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ABSTRACT The multivariate estimation problems arise if the observations are available for several related
variables of interest. The multivariate time series may be found in many fields of application such as
economics, meteorology and utilities. The current study has three main objectives. The first one is to develop
an approximate convenient Bayesian methodology to estimate the parameters of multivariate moving average
processes. The second objective is to investigate the numerical efficiency of the proposed technique in solving
the estimation problems by conducting a wide simulation study. The last objective is to study the sensitivity
of the numerical efficiency with respect to the parameters values and time series length. The results show that
the proposed technique succeeded in estimating the parameters of the multivariate moving average processes.
The results are not sensitive to the changes in parameter values or in time series length.

INDEX TERMS Multivariate time series, multivariate (vector) moving average processes, Bayesian estima-

tion, matrix normal-Wishart prior, Jeffreys’ prior.

I. INTRODUCTION

The multivariate (vector) time series may be found in many
fields of application such as economics, business, meteo-
rology, hydrology and utilities. In economics, for example,
one may record quarterly money supply y(t,1), real interest
rate y(t,2) and gross national product y(t,3). These variables
are modeled, estimated, and forecasted jointly using a mul-
tivariate model in order to have an insight into the dynamic
interrelationship among them and increase the precision of
the estimates and forecasts (See [1]).

Usually the Bayesian and non-Bayesian approaches of
univariate and multivariate time series are based on a class
of parametric models such as moving average (MA) models.
Model estimation and forecasting are two main phases in time
series analysis. Although they are closely connected, they
are usually treated as two separate steps. The non-Bayesian
literature on univariate and multivariate of time series is vast
and can be found in [1]-[6].

One may trace three different Bayesian approaches to ana-
lyze univariate time series processes. The first approach is
to use the numerical integration. [7] presented this approach
to implement the identification, estimation, and forecasting
phases of autoregressive moving average (ARMA) models
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with low orders. However, the use of numerical integration
is difficult and time consuming especially in the multi-
parameter’s cases. The second approach is the use of
analytical approximations in order to have standard poste-
rior distributions. Several approximations have been devel-
oped to solve the estimation and forecasting problems such
as [8]-[10]. The last approximation has been extended to
the case of seasonal models by [11], [12]. Finally, the third
approach is to use sampling based methods which include:
the Gibbs sampler technique ([13]), [14]-[17], data augmen-
tation algorithm ([18], [19]) and the importance sampling
algorithm ([20]).

Regarding the multivariate version, the estimation and
forecasting, from non-Bayesian viewpoint, of vector moving
average processes, denoted by VMA, have been extensively
studied and investigated. [21] gave methods to estimate the
parameters of pure autoregressive and pure moving average
processes. [22]) presented a practical iterative procedure to
estimate the parameters of mixed VARMA processes. [23]
extended the Box and Jenkins method [24] to derive the
exact likelihood function of pure vector moving average
processes. [25] proposed three different methods to compute
the exact likelihood function of vector moving average pro-
cesses. However, it seems that the non—Bayesian literature
on the estimation problems of multivariate processes tradi-
tionally focused on maximum likelihood methods because of
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their desirable properties. For more about these methods, the
reader is referred to [1], [26]-[29]. However, there have been
extensive investigations in order to ease the maximum likeli-
hood routine and make it faster. For instance, [30] developed
an efficient numerical expression for the likelihood func-
tion of stationary and partially non—stationary autoregressive
moving average processes. Another development was done
by [31] who proposed a new procedure for the exact maxi-
mum likelihood estimation of mixed VARMA models. [32]
proposed a consistent and fast iterative procedure to estimate
the parameters of VARMA processes. Many other investiga-
tions have been done to simplify the computation process of
VARMA models such as [33], [34].

On the other hand, the Bayesian analysis of multivariate
time series is being developed and the Bayesian literature
devoted to the analysis of VARMA models is sparse. [35] has
introduced approximate techniques to estimate the parame-
ters of VARMA process and predict their future values. [36]
used sampling-based inference to analyze VARMA mod-
els. [37] developed a Gibbs sampler for the basic VARMA
models. However, for well understood reasons, one may say
that an analytic Bayesian procedure to estimate the parame-
ters of vector moving average process and predict their future
values have not been explored yet.

The main objective of this study is to develop an approx-
imate convenient Bayesian methodology to estimate the
parameters of multivariate moving average, denoted by
VMAK(q), processes. Using n vectors of observations, the
joint posterior probability density of the model parameters is
developed in an approximate convenient form using a matrix
normal-Wishart prior density (or Jeffreys’ vague prior). Then,
one may use this approximate joint posterior probability den-
sity to develop point estimates or construct HPD (Highest
Posterior Density) regions for the parameters. A wide simu-
lation study is conducted, using the modern specialized SCA
package, in order to examine the numerical efficiency of the
proposed Bayesian estimation procedure.

The study is designed as follows: Section 2 defines the
multivariate (vector) pure moving average (VMAk(q)) pro-
cesses in scalar and matrix notations. Section 3 constructs
a convenient approximation for the likelihood function of
the VMA((q) processes. In addition, it proposes appropriate
informative and non-informative priors. Section 4 derives an
approximate joint posterior probability density of the model
parameters in a standard form, namely matrix t distribution.
In addition, it explains how to construct point and interval
estimates for the parameters. Finally, section 5 is devoted
to examine and assess the numerical effectiveness of the
proposed Bayesian estimation procedure in solving the esti-
mation problems of some bivariate pure moving average
processes.

