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ABSTRACT Frequency weighted model reduction framework pretested by Enns yields an unstable reduced
order model. Researchers demonstrated several stability preserving techniques to address this main short-
coming, ensuring the stability of one-dimensional and two-dimensional reduced-order systems; nevertheless,
these approaches produce significant truncation errors. In this article, Gramians-based frequency weighted
model order reduction frameworks have been presented for the discrete-time one-dimensional and two-
dimensional systems. Proposed approaches overcome Enns’ main shortcoming in reduced-order model
instability. In comparison to the various stability-preserving approaches, proposed frameworks provide an
easily measurable a priori error-bound expression. The simulation results show that proposed frameworks
perform well in comparison to other existing stability-preserving strategies, demonstrating the efficacy of
proposed frameworks.

INDEX TERMS Model reduction, minimal realization, Hankel-Singular values, optimal Hankel norm
approximation, frequency response error, error bound.

ACRONYMS/ABBREVIATIONS AND ELEMENTARY The Table 1 provides some basic terminologies and their
OPERATORS corresponding operators used in this article.
In this article, following acronyms/abbreviations are used: WZ Wang & Zilouchian

MOR  Model order reduction GS Ghafoor & Sreeram

ROM  Reduced order model 1G Imran & Ghafoor

ODEs Ordinary differential equations LTI Linear Time In-Variant
PDEs Partial differential equations MIMO  Multi-input and multi-output
m-D Multi-dimensional CB Campbell

1-D One-dimensional VA Varga & Anderson

2-D Two-dimensional ISI; Isringaf; If)’zooizsssslligg

BT Balanced Truncation

SDP Seismographic data processing
DSP Digital signal processing
gKYP  generalized Kalman-Yakubovich-Popov

HNA  Hankel norm approximation
CRSD Causal recursive separable denominator
GJ Gawronski & Juang
GA Gugercin & Antoulas
I. INTRODUCTION
A. MOTIVATION AND INCITEMENT
The associate editor coordinating the review of this manuscript and The MOR challenge aims to develop an alternate model for
approving it for publication was Feigi Deng . the original large-scale stable model that is simple to measure
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TABLE 1. Elementary operators and terminologies.

Terminologies and Elementary Operators

Elementary Operators

F.[2] D. + Cui[2I — AJ 'B. <& realization
{As, B«,Cx, Dy}

Terminology

ROM F., [2] Dy, + Cr, [zl — A;,)7'B,, ¢ realization
{Ar.;Br.,Cr., Dr.}
Flz1, 22] D + C[z11, @ 22Im — A]~! B < 2-D realization
{A,B,C,D}
ROM Fj[21, 22] Dy + Crlz1lr; ® 221y — Ar]™1 By < 2-D real-

ization { A, By, Cr, Dy}

Di + Cilziln,, ® z2ln,, — Ai]7'B; & 2-D
realization {A;, By, C;, D}

D, + Co[zllnlo (5] ZQInz)* AO]_lBO < 2-D
realization {Ao, Bo, Co, Do}

Input-weightings G;[z1, 2]

Output-weightings Ho (21, 22)

Augmented-input Fio[21,22] | Cial21lny4ny,®22Ins 10, —Aial 'Bia+Dia &

2-D realization { A;, By, Ci, D;}

Coa [lenﬁ»'m ° Dz2 In2+"20 7A‘7"'] “'Boa+Doa
& 2-D realization { Ao, Bo, Co, Do}

Augmented-output Foq[21, 22]

rank].] Rank operator

Diagonal operator

p = 00||z||oo := maz|z;| Infinity- norm (maximum norm)

A Eigenvalues
v Eigenvector
Direct sum
P, Controllability matrix
QL Observability matrix
AilPe. Qo. ] Hankel-Singular-values of matrix |P., Qo, |

o1 +02+03+...+0n

and has the same responses as the original. In ROMs, the
MOR attempts to retain the key characteristics of the original
large-scale model, such as stability/passivity and input-output
response. The MOR has made a significant contribution to the
control system, mainly in the simulation of complex systems
such as large-scale complex integrated circuits, robotics sys-
tems, communication systems, and controller reduction, etc.,
A record of the user’s interactions with the recommendation
system [1]-[6].

A substantial amount of study in the MOR of large-scale
systems has been done recently, and various methods to MOR
have been proposed [7]-[12]. Mathematical modeling aims
to analyze dynamical systems, which is an important part
of control systems engineering. The need for more rigor-
ous mathematical models is growing as models get more
complicated. Simulation becomes computationally tedious
large-scale systems containing lumped parameter systems,
such as ODEs, distributed parameter systems, such as PDE,
etc. Dealing with these conditions is made easier with MOR.
The study of these complex and large-scale systems is a
difficult task; as a result, ROMs are needed to make the
analysis easier.

m-D systems are those models in control system theory
where several independent variables occur (like time). The
Roesser 2-D model is a sub-class of m-D systems, and it
has vast applications in control systems theory. Due to their
applications in various key areas such as IP, SP, SDP, water
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steam heating, DSP filters, etc., 2-D systems have been a
continually increasing research interest area in recent years.
The Roesser 2-D model contributes in the following various
fields such as:

o Automated irrigation channels [13].

o Grid sensor network [14].

o Design of 2-D digital filters structures (i.e., FIR fil-
ter [15], IIR filter [16], Digital filter [17], Hy filter [18],
[19D).

o Fault detection [20].

« Linear repetitive processes [21].

o lterative learning control [22], [23].

The researcher focused on fundamental problems such as
decomposition, factorization, stability, and model reduction,
etc. As decomposition, factorization, stability, and model
reduction are not straightforward extensions for 1-D models,
the fundamental theorem of the algebra does not apply to m-D
systems directly [24]-[27].

B. LITERATURE REVIEW
The most often used MOR approach is BT [28], while using
BT [28] methods, it is necessary to balance the system,
which is equivalent to determining the system’s controllabil-
ity and observability Gramians in a unique diagonal form.
The Cholesky factors of these Gramians can be efficiently
computed as dual Lyapunov equation solutions for systems
with few inputs and outputs. BT [28] provides ROMs for
the 1-D LTI continuous and the discrete-time systems that
guarantee stability and yield error bounds. However, an entire
frequency interim is used to execute MOR operations, while
the particular frequency band is concerned only in practical
applications, i.e., the controller reduction case. Similarly,
Glover [29] used an optimal HNA to perform the MOR oper-
ation. The HNA is a model reduction method that offers the
best Hankel semi-norm approximation. These promote the
usage of frequency weights in MOR. Therefore, Enns [30],
[31] provided the frequency weighted MOR approach for the
1-D LTI continuous and the discrete-time systems by induc-
ing frequency weights (i.e., input, output and double-sided)
in BT [28] approach. However, this approach [30] generates
unstable ROMs in the case of double-sided weightings [32].
Similarly, the limited frequency interval [33] is of concern for
some applications (i.e., controller and filter reduction). The
frequency-limited intervals Gramians based MOR approach
for the 1-D LTI continuous and the discrete-time systems
were implemented by the GJ [34] and WZ [35], respectively;
however, it does often result in unstable ROMs at certain
frequency-intervals [36], [37] and there exist no a priori error
bound expressions for these techniques [30], [34], [35].
Recently, a significant amount of research has been
conducted on the MOR of large-scale systems, and a
number of different MOR approaches have been devel-
oped. [7]-[12]. In [7], second-order dynamical systems using
structure-preserving balanced truncation approaches are pro-
vided, which deals with first-order constrained balanced
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truncation approaches and apply them to second-order sys-
tems utilizing various second-order balanced truncation for-
mulas. The work presented in [8] is based on a balanced
truncation model order reduction for discrete-time systems
that preserves stability after reduction. However, due to the
iterative nature of this method, it becomes more compli-
cated when the order of the original system increases. Cor-
respondingly, [9] presents MOR based on cross Gramians;
this method [9] uses Sylvester equations rather than Lya-
punov equations as described by BT [28], Enns [30], GJ [34],
and WZ [35]. Furthermore, this method is only applicable
to bilinear systems that employ a truncated cross Gramian
projection approach. A similar work based on interpolation
is presented in [10]. It proposes adaptive techniques for
computing time delay systems’ reduced-order model. The
algorithms use greedy iterations to choose expansion loca-
tions and interpolate the transfer function. Similarly, another
interpolation-based approach is presented in [11]. It focuses
on dominated and temporal moment retention. It condenses
the large-scale complete order model into a lower order
system, allowing approximate computation denominator by
employing generalized pole clustering. The factors division
procedure yields the approximate numerator, which results
in the ROM. In [12], the MOR for 2-D discrete-time system
MOR is presented. This method ensures the stability of the
filtering error system and Hy, performance when the noise
frequency ranges are known beforehand. Using the gKYP
lemma, Finsler’s lemma, and some independent matrices
yield fewer conservative findings. The research briefly dis-
cussed above are based on cross Gramians, interpolation, and
Kalman filtering. Furthermore, to overcome the shortcomings
as appeared in Enns [30], GJ [34], and WZ [35] substantial
amount of research have been conducted over the couple of
decades [36]-[46], which are briefly discussed as follows
with their drawbacks.

To overcome the main drawback as appeared in [30],
the Lin and Chiu [38] introduced strictly proper two-sided
weights to ensure the stability of ROMs; however, this
method cannot be used in controller reduction applications
due to no pole-zero cancellation assumption required in the
method. Later on, VA [39] introduced an alternative approach
to ensure the stability of the ROM for the continuous-time
frequency weighted systems. Since the main weakness of Lin
and Chiu’s [38] technique is the requirement that no pole-zero
cancellation occurs when forming the augmented systems
(input augmented and output augmented). This prevents the
applicability of this method when solving controller reduc-
tion problems involving weights; however, this technique [39]
is only valid for strictly proper original systems.

The instability problem in [30] is related to the indef-
initeness of the corresponding input and output matrices;
CB [40] provided the stability-preserving frequency weighted
MOR method by ensuring the input and output matrices are
positive/semi-positive definite. As a result, some eigenvalues
have significant variations while others have slight varia-
tions. Dissimilar effects on each eigenvalue of the input and
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output matrices result in a significant approximation error
in the ROM. The GS method [41] combines unweighted
balanced and partial-fraction-based frequency weighted bal-
anced reduction techniques, ensuring ROM stability but being
parameterized. The GS [42] also proposed a MOR technique
for 2-D discrete-time weighted systems. However, truncating
negative eigenvalues causes a significant approximation error
in 2-D ROM. The stability-preserving frequency-weighted
MOR approach introduced by 1G [43] involves varying the
input and output matrices, but subtracting all eigenvalues
from minor eigenvalues results in zeroing the last eigenvalue,
resulting in an unequal effect to eigenvalues and a significant
approximation error in the ROM.

