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ABSTRACT Trajectory tracking control is indispensable for a wheeled mobile robot to achieve successful
navigation. The classical tracking control systems that are used in wheeled mobile robots do not compensate
for the parameter uncertainties and external disturbances. For control strategy, this paper presents a novel
hybrid approach, combining a neural network-based kinematic controller and a model reference adaptive
control. The controller parameters are adaptively determined online using neural networks. The adaptively
tuned kinematic controller ensures a fast convergence to the desired trajectory. The model reference adaptive
controller retains the desired tracking performance when parameter and model uncertainties occur. The
Lyapunov stability method is used to obtain the adaptive gains which guarantee the asymptotic stability
of the error dynamics, where the error is the difference between the outputs of the reference model and
the actual plant. The performance of the proposed controller is compared with that of the PID controller,
kinematic controller, and adaptive dynamic controller using different performance analysis indices such
as integral absolute error, integral squared error, and mean absolute error. Simulation studies demonstrate
that the proposed controller achieves high tracking accuracy and fast convergence as compared to the PID,
kinematic, and adaptive dynamic controllers considering parameter uncertainties and slip disturbances. The
outcomes of the simulation studies also illustrate that the proposed controller achieves the best transient
performance. Experiments using real-world tests based on a two-wheeled differential drive robot architecture
have elucidated the feasibility of the developed controller regarding tracking accuracy, total control effort,
and robustness against uncertainties.

INDEX TERMS Trajectory tracking, wheeled mobile robot, neural networks, adaptive controller, dynamics.

I. INTRODUCTION
In the past few decades, the usage of unmanned ground
vehicles (UGVs) is increasing rapidly because of their high
performance in various applications such as military, agri-
cultural imaging, surveillance, transport, and logistics. Based
on the type of locomotion, UGVs are classified as wheeled
mobile robots (WMRs) and legged robots. When compared
to legged robots, WMRs are easier to manufacture, con-
trol, and are less expensive. The major areas of research in
the field of WMRs consists of navigation, path planning,
trajectory generation, trajectory control, and stability. The
determination of a control law which enables the WMR to
follow a time parameterized reference path is termed as the
trajectory tracking problem. The main objective of a tracking
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controller is to enable theWMR to track the desired trajectory
with minimum tracking error and by following a reference
velocity. An effective controller should produce the desired
performance even in the presence of external disturbances,
uncertainties, and measurement noises.

Among wheeled mobile robots, differential drive WMRs
are more popular, as their motion can be controlled and pro-
grammed easily. The number of actuators of a WMR is less
than the number of degrees of freedom and so the WMRs are
categorized as under-actuated systems which makes the tra-
jectory tracking problem a highly challenging task. The con-
straints imposed on the motion of WMRs are non-integrable
and are classified as non-holonomic systems. Various con-
trol algorithms are developed in the last few decades for
the trajectory tracking of WMRs. The control algorithms
can be divided into (i) algorithms considering only robot
kinematics and (ii) algorithms considering both kinematics
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and dynamics. Authors of [1] employed two PID controllers
for the trajectory tracking of a unicycle mobile robot. The
parameters of the PID controllers are determined using PSO
algorithm. The authors were able to ensure that the tracked
trajectory is close to the reference trajectory. However, the
dynamic model is developed by neglecting parameters like
slip velocity, wheel diameter, parameters of motors and their
servos, and model uncertainties. A more accurate dynamic
model is used in [2], which considered both known and uncer-
tain parameters. This work proposed separate kinematic and
dynamic controllers for the trajectory tracking of the robot.
Saturation and failures of actuators are not considered in this
work. A predictive control technique with friction compensa-
tion is proposed in [3] to solve the trajectory tracking problem
for a three-wheeled omnidirectional mobile robot. An inverse
kinematics block is utilized in a cascade control structure
to compute the velocity references at each step based on
information about the robot position and a desired trajectory.
The use of a simplified frictionmodel allowed a portion of the
control effort is utilized to linearize the system, allowing the
use of an efficient algorithm for linear MPC with constraints.
The approach is efficient in tracking predefined trajectories.
However, the closed-loop stability analysis for nonlinear sys-
tem with MPC is a difficult task. Even though the strategy
proposed in [3] is successful in dealing with frictional uncer-
tainty, it is silent on the variations of other system parameters
and also on the sensor noises. For non-holonomic mobile
robot tracking control, the authors of [4] suggest a typical
backstepping control technique. The system’s kinetic equa-
tions are first extracted, then appropriate robot reference path-
ways are generated, and backstepping method control is used
to build a controller that offers control input values to reduce
the tracking error [4]. However, the transient performance is
characterized by overshoots, and the velocity generated is not
smooth. In [5], a simple adaptive control strategy including
actuator dynamics is proposed for path tracking of uncertain
nonholonomic mobile robots. The adaptive control technique
is used to deal with parametric uncertainties and disturbances,
and the DSC technique is used in [5] to develop the controller.
A tracking control strategy that combines a biologically
inspired backstepping controller and a torque controller with
an unscented Kalman filter (UKF) and a Kalman filter (KF) is
presented in [6]. The bioinspired backstepping controller and
torque controller can avoid and reduce the velocity jumps and
overshoots that occur in conventional backstepping control,
resulting in smooth velocity commands. The linear quadratic
control (LQR) discussed in [7] considered the multi-input
multi output complexity of the WMR and this controller
is implemented in KHEPERA IV. The tracking precision is
achieved with an oscillation. The authors of [8] presented an
optimized LQR controller using fire fly optimization algo-
rithm. The simulation results are satisfactory. However, the
tracking accuracy is reduced when applied to real robots. The
abovementioned control algorithmsmay not give satisfactory
results with external disturbances and uncertainties. The slid-
ing mode controller developed in [9] is a dual loop controller