Il. MULTIVARIATE MOVING AVERAGE PROCESSES

Let {t} be a sequence of integers, q € {1,2,...},k € {2,3,...},
6; 1= 1,2...,q) are kxk unknown matrices of real con-
stants, {y(t)} is a sequence of kx 1 real observable random
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vectors and {e(t)} is a sequence of kx1 independent and
normally distributed unobservable random vectors with zero
mean and a k xk unknown precision matrix. Then the Multi-
variate (vector) moving average process of orders q, denoted
by VMAK(q), is defined as

Y1) = By(B)e(r) 2.1
where
Yo =[ye. D ye.2) YO
0,B) = Iy — 0B — 6,B* — ... — 9B
And
et) =[e(t, 1) e(t,2) et k)]

I is the identity matrix of order k and B is the usual backward
shift operator. The kxk matrix polynomial 64(B), of degree q
in the backshift operator B, is known as the moving average
operator of order q. The process y(t) is invertible if all the
roots of determinantal equation |64(B)| = 0 lie outside the
unite circle.

Consider the special case VMA3(1), which is called bivari-
ate moving average process of order one, with moving aver-

age coefficients
9 =0 = [911 912}

th1 O
Then the model (2.1) can be written as
y(t) = (I2 — 6B) &(r) (2.2)
where
Yo = [y ye2)],

ety =[et, 1) et,2)],
And
_ | 1=61B —612B
12—9B—|: —6,1B 1—922B]

Thus, one may write the observation y(t) of the VMA;(1)
process as

y(t, 1) = —0p1e(t — 1, 1)—0ppe(t—1,2)+e(t, 1)
y(t,2) = —6r1e(t—1,1)—0pe(t—1,2)+e(t,2) (2.3)

The model (2.2) can be written compactly for n observations
as

Yt)=e(t)—0et — 1), t=1,2,--,n (24

et—1,1)
et —1,2)

Here we consider y(t,1) and y(t,2) as dependent variables,
while ¢(t-1,1) and e(t-1,2) are considered as input or indepen-
dent variables.

In general, one can write the VMA((q) process as

W) = e(t) =016 (t = 1) = et —=2) —--- = Oge(t — q),
t=1,2,---,n 2.5)

where e(t — 1) =
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The model (2.5) can be written in more compact expression
as

Y =X+ U 2.6)

where Y is a matrix of order nxk with ij element equals
y(i,j),i=1,2,...,n;j=1,2,...,k Thatis

Y = Yo = [¥(1) 2 |
The matrix X of order nxkq is defined by
—&'(0) —&'(=1) —&'(1—q)
] —EOD —&'(0) —'2—q)
—8/(7’; -1 —8/(l; -2) —8/(11' —q)

Furthermore, I is the kqxk matrix of coefficients defined by
o)
0

I
eq
where

011 Gz ... Gk
0i21 6Gin ... B2k

Oix1 Yik2 O ik

Ill. AN APPROXIMATE LIKELIHOOD FUNCTION OF
MULTIVARIATE MOVING AVERAGE PROCESSES

The class of models (2.6) represents the general class of vec-
tor moving average models of order ¢, denoted by VMAKk(q).
It is very useful in modeling time series data arise in many
areas of application such as economics, medicine, ecology
and chemistry. The likelihood function of the parameters I'
and 7T is

. 1< ,
L(D,TIS,) < |T |2 exp(—itr{z et) e} (3.1)

=1
where T € R¥*k T > 0, and

g =y®)—X'e¢-1nr, r=12,....,n (32)

where

Xt-D=[-t-1) —¢&@t-2) — &'t — g

The expression (3.2) is a recurrence relation for the residuals
and the m™ component of the residual &(t) can be written as

q k
e(t.m) = y(t.m)— Y Y Oimielt —i.j),
i=1 j=1

t=1,2,....,n;, m=1,2,....,k (3.3)

The recurrence relation (3.3) causes the main problem in
developing the exact analysis of multivariate VMAKk(q) pro-
cesses. However, this recurrence may be used to evaluate the
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residuals recursively if 6; and the initial values of the residuals
are known. The proposed Bayesian approximation is based on
replacing the exact residuals by their least squares estimates
and assuming that the initial residuals equal their means,
namely zero. Thus, we estimate the residuals recursively by

q k
Blt,m) = y(t,m)+ ) D Oimt — i,)),
i=1 j=1

t=12,---,n;, m=12,---k 34

where éi,mj are the nonlinear least squares estimates of param-
eters 0; . Using the estimates of the residuals, it is possible
to write the likelihood function approximately as

n 1 & .
L* (T, T|S,) o |T|2 CXP(—EW{Z @) —T'X(@ — 1)]
=1

x [y(r) = I'X(t — DI'TY) (3.5)

where X (t —1) is the same as X (¢ — 1) but using the estimated
residuals instead of the exact ones. A convenient choice of the
joint prior density of the parameters I" and T is the following
matrix normal-Wishart distribution