Together with the use of positive/semi-positive definite-
ness of input and output matrices, GA [36] established
stability preserving frequency limited Gramians based MOR
approach. However, the asymmetrical impacts on all eigen-
values cause significant approximation error [36]. By using
frequency-limited intervals, GS [41] developed ROM stabil-
ity. GS’s approach [41] produces a large approximation error
due to the significant variation in the original system. In later
work, IG [44] adjusted the eigenvalues matrix by subtracting
the least dependent negative eigenvalue from all the eigen-
values; nonetheless, the modified eigenvalues cause signifi-
cant changes to the original systems and large approximation
error. Similarly, [45] offers three techniques to maintain ROM
stability; however, [45] is iterative, which is inefficient when
the original system’s order rises.

Similarly, to overcome the main drawback as appeared
in [35], GS [37] ensures the stability of the ROM by impro-
vising the eigenvalues matrix; however, due to the truncation
of negative eigenvalues and absolute of all the eigenvalues,
it increases a distance from the eigenvalues matrix of the
original systems, which leads to a large approximation in the
ROM. Similarly, IG [46] also introduced frequency limited
MOR approach for the discrete-time systems; however, this
approach results in significant truncation errors in the desired
discrete frequency intervals due to the significant variance
from the original system and zeroing the effect of the last
eigenvalue.

Recently, a significant amount of research has been con-
ducted on the MOR of large-scale systems based on balanced
approach [47]-[51]. In [47], weighted and limited interval
discrete-time 1-D systems are provided. The frequency lim-
ited intervals for 1-D and 2-D systems are given in [48].
Similarly, frequency weighted and limited MOR approaches
for power systems are given in [49]-[51].

The BT [28], Enns [30], GJ [34], and WZ [35] yield
unstable ROM and do not provide a priori error-bound
expressions. Further, their successive stability preserving
approaches [36]-[46] ensure stability in some conditions
and generate significant truncation error due to the sub-
stantial variation to the original systems (i.e., pole-zero
cancellation, absolute of negative eigenvalues, truncation
of all negative eigenvalues, zeroing the effect of the last
eigenvalue, etc.).
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C. MAIN CONTRIBUTION AND PAPER ORGANIZATION

A novel method for 1-D and 2-D discrete-time systems is
proposed. For 1-D and 2-D discrete-time systems, the sug-
gested method offers a new discrete frequency weighted strat-
egy exhibiting small truncation error. The square root of all
eigenvalues with similar effects prevents the zeroing of the
last eigenvalues, provides an equal impact on all eigenval-
ues, and preserves the eigenvalues’ structure of some input
and output matrices. Compared to other stability-preserving
model reduction frameworks based on frequency-weighted
Gramians, the proposed method provides small variation to
the original system.

The main contributions of this paper are as follows:

o Decomposition of the discrete-time 2-D CRSD model
based on frequency weightings into two decomposed
1-D sub-models is attained by using the minimal rank-
decomposition conditions.

« Modifications to associated input and output matri-
ces are performed for 1-D models and corresponding
decomposed 1-D sub-models to assure positive and
semi-positive definiteness of associated input and output
matrices.

o The controllability and observability Gramians for 1-D
models and decomposed 1-D sub-models in the given
frequency weights are computed, corresponding to mod-
ified input and output matrices.

o Stability of ROMs are ensured incase of 1-D and 2-D
weighted systems.

o Frequency weighted a priori error bound formula for
the 1-D and 2-D systems are derived based on balance
truncation.

« Frequency weighted a priori error bound formula for the
1-D and 2-D systems are derived based on an optimal
HNA.

o Comparison among different existing frequency
weighted MOR techniques (including 1-D and 2-D) with
proposed techniques are presented.

The MOR framework based on frequency weighted
for linear time-invariant discrete-time 1-D and 2-D sys-
tems is presented in this paper. The 1-D and 2-D un-
weighted and weighted models are discussed in Section II,
and the 2-D model decomposition via minimal rank-
decomposition conditions. The balance truncation approach,
as well as frequency weighted MOR approaches, are dis-
cussed in Section III. The existing stability-preserving fre-
quency weighted balancing related techniques for 1-D
and 2-D discrete-time systems are also discussed in this
part. Section IV lays out the proposed work for 1-D
and 2-D discrete-time systems and the a priori error-
bound expressions for 1-D and 2-D cases. In addi-
tion, the numerical simulation results are presented in
section V, where a comparison is made between existing
1-D, and 2-D frequency weighted MOR techniques and pro-
posed techniques, demonstrating the proposed techniques’
efficacy.
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Il. PRELIMINARIES
This section presents the corresponding un-weighted and
frequency weighted 1-D and 2-D state space systems.

A. 1-D STATE SPACE SYSTEM
Here we provide a brief overview of un-weighted, and fre-
quency weighted 1-D state-space discrete-time systems.

1) UN-WEIGHTED 1-D STATE-SPACE SYSTEM
Consider a 1-D discrete time system be given as:

xlk 4 1] = Aux[k] + Byulk],
ylk] = Cyx[k] + Dyulk],
Filz] = Dy + Culzl — A7 'B,, (1)
where {A, € W, B, € WM, Cy, € WX D, € RP*"} g

its n'" order minimal realization with m number of inputs and
p number of outputs. The ROM is obtained as:

%[k + 11 = Ap x,[k] + By, ulk],
yr[k] = Cr*xr[k] + Dr*u[k]a
Fy[z = Dy, 4+ Cyld — A, 17'B,,. )
is achieved by truncating the large-scale stable original sys-
tem [28] (i.e., in the entire-frequency intervals [wy, 2] =

[-m, ]), where {A,, € NW*",B, € WX C, €
NPX" D, € R} with r K n.

2) FREQUENCY WEIGHTED 1-D STATE-SPACE SYSTEM
Consider a transfer function form of a stable discrete-time
input-weighting model be given as:

xilk + 11 = Ajxilk] + Bawuilk],

vilk] = Ciwxilk] + Djwu;lk],

Gilzl = Diy + Cilzl — A1 " By, 3)
where A;, € REWXW) B e Rexm) e RPDx0D)]
Dy, € R®IXM) and (A, By, Ciw, Dy} is its n™ order
minimal realization. Similarly, consider a transfer function
form of a stable discrete-time output-weighting model

Xolk 4+ 11 = Apwxolk] + Boywuolk],

Yolk] = Cowxolk] + Dowttolk],
Ho[2] = Dow + Cowlzl — Aow]™ ' Bow, )
where A, € R")X) B, e RExmo) C e RPo)xn0)
Dy, € RPIXM) and (A, Bow, Cow, Doy} is its n,™ order

minimal realization. The input-augmented and the output-
augmented systems are given by:

FI21Gilz] = Cailed — Aail™'Bai + Dai, )
H,[z]F[z] = Cyolzd _Aao]ilBaa 4+ Dgo, (6)
where
. . A* B*Ciw B*Diw
[201 gm‘] =(0 Aiw Biw |,
“ “ C DG | DiDj,
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B. 2-D STATE SPACE SYSTEMS

Here we provide a brief overview of un-weighted and fre-
quency weighted 2-D systems with its decomposition based
on minimal rank-decomposition criteria and weighted 2-D
state-space discrete-time systems.

1) UN-WEIGHTED 2-D STATE-SPACE SYSTEM

Consider a stable LTI MIMO, minimal separable denomina-
tor 2-D discrete-time Roesser’s state-space model be given
as [52]:

x[i, j1 = Ax[i, jl + Buli, j1, (7)
yli, j1 = Cx[i, j1 + Duli, jl, (8)

Flz1, 2] = D+ Claly @ 22lw —A17'B,  9)

where
A1 Az | Bi .
A= [A3 AJ, B= [32}’ C=[C ],
o [l N A Wi
xijl = [xv[i,j]}’ Mgl = [xv[i,j+ 11]‘

where i and j are vertical and horizontal coordinates respec-
tively, x;(i,j) € N" and x,(i,j) € N™ are the horizontal
and vertical state vectors that convey horizontal and vertical
information, respectively, u(i,j) € N and y(i,j) € NR? and
{A e g{(n-&-m)X(n-&-m)’ B e m(n+rn)><(p)’ C e m(q)X(n+m)’ D €
M9*P} is its (n+m)™ order minimal realization with p number
of inputs and g number of outputs. The MOR challenge is to
determine

Filz1, 221 = Dy + Crlzily, ® 2215, — A, 17'B,,  (10)

where {A, € ROitxtn) g e fntrx®) . ¢
R@x14m) p e RO*P)Y with r| « ny and ry < na.

Let the minimal rank-decomposition of Roesser’s state-
space realization subject to A3 = 0 be written as:

Ay B _[Bi ]~ ~
& 5[] o o
consequently, 2-D separable denominator state-space can be
given as:

_[A1 BiGC, _[B1,Dy,
R R
C=[C D,C,]. D=D\Ds, (13)
that results F[zy, z2] = Flz1, 22] = Fi[z11F2[z2], where
Filz1l = Dy, + Cilzil —A117'By,, (14)
Falz2] = Da, + Ca,[zal — A4]7'By, (15)

The decomposed 1-D system Fi[z;] is a p-input/p;-output
system, and the decomposed 1-D system F>[z2] is a pi-
input/q-output system [52].
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Similarly, the minimal rank-decomposition of Roesser’s
state-space realization subject to Ay = 0 can be written as:

Az By | B, 1~ A
5 5[ a1
consequently, 2-D separable denominator state-space can be
written as:

Aq 0 B
A = A A B = A A 17
[Bz*cl* A4]’ [BZ*DJ’ a7
C=[byC, C]. D=byb, (18)

that results F[z1, z2] = I:“[m , 2] = ﬁz[zz]l:“l [z1], where

Filz1] = Dy, + C1,[z1] — A1l 'By, (19)
Fylz2] = Do, + Calzal — A4)™'By,, (20)

Similarly, the decomposed 1-D system Filzilisa p-input/p>-
output system, and the decomposed 1-D system F»[z2] is a
p2-input/q-output system [52], where

rank |:A2 31:| —p1 rank |:A3 Bz] —
C, D ’ ci D ’

Remark 1: The 2-D models, as in (9), generally don’t exist
in CRSD form; however, existing 1-D MOR schemes are only
applicable to the 2-D systems when it exists in 2-D CRSD
form. In addition, we need minimal rank-decomposition cri-
teria to obtain decomposed 1-D sub-models as in (14)-(15)
and (19)-(20).