consisting of a kinematic controller and a sliding mode
controller. The controller is capable of tracking a mobile
robot under parameter uncertainties. However, the method
exhibited ‘chattering effect’. A novel backstepping and fuzzy
sliding mode controller (BFSMC) is proposed in [10] where
due considerations are given to external disturbances and
model uncertainties. The BFSMC produced less chattering as
compared to conventional SMC. In [11], a control structure
for nonholonomic mobile robots is created that allows the
integration of a kinematic controller with an adaptive fuzzy
controller for trajectory tracking. A fuzzy logic system (FLS)
estimates the system uncertainty, which includes mobile
robot parameter change and unknown nonlinearities. The
online tuning of FLS parameters allowed the real-time control
of mobile robots. Adaptive PD controller is proposed in [12].
Here the variation in the plant parameters are compensated
by adjusting the parameters Kp and Kd . A neural network
controller that can track a reference trajectory in a shorter
time is proposed in [13]. The performance of this controller is
not satisfactory during high speed movements. The dynamics
of the wheeled mobile robot is highly non linear. The neural
networks have the capability of approximating any non linear
systems. It is illustrated in [14]–[16] that neural network
based adaptive compensation schemes can cancel the effect of
uncertainties in nonlinear systems. Authors of [17] proposed
a backstepping controller based on an adaptive Elman neural
network which could approximate the uncertainties leading
to improved controller performance. However, this method
has the problem of over-fitting. A nonlinear controller is
presented by the authors of [18] for the eye-in-hand visual
trajectory tracking of WMRs. In [18], the control signal is
generated using the estimated errors of position by consider-
ing the kinematic model. However, kinematic imperfections
cause odometric error. Also, for applications requiring high
speeds, consideration of robot dynamics is required to achieve
better control accuracy. A robust virtual controller is proposed
in [19] by considering both robot kinematics and dynamics
for the tracking of differential drive robots. The dynamic
model is designed in [19] by assuming that the inertia matrix,
M is fixed. However, for the cases where payload exist, the
elements of M matrix can vary and will affect the control
accuracy. An adaptive Fuzzy neural network control scheme
is proposed by the authors of [20] for coordinated movements
of multiple robots with unknown dynamics and time-varying
constraints. The unknown dynamics are approximated using
Fuzzy neural networks. However, the control input is oscilla-
tory which may cause damage to motor. An adaptive neural
network controller is developed in [21] for the trajectory
tracking of n link robot with unknown dynamics. Simulation
results prove that the adaptive neural network controller has
excellent performance as compared to the PD controller.

The dynamics of a WMR is highly nonlinear and com-
plex. Both linear and nonlinear controllers are proposed
in the literature for trajectory tracking. Because of their
simple structure, small amount of calculation, and good real-
time performance, linear controllers such as PID and LQR
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controllers are still widely used in actual robot control. How-
ever, linear controllers give satisfactory results only near the
operating points [22]–[25]. Also, classical PID controllers do
not demonstrate global stability. Nonlinear saturation func-
tions have been put forward to attain global stability [26].
Their performance degrades on account of parameter varia-
tions, disturbances, and noisy sensor data. Model uncertain-
ties, variations of plant parameters, and external disturbances
are the challenges to be addressed while designing a tracking
controller for mobile robots. An adaptive nonlinear controller
is capable of providing optimum and desired tracking per-
formance as the control parameters are tuned online and no
linearised approximation is used. Due to the learning capabil-
ities and ability to approximate any nonlinear system, neural
networks are gaining wide attention in adaptive tuning of
controller parameters. Motivated by the above findings, this
work focuses on solving the trajectory tracking control prob-
lem of wheeled mobile robot which is under the influence
of parameter uncertainties, measurement noises, and external
disturbances, using a neural network based controller which
is adaptive and nonlinear. In this work, a neural network is
used to adaptively determine the parameters of the kinematic
controller. A model reference adaptive controller (MRAC)
is also added to the proposed controller to ensure a stable
tracking performance in the presence of parameter varia-
tions and uncertainties. The adaptive gains of the MRAC are
designed using Lyapunov method satisfying the asymptotic
stability of the error between the outputs of actual plant and
reference model. Since the developed control technique pro-
vides satisfactory performance under external disturbances
and uncertainties, they can be applied in wheeled mobile
robots that are used in ware houses, factories, surveillance,
space exploration, etc. The major contributions of this work
are:-
• The proposed controller is capable of tracking a desired
trajectory with minimum tracking error even under
parameter and model uncertainties, and with noisy mea-
sured data

• Comparing with [1], [2], [27], it is observed that the
proposed controller achieves best transient performance
due to its fast converging and least overshoot.

• The proposed controller can provide oscillation free
response.

• The control input (speed) generated by the controller
should be within limits imposed by the bounded con-
straints of the actuators, which is satisfied by the
proposed controller.

• Simulation results and real world experiments illustrate
that the neural network based adaptive controller brings
significant improvement in terms of tracking accuracy,
control input, and total control effort as compared to the
PID, kinematic, and adaptive dynamic controllers.

