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ABSTRACT During the ultraprecise cutting of micro-structure surface with fast tool servo (FTS), the
hysteresis of piezoelectric actuators (PEAs) are affected by dynamic voltage excitations and real-time cutting
force, which declines the servo accuracy and cutting performance. In this paper, for a multi-input-single-
output (MISO) cutting system, a cross-coupling rate-dependent Prandtl-Ishlinskii (CRPI) model is proposed
and identified for the dynamic hysteresis of PEAs under dynamic voltage excitation and external loads.
A model reference adaptive control method is then presented to eliminate the positioning nonlinearity
of PEAs. The hysteresis modeling accuracy is discussed and the adaptive controller is validated through
experiments.

INDEX TERMS Piezoelectric actuator, dynamic hysteresis model, cross-coupling, model reference adaptive
control.

I. INTRODUCTION
In recent years, applications and demands of elements with
functional and topologic micro-structure surface are increas-
ing significantly. Fast tool servo (FTS) cutting is introduced to
micro-structure surface ultraprecisionmanufacturing because
of its fast frequency response and high machining accuracy.
However, in FTS cutting process, the inherent hysteresis
nonlinearity of piezoelectric actuator (PEA) and real-time
cutting force from the workpiece, affect the tool servo per-
formance of PEA, which declines the cutting surface quality.
Moreover, due to the electro-mechanical coupling charac-
teristics of piezoelectricity, hysteresis in FTS servo differs
from those under static excitation and those without external
loads. The changes of axial position, spindle speed and feed
speed caused by the irregular surface morphology of the
microstructure will affect the cutting efficiency [1], [2].

For the hysteretic characteristics of piezoceramics, var-
ious hysteresis models and control methods have been
proposed [3]–[5]. To deal with the cross-coupling phe-
nomenon in a hysteretic system,M. Rakotondrabe proposed a
multi-variable model by introducing cross-coupling transfer
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operators into the classical Prandtl-Ishlinskii (PI) model [6].
Y. Dong et al. considered the influence of the external loads
on the hysteresis and proposed a two-input Preisach model to
estimate the cross-coupling hysteresis in PEAs under voltage
excitation and external load in which, the distribution func-
tions related to both voltage and load reflect the cross-coupled
effect between the two inputs [7].

Furthermore, to describe the dynamic hysteresis under
excitation with time-varying frequencies, rate-dependent PI
model was proposed by employing dynamic weights or
dynamic thresholds [8], [9], and its inverse compensation
has shown satisfying accuracy for inputs at relatively lower
frequencies [10].

Nevertheless, for higher exciting frequencies, the inverse
operator might be invalid for severe nonlinearity, where
the hysteretic curve slope is negative [6]. To enhance the
application of rate-dependent PI model to inputs over a
wider range of frequencies, hybrid control methods have
been proposed. W. Li et al. proposed an online modeling
method of rate-dependent hysteresis by introducing a non-
linear autoregressive moving average with exogenous inputs
(NARMAX) model based on backpropagation (BP) neural
network, an adaptive inverse controller was also developed
with model inversion to suppress the hysteretic behavior of
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the actuator [11]. Y. Fan et al. purposed a radial basis function
neural network (RBFNN) combined with rate-dependent PI
model, and a disturbance observer was designed for wide-
bandwidth tracking control of PEA system with input fre-
quencies from 1 to 100 Hz [12].

Researches on hysteresis modeling and control have
improved the driving accuracy of PEAs. Nevertheless, to con-
trol an FTS turning system, the electromechanical coupling
characteristics of PEAs should be taken into considera-
tion. In this paper, a cross-coupling rate-dependent Prandtl-
Ishlinskii (CRPI) model is presented in Section II based on
classical PI model, a model reference adaptive controller is
proposed in Section III, experimental results and discussions
for multi-hysteresis modeling and control are presents in
Section IV.

II. CROSS-COUPLING RATE-DEPENDENT
PRANDTL-ISHLINSKII MODEL
In this part, a cross-coupling rate-dependent Prandtl-
Ishlinskii model is proposed to describe the hysteretic non-
linearities between the excited voltage, external load and
the displacement of the PEA in a MISO system, and model
parameters are identified subsequently.

