uTRu) dt, (9)

where the matrices Q and R are symmetric positive definite
matrices which represents the weights, respectively, of the
state variables and the control efforts. The quadratic cost
functional J represents the trade-off between the state rate
convergence and the control effort.

Since Q and R are symmetric positive definite matrices,
one can obtain their Cholesky factorization given by

Q = (Q
1
2 )TQ

1
2 , R = (R

1
2 )TR

1
2 . (10)

On the other hand, note that if in (5) one defines

C =
[
Q

1
2

0

]
, D =

[
0

R
1
2

]
, (11)

then
∥∥G(·)∥∥22 in (6) is exactly described by the quadratic

cost functional J in (9). This way, LQR can be seen as a
particular case of the H2 norm when the matrices C andD are
given by (11). Then, considering (11) in (7), and applying the
Schur complement (seemore details in [30]), the optimization
problem in (7) can be rewritten as:

min
Y=Y T ,P=PT ,W

γ

s.t.

AiP+ BuiW + (AiP+ BuiW )T + BwBTw < 0

trace
(
Q

1
2X (Q

1
2 )T
)
+ trace(Y ) < γ[

Y R
1
2W

(R
1
2W )T P

]
> 0. (12)

where γ is a scalar and the feedback control gain is given by
K = WP−1.
In this scenario, Q and R are matrices that must be selected.

In this work, these matrices will play an important role in the
representativeness of RoCoF and in the stability of the linear
controller on the nonlinear system (2).

1) DETERMINATION OF Q
In order to ensure that the performance output signal rep-
resents the RoCoF, it is necessary to select adequately the
weighting matrix Q, which represents the states energy.
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In system (5), the first component of the state vector is the
derivative of frequency, so one can define the following Q
matrix:

Q =


β 0 0 0
0 δ 0 0
0 0 δ 0
0 0 0 δ

 (13)

where δ and β are positive numbers, and δ � β. Since
δ � β and ε = [1ḟ 1Ṗm 1ω̇ri1Ṫei]T , the performance
index becomes z ≈ 1ḟ , representing the RoCoF energy
and mimicking the role of traditional inertia in frequency
dynamics.

2) DETERMINATION OF R
Note that R represents a weight on the control action in the
objective function of (9). Intuitively, a ‘‘large’’Rwill limit the
control action, reducing the impact of the control on reducing
system RoCoF; a ‘‘small’’ R, conversely, will increase the
impact of the control on reducing system RoCoF. However, a
‘‘small’’ R can drive the system to a region where the linear
representation of (2) deviates from the actual system; this
situation is depicted in Fig. 4.

As to increase the performance of the control on reducing
system RoCoF, one can select the smallest R (namely R∗) so
that the control action does not drive the state vector far from
its linear behavior. Stability can be verified by simulation,
and a specific criterion to determine the value of R∗ can be
established. The method is described in Fig. 5.

FIGURE 5. Algorithm for computing K and R for all admissible values of
NL and vω to avoid instability.

Note that in every iteration of the algorithm a computation
of the H2 optimal control gains is obtained, so, together R∗,
the corresponding K is obtained for that particular value
of R∗.

E. DISTRIBUTED CONTROL STRATEGY
In recent works that use advanced control techniques for
SI, the proposals consider one wind turbine connected to
a power system, overlooking formal proof for cases with
various wind turbines. For example, [31], [32] consider a

technique that is defined for a one-wind turbine extrapolated
to a multiple wind turbine case by simulation using partici-
pation factors. The simulations show a good performance of
the multiple-wind turbine case, but no formal stability proof
is provided. The following theorem guarantees the stable
operation of multi-wind turbine SI systems.
Theorem 1: Consider the multi-turbine case with n wind

turbines. It is assumed that each VSWT i, (i = 1, .., n) is
described by system (3) and is connected to the power system
(1) as shown in Fig. 6. If for each turbine i there exists a
control gain Ki for which the one turbine case (see Fig. (3)) is
closed-loop stable, then the multi-turbine system represented
in Fig. 6 is also stable.

FIGURE 6. Dynamic relationships between a power system and a group
of n wind turbines implemented with closed-loop SI.