The rest of this paper is organized as follows. Section II
explains the preliminary concepts of trajectory tracking,
mobile robot kinematics, and dynamics. The proposed con-
troller is described in Section III. Simulations and results are

FIGURE 1. 2D representation of WMR.

discussed in Section IV. Experimental tests and results are
given in section V and the concluding remarks are presented
in section VI.

II. PRELIMINARIES
A. MOBILE ROBOT KINEMATICS
Consider a mobile robot moving in a 2 dimensional plane,
shown in Figure 1. Let

q =

xy
θ

 (1)

be theWMR position in the XOY inertial reference frame and
let

qb =

xbyb
θb

 (2)

represents the robot position in the body attached
frame XbObYb.
The relation between the global frame and robot frame can

be expressed as

q = R(θ )qb (3)

where

R(θ ) =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1


Kinematics refers to the study of themotion of a robot without
considering the forces that cause its motion. The forward
kinematics of a mobile robot can be obtained asẋẏ

θ̇

 =
v cos θv sin θ

ω

 (4)

The rotational velocity of the left and right wheels,ωl andωr ,
respectively are expressed in terms of the control input v and
ω as

ωl =
v
R
+
ωd
2R

(5)
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ωr =
v
R
−
ωd
2R

(6)

where R is the radius of the wheel and d is the distance
between two wheels.

The position and orientation of the robot at any instant t
can be obtained by integrating Equation (4) as

x(t) =
∫
v(t) cos θ (t)dt

y(t) =
∫
v(t) sin θ (t)dt

θ (t) =
∫
ω(t)dt

(7)

Consider a desired pose qr =
[
xr yr θr

]T on the refer-
ence trajectory of the figure shown in Figure 1. The error
vector is defined as the difference between reference pose
qr (xr , yr , θr ) and current pose q(x, y, θ) which is found from

e(t) =

ex(t)ey(t)
eθ (t)

 =
 cos θ (t) sin θ (t) 0
− sin θ(t) cos θ (t) 0

0 0 1

xr (t)− x(t)yr (t)− y(t)
θr (t)− θ (t)


(8)

The trajectory control problem of a mobile robot refers to
finding the angular velocity and linear velocity such that
the distance error and the angular error are brought to zero
which ultimately enables a robot to follow a desired reference
trajectory. By taking the derivative of Equation (8), the error
dynamics is computed as

ė(t) =

ėx(t)ėy(t)
ėθ (t)

 =
 0 ω(t) 0
−ω(t) 0 0
0 0 0

ex(t)ey(t)
eθ (t)


+

vr (t) cos eθ (t)− v(t)vr (t) sin eθ (t)
ωr (t)− ω(t)

 (9)

The reference trajectory can be tracked with a controller
which drives the error in distance and deviation in orientation
to zero, which is achieved by

lim
t→∞

e(t) = 0 (10)

and by

lim
t→∞

ė(t) = 0 (11)

B. MOBILE ROBOT DYNAMICS
Dynamics of a mobile robot refers to the study of motion
of the system considering the forces that cause the motion.
The WMR dynamic model is more complicated and so the
kinematic model is considered for the design of most of
the motion control algorithms. However, dynamic model
is inevitable if the applications require high speed move-
ments and heavy payload. During navigation, most of
the autonomous mobile robots use odometry to localize
their positions. Slip at the wheel-ground contact points
results in accumulation of odometric error and can affect
the performance of sensor based navigation algorithms.

Hence, to achieve an improved navigation performance, the
wheel-slip information should be considered for WMR mod-
eling. The assumption of no-slip condition is not satisfied
in most of the practical applications. Maneuverability of
the mobile robots can be improved by controlling the slip
magnitude. Hence, this work considers a WMR model by
inc-operating the slip dynamics. The mathematical model
presented in [27], [28] which integrates both the kinematic
and dynamic models that incorporates the slip dynamics is
considered in this paper which is stated as


ẋ
ẏ
θ̇

v̇
ω̇

 =


u cos θ − aω sin θ
u sin θ + aω cos θ

ω
α3

α1
ω2
−
α4

α1
u

α5

α2
uω −

α6

α2
ω


+



0 0
0 0
0 0
1
α1

0

0
1
α2


[
ur
ωr

]
+


δx
δy
0
δv
δω


(12)

where a is the distance between the point of interest h and
the central point of virtual axis linking the two wheels, ur
and ωr are the desired linear and angular velocities. The
parameter α =

[
α1 α2 α3 α4 α5 α6

]T is a function of
robot mass m, moment of inertia Iz, electrical resistance of
motors Ra, coefficient of friction Be, electromotive constant
kb, radius of the wheel r , torque constant Ka, proportional
gains KPL and KPR, derivative gains KDL and KDR of the
PD controllers, the moment of inertia of rotor-reduction gear-
wheel Ie, and the nominal radius of tires Rt . The vector α is
given by


α1
α2
α3
α4
α5
α6

 =



Ra
Ka
(mRtr + 2Ie)+ 2rKDL

2rKPL
Ra
ka

(
Ied2 + 2Rtr(Iz + mb2)

)
+ 2rdKDR

2rdKPR
RambRt
2KaKPL

Ra
Ka

(
KaKb
Ra
+ Be

)
rKPL

+ 1

RambRt
KadKPR

Ra
Ka

(
KaKb
Ra
+ Be

)
d

2rKPR
+ 1



(13)

The parameters δx and δy are uncertainties on velocities and
are functions of lateral slip and robot orientation along x and
y directions, respectively. These parameters can be modeled
as

δx = −vs sin θ (14)