A. DYNAMIC RATE-DEPENDENT PRANDLE–ISHLINSKII
MODEL
In the FTS system, in order to offer the cutting tool a dynamic
feeding rate for micro-structure surface machining, a volt-
age excitation with time-variant amplitude and frequency
according to the designed tool path is necessary. In this case,
to describe a precise relationship between dynamic voltage
and output displacement of the PEAs, PI model is used. For
the output of the classical PI model, hysteresis nonlinearity
is approached by summation of a series of weighted backlash
operators with different thresholds. The backlash operator is
shown as followed

y(t) = Fr [u, y0](t)

= max{u(t)− r,min[u(t)+ r, y(t − T )]}

y(0) = max{u(t)− r,min[u(t)+ r, y0]} (1)

where u is the operator input, Fr is the operator function, T
is the sampling period, y(t) is the operator output, y(t − T ) is
the operator output of previous time, r is the threshold value.
Then the hysteretic nonlinearity can be expressed as:

z(t) = Hr [u](t) =
n∑
i=0

wiFr [u, y0](t)=wTFr [u, y0](t) (2)

where wT = [w0 · · ·wn] is the transposition vector matrix
of weight; r = [r0 · · · rn]T is the vector matrix of threshold;
Fr [u, y0](t) = [Fr0[u, y0](t) · · ·Frn[u, y0](t)] is the vector
matrix of operator.

The displacement hysteretic loop of the PEA increases
with the frequency of the excitation signal [13], [14].
To model the dynamic hysteresis of PEA, the static weights
of classical PI model are extended by introducing the change

rate of excitations. The dynamic weight is denoted as

w = k · u̇(t)+ b (3)

where k = [k1, k2, · · · kn]T is the slope matrix of dynamic
input, b = [b1, b2, · · · bn]T is the offset coefficient matrix of
dynamic input, u̇(t) is the rate of change of input signal. Then
the rate-dependent PI model for dynamic hysteresis can be
described as

z(t) = Hr [u](t) =
n∑
i=0

[ki · u̇(t)+ bi] · Fr [u, y0](t) (4)

B. CROSS-COUPLING DYNAMIC PRANDLE–ISHLINSKII
MODEL
During micro-structure surface cutting process, the dynamic
feeding rate of FTS system causes changes not only in cutting
depth but also in corresponding cutting force, which intro-
duces modeling error to hysteretic characteristics of (4) and
affects the positioning accuracy of PEAs due to piezoelectric-
ity effect.

For a PEA system with exciting voltage u(t) and external
load F(t), the arithmetic unit H[·] is introduced to relate u(t)
and F(t) to the output displacement z(t) of the PEA and the
structure can be shown in Fig. 1:

FIGURE 1. The structure of the cross-coupling dynamic PI model.

When the load is zero, the arithmetic unit can be equivalent
to the dynamic hysteresis characteristic H1[u](t) of the PEA
with voltage excitation:

zu(t) = H1[u](t) for F(t) = 0 (5)

When the voltage is zero, the arithmetic unit can be equiv-
alent to the dynamic hysteretic characteristic H2[F](t) of the
PEA with load excitation:

zF (t) = H2[F](t) for u(t) = 0 (6)

Hysteretic characteristic of the PEA displacement under
load excitation is also rate dependent, so the dynamic
rate-dependent PI model established in the previous section
can be used to represent H1[u](t) and H2[F](t):

H1[u](t) =
n∑
i=0

wi1 · y(u, t) =
n∑
i=0

[ki · u̇(t)+ bi] · y(u, t)

(7)

H2[F](t) =
n∑
i=0

wi2 · y(F, t) =
n∑
i=0

[mi · Ḟ(t)+ ci] · y(F, t)

(8)
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where y(u, t) and y(F , t) can be obtained according to (1);m is
the slope of H2 to be identified; c is the migration coefficient
of dynamic threshold to be identified.

The cross-coupling effect between relations of voltage-
displacement and load-displacement is denoted by 3[u,
F](t), which can be approximated by a Back-Propagation
(BP) neural network with the structure indicated in Fig.2.

FIGURE 2. Neural network structure of cross-coupling hysteresis.

Define transfer function of the neural network as a sigmoid
function, the coupled displacement can be expressed as

3[u,F](t) = f [
n∑
i=1

wif (w1iu+ w2iF + bi)+ b] (9)

where w1i (i = 1, 2 . . . n) is the weight and bj is the threshold
from the input layer to the hidden layer, wi is the weight and
b is the threshold from the hidden layer to the second layer,
f (x) is the transfer function, n is the number of hidden layer
nodes.