Proof: The proof of this theorem can be found in the
Appendix VII-A.

This allows the integration of SI controllers in a dis-
tributed manner, without considering re-tuning the existing
controllers any time a new wind turbine is added with the
proposed SI control or a wind turbine becomes offline due
to the absence of wind. This result is similar to the way gov-
ernor proportional controllers can be added/removed to/from
a power system without stability concerns [21].

V. STUDY CASE
To show the applicability of the proposed SI control proce-
dure, turbine the case of one and multi-wind turbines will
be considered, as it is shown in Fig. 7. The simulations will
consider that voltage, transient, and small signal stability
issues are addressed, so voltage collapse, angle stability and
power oscillations are controlled, as normally assumed in

VOLUME 10, 2022 18273



E. Riquelme et al.: RoCoF-Minimizing H2 Norm Control Strategy for Multi-Wind Turbine Synthetic Inertia

FIGURE 7. Simulation scenarios: a) one wind turbine, and b) Multi-wind
turbine.

these analyses [18], [19]. This way, a one bus representation
of the power system can be considered.

In all cases, three scenarios are considered: a base case
with no SI control, a proportional to the frequency derivative,
kinetic energy-based SI control from [33] (namely ‘‘KE con-
trol’’), and the proposed case with the SI H2 optimal control.
It is important to note that the simulations consider the linear
controller implemented in the nonlinear version of the VSWT
dynamics.

To consider a realistic power system, the ERCOT empiri-
cally validated model shown in Section II is used; the ERCOT
case is presented in detail in [20], where the parameters are
tuned with empirical data as shown in Section II.

The wind turbine model (2) considers the parameters of
a National Renewable Energy Laboratory (NREL) 5 MW
Baseline VSWTmodel [34]. The parameters are shown in the
annexes.

A. ONE WIND TURBINE CASE
A first simulation consists of a one-wind turbine case. Wind
generation is modelled by 472 identical 5MW VSWTs, with
an input wind speed of 11 m/s. This way, each turbine power
output is 5 MW, accounting for a pre-fault aggregated power
output of 2360 MW (to maintain the condition in Table 1).
For the operating point ( vω = 11 m/s), one can obtain
the linearization of the system described in Section III, and
the controller parameters as explained in Section IV. The
resulting controller parameters are k1 = −0.2484, k2 =
1.5 · 10−4, k3 = 0.70058, k4 = 0.003316, and R = 0.46.
Then, a 798 MW sudden loss of generation is simulated in
Fig. 8, 9 and 10, where the frequency, turbine speed, and SI
power responses are shown respectively.

It can be seen in Fig. 8 that RoCoF significantly decrease
with respect to the base case, showing the action of the SI
control. The proposed technique is also better than the KE SI
in terms of RoCoF. The improved RoCoF response has also
a positive impact on the Nadir; although the control effort is
only constrained to minimize RoCoF, the slower frequency
behavior helps the governor response to reduce the Nadir.

The VSWT speed is shown in Fig. 9. In the case of the
KE control, turbine speed decreased by about 2%, while the
H2 control allows a minimum turbine speed of about 5%.

FIGURE 8. Frequency response for the 1-wind turbine case: Without SI
control, KE control proposed in [33], and the proposed H2 control method.

FIGURE 9. Turbine speed response for the 1-wind turbine case: Without SI
control, KE control proposed in [33], and the proposed H2 control method.

FIGURE 10. Turbine power response for the 1-wind turbine case: Without
SI control, KE control proposed in [33], and the proposed H2 control
method.

FIGURE 11. Turbine power response for the 1-wind turbine case.

The largest allowance in the case of theH2 control is given by
the more detailed representation of the stability limit ensured
by the algorithm in Fig. 5. Also, and in order to restore turbine
speed to the pre-fault MPPT operating value, the H2 control
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FIGURE 12. Results for the 4-wind turbine case. Figures b) and c) show incremental values from P0 and ωro in Table 2.

FIGURE 13. Results for the 5-wind turbine case. Figures b) and c) show incremental values from P0 and ωro in Table.

accelerates the turbine, which shows the integration of the
normal MPPT controller to the H2 controller. In the case
of the KE control, the formulation is not designed include
the MPPT controller, so the turbine speed is not recovered
to pre-fault values and reaches a steady state value with a
significant offset.