Lemma 1 ([53]): Let the ROM for 2-D discrete-time sys-
tems be F,[z1,z2] = F1,[z11F2,[z2] obtained by using 1-D
BT [28], then the 2-D discrete-time ROM F,[z1, z2] is asymp-
totically stable. Moreover, the frequency response truncation
error is bounded by:

|Flz1, 22] — Frlz1, 22]llco

n m
<2ID 1 +2) ) x2 Y @i
i=1

i=my+1
ny n
+(ID2 1 +2) @) x2 Y pie
i=1 i=n,+1

Alternatively,

1 Flz1, 221 — Frlz1, 22]lloo
ny m
<20DL,I+2) A x2 Y @i

i=1 i=my+1

m n
+(ID2 1 +2) @) x2 Y pi

i=1 i=n,+1

where p; and ¢; are the Hankel Singular-values of the decom-
posed sub-systems Filz1] and F>[22], respectively.

Lemma 2 ([53]): Let the ROM for 2-D discrete-time sys-
tems be Fylz1,22] = F1,,[z11F>,,[z2] obtained by using
1-D an optimal Hankel norm approximation [29], then the
2-D discrete-time ROM F,p[z1, z2] is asymptotically stable.

VOLUME 10, 2022
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Moreover, the frequency response truncation error is bounded
by:

|Flz1, z2] — rh[Z1,22]IIoo
< (D1, ||+2Zpl>x2 Z @i
i= mr+l
+(|ID2*|I+ZZ§01+3 Z i) x 2 Z pi-
i= mr+l i= n,—-’rl
Alternatively,
| Flz1, z2] — rh[m, 2]l
<(||Dz*||+22¢l>x2 Z pi
i= n,+1
+(ID1, ||+2Zpl+3 Z pi) X 2 Z 78
i=n,+1 i=my+1

where p; and ¢; are the optimal Hankel Singular-values of the
decomposed sub-systems F1[z1] and F2[z2], respectively.

2) FREQUENCY WEIGHTED 2-D STATE-SPACE SYSTEM

The 2-D weighted discrete-time systems arrangement is
shown in Figure 1. Consider a transfer function stable 2-D lin-
ear time-invariant discrete-time input weighted system [42]
be given as:

Gilz1, 221 = Di+ Cilziln,, ® 22l —Ail™'Bi, (21)

L Ay Ay L By,
Al - [A?,[ A4i ]9 Bl - I:Bzi} ’ (22)

Cl = [Cll C2,:|7 Dlv

where

where {A; € E){("li"'"%)x("li"'"?i), B; € 5ﬁ(ﬂ1,~+nz,~)><(pi)7 C; €
R tm) p; e j@D*PDY s its (ny, 4 na,)™ dimensional
minimal realization with p; number of inputs and ¢; number of
outputs. Similarly, consider a transfer function stable 2-D lin-
ear time-invariant discrete-time output weighted system [42]
be given as:

H,lz1, 221=Do+Colziln,, ®22n,, —Ao] "By, (23)
where
_ | AL, Az _ | B
S
Co=[C, C]. D, (24)
where {A, € NCotm)xW,+nm,) B e Ry +12,)XWo)

C, € Ra)xmtm,) p e Ra)xPoly is its (n; + np )"
dimensional minimal realization, p, and g, are the number of
inputs and outputs respectively.

Figlz1, 221= Cialzi Inytny, @221y +ny, —Aial ' Bia+Dia;
(25)

Foulz1, 221 = Coa[lenH-nlo @ZZInz—i-nzn _Aoa]_lBoa +Doa,
(26)
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FIGURE 1. Input and output weighted 2-D discrete-time system.

Furthermore, realizations {A;,, Bis, Ciq, Dis} and {A,q, Boa,
Coa, Dog} are augmented-input (i.e., F[z1, 22]1Gilz1, z2]) and
augmented-output (i.e., Hplz1, 22]F[z1, 22]), respectively,
(see Figure 2) [42].

where
[A; A,
A = ia) iay
“ _Aia3 Aia4 ]
Ar  BiCy, Ay Bi(Cy,
10 Ay, 0 Ay,
10 B,(y, Ay Br(Cy,
L 0 Az, 0 Ay,
B\D;
_ _Bial By,
Bia = B,-az} =B |
By,
I 0 0 O
Cia = [Ctal Czaz] = [0 0 I Oi| )
F A AT
A = oay oay
o Aoas Aoay i
Ap 0 Az 0
_ Blocl Alo BlaCZ AZ,,
o 0 0 Ay 0o |’
By, Ci  Aj, By, Cy Ay,
I 0
[ Boag, 0 0
Boa = _Boaz] AR
0 0

Coa = [Caal C, ‘ D,C, C2,,]~

Ill. 1-D MODEL REDUCTION TECHNIQUES

Here we provide a brief overview of un-weighted [28] and
frequency weighted [30] model reduction techniques for the
discrete-time 1-D systems.

A. UN-WEIGHTED 1-D MODEL REDUCTION TECHNIQUE
Let the controllability Gramians P., and the observability
Gramians Q,, for the entire frequency interim be given

as [28]:
1
Po=5-| (e/'/fz A)T'B BV — Ay,
1 .
Q. =5 | (e—m, apT'cledd 1 —anlay,
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FIGURE 2. Auxiliary Input and output weighted 2-D discrete-time system.

that are the solution of the following Lyapunov equations:

AP AT —P. + BBl =0, (27)
A} Qo,Ax — Qo + CL Cy = 0, (28)
Let a similarity transformation matrix 7} be given as:
£ 0 e 0
0 £ - 0
Ty Qo Ty=T; 'Pe, T} =%eo= N :
0 0 T

where X, = diag{zcol’ 2:coz}’ & = éi+1 , b=
1,2,3,...,n—1,& > & 1. The ROM is attained as [28],
[29]:
1 A, A 1, _ | Br
T, ATy = [A21 A22]’ T, B= |:Bz ] (29)
CTb = [Cr* C2 ], D == D}’*' (30)

Lemma 3 ([28]): The ROM (i.e., Fy,[z]) obtained by using
BT [28] is stable and the truncation error is bounded by:

n
IFulz] = Frl2llloo =2 ) & 31)
i=r+1
Lemma 4 ([29]): The ROM (i.e., Fyp, [z]) obtained by
using an optimal Hankel norm approximation [29] is stable
and the truncation error is bounded by:

IFulz] = Fon[2llloo = ) & (32)

i=r+1

B. FREQUENCY WEIGHTED 1-D MODEL REDUCTION
TECHNIQUE

Let the controllability Gramians P,; and the observability
Gramians Q,, for the corresponding input-augmented (5) and
the output-augmented (6) realization respectively, that satisfy
the following Lyapunov equations:

- [Pe Pn _[ou Qﬂ]
Pm_|:P1T2 PGi|, Qa0_|:Q12 Or |
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that satisfy the following Lyapunov equations:
AaiPaiAZi — Pgi + BaiBZ;i = O’ (33)
ALQuifai — Qai + CLCui = 0, (34)
Truncating 1% and 4 block of (33) and (34), respectively,
we have the following Lyapunov equations:
APEAL — Pp 4+ Xg =0, (35)
AL QeAy — QF + Y =0, (36)

where

Xg = BpBL = B.Cy,PLAT + A,P,CE BT
+B*CinGC,'7,,;BZ: + B*DiwD,'TWBzy (37)
Yp = CECE = C*TBZ;Q{QA* +A£leB{)WC*

+CI'B! OnCiBoy + CIDL, D, C.. (38)

w

By using the eigenvalues decomposition of Xg and Yg we
have the following:

B 0
Xe = Ug |7 SEJ Ug, (39)
5, 112 0
B =Ur| ™ s 12 | = UeSES @0
L 2
[ R 0
Ve=Velg' g ] Vi (41)
Rp 12 0
&= [ % R 1/2} Vi =Re'PVg,  (42)
2
where
s 0 0
Se;, =10 s 0 |,
_0 0 Si—1
(s 0 - 0
S;, =10 spv1 - O,
_O 0 S
(1 0 oo 0]
Re, =10 rn - 0 |,
_O o --- rk—1 |
[ rs 0 0]
Rp,=|0 1y -+ 0,
0 0 —_—

Sk, and Rg, have (I — 1) and (k — 1) numbers of positive
eigenvalues respectively; similarly, Sg, and Rg, have (n — [)
and (n — k) numbers of negative eigenvalues respectively. Let
T be the transformation matrix obtained as:

TEQpTE = T, 'PeT, " = diag(E1, Bz}

£l 0o .- 0
0 & - 0
0 0 - &

where & = diag{é, &, -, &}, B2 = diag{é,+1, 642,
"'7%‘11}7 E] = E]+17J = 1727"-7’/1_15 Sr > €r+l.
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The transformation matrix Tg transforms the original stable
large-scale system realization into a balanced realization. The
ROM F, [z] = Dy, + C,lzd — A,,17'B,, is acquired by
truncating the transformed balanced realization.

~

4 - A, An —1 - By,
Ty A*TEzA*z[A; AZJ, Tg B*:B*:[ S ]

CTe=Ci=[C, ], Di=D,, (44)

Remark 2: This technique [30] provide unstable ROMs
because input/output associated matrices Xg and Yg respec-
tively are indefinite (i.e., Xg < 0 and Yg < 0) [32] when
both-sided weights are used.

IV. EXISTING STABILITY PRESERVING FREQUENCY
WEIGHTED MOR TECHNIQUES

Here we provide a brief overview of existing frequency
weighted model reduction techniques for the 1-D [39], [40],
[43] and 2-D [42] systems.