E@T) =& TIT)&(T) (3.6)

where
k 1
£ (T|T) « |T|7 exp <—§tr [[ — D] W [T — D] T)

and

a—(k+1) 1
E(TM) o |T| 2 exp (—Etr\IJT>

The hyper-parameters a is a scalar, D € R¥*%| W is a kg x kg
positive definite matrix and W is a k x k positive definite
matrix. If there is little information about the parameters,
a priori, it is possible to use Jeffreys’ vague prior

—(k+1

£, T) o T "2,

I e Rk < 0 (3.7)

IV. THE POSTERIOR ANALYSIS OF THE MULTIVARIATE
MOVING AVERAGE PROCESSES
In developing the proposed Bayesian estimation technique for
MAKk(q) models, we will assume that the order q is known.
The posterior density of the model parameters I' and T is
the Bayesian tool to estimate the unknown parameters. The
posterior density (I, T |S,) is the conditional density of the
parameters given the time series data
Theorem 1: If the approximate likelihood function (3.5)
is combined with the joint prior density (3.6), the marginal
posterior distribution of I' is a matrix t with parameters:
(A™1B, A~!l, C-BA~!B, v) where

A=W+ X@e—DX'(t—1),

t=1
n
B=WD+) X(t— 1y,
=1
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n
C=DWD+¥+) yu)
=1
andv=n+a—k+1

In addition, the marginal posterior distribution of T is a
Wishart with parameters (n +a, C-BA~!B).

Corollary 2: If the approximate conditional likelihood
function (3.5) is combined with the Jeffreys’ vague prior
(3.7), the marginal posterior distribution of I" is a matrix t
with parameters:

(A~'B,A~!, C-B’A~!B, v). However, the quantities A, B,
C and v will be modified by letting W—0 (kq xkq),a — —kq
and ¥ — 0 (kxk).

Theorem (1) solves the estimation problem of vector mov-
ing average processes. In order to see this let y; be the
ith column of the coefficients matrix I' and write I' =
yiv5-- y;(q]; i.e. we write T as a row vector of dimension
kaq. Partition A~'B similar to T, then the posterior expecta-
tion and variance of the parameters matrix I' are

E(T'|Sy,) = A™'B
COV(T|S,) = [(v —2)A]"' ® [C — BA™'B]

where ® denotes the usual Kronecker direct product. The
variance covariance matrix is of dimension k?q. The elements
of the principle diagonal represent the variances of the ele-
ments of the coefficients matrix I' as partitioned above. The
matrix t approximation can be analytically used to make exact
statistical inference for a parameter point I'¢ for the complete
set I' using F distribution if k= 2, see [38] (p. 451). For
k > 3 approximate statistical inferences can be done using
x? distribution, see [38] (p. 452).

With regard to a point estimate of I', one may use the
posterior expectation A~!B. In addition, the matrix t approx-
imation can be used to construct an exact H.P.D. region for a
specific row or a specific column using the usual multivariate
t distribution. Furthermore, an exact HPD interval for any
element of the matrix I' can be constructed using univari-
ate student t distribution. Finally, we can make approximate
statistical inferences about parameters belonging to a certain
block sub matrix of T using )(2 distribution, see Box and Tiao
(1973, page 453). To estimate the precision matrix T, one may
use the posterior precision(n + a)(C — BA™'B)~1.

Moreover, to estimate the covariance matrix V = T‘/l, one
may use the inverse of the posterior precision, i.e. %
V. RESULTS
One of the main objectives of this study is to investigate the
effectiveness of the proposed Bayesian estimation method-
ology. In order to achieve this objective, three simulation
studies have been conducted. The proposed methodology is
employed to estimate the parameters of MA;(1) processes
with various parameters values. All computations were per-
formed on a PC using SCA package.

The simulation process has the following general design:
first, a time series is generated from a given bivariate moving
average model of order one with certain parameters. Second,
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the generated data are used to evaluate the posterior densities
of the coefficients and the covariance matrix of the model.
Third, performance criteria are calculated for the posterior
density. Fourth, 500 replications of the above three steps are
done. Finally, the output is summarized in tables.

Generally, the simulation process begins by generating
500 data sets of bivariate normal variates, each of size 500,
to represent the noise &(t), which is assumed to follow
N2(0,V). These data sets are then used recursively to generate
500 realizations, each of size 500, from a certain bivariate
moving average process of order one with certain parameters.
The initial values of the errors e(f) = [e(t, 1)e(¢,2)] are
considered to equal their unconditional mean, namely zero.
The first 200 pairs of observations are deleted in order to
remove the initialization effect and hence we get 500 bivariate
time series each of length 300. From the 300 observations,
a bivariate time series of the desired length is used to esti-
mate the posterior densities of the coefficients’ matrix € and
the covariance matrix of the noise term using the proposed
Bayesian methodology. In our simulation studies, the time
series lengths are taken to be 30, 50, 100, 150, 200, and 300.
Each simulation study corresponds to specific coefficients
and for all of them the variance-covariance matrix of the noise
is fixed at

V(ie) = [% ii| S.D

The values of the coefficients are selected to represent differ-
ent positions in the invertibility domain of the MA, (1) model.
It might be important here to emphasis that the Jefferys’ non-
informative prior is used to conduct all the simulation studies.