δy = vs cos θ (15)
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The parameter δv is a function of robot mass and longitu-
dinal forces exerted by the castor which is expressed as

δv =
RlRa

2α1KPLKa

[
mωvs + Fex ′ + Fcx ′

]
+
α4

2α1
(vsl + v

s
r )

+
IeRa + rKaKDL
2α1rKPLKa

(v̇sr + v̇
s
l ) (16)

and δω is a function of robot mass and lateral forces exerted
by the castor which can be computed from

δω =
α6

α2d
(vsr − v

s
l )+

IeRad + 2rKaKDR
2α2rKPRKad

(vsr − v
s
l )

−
α5

α2
vs +

RlRa
α2dKPRKa

[
eFey′ + cFcy′ + τe

]
(17)

where vsl and v
s
r are the longitudinal slip speeds of left and

right wheels, respectively, τe is the moment exerted by the
tool, Fcx ′ and Fcy′ are the longitudinal and lateral force
exerted by the castor, Fex ′ and Fey′ are the longitudinal and
lateral forces exerted by the tool.

III. TRAJECTORY TRACKING USING NEURAL NETWORK
BASED ADAPTIVE CONTROLLER
The mathematical model given by Equation (12) illustrates
that the robot trajectory tracking system is highly nonlinear
and strongly coupled. A controller designed with a linearised
model are expected to give accurate results near the equi-
librium points. As the states deviate from the equilibrium
point, the achieved output also can deviate from the desired
response. For trajectory tracking problems, WMRs are sub-
jected to unstructured modelling such as measurement noise,
wind and parameter variations owing to possible changes in
mass, frictional coefficient, and moment of inertia. A promis-
ing solution is to vary the controller parameters in tune
with these uncertainties and system parameter variation such
that the desired performance is achieved. Neural networks
are powerful tools to approximate any nonlinear functions.
This capability of neural networks motivates us to propose
a nonlinear adaptive kinematic controller whose parameters
are adapted online using a neural network. The nonlinear
kinematic controller determines the velocities for tracking a
given trajectory.When a neural network is employed to obtain
the parameters of the nonlinear controller, a fast convergence
to the desired trajectories with more accurate tracking per-
formance is achieved. The neural networks are trained using
back propagation algorithm. To retain the desired perfor-
mance under external disturbances and un-modeled param-
eter uncertainties, a model reference adaptive controller is
also added to the proposed control strategy. The MRAC
ensures that the system follows a reference model. The ref-
erence model is designed by integrating the WMR model
and the LQR controller response. The errors in the velocities
determined by the neural network based kinematic controller
are compensated by the model reference adaptive controller.
Thus, by combining the neural network based kinematic
controller and the MRAC, a stable tracking performance is

achieved under the presence of model uncertainties, distur-
bances, and sensor noises. The control architecture is shown
in Figure 2. The reference model, neural network based
kinematic controller, and the adaptive controller are the three
major blocks of the proposed system.

A. REFERENCE MODEL
For a conventional trajectory tracking controller, initially,
the error will be very high and so the controller demand
high adaptive gains which may results in a large overshoot
followed by an oscillatory response. This can be avoided by
using a model reference adaptive controller. This paper uses
a closed loop model with an LQR controller as the reference
model. The reference model is designed such that its response
is similar to that of a WMR model controlled by an LQR.
The state space representation of the reference model can be
represented as

ẇm = Amwm + Bmur (18)

where

Am =

0 0 − cos(ωr t)
0 0 − sin(ωr t)
0 0 0

 ,
Bm =

− sin(ωr t) 0
0 cos(ωr t)
0 1

 ,
wTm =

[
wm1(t) wm2(t) wm3(t)

]ᵀ
is the pose of the WMR and uTr =

[
ur1 ur2

]ᵀ represents the
control inputs.

An LQR controller minimizes a performance function

J =
1
2

∫
∞

0
(wTQw+ uTRu)dt (19)

where w ∈ <3×1, u ∈ <2×1, Q ∈ <3×3 and R ∈ <2×2 such
that the desired trajectory is tracked with minimum control.
The LQR controller gain, Klqr can be computed from

Klqr = R−1BTP (20)

where P is a positive definite matrix and is obtained from the
algebraic Ricatti equation defined by

ATP+ PA− PBR−1BT + Q = 0 (21)

The feedback control law of the reference model is

u = −Klqr ∗ e (22)

where e is the error between the output of the reference model
and the reference trajectory.

The objective of model reference adaptive controller is to
make sure that the plant output follows the output of the
reference model. This can be achieved by minimizing the
error between outputs of the plant and the reference model,
which is carried out by an adaptive mechanism.
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FIGURE 2. Proposed neural network based adaptive controller.