Therefore, the cross-coupling dynamic PI model can be
expressed as

z(t) = H [u,F](t) = H1[u](t)+ H2[F](t)+3[u,F](t) (10)

C. PARAMETER IDENTIFICATION
Since the cross-coupling dynamic PI model consists of three
parts: H1[u](t), H2[F](t) and 3[u, F](t), the parameter iden-
tification requires both weight value solving process in the
dynamic PI model and the neural network training process.
The parameters to be identified include the slope and offset
coefficient in the dynamic weight of (7) and (8), the weight
value wi and threshold value bi in each layer of the network.
With least squares method (LSM), the parameter identi-

fications for H1[u](t) and H2[F](t) are similar. Therefore,
only the process of parameter identification for H1[u](t) is
presented in detail as follows:

1) Experimental data acquisition: for j = 1, 2, . . . ,m,
where m is the number of measured data, apply a
voltage excitation u(tj) to PEA, and take the measured
displacement as za(tj);

2) Threshold determination: the threshold value r in the
backlash operator is given by

ri =
i
n
|umax − umin| , i = 0, 1 · · · n− 1 (11)

where n is the number of thresholds, umax and umin are
the maximum and minimum input voltage.

3) Modeling displacement prediction: according to (7)
and (11), the predicted nonlinear displacement output
of the model is given by z(t);

4) Objective function determination: by comparing mod-
eling output z(t) to experimental displacement za(t), the
objective function J is given by

J =
1
m

m∑
j=1

[z(ti)− za(tj)]2

=
1
m

m∑
j=1

{wTFr [u, y0](tj)− za(tj)}2 (12)

5) Parameter identification with the objective function
minimization.

With parameters of H1[u](t) and H2[F](t) verified, the
cross-coupling parameters w1i, w2i, bi, wi, and b are deter-
mined by neural network learning and modifications. The
steepest descent backpropagation (SDBP) algorithm is used
and the specific process can be referred to [15].

III. MODEL REFERENCE ADAPTIVE CONTROL
To control the above hysteretic performance of PEA, a model
reference adaptive controller is proposed. For a system with
output displacement x, reference model output xm and track-
ing error em, the schematic diagram is shown in Fig. 3.

FIGURE 3. Block diagram of a model reference adaptive control system.

Based on the tracking error em between reference model
and the actual output, the controller is schemed by adaptive
law designing and parameter tuning with system robustness
balanced.

FIGURE 4. Dynamic model of a PEA.

The adaptive control law is designed according to the
dynamic model of piezoelectric actuator under voltage and
load shown in Fig. 4. The dynamic equation of a PEA can be
established as

mẍ = F − Fz (13)

where m is the equivalent mass of PEA; Fz denotes the
equivalent force of the voltage.

When a PEA is excited by voltage, the force produced by
its displacement z(t) can be expressed as

Fz(t) = ksz(t) = ksH [u,F](t) (14)

where ks is the stiffness coefficient.
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Therefore, (13) can be rewritten as

mẍ = F − Fu = F − ksH [u,F](t) (15)

And ẍ is

ẍ =
F
m
−
ks
m
H [u,F](t) (16)

Defining KE = ks/m, ẍ can be rewritten as

ẍ =
F
m
− KEH [u,F](t) (17)

Assuming the reference output together with its 1st- and
2nd-order derivatives are all bounded, to design an adaptive
control system with an output approaching xm gradually, the
following steps are taken with regard to [16].

Because the controller is designed according to the error
and its derivative between the reference model output and
the actual output of PEA, error function needs to be obtained
firstly; then a Lyapunov function is constructed and the con-
trol law is analyzed and deduced; consequently, effectiveness
of the controller is proved by Barbarat theorem. The design
process of controller is presented in the following part.

Firstly, the error function e is defined by

e = x − xm, ė = ẋ − ẋm (18)

To introduce a function determined by e and ė, Lyapunov
function V1 = 1

2e
2 is defined, and its derivative can be

expressed as

V̇1 = eė = e(ẋ − ẋm) (19)

By defining e1 = ẋ − α with α = −ke + ẋm, and k is a
positive constant, e1 is introduced to associate e, ẋ and ẋm.
(19) can be rewritten as

V̇1 = e(ẋ − ẋm) = e(e1 + α − α − ke) = ee1 − ke2 (20)

Combined with the dynamic model, the derivative of e1 is

ė1 = ẍ − α̇ =
1
m
F − KEH [u,F](t)+ ke1 − k2e−ẍm (21)

Subsequently, a Lyapunov candidate function is given by

V2[e(t), e1(t)] = V1 +
1
2
e21 (22)

The derivative of V2 is

V̇2[e(t), e1(t)] = V̇1 + e1ė1 = ee1 − ke2 + e1ė1 (23)