The VSWT SI power contribution is shown in Fig. 10. The
power contribution of the H2 control is larger in peak and
duration than that of the KE control; however, the H2 control
presents a large recovery period in which power is withdrawn
from the grid (starting about 10s in Fig. 10). This power
withdrawal is necessary for the turbine to accelerate to its
pre-fault MPPT operating point, as seen in Fig. 9. As the KE
control does not represent theMPPT controller, the lost of the
pre-fault MPPT operating point is not addressed.

The overall governor response is shown in Fig. 11. It can
be seen that the reduced RoCoF allows governors to respond
with a slower ramp rate, reducing the need for faster syn-
chronous generation. Various power system operators are
implementing fast frequency response ancillary service prod-
ucts; a reduction on required ramprates also contributes to
reduce the required ancillary services and costs of renewable
integration.

B. MULTI-WIND TURBINE CASE
A second case considers 4 and 5 wind turbine simulations
with different wind speeds. In this case it was not possible to
simulate the KE control, since the KE control proposal was
not designed for a multi-wind turbine scenario. In four-wind
turbine and five-wind turbine simulation each group of wind

TABLE 2. Simulation parameters for the 4-wind turbine case.

TABLE 3. Simulation parameters for the 5-wind turbine case.

turbine consists of 296 and 201 turbines units, respectively,
for which the pre-fault overall wind power output accounts
for 2360 MW (maintaining the condition in Table 1). The
simulation parameters are shown in Table 2 and Table 3. The
H2 control parameters are shown in the Appendix.
Fig. 12 and Fig. 13 shows the response of the system for

a 798 MW contingency. In terms of the power response,
a larger wind speed corresponds with a larger power response.
In terms of VSWT speed, all cases behave similarly; the
largest operating points correspond with larger speed drops,
which are associated with smaller values of R (a less restric-
tive control action). The torque-speed relationship for larger
wind speed values has a larger region in which the linear
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representation is closer to the nonlinear system; this is con-
sistent with the values of R in Table 2 and 3. Overall, the
operation for a distributed control scenario and different wind
speed for the controllers is shown to be stable.

VI. CONCLUSION
This work proposes the H2 optimal control method as a SI
control strategy. First, a mathematical proof of multi-wind
turbine stability has been proposed in Theorem 1, which
ensures complete close loop stability for the multi-wind tur-
bine case. Note that this is an important result since most
current approaches only ensure close loop stability for the
multi-wind turbine by simulation. Second, a new SI control
strategy is proposed. The proposed control strategy has the
advantage of representing RoCoF directly as a control perfor-
mance metric using theH2 control properties to minimize the
RoCoF energy, while current methods are based on H∞ with
less clear connection to RoCoF minimization specifically.
In addition, an LQR approach was proposed to deal with
the nonlinearity of the real model, allowing the controller
to work on the nonlinear model. Numerical results consider-
ing 1, 4, and 5 wind turbine scenarios are presented, showing
the improved performance of the method in minimizing the
RoCoF and its validity concerning multi-wind turbine cases.

The effect of external disturbances, such as power imbal-
ances are explicitly considered in the proposed SI control
design. However, internal disturbance are not considered.
They can be originated by various phenomena, such as
changes in wind speed leading to different parameters for
the linearized system or changes in power system schedul-
ing leading to changes in the parameters describing the
underlying dynamics of the power system. Future work will
focus on extending the minimal RoCoF control design and
multi-turbine stability to the case of systems affected by
internal disturbances. Particular attention will be given to
modeling and designing the H2 control to ensure robustness
under internal disturbance.

In addition, wind turbine manufacturers usually set hard
limits on how much and how fast energy can be released,
and how fast the energy can be restored. These limitations
are associated with power electronics ratings, mechanical
acceleration limitations, etc. Future work will consider an
integration of these limitations into the control algorithms.

VII. APPENDIX
A. PROOF OF THEOREM 1
Before presenting the proof of the Theorem 1, some previous
results about Matrix Analysis are cited. For more information
about this subject, one can see [35] and references therein.