B. ADAPTIVE MECHANISM
The plant model is represented as

ẇ = Aw+ Bu (23)

where A and B are obtained from the linearised model of
Equation (12) as

A =

0 0 −usinθ − aωcosθ
0 0 ucosθ − aωsinθ
0 0 0


and

B =

cosθ −asinθ
sinθ acosθ
0 1


This paper proposes a control input u as

u = ua + uf (24)

where ua is the output of an adaptive controller and uf is
the output of a feedback controller. The adaptive part ua,
is obtained from

ua = β̂1w+ β̂2ur (25)

where β̂1 and β̂2 are the estimated adaptive gains. The feed-
back part of the controller is computed as

uf = −Kw (26)

where K is the gain of the kinematic controller.
The closed loop consisting of the robot and its controller

can be represented as

ẇ = Acw+ Bcur (27)

where Ac = (A+ Bβ̂1 − BK ) and Bc = Bβ̂2

The error between the reference and the actual state is
computed as

e = w− wm (28)

Differentiating Equation (28) and substituting for ẇ and ẇm
from Equation (27) and Equation (18) respectively yields

ė = Ame+ (Ac − Am)w+ (Bc − Bm)ur (29)

Thus the closed loop error dynamics can be obtained as

ė = Ame+ (A− BK + Bβ̂1 − Am)w+ (Bβ̂2 − Bm)ur (30)

Assume that ideal gains β1 and β2 exists such that

A− BK + Bβ1 = Am
Bβ2 = Bm

and are referred as the matching conditions. Then Equa-
tion (30) will be reduced to

ė = Ame− Bβ̃1w− Bβ̃2ur (31)

where β̃1 and β̃2 are the adaptive gain estimation errors and
are given by

β̃1 = β1 − β̂1

β̃2 = β2 − β̂2

Adaptation Law: The adaptation law states that the choice
of adaptive gain variation

˙̂
β1 = −BTPewT (32)
˙̂
β2 = −BTPeuTr (33)

make sure that

lim
t→∞

e(t) = 0 (34)
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where e(t) is error between the actual plant output and refer-
ence model output.

Proof: Consider a Lyapunov function

V =
1
2
eTPe+

1
2
tr(β̃1

T
˜β1)+

1
2
tr ˜(β2

T
β̃2) (35)

where P is a positive definite matrix. Then

V̇ =
1
2
ėTPe+

1
2
eTPė+

1
2
tr( ˙̃βT1 β̃1)

+
1
2
tr(β̃1

T ˙̃
β1)+

1
2
tr( ˙̃βT2 β̃2)+

1
2
tr(β̃2

T ˙̃
β2) (36)

Substituting Equation (31) in Equation (36) and on further
calculation

V̇ =
1
2
eT (ATmP+ PAm)e−

(
βT1 (B

TPewT + ˙̂β1)
)

−

(
βT2 (B

TPeuTr +
˙̂
β2)
)

(37)

The positive definite matrix P is computed from

ATmP+ PAm = −Q (38)

where Q is a positive definite matrix.
Substituting Equation (38) in Equation (37) and choosing

˙̂
β1 = −BTPewT (39)
˙̂
β2 = −BTPeuTr (40)

Equation (37) reduces to

dV
dt
= −

1
2
eTQe

which is negative definite which implies that the error dynam-
ics is asymptotically stable.

C. NEURAL NETWORK BASED KINEMATIC CONTROLLER
In this work, a kinematic controller proposed in [27] is con-
sidered as the base controller to generate the desired angular
and linear velocity profiles for tracking the reference trajec-
tory. The kinematic control law can be written as

[
vf
ωf

]
=

[
cos θ sin θ

−
1
a
sin θ

1
a
cos θ

]
ẋd + lx tanh

[
kx
lx
xe

]
ẏd + ly tanh

[
ky
ly
ye

]
 (41)

where a is the distance between the point of interest h(x,y)
and the center of the virtual line connecting the two wheels,
lx and ly are saturation constants, xe is the difference between
the desired x position and actual x position of the robot, ye
is the difference between the desired y position and actual y
position of the robot, kx and ky are the controller gains.
In [27], the controller gains kx and ky are found by trial and

error methods. Even though, is simple as it does not involve
any complicated procedure, it takes a lot of time and an
optimal response cannot be guaranteed under system uncer-
tainties and external disturbances. A solution is to find the
controller parameters adaptively which can be done by using
neural networks as they have the capability to approximate

TABLE 1. Parameters for neural network training.

any nonlinear function. In this paper, a neural network is used
to get the gains of the kinematic controllers to achieve a fast
convergence to the desired trajectory.

NEURAL NETWORK TRAINING
The neural network structure which finds the controller gains
(Kx ,Ky) is shown in Figure 3. Inputs to the neural network are
reference state qr , current state q. The outputs are controller
gains kx and ky. The parameters for neural network training
are given in Table 1.

The training data is obtained as follows: A set of ref-
erence trajectories are applied as the inputs to the closed
loop tracking system which employs the kinematic controller
given by Equation (41). The gains are adjusted by trial and
error until the error between actual and desired trajectory
are approximately zero. The controller gains are used as the
target data for the training purpose. The neural networks are
trained using back propagation algorithm. The plot perfor-
mance which is the variation of the training record error
values against the number of training epochs is shown in
Figure 4. The neural networks proposed in this work require
training only once, for a given mobile robot. Once trained, the
saved networks can be used to compute the gains. The neural
network can approximate any nonlinear system, and so the
outputs provided by the neural networks are more accurate,
if it is trained properly. Since the robot is trained properly and
the neural network structure is not too complex, the proposed
neural network has the ability to find the optimum values of
controller parameters quickly and accurately. Hence, it gives
fast and more accurate performance, which is illustrated
by the simulation and experimental results. The controller
gains are determined using back propagation, which ensures
nearly zero tracking error as the weights of the neural net-
work are updated until the error reaches an acceptable value.
The controller gains determined by the neural networks are
given to the kinematic controller. The sum of the control
inputs generated by the kinematic controller and the adap-
tive controller is applied to the WMR to track the desired
trajectory.