According to (21), the adaptive control law is designed as
follows

KEH [u,F](t) = e− k2e+ ke1 + se1 − ẍm +
F
m

(24)

where s is a positive constant. The control voltage and control
load can be expressed as follows:

u = H−1u [
e− k2e+ ke1 + se1 − ẍm + F

m

KE
](t) (25)

F = H−1F [
e− k2e+ ke1 + se1 − ẍm + F

m

KE
](t) (26)

where H−1u is the voltage inversion of H , H−1F is the load
inversion of H . They can be described by rate-dependent PI
operators as

H−1u [z](t) =
n−1∑
i=0

w′i[u̇(t)] · Fr ′ [z](t) (27)

where the expression of Fr ′ is the same as Fr . The weights w′

and the thresholds r ′ inH−1u can be obtained by the following
equations:

r ′i =
i∑

j=0

wj[u̇(t)](ri − rj) (28)


w′0[u̇(t)] =

1
w0[u̇(t)]

w′i[u̇(t)] =
−wi[u̇(t)]∑i

j=0 wj[u̇(t)]
∑i−1

j=0 wj[u̇(t)]

(29)

Substituting (25) and (26) into (21), the following equation
can be obtained:

ė1 =
F
m
− (e− k2e+ ke1 + se1 − ẍm

+
F
m
)+ ke1 − k2e− ẍm

= −e− se1 (30)

Then,

V̇2 = −ke2 − se21 ≤ 0 (31)

Therefore V2[e (t) , e1(t)] ≤ V2[e (0) , e1(0)], which implies
e(t) and e1(t) are bounded.
Define W (t) = ke2 + se21, then∫ t

0
W (τ )dτ ≤ V2[e(0), e1(0)]− V2[e(t), e1(t)] (32)

Since V2[e (0) , e1(0)] is bounded while V2[e (t) , e1(t)] is
nonincreasing and bounded, we can obtain:

lim
t→∞

∫ t

0
W (τ )dτ <∞ (33)

According to Barbalat lemma [17], for t → ∞, e and e1
converge to zero, therefore the stability of themodel reference
adaptive control system can be guaranteed.

IV. EXPERIMENT RESULTS
In this part, to verify the CRPI model and control method
proposed in previous section, experimental platform is setup
for the hysteretic characteristic testing, and simulation control
platform is established based on MATLAB/Simulink. For a
PEA under voltage and load excitations with fixed or time-
varying frequencies, experiments are carried out for both the
rate-dependent hysteresis modeling and the model reference
adaptive control performance, related results are presented
and discussed respectively.
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A. VERIFICATION AND ANALYSIS OF HYSTERESIS MODEL
The experimental platform is shown in Fig 5, in which two
piezoelectric actuators: one serves as the servo PEA to be
controlled for dynamic hysteresis, and other one is used for
the purpose of dynamic load supplying.

A voltage excitation generated by signal generator (True-
form 33500B) and amplified by the modular piezoelectric
controller (Core Tomorrow, E00. A4), is applied to the tested
PEA (Physik Instrumente, P-841.6). With integrated strain
sensor, actuator displacement is obtained from controller
module (Physik Instrumente, E-518), then data acquisition
and processing of external load are carried out (Physik Instru-
mente, PI MikroMove).

Another piezoelectric actuator (Core Tomorrow,
Pst150/7/20 VS12) indicated in Fig. 5 provides the tested
PEA with dynamic force, which is determined by

FPZT = (xl − xa)ks (34)

where xl and xa are theoretical and measured actuator dis-
placement respectively.

FIGURE 5. Experimental platform.

In microstructure surface cutting process, reaction of the
dynamic cutting force on the tool is normally regarded as a
disturbance to system feeding, as presented in our previous
work, for the same voltage excitation, a deflection can be
observed between the output hysteresis loops of a PEA with
and without external load [15].

It should also be noted that, for FTS ultraprecise turning,
both the tool feeding and dynamic cutting force are smaller
than traditional cutting. In this work, to verify the modeling
and control accuracy experimentally, a sinusoidal voltage
signal u(t) = 50sin2π ft (f = 5Hz, 20Hz, 50Hz and 100Hz)
and a sinusoidal load with the same amplitude and frequency
are applied to the piezoelectric actuator. The experimental
data and the modeling output at different frequencies are
shown in Fig. 6. It can be observed that modeling outputs
fit the experimental curve well for lower frequencies, while
modeling error increases for higher input frequencies such as
100Hz.