Our main concern is to study the numerical efficiency of
the proposed Bayesian estimation methodology by calculat-
ing three goodness criteria, namely Px, MAD and MAPE.
The measure Px checks the goodness of interval estimates
calculated from a specified posterior density of the model’s
coefficients. Defining 95% highest posterior density (HPD)
region as the shortest interval having probability 0.95 cen-
tered at the mean of the posterior density, the percentage
P}, of time series for which the HPD region of the posterior
density contains the true value of the coefficient is defined as

Pi = (n,/500) %100, I,m=1,2 (5.2)

were ny, is the number of time series where the HPD region
includes the true value of 6y,,. P;*m is evaluated such that the
higher the value Pj,, the better the performance of the pos-
terior density in estimation. It should be noted that according
to Py, a certain coefficient may be ruled as belonging to the
HPD region or not. However, P* does not account for the
distance of this coefficient from the center of the region or its
boundaries. The MAD stands for the mean absolute deviation
of the true coefficient from the mean of its marginal posterior

density and is defined by

500
MADy, = Z 0im — E©.1m)/500,  I,m=1,2 (5.3)
j=1
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TABLE 1. Results for 6;7, true value is 0.9.

*

LENGTH MEAN STDEV ~ MIN Q1 MEDIAN Q2 MAX MAD  MAPE P
30 0.9195 0.2862 0.0833 0.7258 0.9109 1.1027 1.9918 0.2252 0.2503 95.4
50 0.9184 0.2110 0.2686 0.7829 0.9130 1.0553 1.5944 0.1656 0.1840 95.0
100 0.9121 0.1470 0.4722 0.8083 0.9164 1.0096 1.3300 0.1179 0.1310 94.6
150 0.9077 0.1219 0.5804 0.8224 0.9105 0.9903 1.2985 0.0980 0.1089 94.2
200 0.9038 0.1058 0.6184 0.8265 0.9040 0.9841 1.2214 0.0863 0.0958 95.6
300 0.9007 0.0826 0.6491 0.8489 0.9005 0.9559 1.1535 0.0652 0.0724 94.4
TABLE 2. Results for 6;,, true value is —0.2.

LENGTH MEAN  STDEV MIN Q1 MEDIAN Q2 MAX MAD MAPE P’
30 -0.1937 0.4143 -1.5918 -0.4425 -0.1899 0.0742 1.0485 0.3239 1.6195 95.0
50 -0.2009 0.3035 -1.1634 -0.3972 -0.1952 -0.0127 0.6725 0.2399 1.1994 944
100 -0.2094 0.1996 -0.8190 -0.3489 -0.2029 -0.0766 0.4247 0.1593 0.7967 96.0
150 -0.2039 0.1750 -0.8312 -0.3206 -0.1977 -0.0825 0.2264 0.1412 0.7062 93.6
200 -0.2020 0.1503 -0.7175 -0.3110 -0.2019 -0.1012 0.2456 0.1215 0.6076 94.8
300 -0.1973 0.1194 -0.5985 -0.2771 -0.1954 -0.1123 0.1673 0.0957 0.4784 95.6

TABLE 3. Results for 65, true value is 1.1.

LENGTH MEAN STDEV MIN Qi1 MEDIAN Q2 MAX MAD  MAPE P’
30 1.1249 0.2115 0.4223 0.9812 1.1273 1.2503 1.8928 0.1686 0.1533 93.6
50 1.1114 0.1552 0.6249 1.0083 1.1083 1.2153 1.5913 0.1233 0.1121 94.4
100 1.1084 0.1049 0.8121 1.0382 1.1124 1.1772 1.4507 0.0844 0.0767 94.2
150 1.1042 0.0875 0.7970 1.0453 1.1064 1.1614 1.3735 0.0699 0.0636 93.2
200 1.1009 0.0747 0.8679 1.0504 1.0986 1.1512 1.2995 0.0597 0.0543 94.4
300 1.1002 0.0589 0.9303 1.0635 1.0955 1.1367 1.2778 0.0464 0.0421 94.6

TABLE 4. Results for 6,5, true value is —0.9.

LENGTH MEAN  STDEV MIN Q1 MEDIAN Q2 MAX MAD MAPE P’
30 -0.9158 0.3021 -2.0609 -1.1181 -0.9212 -0.7258 -0.0709 0.2363 0.2626 93.8
50 -0.9060 0.2240 -1.5938 -1.0445 -0.9001 -0.7671 -0.1510 0.1762 0.1957 93.8
100 -0.9121 0.1499 -1.4233 -1.0114 -0.9220 -0.8109 -0.4123 0.1209 0.1344 94.6
150 -0.9064 0.1249 -1.2389 -0.9845 -0.9028 -0.8213 -0.5383 0.0985 0.1094 94.4
200 -0.9022 0.1064 -1.1620 -0.9774 -0.9031 -0.8312 -0.5914 0.0858 0.0953 95.0
300 -0.8996 0.0864 -1.1876 -0.9543 -0.9011 -0.8456 -0.6286 0.0673 0.0747 94.6

where 0y, and E(0)1,) are the Im™ component of the coeffi-
cients matrix and the mean of its marginal posterior density
of the j simulated series, respectively. The MAPE stands
for the mean absolute percentage deviation of the true coef-
ficient from the mean of its marginal posterior density and is

defined as
|/ 500) , Lm

where 0y, and E(0; 1) are defined as above.

The numerical efficiency of the proposed estimation pro-
cedure will be examined with respect to the time series length
(n) as well as the parameters of the selected model.