The performance of the proposed control system is eval-
uated by comparing it with a conventional PID controller,
kinematic controller, and an adaptive dynamic controller.
Various performance indices such as integral of absolute
error (IAE), integral squared error (ISE), and mean absolute
error (MAE) are taken for evaluating the effectiveness of the
proposed controller in tracking different types of trajectories.
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FIGURE 3. Neural network structure.

FIGURE 4. Performance plot of neural networks.

The integral squared error is defined as

ISE =
∫ t

0
e(t)2dt (42)

The accumulated error is denoted by the integral of absolute
error and is obtained by

IAE =
∫ t

0
|e(t)|dt (43)

where e(t) =
[
ex ey eθ

]T .
Efficacy of the proposed adaptive controller is validated

and the simulation results are discussed in the following
section.

IV. RESULTS AND DISCUSSIONS
Simulations are performed to evaluate the efficacy of the
proposed control strategy. The key findings and results
are explained in this section. The WMR model described
in Section II is implemented using MATLAB/SIMULINK
2020a. The parameters of WMR chosen for simulation are
given in Table 2. A comparative assessment of the per-
formance of the proposed neural network based adaptive
controller is prepared by comparing it with PID controller,
adaptive dynamic controller, and kinematic controller that are
cited in the literature [1], [2], [27].

TABLE 2. Parameters for simulation.

A. TRAJECTORY SCENARIOS
Different trajectory tracking scenarios with distinct curvature
profiles are used to demonstrate the performance of the pro-
posed control algorithm. The following trajectories are used
• Circle:

(xr (t), yr (t)) = (cost, sint) (44)

• Lemniscate

(xr (t), yr (t)) = (sin t cos t, 0.5 cos t− 0.5) (45)

• Line

(xr (t), yr (t)) = (t,mt) (46)

where m is the slope. In this paper, m is chosen as 1.
• Step change

xr (t) = t
yr (t) = 0, for 0 < t < 35

= 1 for 35 < t < 65
= −1 for 65 < t < 90

(47)

B. NEED FOR AN ADAPTIVE CONTROLLER
Tracking of a lemniscate trajectory using a PID controller,
with and without model uncertainties, is considered. Let
s(0, 0) be the initial position of the WMR and δx =

−1.5 sint sinθ , δy = 1.5 sint cosθ be the uncertainties in the
kinematic model of theWMR. The PID controller parameters
are set as kp = 10.76, kd = 8.54, and ki = −0.253
using the Zeiger Nicholas tuning method. Figure 5a shows
the tracked and reference trajectory for both with and without
uncertainties. It is obvious from this figure that, the PID con-
troller is capable of tracking the reference trajectory with less
tracking error in the absence of kinematic model uncertain-
ties. However, under the influence of kinematic uncertainties,
tracking error is very high and the plant becomes unstable at
the point g(−0.5, 0). It is evident from Figure 5b that linear
and angular velocities (the control inputs) are not following
the reference speeds and are diverging at t = 5.2s, resulting
in an unstable condition. Next section illustrates that with an
adaptive controller, a stable tracking performance with least
tracking error can be achieved even in the presence of model
uncertainties and external disturbances.
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FIGURE 5. Performance of PID controller.

FIGURE 6. Performance of proposed controller considering model uncertainties.

FIGURE 7. Summary of trajectory tracking performances (Effect of noise).

C. ROBUSTNESS OF THE PROPOSED CONTROLLER
The robustness of the proposed controller is validated by
tracking the lemniscate trajectory under model uncertainties

and sensor noise. Both kinematic and dynamic uncertainties
δx = −1.5 sint sinθ , δy = 1.5 sint cosθ , δv = 2 sint+ cost,
and δω = 2cost− sint are considered. From Figure 6a, it can
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FIGURE 8. Circular trajectory.

FIGURE 9. Lemniscate trajectory.

FIGURE 10. Straight line trajectory.

be demonstrated that the proposed controller succeeds in
tracking the lemniscate trajectory even under model uncer-
tainties with negligible tracking error. It is elucidated from
Figure 6b that the proposed controller is able to follow the
reference velocities, both linear and angular, considering the
uncertainties. In order to evaluate the efficacy of the devel-
oped controller in the presence of sensor noise, a Gaussian
noise with standard deviation 1 is added as the sensor noise
to the x and y positions of the WMR as follows: x = x + δ
and y = y + δ. Figures 7a- 7c illustrates a comparative
analysis of various performance indices IAE, ISE and MAE

with PID and the proposed controller for different trajectories
(a) circular, (b) lemniscate, and (c) straight-line, respectively.
These figures illustrate that the tracking performance of the
proposed controller is superior, under noisy measured data,
as compared to PID controller.

D. PERFORMANCE EVALUATION OF THE
PROPOSED CONTROLLER
This section analyses the simulation results obtained with
the proposed controller for (i) circular (ii) lemniscate
(iii) straight-line trajectories. The desired trajectory is
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provided to the plant and the reference model. The velocity
for tracking the desired trajectory is determined using the
kinematic controller. The gains of the kinematic controller for
tracking the reference trajectories are determined using the
multi layer neural networks. Back propagation algorithm is
used here to train the neural networks. The adaptive gains are
adjusted so that the plant output follows the reference model
and thus the error vanish asymptotically. The distance error
is calculated as follows:

de =
√
(xr − x)2 + yr − y)2

The distance error is calculated for both the cases, with and
without kinematic model uncertainties. A circle of radius of
1m given by Equation (44) is used as the reference trajectory.
The circle is centered at the origin. The initial position of the
robot is (0,0). The reference and the actual circular trajecto-
ries are shown in Figure 8a. Figure 8b shows that the proposed
controller is exactly following the reference speeds and from
Figure 8c, it is evident that the distance error converges to
zero for the proposed controller.