Table 1 shows the average errors and corresponding root
mean square errors (RMSE) between the cross-coupling rate-
dependent model and the measured curve in Fig. 6. With
the presented modeling errors, performance of above CRPI
model can be validated for the rate-dependent hysteresis of

FIGURE 6. The measured and modeled hysteresis curves with different
exciting frequencies.

a piezoelectric actuator in a MISO system with fixed input
frequency.

TABLE 1. The output errors of CRPI model at different frequencies.

For further verification of CRPI modeling accuracy,
a dynamic excitation signal, as indicated in Fig. 7(a), is gener-
ated and applied to the piezoelectric actuator. The hysteresis
curves of modeling and measured displacements are shown
in Fig. 7 (b). With an average modeling error of 0.5854µm
and RMSE of 0.6207µm, the CRPImodel performs sufficient
modeling accuracy under both static and dynamic excitations.

B. VERIFICATION AND ANALYSIS OF MODEL REFERENCE
ADAPTIVE CONTROLLER
For a model reference adaptive controller, the controller
parameters are iterated by the constant comparison between
the measured and expected actuator displacements. In this
part, the controller is determined and verified with experi-
mental platform shown in Fig. 5.

The control system is built in MATLAB/Simulink accord-
ing to the adaptive control law (25) and (26) proposed in the
previous section.With an expected displacement, PEA output
and its error are calculated to obtain a control signal, which
is a digital signal that should be converted by D/A module
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FIGURE 7. Modeled and measured hysteresis curves under a dynamic
excitation.

FIGURE 8. The expected and controlled displacements with different
exciting frequencies.

of data acquisition card (PCI-1716). Subsequently, amplified
by piezoelectric controller, the control signal is applied to
PEA, while PEA output is measured by an integrated strain
sensor and acquired by sensor module of piezoelectric con-
troller. After A/D conversion, the converted digital displace-
ment signal is transmitted to the Desktop Real-Time module
of Simulink, and then continuously processed in control
module.

The controller parameters are determined in the following
part. A general second-order model is selected as the refer-
encemodel indicated in Fig. 3.With the System Identification
Toolbox ofMATLAB, a general transfer function is identified
according to the expected input and output data imported. The
estimated transfer model is given by

G(s) =
3040

s2 + 28s+ 3040
(35)

In experiments, the stiffness coefficient of piezoelectric actu-
ator is ks = 60N/µm. Therefore, parameters of the model ref-
erence adaptive controller to be identified are k and s. A step
input signal is used for parameter tuning. Initially, a step size
of 5 is taken for 5 < k < 50 and a step size of 0.1 is taken

TABLE 2. Control errors for excitations at different frequencies.

FIGURE 9. Expected displacements and the controlled displacements
under dynamic excitations.

for 0.1 < s < 10, to seek for minimum stability time and
overshoot. By adjusting step sizes, an optimized controller is
obtained with a stability time of 0.02s and overshoot about
0.8%, when k = 21, s = 2.8.
When the desired displacement signals are sinusoidal sig-

nals with 5Hz, 20Hz, 50Hz and 100Hz respectively, the con-
troller parameters are k = 21, s = 2.8, ks = 60N/µm. The
controlled displacement and controlling errors are illustrated
in Fig. 8 and Table 2 respectively, which show the hysteretic
nonlinearity of piezoelectric actuator can be well restrained
by the proposed model reference adaptive controller.

For expected displacements under dynamic excitations,
experimental results of the controlled outputs and corre-
sponding errors are shown in Fig. 9. For a dynamic sinusoidal
signal with time-vary frequency, the average output error
of is 0.2163µm, the RMSE is 0.3085µm; for a dynamic
triangle signal, the average error and RMSE is 0.1548µm
and 0.3167µm respectively. Therefore, the validity of the
proposed model reference adaptive controller can be verified.

V. CONCLUSION
In this paper, to eliminate the hysteretic nonlinearity of
PEA under dynamic excitations in applications such as
FTS microstructure surface cutting, a rate-dependent PI
model is improved by employing dynamic weights for multi-
hystereses, and a cross-coupling rate-dependent PI hysteresis
model is proposed for the coupled mechanical and elec-
trical characteristics of piezoelectric material. Meanwhile,
to makeup the decline of CRPI compensation accuracy for
higher exciting frequencies, a model reference adaptive con-
troller is developed where a general second-order system is
taken as reference model. The design of corresponding adap-
tive control law is presented, and its stability and convergence
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are proved by Lyapunov function. The proposed model and
controller are both verified by experiments. In future, offline
parameter identification of the cross-coupling dynamic PI
model will be further optimized to improve modeling and
control accuracy.
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