A. EXISTING 1-D STABILITY PRESERVING FREQUENCY
WEIGHTED MOR TECHNIQUES

CB [40], VA [39], and IG [43] improvised Enns’s [30]
input and output associated matrices Xg and Yg, respectively,
to yield positive and positive-semi definiteness of these matri-
ces, which consequently yield stability of the ROM. These
techniques also offer an error bounds formula. The controlla-
bility and observability Gramians P, and Q,,, respectively,
satisfying the following Lyapunov equations:

A*PexAZ: — Pex + BexBZ;c = Os (45)
AT QpAy — Qe + CLCox = 0, (46)

The improvisation by CB [40], VA [39], and IG [43] intro-
duced fictitious input and output associated matrices B,y €
{Bex; [40], Bex,, [39], Bex; [43]} and Cox € {Cex, [40],
Coex, [39], Cexy [43]}, respectively, can be computed as:

S 0
Be)q = Ue)q Sex1 Uez/;l = [Uexll Uex12 ] |: Ex :|

0 ISkl
x qul
Uy, |

S 0
Bexg = Uexzsexz Ugcz = [Uele Uex22 ] |: gl O:|
X Ugczl
| U, |
B€X3 = UEX3S€X3 U£3 = [Ue)ql Uex32 ]
[ SE, — sulg—1)0-1) 0
X
| 0 SE, = Sul(n—1)n—1)

7T
% UeJC31
T ,
Uex32

Cex1 = Vele VT

exy ¥ exy

R 0
=t [ ]
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Vi
v |
RE, 0}

Cexz = Veszexz Vgcz = [Vex21 Vex22 ] |: 0 0

T
> Vele
vI
L 2

Ce)q = Vengex3 Vefg = [VEX31 V€X32 ]
[ R, — Inl(p—1)p—1) 0
X
i 0 Re, = ral(n—p)(n—p)

v T
VeX31
X v T .
L¢3

Let Tor € {Tex;s Texys Texs} @ transformation matrix be
obtained as:
£ 0 0
0 & .- 0
TgaQexTex = Tezlpeng;T = . s
0 0 v &y
where éj > §j+1, j=12,3...,n—1, é_‘, > §,+1 where r

is the order of the ROM. The ROM F, [z] = D,, + C [zl —
A, 17'B,, is acquired as:

_ - [A, A _ - [B
TexlA*Tesz*z |:A; A;ji|v TexlB*ZB*=|:Br2* ],

C*Texzé*z[ér* CQ], D*Zbr*.

Remark 3: Since Xgp < BuBl, Yg < CILC,,
{Ay, Bex, Cer}; consequently, yield minimal and stable
ROMs. These techniques offer formula for the error bounds.

Remark 4: The following error-bound expression

exists [40]:
n
IFulz] = Fr,l2llloo < 20LexlloolKexlloo Y &,
j=r+1
with the existence of the rank conditions [37] rank [Bex B, ]

= rank [ By | and rank |:Cex j| = rank [ Cer |, where

C.
Lex = C*Vexdiag(lrllil/z ’ |}’2|71/2 s, |rli|7l/2 ,0,---0),
Keox =diag(lsi| ™" 152|712+ sl 72,0, -+, 0)

x UIB,,

where li = rank [Xg], ko = rank [YE], Uex € {Ue, [40],
Uex, (391, U6X3 [43] } and V., € {Ve)q [40], Vex [39],
Ve, [431 ).

Remark 5: Since for each input related matrix B,x €
{Bex, [40], Bex,, [39], Bex, [43]} and for each output related
matrix Cex € {Cey, [40], Cex, [39], Cery [43]} grant positive
and positive-semi definite of the original system’s input and
the original system’s output associated matrices, respectively;
which results into the positive and positive-semi definite of
the controllability matrices P,y € {Pey, [40], Pey,, [39],
Py, [43]} and the observability matrices Qo € {Qey, [40],
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Qexys [39], Qey; [43]) in a unique way. This leads to the
existence of the different transformation matrices 7., €
{Tex, [40], Toy,, [39], Tex, [43]}. As a consequence, three
existing stability-preserving model order reduction tech-
niques are established.

B. EXISTING 2-D STABILITY PRESERVING FREQUENCY
WEIGHTED MOR TECHNIQUE

GS [42] modified Enns’s [30] matrices Xg and Yg and applied
these matrices for 2-D MOR case (by using minimal rank-
decomposition conditions) to grant positive and positive-semi
definite of these input and output associated matrices, which
consequently grant stable ROMs for the decomposed two
1-D systems and also yield error bounds. For decomposed
systems Fl[zl] = Dl* + Cilzil — A1l 131* and Fy[z] =
D2 + Cz* [z2d — A4] 1B2 the controllablhty and observ-
ability Gramians Pex € {Pexl [42], Pex, [42] } and Qex €
{Qm [42], Qm [42] }, respectively, satisfying following
Lyapunov equations:

AP, AT — P, + B B! =0, (47)
AT QA — Qox + CLCox = 0. (48)

For the systems A € {Aj, A4} the input and output related
matrlces Bex € {Bexl [42], Bey,, [42]} and Cex € {Cexl [42],
Cex, [42]}, respectively, can be computed as:

. ©an . . S 0

. A . . Sg, 0
Bex2 = Uexzsexz Ug(z = I:Uele Uexzz:l |: (E)I O:|

Let Tex e {Tex1 [42]
obtained as:

exs> [42]} a transformation matrix be

~

£ 0O -.- 0
o A 0 & - 0
T;QexTex = Te;lPeng;T = . s

0 0 - &

n—1, ér > §,+1 where
Cy,[d —

whereéjzéjJr],j:1,2,3,..., 1
r is the order of the ROM. The ROM Fy,[z1] =
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A, 17'By,, + Dy, and F3,[25] =
can be acquired as:

Ca, [zl —A417'By, + D,

49)

CiTe, =[C1,, Cn], Dy, =Dy, , (50)
similarly,

| Ag, Ay —1n _ | B2,
Tex2A4T‘x2 - [A421 Agy | Tex, B1. By, |

(51)

Co.Ter, = [Co, Co.]. D2=Ds,. (52)

For each decomposed orlgmal systems Filza]l = l_)l* +

Cilzl — A1l7'By, and Falz] = Dz - c2 [zl —

A4l™ le the ROMs obtained {Aj,, ,Ci,,. D1, } and

{Aq,, C2 D2 ) respectlvely are m1n1mal and stable

Remark6 Smce XE < BexB and Yg < C Cex, conse-
quently, the realizations {Ay, By, , Cexl} and {A4, exs s ACXZ}
are minimal and stable respectively, moreover; yield minimal
and stable ROMs. These techniques offer a formula for the
error bounds.

Remark7 Since for each input related matrix Bex €
{Bex1 [42] x> [42 } and for each output related matrix
ch € {Cex1 [42], Csz [42]} grant positive and positive-semi
definite of decomposed original system’s input and decom-
posed original system’s output related matrices respectively;
which results into the positive and positive-semi definite of
the controllability matrices 13@‘ € {Pexl [42], ﬁexZ [42] } and
the observability matrices Qex € {Qexl [42], Qm [42] } in
a unique way. This leads to the existence of the different
transformation matrices Tex € {Tex1 [42] exzs [42 } which
subsequently results in ROMs {4, , By, , Ci, , D1, } and
{Aq,,, C2 , D, .} for the given decomposed systems
Fl[Zl] = Dl* + Cl[le — A117'By, and Faz2] = D, +
Cz* [z2] — A4]7'Bs, respectively. As a consequence, ROMs
obtained are stable, and these techniques yield error bound
formula [42].

Remark 8: Similarly, ROMs for decomposed systems
Flz1, 221 = Falz2)F1lz1] as in (19) and (20) are obtained
in similar way as in (49-50) and (51-52) respectively. More-
over, ROMs obtained are stable and also yield error bound
formula [42].

V. MAIN RESULTS
The stability preserving strategies for 1-D discrete-time sys-
tems proposed by CB [40], GS [37], and IG [46] modified
Xg and Yg to ensure the stability of the ROM by making
positive and semi-positive definite of the associated input
and the associated output matrices. However, these meth-
ods induce significant truncation errors in some distinct fre-
quency weights due to significant variance form the original
systems.

This paper presents a stability preserving frequency-
weighted MOR technique for discrete-time 1-D and 2-D
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systems. For the 1-D and 2-D systems, the ROM’s stability is
ensured by inserting some fictitious input and output matri-
ces. The fictitious matrices are created by square-rooting
eigenvalues that have identical effects on each eigenvalue
of 1-D and 2-D discrete-time input and output matrices to
construct stable ROMs with low truncation errors at spec-
ified frequency weights. Decomposition is performed first
for the discrete-time 2-D weighted system using the mini-
mal rank-decomposition condition as illustrated in (11,16);
then, the controllability and the observability Gramians are
computed based on modified associated input and output
matrices for decomposed 1-D sub-systems. The proposed
scheme also provides an a priori error bound expressions
by using the BT and an optimal Hankel norm approx-
imation approaches, respectively, for the 1-D and 2-D
discrete-time frequency weighted systems. A comparison
among different existing frequency weighted MOR tech-
niques (including 1-D and 2-D systems) with proposed tech-
niques are presented, which show the efficacy of proposed
methods.

A. 1-D FREQUENCY WEIGHTED MODEL REDUCTION
TECHNIQUE FOR DISCRETE-TIME SYSTEMS

Let a new fictitious controllability Gramians matrix P,, and
the observability Gramians matrix Q,, for 1-D discrete-time
systems are computed as

AP AT — P+ X, =0, (53)
AL OnAs = O + X = 0, (54)
where X,, = BmB and Y, = C C,n. By eigenvalues

decomposition of X,, and Y, we have the following:
X = UnSuUJ. (55)
)_/m = ‘_/len‘_/yZ7 (56)

The new fictitious B,, and C,, are given as input and output
associated matrices respectively, where

- (SE_SnI)l/z_— 12
B, = m s, =UnS,, fors, <0 57)
UesSy/? for s, > 0
Re —ra)'? o7 sipor
= . V,=R]“V, forr, <0 (58)
1/2VE forr, >0

Let the similarity transformation matrix 7}, is calculated as:

o1 0O --- 0
e 0 o - 0

E Qm m—T Pme . s
0 0 Pn

VOLUME 10, 2022

where %, = diag{Zml,

g Xm,}, 0j = pj+1 and pr > pr41. The
ROM F,.[z] = D,

+ Cy, [zl — A,,17'B,, is obtained as

- - - A, A - - B
-1 2 12 -1
T, A*Tm:A*:[A;I AD}, T, B*:B*:[B;]’
(59)

CT,=C=[C, C,]. D=D,,. (60)
The above MOR procedure can be viewed in the context of
non-minimum phase systems.