500
Oim — E(6;
MAPE,, = (§ | o)
m

J=1

1,2

54
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In order to study the numerical efficiency of the estimation
process of the covariance matrix (5.1), the MAD and the
MAPE will be computed for the elements of the covariance

matrix using the forms
500

MADy, =Y [Vim — E(Vim)| /500, 1,m=1,2
j=1
(5.5)
500
Vim — E(Vj.lm)
MAPE,,, = | /500, I,m=1,2
m (; ol
5.6)

where Vj, is the Im®™ component of the covariance
matrix and E(Vjy,) is the Im™ component of the
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TABLE 5. Results for V;;, true value is 2.

LENGTH MEAN STDEV MIN Q1
30 2.0268 0.5441 0.8477 1.6136
50 2.0037 0.4225 0.9727 1.7271
100 2.0102 0.2860 1.2995 1.8124
150 2.0071 0.2295 1.3423 1.8414
200 2.0028 0.1940 1.4546 1.8694
300 2.0030 0.1578 1.5069 1.8954
TABLE 6. Results for V;,, true value is 1.
LENGTH MEAN STDEV MIN Q1
30 1.0242 0.3408 0.2454 0.7771
50 1.0071 0.2644 0.3388 0.8224
100 1.0083 0.1750 0.4582 0.8960
150 1.0058 0.1375 0.5613 0.9090
200 1.0033 0.1188 0.6081 0.9249
300 1.0032 0.0953 0.6594 0.9414
TABLE 7. Results for V,q, true value is 1.
LENGTH MEAN STDEV MIN Qi
30 1.0242 0.3408 0.2454 0.7771
50 1.0071 0.2644 0.3388 0.8224
100 1.0083 0.1750 0.4582 0.8960
150 1.0058 0.1375 0.5613 0.9090
200 1.0033 0.1188 0.6081 0.9249
300 1.0032 0.0953 0.6594 0.9414
TABLE 8. Results for V,,, true value is 1.

LENGTH MEAN STDEV MIN Qi
30 1.0256 0.2922 0.3558 0.8178
50 1.0090 0.2159 0.5277 0.8642
100 1.0060 0.1432 0.5755 0.8997
150 1.0039 0.1126 0.6386 0.9301
200 1.0027 0.0974 0.7037 0.9367
300 1.0020 0.0804 0.7684 0.9482

estimated covariance matrix of the j time series defined
above.

Simulation I, as an illustration, begins with the genera-
tion of 500 data sets of bivariate normal variats, each with
500 observations to represent &(t,1) and &(t,2) respectively.
These data sets are then used to generate pairs of 500 realiza-
tions, each of size 300, from MA;(1) process with

09 —-02
©= [ 11 —0.9]
Assuming the starting values of the errors are zeros and

Jefferys’ prior is employed, the second step is to carry out
all computations required to estimate the posterior density of

14230

MEDIAN Q2 MAX MAD  MAPE
19756 2.3609 4.0065 0.4322 0.2161
1.9607 2.2774 3.3701 0.3346 0.1673
1.9968 2.1910 2.8843 0.2268 0.1134
2.0144 2.1547 2.7487 0.1850 0.0925
1.9995 2.1242 2.5945 0.1524 0.0762
2.0067 2.1096 2.6396 0.1258 0.0629

MEDIAN Q2 MAX MAD  MAPE
1.0052 1.2536 2.2891 0.2740 0.2740
0.9873 1.1775 1.8868 0.2105 0.2105
0.9991 1.1281 1.5934 0.1380 0.1380
1.0105 1.0933 1.4504 0.1075 0.1075
1.0020 1.0772 1.4160 0.0939 0.0939
1.0028 1.0609 1.2713 0.0754 0.0754

MEDIAN Q2 MAX MAD  MAPE
1.0052 1.2536 2.2891 0.2740 0.2740
0.9873 1.1775 1.8868 0.2105 0.2105
0.9991 1.1281 1.5934 0.1380 0.1380
1.0105 1.0933 1.4504 0.1075 0.1075
1.0020 1.0772 1.4160 0.0939 0.0939
1.0028 1.0609 1.2713 0.0754 0.0754

MEDIAN Q2 MAX MAD  MAPE
1.0141 1.2000 2.3188 0.2299 0.2299
0.9830 1.1315 1.7757 0.1705 0.1705
1.0057 1.1055 1.5509 0.1144 0.1144
1.0038 1.0738 1.4220 0.0885 0.0885
1.0034 1.0680 1.3350 0.0768 0.0768
1.0017 1.0495 1.2552 0.0628 0.0628

the coefficients matrix ® of each of the 500 realizations and
compute the P*, MAD and MAPE values. Such computations
are done for a specific time series length using the first
n observations of each generated set. This second step is
repeated for each chosen time series length. The results of
Simulation I are summarized in tables (1) up to (8). Table (1)
is devoted to the results of the coefficient 61;. It consists of
six rows corresponding to the selected time series lengths
and ten columns corresponding to the computed measures.
Tables (2) up to (4) display the results of 612, 621 and 62,
respectively and are designed similarly. Moreover, the results
of the estimation of the covariance matrix are displayed sim-
ilarly in tables (5) up to (8).
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TABLE 9. Results for 6;7, true value is 0.5.