1) FACTS ON BLOCK MATRICES
Consider A ∈ Rn×n, B ∈ Rn×m, C ∈ Rm×n, D ∈ Rm×m, and
that there exits A−1, then

det
([

A B
C D

])
= det(A)det(D− C A−1B). (14)

Lemma 1: [30] A matrix A ∈ Rn×n has all its eigenvalues
with real negative part if A+ AT < 0.
Lemma 2: [36] If A ∈ Rn×n is an non-singular matrix,

and U and V are n× m matrices, then

det(A+ UVT ) = det(Im + VTA−1U)det(A).

Proof of Theorem 1: Note that, for each turbine i, the
control law T(SI )i = Kiς can be divide as

T(SI )i = KaiXs + KbiX̄i, (15)

where Xs = [1Pm 1f ], X̄i = [1ωri 1Tei], as defined
in Section III. Considering systems (1) and (3) for each i,
(i = 1, .., n), without considering the disturbance, the multi-
turbine state-space equation for the dynamical system in
Figure 6 is given by

Ẋs
˙̄X1
˙̄X2
...
˙̄Xn

 =


Acls BsC̄cl1 BsC̄cl2 · · · BsC̄cln
B̄1Ka1 Ācl1 0 · · · 0
B̄2Ka2 0 Ācl2 · · · 0
...

...
...

. . . 0
B̄nKan 0 0 . . . Ācln


︸ ︷︷ ︸

M


Xs
X̄1
X̄2
...

X̄n


(16)

where Acls = As + Bs
∑n

i=1 D̄iKai, Ācli = Āi + B̄iKbi and
C̄cli = C̄i+D̄iKbi By hypothesis, for each turbine i there exists
a control gain Ki for which the individual closed-loop control
system is stable (see Fig. (3)). Hence the subsystem (4), given
by [

Ẋs
˙̄Xi

]
=

[
As + BsD̄iKai BsC̄cli

B̄iKai Ācli

]
︸ ︷︷ ︸

Mi

[
Xs
X̄i

]
(17)

is stable, so that the eigenvalues σ (Mi) have negative real
parts. Then, Mmi = MT

i +Mi is negative definite (Mmi < 0)
for each i, which implies that −Mmi is positive definite. It is
well known that −Mmi is a positive definite matrix then the
determinants of all leading principal minors of −Mmi are
positive. Thus, assuming that αAsi = As + BsD̄iKai + (As +
+BsD̄iKai)T , for each turbine i it is true that:

det(−Mmi) > 0, det(−αAsi ) > 0,

det(−(Ācli + ĀTcli)) > 0 (18)

On the other hand, the stability of the multi-turbine case
(16) depends on the eigenvalues σ (M ). By the Lemma 1,
we have that the real part of the eigenvalues ofM are negative
if Mm = M + MT < 0, or −Mm is positive definite. Thus,
it is necessary to show that the determinants of all leading
principal minors of −Mm are positive.

In other to show that −Mm > 0, note that Mm can be
represented by the following block matrix:

Mm =

[
Acls + ATcls ν̄Tn

ν̄n DAcln

]
.
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where νi = B̄iKai + C̄T
cliB

T
s ,

ν̄Ti = [ νT1 νT2 · · · νTi ], and

DAcli = Diag{Ācl1 + ĀTcl1, Ācl2 + Ā
T
cl2, · · · Ācli + Ā

T
cli}.

Moreover consider that M̄m[j−1] is the j leading principal
minor block of −Mm, for j = 1, . . . , n+ 1, where

M̄m[0] = −Acls − A
T
cls,

M̄m[i] = −

[
Acls + ATcls ν̄Ti

ν̄i DAcli

]
, ∀i = 1, · · · , n

Using (14), the determinant of each leading principalminor
block M̄m[j−1] , j = 1, . . . , n+ 1 of −Mm is given by

det(M̄m[0] ) = det(−Acls − ATcls)

det(M̄m[i] ) = det(−Acls − ATcls)det(0i ), ∀i = 1, . . . , n

(19)

where 0i = −DAcli + ν̄iα
−1
As ν̄

T
i .