Lemma 5 ([54]): If the n* order square discrete-time 1-D

minimal realization be given as:

Ar Al B
Ay B

Filz] & [C *} = | A3
* *

and H,[z] = F;l[z]; then, A; = A, — B*D;1C* has k
eigenvalues outside the unit circle. Let A, [A,-]Xj[Al-] #1V1,j,
then, there exist a unique controllability and the observability
matrices, P., and Q,,, respectively, which are the solution
to the Lyapunov equation as in (27) and (Al.TQ(,*Ai — Oy, +
C*T (D~H'DC, = 0), respectively. Further, Q,, contain k and
n — k negative and positive eigenvalues, respectively.
Remark 9: The realization F,[z] can be decomposed into

two sub-systems as:
Filz] = Fylz] + Fu—il2]

where

Ak B
Ay B;
Frnilz]l & [C2 D]'
The realization Fi[z] has exactly k zeros outside of the unit
disk; whereas, the rest of the zeros are inside the unit disc.
Similarly, the above MOR procedure can be viewed in the
context of unstable minimum phase systems.

Lemma 6 ([54]): If the n* order square discrete-time 1-D
realization be given as:

Fulzl < [2* Bj _

with no eigenvalues on the unit circle and let P., = PT
be the solution to the Lyapunov equation as in (53) with
P., =diag{Z.,, ¢}, where X, is non-singular matrix and
>¢, > 0is adiagonal matrix. Then, Ax and A, have k unstable
poles (eigenvalues) outside the unit circle; also, A; has no
eigenvalues inside the unit circle. Assume that F.[n] =
D, is a nonsingular and A;[A*])_\j[A*] # 1V [,j. Further,
P., contain k and n — k negative and positive eigenvalues,
respectively.

Remark 10: The realization F¢ [z] can be decomposed
into two sub-systems as:

Fc* [z]

= Filz] + Fy«[z]
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where

Ay B
Frlz] & |:C1 Di|,

Ay B
Fo«lz] & [Cz Di|.

The realization F[z] has exactly k poles (eigenvalues) out-
side of the unit disk; whereas, the rest of the poles are inside
the unit disc.

Furthermore, the proposed MOR procedure can be
employed for the marginally stable systems by decomposing
the original systems into sub-systems (i.e., asymptotically
stable 4+ marginally stable).

Lemma 7 ([55]): There exists a similarity transformation
matrix T, that satisfies:

A 0 |.,.—
A*:Tsm|:os A :|Tsm’
m

such that the full-order-model as in (1) is marginally stable
and matrix A, has a full rank.

Remark 11: The decomposition as in Lemma. 7 enables
each sub-system to be reduced in a manner that preserves
its particular notion of stability. Further, the MOR for each
sub-systems are obtained in a similar way as in (59)-(60).

Remark 12: Since Xg < B,,BL, > 0,Yg < CIC, >0,
P, > 0and Q,, > 0. Therefore, the transformed-realization
{Ay, By, Cp} is minimal and the stability of the ROM is
guaranteed.

Lemma 8: The fictitious input associated matrices Xg <
I_SmB,Tn > 0 and the fictitious output associated matrices
Y < (_fi C, > 0, likewise, the controllability matrices
Pg < P,, > 0 and the observability matrices O < Q,, > 0.
Therefore, the transformed-realization {A,, Bm, Cm} obtained
is minimal and stable which also guaranteed the ROM’s
stability in the desired frequency-intervals.

Proof of Lemma 8: we will demonstrate that the realiza-
tion {A*, B, Cm} is minimal (i.e., controllable and observ-
able). Since the controllability Gramians matrix P,, and the
observability Gramians matrix Q,, are solution of Lyapunov
equations as in (53) and (54) respectively, so

BuBl —Xp >0
_ 1 . _
Py —Pp > — / (I — A" 'B,BL,
27‘[ Sw
x (el — A Ndw
1 /’ i “ip pT
—— | @1 — A, 'BeB
27T‘ Sw * E
x (e7°] —AI)_ldw
1 : L
=5 /5 (@1 — A,)" BB, — Xp)
w
x (e71°] —Az)_lda)
>0

Since for Pp > 0; consequer_ltly, Pm > 0 [37]. Similarly,
for Qg > 0; consequently, Q,, > 0. As a consequence,
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the original-system matrix Ay is stable. Resultantly, the pair
(A4, By) is controllable and the pair (A, C,,) is observable
(.e., {A*, B, Cm} is minimal).

Lemma 9: [56] Since the pair (A, B,,) satisfy the following
Lyapunov equation (53),

AP,Al — P, = —B,B!,

for P,, > 0; then, the original large-scale system is asymptot-
ically stable iff it is controllable. Suppose the original system
is not asymptotically stable. In that case, eigenvalues of the
original large-scale system (i.e., eiglA,l) are outside of the
unit circle, not on the inside of the unit circle.

Proof of Lemma 9: The first part is obvious. To proof
the second part, let A, and v* have eigenvalue A and
corresponding left eigenvector respectively; then, v*A, =
v*A and sz = Av. Appropriately pre- multiplying and
post-multiplying the Lyapunov equation (53) by v* and v
respectively; consequently, gives

v*A*I_’mA:v — VP, = —V*BmBLv = (AL — Dv*Ppyv.

Since the matrix v*P,v > 0 and the matrix v*B,Blv >
0, this results |[AA| < 1. Furthermore, if Re|A| # O0;
then, v*B,Blv # 0; hence, v*B,, # 0 which results
the transformed-realization {A*, B, C‘m} is controllable and
stable.

Theorem 1: The following error-bound expression exists:

|Ho[2)(Fil2] — Fr, [2D)Gilz]ll oo

n
< 2| Hol2lllcollLmlloollKmlloIGilzllloo D .
Jj=r+1

with the existence of the rank conditions rank [Bm B*] =

rank [I_Sm] and rank |:€’: ] = rank [Cm], where

if r, < OQexists
C.VeRy'?

_ S, 20T B,
K

; C. Vm —1/2 |
otherwise

if 5, < O exists

Sil/zU B, otherwise
Proof of Theorem 1: Since rank [Bm B*] = rank [l_i’m]

and rank [E‘ :| = rank [C,,], the relationships By = By Ky
*

and C = L,,C,, holds: By partitioning B,, = |:

oo o
2

1
QI
I

[(_fm1 C'mz] and substituting Br* = Bmlkm, C’,* =L,,Cp,
respectively, yields:
| Hol2](F[2] — Fr[zD)Gilz]ll
= ||Holz)(Clzl —A1™'B — C/ [zl —
= [|Ho[2)(LnClzl — A" ByKyn
— Ly Con, [ A 17 By Kn)Gilz2] oo
= ||Holz)Lin(Clzl — A17'Byy,
— Cony [ = A1 B )KnGil 2]l oo

A 171G oo
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= | HolzlLml oo (Crlzl — AT™ "By,
— Coy[2d = A1 Bl oo 1K Gilz] |l oo-

If {Ar*, Bm| , le } is the ROM attained after r_educ_tion of the
large-scale original transformed system {A,, B,,, C;,,}. Then,

n
_le_le [ZI_Ar*]_léml)”oo <2 Z Iéj‘
Jj=r+l1

[(Cnlzl —As]

Therefore,

1 Holz](F«[z] — Fr,[2DGilz]ll oo

n
< 2|Ho[zllloolLmlloo | Kmlloo | Gilzllloo D -
j=r+1

Theorem 2: The following error-bound expression exists:

| Holz](Fylz] — rh* z2DGilzlllo

n
< Ho 2l oo | Lt l oo | K lloo I Gil2lloo Y s
j=r+1

with the existence of the rank conditions rank [Bmh B*] =

rank [Bmh] and rank [%Zh} = rank [C’mh], where

i C.V, mhR’;,ll/2 if r, < Oexists
h = .
" Cy VER otherwise
_ S 1/2U anBs 1f s, < 0 exists
Knh = —1 /2T .

Sg "UgBy otherwise

Proof of Theorem 2: The proof of above-mentioned The-
orem 2 is similar to the proof of Theorem 1; hence, omitted
for the brevity.

Corollary 1: Theorem 1 holds true subject to the fol-

lowing rank conditions: rank [Bm B*] = rank [Bm] and

rank E‘ :| = rank [C,,] (which follows from [57]) are
*

satisfied.

Remark 13: When Xg > 0and Yg > O;then, Pg = P,y =
P, and Qp = Qo = QO; consequently, ROMs obtained
by using [30], [39], [40], [43], and suggested technique are
the equivalent. Otherwise P < P,, and Qr < Q. Further-
more, the frequency-weighted Hankel singular-values satisfy
t (XIPEQED'? < (OjlPmOumD'/>.

Remark 14: When Xg > 0 and Yg > 0; then, ROMs
obtained using Enns [30] and suggested framework are the
equivalent.

Remark 15: For the fictitious-input matrix B,, and the
fictitious-output matrix C,, grant positive and positive-semi
definite of the input associated matrix B, and the output
associated matrix C, respectively; consequently, positive and
posmve semi definite of the controllability Gramians matrix

' and the observability Gramians matrix Op. This corre-
sponds to transformation matrix 7}, resulting in the stability
retention MOR algorithm. In addition, constants (i.e., L, and
K;,) provides the relationship between the systems matrices
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(i.e., B, and C,) with the fictitious matrices (i.e., B,, and
C,), resulting in the error-bound expression for the suggested
framework.

Remark 16 ([58]): The ill-conditioning of the relevant
discrete-time Lyapunov equations as in (53)-(54) causes
difficulty in computing the ROM based on Gramians of
sampled-data models for smaller sampling periods. The
numerical results are distorted by errors up to a particu-
lar limit for the sampling step. To get over this limitation,
an ‘“‘approximately’” balanced realization of the sampled-data
system is obtained straight from its continuous-time counter-
part’s balanced realization. When the sample time is reduced
to zero, this realization comes ‘“‘near” to be exactly balanced
for “extremely small” (i.e., §[T] = T, —T| = t) sample steps
(i.e., considerably less than the systems’ time constants),
where T is sampling time, and ¢ is a very small number. Sim-
ilarly, the error based on the Hankel singular values (i.e., p;)
and frequency response error will be the same. It’s also worth
noting that the bilinear mapping (i.e., z —> (1 + 5)/(1 — 5))
produces a balanced continuous-time equivalent system if the
original discrete-time approach was similarly balanced [29].

Theorem 3: The following Lyapunov equation for the sug-
gested framework holds:

APexyAL — Plexs) + Blex)Blyy) = 0, (61)
AL QtexyAs = Qtexty + Cloxy Crexty = 0. (62)
Proof of Theorem 3: Using (39), (41), (57) and (58) we
have the following:
$1-1), (St5 -y Sn)1,
81-1), (1, s 501,
Tp—1)s (Tps > )],

;‘p—l)s (;'p, oy ;;n)]y

- RE)9

SE = diag[SE,, SEZ] = diag|(sy, ..,

dlag[Sml, mz] diag[(sy, ..,

RE = diag|REg,, Rg,] = diag[(r1, ..,

= diag[Ry, , R, = diag[(71, ..,

S‘(ex,) and R(m) are obtained by (Sm — Sg) and (i?m
respectively.