LENGTH MEAN  STDEV MIN Q1 MEDIAN Q2 MAX MAD MAPE P
30 0.5224 0.2919 -0.1759 0.3242 0.5140 0.6935 1.7690 0.2285 0.4570 94.0
50 0.5128 0.2137 -0.0857 0.3749 0.5088 0.6568 1.0917 0.1672 0.3344 94.2
100 0.5099 0.1456 0.0806 0.4143 0.5094 0.6071 0.8972 0.1166 0.2331 95.4
150 0.5066 0.1213 0.1578 0.4247 0.5080 0.5857 0.8737 0.0975 0.1950 94.6
200 0.5028 0.1056 0.1984 0.4263 0.5060 0.5792 0.8078 0.0858 0.1716 95.6
300 0.5000 0.0826 0.2448 0.4494 0.5017 0.5556 0.7393 0.0650 0.1301 93.8

TABLE 10. Results for 6;,, true value is —0.4.

*

LENGTH MEAN  STDEV MIN Qi1 MEDIAN Q2 MAX MAD MAPE P
30 -0.4189 0.4077 -1.8978 -0.6995 -0.3958 -0.1819 0.7807 0.3186 0.7966 94.2
50 -0.4070 0.3002 -1.2214 -0.6204 -0.4036 -0.2069 0.6052 0.2400 0.5999 94.8
100 -0.4120 0.1987 -0.9884 -0.5456 -0.4094 -0.2696 0.0921 0.1591 0.3977 96.8
150 -0.4038 0.1737 -0.9840 -0.5225 -0.4040 -0.2815 0.0557 0.1393 0.3482 94.6
200 -0.4004 0.1507 -0.8902 -0.5073 -0.3998 -0.2921 0.0374 0.1214 0.3034 94.8
300 -0.3965 0.1199 -0.7668 -0.4830 -0.4015 -0.3159 -0.0357 0.0961 0.2404 95.0

TABLE 11. Results for 6,;, true values is —0.3.

*

LENGTH MEAN  STDEV MIN Qi1 MEDIAN Q2 MAX MAD MAPE P
30 -0.3051 0.2140 -0.8253 -0.4463 -0.3060 -0.1806 0.3623 0.1677 0.5589 91.8
50 -0.3078 0.1548 -0.8201 -0.4073 -0.3091 -0.2013 0.1986 0.1229 0.4095 944
100 -0.2993 0.1018 -0.5839 -0.3642 -0.2964 -0.2355 -0.0040 0.0806 0.2686 95.2
150 -0.2993 0.0865 -0.6097 -0.3530 -0.2972 -0.2412 -0.0799 0.0690 0.2299 924
200 -0.3014 0.0732 -0.5438 -0.3485 -0.3032 -0.2493 -0.1088 0.0585 0.1950 94.8
300 -0.3014 0.0576 -0.4734 -0.3360 -0.3056 -0.2651 -0.1308 0.0453 0.1509 94.8

TABLE 12. Results for 6,5, true value is 0.2.

*

LENGTH MEAN  STDEV MIN Q1 MEDIAN Q2 MAX MAD MAPE P
30 0.2074 0.3057 -0.7272 0.0108 0.1871 0.3994 1.1991 0.2416 1.2082 93.4
50 0.2080 0.2273 -0.4576 0.0472 0.2039 0.3546 1.1291 0.1806 0.9029 92.2
100 0.1929 0.1491 -0.2326 0.0941 0.1895 0.2916 0.6574 0.1211 0.6053 94.8
150 0.1956 0.1248 -0.1980 0.1166 0.1942 0.2794 0.5325 0.0993 0.4967 93.6
200 0.1995 0.1064 -0.1440 0.1293 0.1983 0.2752 0.5112 0.0861 0.4304 94.8
300 0.2012 0.0856 -0.1057 0.1493 0.2010 0.2568 0.4451 0.0672 0.3358 94.4

TABLE 13. Results for V;q, true value is 2.

LENGTH MEAN STDEV ~ MIN Q1 MEDIAN Q2 MAX MAD  MAPE
30 2.0072 0.5398 0.8345 1.6403 1.9413 2.3528 4.2102 0.4277 0.2139
50 2.0017 0.4159 0.8881 1.7135 1.9760 2.2715 3.2704 0.3303 0.1651
100 2.0077 0.2807 1.2831 1.8147 19834 2.1849 2.8589 0.2205 0.1102
150 2.0033 0.2302 1.3251 1.8372 2.0084 2.1558 2.7406 0.1857 0.0929
200 1.9991 0.1943 1.4452 1.8634 1.9969 2.1231 2.6113 0.1533 0.0766
300 2.0007 0.1582 1.4946 1.8943 2.0061 2.1080 2.6454 0.1252 0.0626
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TABLE 14. Results for V5, true value is 1.

LENGTH MEAN STDEV  MIN Ql MEDIAN Q2 MAX MAD  MAPE
30 0.9988 0.3251 0.2218 0.7654 0.9707 1.1936 2.2858 0.2604 0.2604
50 0.9986 0.2502 0.3774 0.8248 0.9766 1.1696 1.9541 0.2021 0.2021
100 1.0043 0.1670 0.4387 0.8997 1.0026 1.1052 1.5199 0.1297 0.1297
150 1.0019 0.1363 0.5926 0.9138 1.0020 1.0885 1.4077 0.1071 0.1071
200 1.0000 0.1180 0.6042 0.9209 0.9997 1.0791 1.3395 0.0932 0.0932
300 1.0006 0.0951 0.6403 0.9399 1.0018 1.0604 1.2668 0.0752 0.0752

TABLE 15. Results for V,, true value is 1.