Figures 9a-9c illustrate the performance of the proposed
controller while tracking a lemniscate trajectory defined by
Equation (45). The neural network based adaptive controller
is capable of tracking the desired trajectory with minimum
tracking error and the control inputs exactly follow the refer-
ence velocities.

A straight-line trajectory computed by Equation (46) is
considered as the reference trajectory. From Figure 10a,
it is observed that the desired straight-line trajectory can be
perfectly tracked by the proposed controller. The error in
tracking a straight-line trajectory is negligible as compared
to the error that occurred while tracking circular trajectory
and lemniscate trajectory. The linear velocity and angular
velocity attained by the proposed controller are shown in
Figure 10b. From Figures 10b and 10c it is clear that the
proposed controller can track the straight line trajectory with
zero error and follows the reference velocities.

E. COMPARISON OF THE PROPOSED CONTROLLER WITH
KINEMATIC CONTROLLER AND ADAPTIVE
DYNAMIC CONTROLLER
To illustrate the effectiveness of the proposed method as com-
pared to other methods, a comparative study is carried out.
A fixed gain kinematic controller and an adaptive dynamic
controller are considered for the comparison. The kinematic
controller is capable of tracking the reference trajectories
when there is no model uncertainties or external noise. Both
kinematic uncertainties δx , δy and dynamic model uncertain-
ties δv, δω are considered here. The circular trajectory tracked
by the different controllers in the presence of uncertainties
is shown in Figure 11a. It is clear from Figure 11b that
the tracking error is high for kinematic controller as com-
pared to the other two controllers and is least for proposed
controller. It is evident from Figures 11c and 11d that the
control history is oscillating for kinematic controller. Also,
the instantaneous control input is less for the proposed neural

network based adaptive controller. A step trajectory with
amplitude 1 whose step value changes at t = 35s and t = 65s
is also considered to analyze and compare the performance of
the three controllers. The trajectories tracked by the different
controllers are depicted in Figure 11e. It is elucidated from
Figure 11e that the robot cannot make sharp turns. The kine-
matic and adaptive dynamic controllers fail to track the ref-
erence step trajectory and produce oscillations. The transient
performance of the three controllers considering the two step
changes are given in Tables 3 (a) and (b). It is obvious from
these two tables and Figure 11e that the proposed controller is
able to achieve the final desired steady state value with least
time, least overshoot, and without oscillations. The linear and
angular velocities are shown in Figures 11f and 11g. It is clear
from these figures that the kinematic controller fails to follow
the reference control inputs. This simulation study demon-
strates that the proposed controller outperforms the kinematic
and adaptive dynamic controllers in terms of tracking error,
control inputs, and transient performance considering both
model uncertainties and external noises.

TABLE 3. Transient response parameters.

A summary of trajectory tracking performance indices of
kinematic controller, adaptive controller and, the proposed
controller for the three trajectories are shown in Table 4. It is
obvious from these tables that the IAE, ISE and, MAE is
minimum for the neural network based adaptive controller.
From this comparative study, it is clear that the proposed
neural network based adaptive controller performs better than
the other two controllers.

V. EXPERIMENTAL TESTS
In order to evaluate the performance of the proposed neural
network based adaptive controller on a real-world scenario
relevant to trajectory tracking, a two wheeled differential
drive mobile robot shown in Figure 12 is used. For the
real-world experiments the same trajectory scenarios given
by Equations (44), (45), and (46) are chosen as the reference
trajectories. The working environment is a laptop with spec-
ifications: an Intel(R) Core(TM) i7-6500U CPU@2.50GHz,
64 GB RAM, 2 physical cores, 4 logical processors, and
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FIGURE 11. Comparison of controllers.
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TABLE 4. Comparison of controllers.

FIGURE 12. Differential drive wheeled mobile robot.

FIGURE 13. Snapshots of circular trajectory tracking.

FIGURE 14. Left and right wheel velocities.

Windows 10, 64 bit. The laptop is communicated with the
robot through a UART interface. Maximum speed of the
wheel is 60 rpm. A two channel Hall effect encoder is used

FIGURE 15. Tracking circular trajectory (with load and sand).

FIGURE 16. Snapshots of circular trajectory tracking (with load and sand).

FIGURE 17. Left and right wheel velocities (with load and sand).

here to encode the rotation angle. For distributing the power
and interconnecting with the attached modules, a STM32
micro-controller is used. The power supply is provided by
a 12V-220 mAH battery. The chassis is equipped with two
wheels and each wheel is actuated using a separated DC
geared motor. In this test, MATLAB 2020a is employed for
implementing the controller. The control inputs, linear and
angular velocities are generated by theMATLAB/SIMULINk
program which are send to the robot via bluetooth interface.

The sample time is set as 0.1s. The initial pose of the robot
is taken as (0,0). The snapshots of trajectory tracking is shown
in Figure 13. By adjusting the velocities of the left and right
wheels, the robot motion is controlled. The velocity profile
of the right and left wheels while tracking the circular trajec-
tory is given in Figure 14. To evaluate the robustness of the
developed algorithm against parameter uncertainties, a body
of mass of 400g is placed on the robot. By laying sand on the
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FIGURE 18. Tracking error(with load and sand).

ground where robot is supposed to track the desired circular
trajectory, the slipping disturbance is achieved. The actual
trajectory of the robot with added load and sand is depicted in
Figure 15. In Figure 16, the snapshots of tracking the circular
trajectory considering the external mass and sand is given.
The left and right wheel velocities of the robot for tracking
circular trajectory in the presence of parameter uncertainties
and external disturbance is depicted in Figure 17. It is obvious
from Figures 18a and 18b that the position and orientation
errors are negligible and converges to zero.