R _ S(ext)l 0 D _ R(ext)l 0
S(ext) —|: 0 S(exl)z s R(ext) = 0 R(ext)z s

where matrices B(ex) and C(ey) are obtained by (57 — 40) and
(58 — 42), respectively.

_ _ 5172 0
Beexry = Utenr) (e _ 1/2 =U (ex’)S(ext)’
0 Seay,

R'/? 0

- 1/2

Clexty = [ (f())ff)l R1/2 ] V(ext) = R(ext)v(cxt)’
(ext)2

where l_](ex,) = U, = Ug and ‘_/(ext) = V,, = V. Since,

12 a1/2 ~T
X(EXI) - B(EXf)B(ext) - US(ext)S(ext)U

= UteayStexy Uy = Ulexty(Sm — SEYU )

= UpSnUl — UpSgUL = X, — Xk, (63)
Yiex) = C(m)C(ext) = V(EXI)R(L/xt) EL/)Czt)V(ex,)

= Vie\Riex) Vissy = Viewy R — REVV Ly
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= VRV — VgRgVE = Y, — Y, (64)

substitute (67 and 53) in (63) and (68 and 54) in (64) we have
the following:

(AxPuAL — Py) — (A PEAL — PE) = —X(ou),
(AL QmAs — Om) — (AL QEAL — Q) = —Y(ew).
Ax(Pyy — PR)AL — (P, — Pg) = —X(em),
AL(Om — Op)A« — (Om — Q) = —Y(eu).

If the controllability Gramian matfix I_J(ext)_z P,, — Pg and
the observability Gramian matrix Qexr) = Om — Qf. Then,

A*p(ext)A£ - I_)(ext) + B(ext)B(Text) =0,
AZ;Q(ext)A* - Q(ext) + ééxt)é(ext) - 0»

Corollary 2: Theorem 3 holds true subject to the balanced-
realization {A,, B(ex,), C'(ex,)} is minimal (i.e., controllable
and observable) and stable.

Remark 17: For the balanced-realization
{Ax, Biext), Clexr)} to the following Lyapunov equation:

A*P(ext)Ag - P(ext) + B(ext)B(];x;) = 07

AgQ(ext)A* - Q(ext) + C(];x;)c(ext) = 07
where the matrix B(ex,) > 0 and the matrix C'(m) >
0 grant positive and positive-semi definite of the matrix B,,
and the matrix C,, respectively; consequently, positive and
positive-semi definite of the controllability Gramians matrix
P(ext) and the observability Gramians matrix Q(ex,) in a way
leads to the positive and positive-semi definite of the matrix
P,, and the matrix Q,,.

Remark 18: Note that by applying stability robustness the-
orem [59] to the frequency weighted model reduction prob-

lem, the combine weighted systems is stable if the following
inequalities hold (see chapter 3 of [31] for more detail)

(D) NHo[z)(Filz] — Fr [zDlloo =L
(@) NI(Fylz] = Fr,[zDGilz]ll oo =L
(i) [|Hol2)(Filz] — Fr, [2DGilzlllo < 1.

The above inequalities also provide the criteria for the choice
of weightings (i.e., input weightings and output weightings).

B. 2-D FREQUENCY WEIGHTED MODEL REDUCTION
TECHNIQUE FOR DISCRETE-TIME SYSTEMS

Let the controllability Gramians P;, and the observability
Gramians Q,, for the corresponding input-augmented (25)
and the output-augmented (26) realization, respectively,
be given as:

Pia — P iay P iay j|
_P iaz P iay
_Pitlll Pialz Pia21 Piazz
_ i{zl P iay P iax3 P iayy
PZ‘;ZI P 1223 P; ias) P iasg ’
L Pglzz Pgm P£442 Piay
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Qoa = i Qoal Qoa2 :|
| Q0a3 Q0a4
— Qoa“ Qaalz Qoa21 Qogzz
_ Qoalz Qaa14 Q0a23 Qoa24
B Q0a2| ng Q0a4| Q0a42 ’
Qoa22 Za24 Qoa42 Qua44

that are the solution of the following Lyapunov equations:
AiaPaiAi]; - Pia + BiaB,?; = 07 (65)
AgaQoatoa = Qoa + CqCoa = 0, (66)

Truncating (3, 3) and (1, 1) block of (65) and (66), respec-
tively, we have the following Lyapunov equations:

AgPig, AL —
A{ Q0a1 1 Al

Pia41 +X€4 = 09 (67)
- Qoa” + Y€| = 07 (68)

where

Ye; = A{ Qoa;,B1,C1 + A Qoa, B2, Ci
+(B1,C1)" Qfy, A1 + (B1,C1) QoayB1,Ci
+(B1,C1)" QoaryB2,Ci1 + (B2, C1)" QoayyAi
+ (B2, Q,,,B1,C1 + (B2,C1)' Qoayy B2, Ci
+(D,C1)T D, Cy, (69)

Xe, = B2C1,Piay(B2C1) + BoCy,Pigy, Al
+B2C1,Pia,(B2Ca)" + A4Piay, (B2C1)"

+ A4Piay (B2C2)" + (B2Co,)P,, (B2 C1)T
+ByCo, Pl AL + ByCo,Pigy, (B2C2)T

17144

+ ByDi(B2 D)) . (70)

The stability is ensured for 2-D discrete-time system by
making the input X, = Be,€25 = Ue,Se, UL (70) and the
output Y, = C TCel = V¢ Re, V¢ (69) assocmted matrices
positive and positive semi deflnlte The fictitious matrlces
Bm62 and CmE are obtained by improvising B., = UQSE

and C,, = RI/*VI

¢,» respectively.

= U M f] _/2 fors, <0
Mey = 2 Sn Mea
UQSI/Z fors, > 0
(71
— 1/2
Gy = %Vn{q =RY2VI  forr, <0
RV for r, > 0
(72)

Remark 19: When the following rank conditions holds:
rank [Bmész] = rank [1_3,,,52], (73)
Cn .
rank | | = rank [y, |: (74)
Cq 1
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then, the following relationship holds for the fictitious input
and the fictitious output matrices.

B2 = Bm ) e, (75)
Ci = L, Cn, (76)
where
1275T o= .

¢ - Sm62 UmngZ if 5, < Oexists a7

2 Se, 12y T32 otherwise
i C1Vn,, mjl/ 2 if r, < Oexists (78)

e = Ci1Ve R, otherwise

Remark 20: Tt can be seen in [40] that (73) is always true.
It can be seen that in (70), each terms are expressed as B[]
or []B] or By[x]BY, that is same as in [40], here terms []
are some matrices which doesn’t affect our analysis. So (73)
is always true. Similarly, it can also be seen in [40] that (74)
is always true. It can also be seen that in (69), each terms
are expressed as C1[*] or [*]CIT or C1[*]CT | that is same as
in [40], here terms [*] are some matrices which doesn’t affect
our analysis. So (74) is always true.

Consider rank[B; B;] = rank[B»] and rank |:?:| _
2
rank [C1]; then, there exists some constant matrices 1_(’”61 and
Zmez, such that
Bi = K, By, (79)
C2 = CiLn,,. (80)

Remark 21: Assumptions rank[B] B;] = rank [Bz] and

(6]
C1 be full column rank and row rank, respectively.
_ Using (75), (76), (79) and (80), we can derive new matrices

rank |:C1 i| = rank [C1] will always be satisfied for B, and

qu and Cm62 as follows:
By, := K., B, (81)
Crme, ‘= Cme, Lme, » (82)
then,
(5= [ =m0
(C1 Col =L, [y G | =L, G- (39)

Theorem 4: The following rank conditions are always
hold:

a)rank [B Bmé] = rank [Bme] .
C _
byrank |:Cm€ ] = rank [Cp,].

Theorem 5: The realization {A, Bmé, C'mg,D} is minimal,
stable, and separable denominator.
Proof of Theorem 5: The proof of above Theorem 5
follows from the minimality, stability, and separability of the
2-D discrete-time system realization {A, B, C, D}.

VOLUME 10, 2022

The minimal rank-decomposition of new realization
{A, By, Cy,,, D} subject to A3 = 0 can be written as:

Ay Bu, 1 [Buy s _
_ e | — | DMax [ C D
|:Cmez Dmg Me [ Tegr mez*] (85)

that results Fy,, [21, 22] = F1,,_[21]F>,, [22], where

me[m,zz] ne + Cnc (211 @D 226 —A]
1,,16 [z1] = mq* + Cmel (2] — A" mq*,
P, [22] = Din,,, + Cin,y.[22l — Aal™'By, .
D = Ly, Dy Ky, (86)

Remark 22: The equation (86) can be solvable for Dme iff
one of the following equivalent conditions holds [60]:

1) rank [mee] 1= rank[l_,mq D] and rank [kmez] = |:ng2 ] .

2) There exist some matrices Y, and Z, such that D = qu Y.
and D = ZeKmez.

Remark 23: The requirements for the existence of (86)
for strictly proper original systems is immediately met. This
requirement will be met when the full row rank imq and the
f_ull column rank Ky, is exist. We notice that even by setting
D,,, = 0 we can get rid of this assumption.

Remark %4: Th_e realizations {A1, qu*, C’mq ,
{A4, B, Cineyy» D, } are_minirflal and stable.