LENGTH MEAN STDEV ~ MIN Q1 MEDIAN Q2 MAX MAD  MAPE
30 0.9988 0.3251 0.2218 0.7654 0.9707 1.1936 2.2858 0.2604 0.2604
50 0.9986 0.2502 0.3774 0.8248 0.9766 1.1696 1.9541 0.2021 0.2021
100 1.0043 0.1670 0.4387 0.8997 1.0026 1.1052 1.5199 0.1297 0.1297
150 1.0019 0.1363 0.5926 0.9138 1.0020 1.0885 1.4077 0.1071 0.1071
200 1.0000 0.1180 0.6042 0.9209 0.9997 1.0791 1.3395 0.0932 0.0932
300 1.0006 0.0951 0.6403 0.9399 1.0018 1.0604 1.2668 0.0752 0.0752

TABLE 16. Results for V,,, true value is 1.

LENGTH MEAN STDEV ~ MIN Q1 MEDIAN Q2 MAX MAD  MAPE
30 1.0000 0.2660 0.4198 0.8078 0.9888 1.1705 2.3394 0.2083 0.2083
50 0.9986 0.1993 0.5527 0.8560 0.9934 1.1286 1.8763 0.1577 0.1577
100 1.0017 0.1374 0.6164 0.9091 1.0012 1.0878 1.6206 0.1075 0.1075
150 1.0000 0.1110 0.6517 0.9281 0.9966 1.0718 1.4147 0.0878 0.0878
200 0.9998 0.0969 0.6988 0.9329 1.0024 1.0639 1.3225 0.0762 0.0762
300 0.9997 0.0803 0.7322 0.9491 1.0010 1.0504 1.2607 0.0626 0.0626

TABLE 17. Results for 6,, true value is 0.2.

*

LENGTH MEAN  STDEV MIN Q1 MEDIAN Q2 MAX MAD MAPE P
30 0.2325 0.2835 -0.5033 0.0558 0.2161 0.4049 1.4889 0.2207 1.1034 944
50 0.2167 0.2085 -0.4238 0.0724 0.2111 0.3503 0.8540 0.1636 0.8179 96.0
100 0.2126 0.1426 -0.1840 0.1183 0.2110 0.3073 0.6051 0.1145 0.5725 95.6
150 0.2088 0.1191 -0.1109 0.1289 0.2092 0.2886 0.5938 0.0956 0.4778 94.6
200 0.2049 0.1044 -0.0959 0.1293 0.2054 0.2829 0.5202 0.0849 0.4246 95.6
300 0.2016 0.0817 -0.0566 0.1522 0.2034 0.2569 0.4436 0.0643 0.3216 94.0

TABLE 18. Results for 0;,, true value is 0.3.

*

LENGTH MEAN  STDEV MIN Qi MEDIAN Q2 MAX MAD MAPE P
30 0.3120 0.4062 -1.1629 0.0603 0.3010 0.5749 1.6102 0.3201 1.0671 94.8
50 0.3078 0.3022 -0.5011 0.0905 0.3118 0.4991 1.3206 0.2393 0.7977 94.2
100 0.2916 0.1970 -0.2689 0.1575 0.2932 0.4387 0.8482 0.1584 0.5282 96.4
150 0.2968 0.1726 -0.3225 0.1836 0.2981 0.4147 0.7880 0.1380 0.4600 94.6
200 0.2990 0.1497 -0.2270 0.1959 0.2989 0.3986 0.7310 0.1206 0.4019 944
300 0.3120 0.4062 -1.1629 0.0603 0.3010 0.5749 1.6102 0.3201 1.0671 94.8
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TABLE 19. Results for 6,,, true value is —0.6.