As, for each turbine i, the closed loop system (17) is
stable, and by (18), one can see that det(−αAsi ) > 0 and
−DAcli > 0 for all i.

In order to show that det(M̄m[0] ) is always positive, note
that

det(−Acls − ATcls) = det(−
n∑
i=1

αAsi + Ã
1/2
s Ã1/2s )

where Ãs = (n− 1)(As + ATs ).
By (18), one can see that the term −

∑n
i=1 αAsi is non

singular, since for each turbine i, −αAsi > 0. Thus, applying
Lemma 2 we obtain that

det(−Acls − ATcls) = det(Ai)det(−
n∑
i=1

αAsi )

where Ai = I2 + Ã1/2s (−
∑n

i=1 αAsi )
−1Ã1/2s . Note that,

since for each turbine, −αAsi is positive defined matrix then
det(−

∑n
i=1 αAsi ) > 0 and det(Ai) > 0, which implies that

det(M̄m[0] ) is positive.
Now, in order to show that det(M̄m[i] ) is positive it is

necessary to prove that det(0i ) is always positive.
Note that, defining Vi = ν̄iα

−1/2
As , we have that

det(0i ) = det(−DAcli + ViVT
i ). (20)

The non-singularity of DAcli allow us to apply Lemma 2 in
(20), obtain that

det(0i) = det(In + VT
i (−DAcli )

−1Vi)det(−DAcli )

Since −DAcli > 0, then VT
i (−DAcli )

−1Vi ≥ 0 which
implies that det(0i) > 0. Moreover this implies that the
determinant of all leading principal minors in (19) of −Mm
are positive, that is −Mm > 0. The latter ensures that Mm
is negative definite, proven by Lemma 1 that all eigenvalues
of M are negative. Thus one can see that if each subsystem
i is stable, then the global interconnect multi-turbine case in
Figure 6 is also stable, which concludes the proof. �

B. NUMERICAL EXAMPLE MATRICES
1) SYSTEM

As =
[

0 1.6 · 10−4

−1.3 · 103 −0.51

]
,

Bs =
[
−1.6 · 10−4

0.26

]
,

Bsw = Bs (21)

2) ONE WIND TURBINE CASE

Ā =
[
−0.15 −11.27
0.17 −1.63

]
, B̄ =

[
−11.27
−1.63

]
,

C̄ =
[
383.6 229.6

]
, D̄ = 229.6,

K =
[
−0.2484 1.5 · 10−4 0.70058 0.003316

]
(22)

3) MULTI-WIND TURBINE CASE

Ā1 =
[
−0.0533 −11.27
0.17 −1.63

]
, B̄1 =

[
−11.27
−1.63

]
,

C̄1 =
[
50.73 83.479

]
, D̄1 = 83.479,

K1 =
[
−0.427 7.406 · 10−5 1.844 −0.002114

]
(23)

Ā2 =
[
−0.08 −11.27
0.17 −1.63

]
, B̄2 =

[
−11.27
−1.63

]
,

C̄2 =
[
114.1 125.2

]
, D̄2 = 125.2,

K2 =
[
−0.469 1.1 · 10−4 1.325 −0.0766

]
(24)

Ā3 =
[
−0.11 −11.27
0.17 −1.63

]
, B̄3 =

[
−11.27
−1.63

]
,

C̄3 =
[
202.9 166.9

]
, D̄3 = 166.9,

K3 =
[
−0.394 1.4 · 10−3 1.038 −0.01

]
(25)

Ā4 =
[
−0.15 −11.27
0.17 −1.63

]
, B̄4 =

[
−11.27
−1.63

]
,

C̄4 =
[
383.6 229.6

]
, D̄4 = 229.6,

K4 =
[
−0.2484 1.5 · 10−4 0.70058 3.3 · 10−3

]
(26)

Ā5 =
[
−0.13 −11.27
0.17 −1.63

]
, B̄5 =

[
−11.27
−1.63

]
,

C̄5 =
[
317.16 208.7

]
, D̄4 = 229.6,

K5 =
[
−0.2945 1.5 · 10−4 0.798 4.8 · 10−3

]
(27)
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