_The new controllability (P, , Pm,,) and the observability
(qu , QL"sz) Gran_lians correspond to the decomposed sub-
system (F,, [z1], F2,, [z2]), respectively, these Gramians sat-
isfy the following corresponding Lyapunov equations

e., for sub-system Flmé [z1] = l_)mél* + C‘mél [z1] —

Dy, } and

Al]_lémq*
APy AT = P, + X, =0, (87)
Al O A1 = O, + Vi, =0, (88)
where Xme = Bme *Bm - and I_/mq = C’,Eq@mq. Let the

similarity transformation matrix qu is calculated as:

_ 7—1p =T
mel Qmel mep — nglpmel ngl

g O - 0
0 poy - 0
= ) . (89

0 0 - e

where ,0G > /Oem and pe, > pe,.,- The ROM Fl,,, [z1] =
D, —I—Cmr[zll—Ale I le6 is obtained as:

>
Y

i A
T’lAle —AL =Lt Alm}, (90)

me,
1621 1622

T
o> S

T By = By = | 37 } ©1)

L Meanx

o>

>

Mepy

Cone, T, = Gy = [ Gy € ] 92)
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- A

D, = D, . (93)

e., for sub-system F, [22] = Dp,,, + Cpu,,l22l —
Al 'Bp,,

A4Pr Ay — P, + X, =0, (94)

AL O, As = Omgy + Ve, =0, (95)

where Xme BmEzBZ1 o and )_’mé C,,T1E *Cmez* Let the

similarity transformation matrix Tm is calculated as:

mez ngz Mey — T Pmez mez

Uel -0
Uey - 0

, (96)
Ug,
where ve > U, " and Ve, > ve,,,. The ROM Fz,,, [z2] =

Dm62 + Cm Lzl —A46 1~ 1B ., is obtained as:

Lo TA A
Tme A4ng2 :A4€ = ~t L B (97)
: A4€21 4€22
- 13 N [ B
—1 _ _ Mg,
TmQBm62 — Bmg2 — ém :|» (98)
| e
Cméz* Tmez = é‘mgz* = é'mér* é‘141622* ]a 99
Dy, = D, (100)

Remark 25: The realizations {Ale,- , Iéme,*v éme, , qur}
and {A4€r , Emﬂ_, é’me’_* , ﬁm%} are stable and minimal. Fur-
thermore, the 2-D discrete-time weighted ROM Fmér [z1, z2]
= l_)mér + Cmg, (21l D z2lm, — /Aier]_IBmer of an original
2-D discrete-time F[z1, 22] = D + Clzil, @ z2ln — A17'B,
where

A1 Bm Am
€r €k €rsx , 10]
Me, [ O A4€r ( )
B, D _
Bme, |: megm Mey :| Kme2 = Bm Km62 (102)
Cmér = _me] I:émé Mey émer* :I = l_fmél émér B
(103)
Dmer = I:mq bmelr Dmezr km€4 =D. (104)

Algorithm 1: Given a discrete time 2-D system F[z1, z2]
with input and output frequency weights Gi[z1,z2] and
H,[z1, z2]. The ROM Fme, [z1, z2] for 2-D discrete-time sys-
tems are obtained by using the following steps:

1) Compute the controllability Gramians P;, and the
observability Gramians Q,, by using (65) and (66),
respectively.

2) Compute Y, and X, by using (69) and (70), respec-
tively.

3) Decompose Y., and X., by using singular—values
decomposition as: C TC1 = V¢ R VI and BzBZT =

€1 Ve

15110

Ue,Se, U , respectively, to compute Cy,, = ,%j anl
and Bm€2 = Umé2 Smiz by using (72) and (71), respec-
tively.

4) Compute constants Ky, , I:mel’ I_{’"q’ and Zmez by
using (77), (78), (79) and (80), respectively.

5) Compute l_i’me1 and C’mez by using (81) and (82), respec-
tively.

6) Compute 1_3‘m ng , ’"sz and Qmez by using (87),
(88), (94) and (95), respectively.

7) Compute the transformation matrices 7_‘,,161
satisfy (89) and (96), respectively

) Compute the realizations {A16, e, 0 Cme1 L Dy, .} and
{As, B ey s Cmez*, mez*} by using (90-93) and (97-
100), respectively, to obtained corresponding ROMs
Fi,,, [ziland F, [22].

9) Compute 2-D discrete-time systems ROMs by
using (101-104):
where
Ame,- c S’{(nr'i‘mr)x(nr'i‘mr)’ B,
C me, € g{pX(nr+mr)7 Dme,
andn, <n,m, <m

and 7_",,,62 to

IS gi(nr‘i‘mr)xp’
€ RaP),

Remark 26: For the only input weighting, the realization
based on frequency weighted becomes {A, Bm€, C, D}; con-
sequently, C, replaces Cmez in (85).

Remark 27: For the only output weighting, the realization
based on frequency weighted becomes {A, B, C‘mg, D}; con-
sequently, B; replaces qu in (85).

Remark 28: Notice that also in Remark (23) we can get rid
of this assumption by setting D,,, = 0, then setting Dy, =D
into (8) the appropriate dimensions. However, this comment
might not be helpful if we use 1-D singular perturbation
approximation for the method of 2-D MOR.

Remark 29: While it is expressly indicated for bal-
anced truncation, the above algorithms can be easily
expanded/defined for almost all 1-D reduction schemes, such
as the Hankel norm approximation and singular perturbation
approximation, etc.

Theorem 6: The 2-D ROM obtained with this procedure is
stable.

Proof of Theorem 6: The proof follows directly from
the stability of the un-weighted approximation and is thus
excluded.

Remark 30: For the 2-D discrete-time 2-D system
Flz1,2] = FilalF2lzl, the correspondmg decomposed
sub-systems F, mel21, 221 = [zl]Fz  [z2] are formed, the

matrices X, = BB} < qu*B;’l and Y, = ClC) <
cr ¢ "’né therefore, BmEI*B,ﬂ b =0 C,il Cne, = O;
resultantly, > O Pme > 0 and Qme > 0, qu

0. Reahzation {A1, B ey CmE } and {A4, B ey s Cmez*} are
minimal and the obtained ROMs are stable.

Remark 31: Similar to Remark (30), the 2-D discrete-time
2-D system F[zl ] = F2[z2]F1 [z1], the corresponding
decomposed sub-systems I:"me z1,22] = ﬁ2,116 [zg]I:" 1, [21] can
also be formed; consequently, their stability of ROMs are
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also ensured by making corresponding inputs (i.e., By and
B»>) and corresponding outputs (i.e., C; and C) matrices
positive and positive semi definite (i.e., results in fictitious
input and output matrices qu*, C’"fu and Cm ,)ina
similar way as given in equations (71 ,72), respectlvely, such
that their corresponding controllability Gramians matrices
(.e., IA*"mEl and IA’mez) and the observability Gramians matrices
(.e., qu and Qmez) are positive and positive semi definite,
which leads to two different transformation matrices (i.e. YA",,,EI

and f"mez) for their corresponding sub-systems F 1 [21] and
F 2, [22], respectively; subsequently, transformed-realization
correspond to F 1, [21] and F 2 [22] are minimal and their
ROMs are stable.

Theorem 7: Let ROMs be attained by using balanced trun-
cation, then the frequency response approximation error is

bounded by:

|Holz1, 22]1(Flz1, 22] — Frlz1, 22D)Gilz1, 221l 00
n m

< %Dy 142 0e)2 Y 5o

i=1 i=my 41

my n
+ 21D, 142 5e)2 Y e

i=1 i=ny 41

where k = ILIO[Z1,Z2]L;416 KmezG [z1,22], P¢; and v, are
the Hankel singular-values of the realizations F Lne, [z1] and
[z2], respectively.

Proof of Theorem 7:

ng

|Holz1, 22](F[z1, 22] = Frlz1, 22])Gilz1, 22]ll 0o
= |Holz1.22] (Clzily €D wlw — A1 B
—Cr L2y, & 2lm, — A 17" B Gilzi, 2]l
= || Hylz1, 22] (I:mel Cme (211, @ZZIm - A]71Bm€k1n52
- I:mEl Cmer [len, ® ZZImr - Ame, ]_leer kmez)
x Gilz1, 22]lleo
_ 3 2 -1 7
= || Holz1.22] L, (Cn, [21Dn @ 22l — A1 B,
— Lne, Cong, (211, ® 220, — A, 17" Bun, )i,
x Gilz1, 22]lleo
. _ e
< |Holz1, 221 L, ool (Con, [z1n @D 221 — A1™" B,
- Cmer [Z]In, (5] Z2Im, - 14m€,.]_lee,)”oo”km62
x Gilz1, 22]lleo

Since {A, By, Cp.} is the balanced realization and
{Ame, s Bme, » Cm, } is its ROM, using Lemma (2) we have the

following:
1(Con L2110 D 220m — A1 B,

Cone, (211, ® 220m, — Ame 1 B, )lloo

n n
< 201Dy 142 0e)2 Y fe;

i=1 i=nyq

m m
+ 20D, 1+2 ) pe)2 Y Ve

i=myy1 i=ny4]

Therefore,

|Holz1, 22]1(Flz1, 22] = Frlz1, 221)Gilz1, 22110

n n
< 21Dy 1 +2) 0602 ) b

i=1 i=ny4

m m
+ 2D, 142 ) pe)2 Y Ve
=My I=my4]
Theorem 8: Let ROMs be attained by using optimal Han-
kel norm approximation, then the frequency response approx-

imation error is bounded by:

|Holz1, 22]1(Flz1, 22] = Flz1, 221)Gilz1, 22100

< 21Dy, ||+2Zve,+3 Z De;)2 Z Pe

i=n,+1 i=myy1
my n
+ 261D, 142 5e)2 Y e
i=1 i=n,4

where K = Holz1, 22)Limh, Kih, Gilz1, 221, pe; and T, are the
optimal Hankel singular-values of the realizations Fy,,, } [z1]

and F2 [z2], respectively.

Proof of Theorem 8: The proof of above-mentioned The-
orem § is similar to the proof of Theorem 7; hence, omitted
for the brevity.

Corollary 3: When the only input-weighting or the only
output-weighting is present, then ¥ becomes
||1'<m€2 Gilz1, 22]llso OF |Hplz1, zz]imq , respectively. Further-
more, when there is no weighting (i.e., input and output)
present, k = 1.

Remark 32: For the decomposed sub-systems (i.e.,

e [21] and F2mg [z2]), the fictitious-input matrices (i.e.,
BmE . and Bm ) and the fictitious-output matrices (i.e., Cm
and Cméz*) grant positive and positive-semi definite of the
input associated matrix (i.e., By and B;) and the output
associated matrix (i.e., C1, C»), respectively; consequently,

~ ~ A —

A B A 1 €r B Mepy Bmer* Dmezr Kmez
e e = 0 A4 Em I_(m s
Cmer Dmer _ _ €r _ €r €2
L, Cn, Lo Dng Cog, | Ling Dingy Dy K,
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positive and positive-semi definite of the controllability
Gramians matrices (i.e., qu and I_’mez) and the observability
Gramians matrices (i.e., qu arld Qmez)- _This corresponds
to transformation matrices (i.e. Ty, and T}, ), resulting in
stability retention MOR algorithm. In addition, constants
(.e., I_(mel, Zmel, I_(mez, and I:mez) provide the relationship
between the systems matrices (i.e., By, B2, C1, and C) and
the fictitious matrices (i.e., qu*, Bmez, Cmq and C’”sz*)’
resulting in the error-bound expression for the suggested
algorithm.