By considering the parameter uncertainties and external
disturbances, neural network based adaptive controller is
shown to have better performance in real-world experi-
ments and the real trajectories are tracked with minimal
errors.

VI. CONCLUSION
In this paper, a neural network based model reference adap-
tive controller is proposed for the trajectory tracking of
wheeled mobile robots. The adaptive gains are derived satis-
fying the condition that the error between the outputs of actual
plant and referencemodel tends to zero asymptotically, which
is guaranteed as the gains are derived using Lyapunov stabil-
ity method. The parameters of kinematic controller are deter-
mined online using neural networks. Since the parameters are
tuned online the proposed controller is capable of eliminating
the drawbacks of conventional controller under the influence
of model uncertainties and disturbances. Simulation stud-
ies using kinematic controller and adaptive dynamic con-
troller considering model uncertainties proved that it fails to
track the desired trajectory. However, the proposed controller
tracks the desired trajectory with nearly zero error even in
the presence of model uncertainties. Our in-depth research
using both simulations and real-world experiments based on
the two wheeled differential drive mobile robot illustrated
the outstanding efficacy and the feasibility of neural network
based adaptive controller in terms of accuracy, total control
effort, and robustness compared to the related controllers such
as adaptive dynamic controller, PID controller, and kinematic

controller for trajectory tracking in navigation scenarios with
a relevant set of curvature profiles.

APPENDIX
STABILITY ANALYSIS OF ADAPTATION LAW
The derivation of adaptation law given in section III and
its stability analysis is explained here. The linearized plant
model is represented as

ẇ = Aw+ Bu

The control input u is the sum of adaptive controller and
feedback controller

u = ua + uf

The adaptive control law is given by

ua = β̂1w+ β̂2ur

The feedback part of the controller is computed as

uf = −Kw

The closed loop consisting of the robot and its controller
can be represented as

ẇ = Aw+ B(ua + uf )

ẇ = Aw+ B(β̂1w+ β̂2ur )+ B(−kw)

Let Ac = (A+ Bβ̂1 − BK ) and Bc = Bβ̂2 Then

ẇ = Acw+ Bcur

Error e

e = w− wm
ė = ẇ− ẇm
ė = Acw+ Bcur − Amwm − Bmur

Adding and subtracting Amw gives

ė = Acw+ Bcur − Amwm − Bmur − Amw+ Amw

ė = Ame+ (Ac − Am)w+ (Bc − Bm)ur
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Substituting for Ac and Bc

ė = Ame+ (A− BK + Bβ̂1 − Am)w+ (Bβ̂2 − Bm)ur

Assume that ideal gains β1 and β2 exists such that

A− BK + Bβ1 = Am
Bβ2 = Bm

and are referred as the matching conditions. Then error
dynamics is given by

ė = Ame− Bβ̃1w− Bβ̃2ur

where β̃1 and β̃2 are the adaptive gain estimation errors and
is given by

β̃1 = β1 − β̂1

β̃2 = β2 − β̂2

To make the closed loop error asymptotically stable the
adaptive gains variations have to be chosen as

˙̂
β1 = −BTPewT

˙̂
β2 = −BTPeuTr

so that

lim
t→∞

e(t) = 0

where e(t) is error between the actual plant output and refer-
ence model output.

Consider a Lyapunov function V (e, β1, β2)

V =
1
2
eTPe+

1
2
tr(β̃1

T
˜β1)+

1
2
tr ˜(β2

T
β̃2)

where P is a positive definite matrix. Then

V̇ =
1
2
ėTPe+

1
2
eTPė+

1
2
tr( ˙̃βT1 β̃1)

+
1
2
tr(β̃1

T ˙̃
β1)+

1
2
tr( ˙̃βT2 β̃2)+

1
2
tr(β̃2

T ˙̃
β2)

V̇ =
1
2
ėTPe+

1
2
ėTPė+ tr(β̃1

T ˙̃
β1)+ tr(β̃2

T ˙̃
β2)

Substitute the equation for ė, we get

V̇ =
1
2

(
eTAm − ωT β̃1

T
BT − uTr β̃2

T
BT
)
Pe

+
1
2
eTP

(
Ame − Bβ̃1ω − Bβ̃2ur

)
− tr(β̃1

T ˙̂
β1)− tr(β̃2

T ˙̂
β2)

Rearranging the above equation

V̇ =
1
2
eT (ATmP+ PAm)e− w

T β̃1
T
BTPe− uTr β̃2

T
BTPe

− tr(β̃1
T ˙̂
β1)− tr(β̃2

T ˙̂
β2)

Substitute

ATmP+ PAm = −Q

in V̇ and choosing

˙̂
β1 = −BTPewT

˙̂
β2 = −BTPeuTr

V̇ =
1
2
eT (−Q)e− wT β̃1

T
BTPe− uTr β̃2

T
BTPe

+ tr(β̃1
T
BTPewT )+ tr(β̃2

T
BTPeuTr )

Using the property of trace

V̇ = −
1
2
eTQe

which is negative definite.
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