Remark 33: Similarly, for the decomposed sub-systems
Ge., F 1 [21] and 1:“2”16 [z2]), the fictitious-input matrices
(.e., }}mm and Bmez) and the fictitious-output matrices (i.e.,
é’"fu and C’mq*) grant positive and positive-semi definite
of the input associated matrices (i.e., By and B;) and the
output associated matrix (i.e., C; and C»), respectively; con-
sequently, positive and positive-semi definite of the con-
trollability Gramians matrices (i.e., Isme1 and Ismez) and the
observability Gramians matrices (i.e., qu and Qmez). This
corresponds to transformation matrices (i.e. f‘mq and f"mez),
resulting in stability retention MOR algorithm. In addi-
tion, constants (i.e., IA{me1 s imq s IA(mez, and lA,mez) provide the
relationship between the systems matrices (i.e., By, B, Cq,
and C») and the fictitious matrices (i.e., qu*, Bmez’ @‘mél
and C‘mgz*), resulting in the error-bound expression for the
suggested algorithm.

Remark 34: Similar to the Remark 18, by applying the
stability robustness theorem [59] to the frequency weighted
model reduction problem for the discrete-time 2-D systems,
the combine weighted systems is stable if the following
inequalities hold:

@) WHolz1, 221(Flz1, 221 — Frlz1, 22Dl co <
@) (Flz1, 22] = Frlz1, 22))Gilz1, 221l o
(iii) 1Holz1, 221(Flz1, 22] = Frlz1, 22D)Gilz1, 22lle0 <

A

IA

1.
1.
1.

VI. NUMERICAL SIMULATIONS

To highlight the comparison of existing frequency weighted
models ( [30], [39], [40], [43]), a numerical example of
a multi-input multi-output doubly-fed induction genera-
tor (DFIG) based variable-speed wind turbine (double-cage
induction generator) for the power system (current model)
is presented in Example. 1. Furthermore, the 2-D discrete-
time system is demonstrated in Example. 2. Figs. 3, 4,
and 9 depicted the frequency response error for the entire
frequency-weights of the approximated model obtained by
using existing ([30], [39], [40], [43]) and suggested frame-
works. In addition, Figs. 7 and 8 depict the original 2-D
model, and ROMs acquired using the existing and suggested
methods, in the specified frequency-weights, of the ROMs
acquired through the use of different existing ( [30], [42]) and
suggested techniques. Whereas, Figs. 5 and 6 of 27 and 3™
order ROMs represent the bode plot (phase and magnitude)
comparison, respectively, obtained using existing ([30], [39],
[40], [43]) and proposed methods.
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FIGURE 3. Frequency-response error comparison of 2" order ROM for
Example. 1.
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FIGURE 4. Frequency-response error compatison of 3/ order ROM for
Example. 1.

A. INDUCTION GENERATOR PARAMETERS

Base voltage = 690V, Base power = 2MW, Angular veloc-
ity = 27fy, fin = 50Hz, Stator resistance = 0.00488 p.u.,
Double-cage reactance = 0.0453 p.u.,, Stator leakage reac-
tance = 0.09241 p.u., Rotor resistance = 0.00549 p.u., Rotor
leakage reactance = 0.09955 p.u., Rotor to double-cage
mutual reactance = 0.02 p.u., Magnetizing reactance =
3.95279 p.u., Load inertia constant = 3.5, Double-cage
resistance = 0.2696 p.u..

B. DFIG CONTROL PARAMETERS
Speed limit=1800 r/min, Cut-in speed = 1000 r/min, Shut-
down Speed=2000 r/min.

Example 1: Consider a stable LTI 6" order DFIG model
(current model) as given in [61], the discretized sampling time
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is Ty = 0.001sec, with the following input weights and the
output weights:

The frequency-response error comparison is given in Figs. 3
and 4 of 2 and 3@ order ROMs, respectively. Whereas,
Figs. 5 and 6 of 2" and 3’ order ROMs represent the
bode plot (phase and magnitude) comparison, respectively,
obtained using existing ( [30], [39], [40], [43]) and proposed

methods. The pole locations of existing ([30], [39], [40], [43])
and proposed techniques are provided in Table. 4, it can also
be observed that [30] produces unstable 27 and 3" order
ROMs along with the pole locations at z = —1.12469 £
1.5327i and z = 1.12133, 1.001579 % 1.002044i, respec-
tively. However, in the given frequency-weights, proposed
techniques produce low frequency-response truncation error
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0 0
0 0
0
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FIGURE 6. Bode plot (phase and magnitude) comparison of 37 order
ROM for Example. 1.

with stable ROMs comparable to existing stability-preserving
algorithms ( [39], [40], [43]).

Example 2: Consider a 6™ order stable 2-D discrete-
time system [37]: with the desired frequency-weights as
given in [42]. Fig. 7 and 8 show the stable 2-D original
and ROMs obtained using the existing [42] and proposed
techniques, respectively. The frequency-response error com-
parison in the desired frequency-weights is given in Fig. 9.
The pole locations of [30] and proposed techniques are pro-
vided in Table. 4, it can also be observed that [30] produce
unstable 3" dimension ROMs along with the pole loca-
tions at z; = 1.00889, 1.14789 £ 0.00479 and z» =
1.45781, —0.1214710.12471i, respectively. However, in the
given frequency-weights, proposed techniques produce low

15114

Criginal 2-D Systern

FIGURE 7. 2-D original discrete-time F[z,, z,] for example-2.

2-D ROM Mesh WZ Technique 2-D ROM Mesh GS Technique
-4 -3 i
x10 AT x10

FIGURE 8. 4th order ROM comparison for example-2.

frequency-response truncation error with stable ROMs com-
parable to existing stability-preserving algorithms ([42]).

VII. ANALYSIS AND DISCUSSION

Figs. 3, 4 and 9 indicate that ROMs attained with the Enns
technique [30] provide a low-frequency response truncation
error as compared to the other methods. However, this also
yields unstable ROMs as seen in Table. 4. Whereas, Figs. 5
and 6 of 2"¢ and 3’ order ROMs represent the bode plot
(phase and magnitude) comparison, respectively, obtained
using existing ( [30], [39], [40], [43]) and proposed methods.
Proposed techniques, however, generates a low-frequency
response truncation error with stable ROMs as compared
with the existing stability preserving algorithms and provide
closed proximity to the original system.
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TABLE 2. Truncation error for example. 1

2-D Error Mesh WZ Technique

2-D Error Mesh G8 Technique
-4
%10 W )

2-D Error Mesh Proposed Technique 1 2-D Error Mesh Proposed Technique 2

4
4
%AD 10 .

FIGURE 9. Frequency-response error comparison in the given frequency
weights of 4" order ROM for example-2.

TABLE 3. Truncation error for example. 2

Order Frequency-Weighted Approximation Error and Error Bound
Examples of Error-Values Error-Bound
ROMs [30] [42] Proposed [42] Proposed
1 6955.12 6988.45 6962.12 68891.77 67518.35
2 4968.23 4914.65 4920.43 47871.45 4712431
Example-1 3 3525.45 3685.12 3601.45 36912.65 36177.54
4 3385.42 3442.56 3419.34 33783.45 33178.43
5 1751.45 1105.32 193.12 1963.22 1881.33
TABLE 4. Poles locations of reduced order models.
Poles location obtained by using Enns [30] and proposed techniques
Examples ROMs Enns [30] Proposed Proposed
Technique 1 Technique 2
274 order z=-112469+ | z = 0.12119 £ | z = 0.12166 +
Example-1 1.5327i 0.5514i 0.5514i
374 order z = 112133, | z = 0.1157, | z = 0.1255,
1.001579 + | 0.3347+£0.1254¢ | 0.551140.1255¢
1.002044:
) f‘l,n( [zl = 37dorder | 23 = 1.00889, | z1 = 0.14551, | z; = 0.18512,
Example-2 ! 1.14789 + | 0.14555 + | 0.12515 +
0.00479: 0.00551% 0.00117%
Fgmt [z2] = 3"l order | zp = 1.45781, | 22 = 0.14785, | z2 = 0.3745,
" —0.12147 + | —0.14785 + | —0.12755 +
0.124714 0.114578i 0.1275124

VIIl. CONCLUSION

In this work, the frequency-weighted model order reduc-
tion framework for the discrete-time one-dimensional and
two-dimensional models is proposed by using balance trun-
cation (proposed technique 1) and an optimal Hankel norm

VOLUME 10, 2022

Order Frequency-Weighted Approximation Error and Error Bound
Examples of Error Value Error Bound
ROMs [30] [40] [39] [43] Proposed [40] [39] [43] Proposed
1 955.71 988.15 991.11 995.53 962.14 8891.8 9817.5 9957.7 7518.5
2 918.34 934.18 951.24 943.76 920.05 7861.1 7219.3 7969.4 7114.3
Example-1 3 527.11 684.28 694.38 701.31 600.12 6911.9 6841.4 6687.7 6178.5
4 387.59 448.79 479.18 497.07 418.05 3784.4 3917.2 3379.1 3179.8
5 7517 108.19 184.27 211.79 110.14 971.1 876.7 997.3 890.4

approximation (proposed technique 2) respectively. The sug-
gested approach guarantees that some associated input matri-
ces and associated output matrices for one-dimensional and
two-dimensional discrete-time systems, which produce stable
reduced-order models, are positive and semi-positive definite.
The proposed algorithm also provides frequency-response
error bound expression by using balance truncation and
an optimal Hankel norm approximation, respectively, for
the one-dimensional and two-dimensional discrete-time
weighted systems. There are comparisons between exist-
ing frequency-weighted model order reduction methods with
the proposed framework, indicating that the low-frequency
response truncation errors with stable reduced-order models
are obtained comparable to existing stability-preserving algo-
rithms, which show the efficacy of the proposed framework.
However, the proposed methodology only applies to linear
time-invariant one-dimensional and causal recursive sepa-
rable denominator two-dimensional discrete-time systems.
Furthermore, more research is required to extend the pro-
posed method to linear time-variant, descriptor, and bilinear
systems. This method can also be used to analyze continuous
systems in the time domain. Moreover, the proposed method-
ology may be expended for other variants of 2-D systems,
such as positive 2-D continuous delayed systems based on
L;-gain control design.
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