LENGTH MEAN  STDEV MIN Q1 MEDIAN Q2 MAX MAD MAPE P
30 -0.5790 0.2191 -1.1503 -0.7254 -0.5723 -0.4456 0.0418 0.1745 0.2908 92.2
50 -0.5878 0.1604 -1.0937 -0.6863 -0.5870 -0.4820 -0.0787 0.1271 0.2119 94.4
100 -0.5877 0.1035 -0.8903 -0.6540 -0.5849 -0.5227 -0.2821 0.0828 0.1380 95.0
150 -0.5911 0.0867 -0.9103 -0.6499 -0.5904 -0.5277 -0.3851 0.0697 0.1161 93.4
200 -0.5947 0.0734 -0.8402 -0.6414 -0.5980 -0.5405 -0.3869 0.0585 0.0975 95.6
300 -0.5966 0.0572 -0.7734 -0.6323 -0.6006 -0.5610 -0.4286 0.0448 0.0746 94.2
TABLE 20. Results for 6,,, true value is 1.1.
LENGTH MEAN STDEV MIN Q1 MEDIAN Q2 MAX MAD MAPE p*
30 1.0875 0.3192 0.1393 0.8708 1.0766 1.3172 2.1670 0.2550 0.2318 90.6
50 1.0863 0.2384 0.4802 0.9178 1.0774 1.2477 2.0122 0.1912 0.1738 92.2
100 1.0774 0.1522 0.6065 0.9712 1.0738 1.1808 1.5696 0.1249 0.1135 94.6
150 1.0834 0.1277 0.6605 0.9972 1.0862 1.1667 1.4655 0.1031 0.0937 92.8
200 1.0890 0.1081 0.7311 1.0144 1.0929 1.1696 1.4128 0.0875 0.0795 93.6
300 1.0936 0.0865 0.8052 1.0376 1.0955 1.1501 1.3400 0.0688 0.0625 94.2
TABLE 21. Results for Vy, true value is 2.
LENGTH MEAN STDEV MIN Qi MEDIAN Q2 MAX MAD  MAPE
30 1.9840 0.5401 0.8400 1.5909 1.9423 2.3220 4.0371 0.4331 0.2165
50 1.9905 0.4163 1.0535 1.6959 1.9709 2.2473 3.2727 0.3337 0.1668
100 2.0049 0.2835 1.2959 1.8056 1.9840 2.1794 2.8615 0.2241 0.1120
150 2.0023 0.2322 1.3225 1.8355 2.0053 2.1665 2.7110 0.1877 0.0939
200 1.9978 0.1955 1.4597 1.8581 2.0008 2.1275 2.5830 0.1539 0.0769
300 1.9999 0.1587 1.5087 1.8897 2.0022 2.1038 2.6386 0.1262 0.0631
TABLE 22. Results for V;,, true value is 1.
LENGTH MEAN STDEV MIN Q1 MEDIAN Q2 MAX MAD  MAPE
30 0.9966 0.3375 0.2273 0.7609 0.9659 1.2089 2.4223 0.2657 0.2657
50 0.9966 0.2573 0.3816 0.8194 0.9725 1.1696 2.0912 0.2077 0.2077
100 1.0064 0.1733 0.4612 0.8835 1.0070 1.1137 1.5388 0.1358 0.1358
150 1.0040 0.1389 0.6142 0.9155 1.0044 1.0906 1.3977 0.1088 0.1088
200 1.0015 0.1193 0.6091 0.9223 1.0037 1.0777 1.3165 0.0944 0.0944
300 1.0018 0.0960 0.6662 0.9416 1.0015 1.0638 1.2540 0.0757 0.0757

Simulations II and IIT are designed in a similar manner but
using different coefficients. They are

05 —0.4
©= [—0.3 0.2 }
02 03
©= |:—0.6 1.1]

respectively. Their results are reported in tables (9) up to (24)
respectively.

and

A. RESULTS OF SIMULATION I

The results of this simulation study are shown in tables (1) up
to (8). The first four tables present the results of the estimation
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of the elements of the coefficients matrix. Whereas, the last
four tables present the results of the estimation of the ele-
ments of the covariance matrix.

Regarding table (1) one may notice the following com-
ments concerning the coefficient 6;;: First, the values of the
percentage P* fluctuate around 95% (its theoretical value).
This means that the marginal posterior distribution of 61
provide a good interval estimation. Second, the values of both
the MAD and the MAPE are small at all time series lengths
and tend to decrease as the time series length increases. This
indicates that the posterior means of 611 get closer to it as
the time series length increases. Moreover, both the mean
and the median of the posterior means tend to concentrate
around the true value of the coefficient and get closer to
it as the time series length increases. Finally, the standard
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TABLE 23. Results for V,, true value is 1.

LENGTH MEAN STDEV MIN Q1
30 0.9966 0.3375 0.2273 0.7609
50 0.9966 0.2573 0.3816 0.8194
100 1.0064 0.1733 0.4612 0.8835
150 1.0040 0.1389 0.6142 0.9155
200 1.0015 0.1193 0.6091 0.9223
300 1.0018 0.0960 0.6662 0.9416

TABLE 24. Results for V,,, true value is 1.

LENGTH MEAN STDEV MIN Qi1
30 1.0375 0.3010 0.3753 0.8215
50 1.0212 0.2157 0.4923 0.8691
100 1.0160 0.1467 0.6131 0.9171
150 1.0106 0.1162 0.6525 0.9322
200 1.0080 0.0995 0.7037 0.9441
300 1.0056 0.0823 0.7740 0.9516

deviation of the posterior means tend to decrease as the time
series length increases.

The conclusions obtained from tables (2) to (4) are similar.

The following four tables display the results of the estima-
tion of the covariance matrix. The conclusions obtained from
tables (5) to (8) are similar to those obtained from table (1).

Regarding tables (5) to (8), one may notice the following
comments concerning the elements of the covariance matrix:
First, the values of both the MAD and the MAPE for all
elements are small for all time series lengths and tend to
decrease as the time series length increases. This indicates
that the posterior mean of the covariance matrix gets closer to
the true one as time series length increases. Second, the means
and the medians of the posterior means tend to concentrate
around the true values of the elements and get closer to
them as the time series length increases. Finally, the standard
deviations of the posterior means tend to decrease as the time
series length increases.

B. RESULTS OF SIMULATION 11

The results of this simulation study are shown in tables (9) up
to (16). The tables are designed the same way as the tables
in the previous subsection and the conclusions obtained are
similar.

C. RESULTS OF SIMULATION 111

The results of this simulation study are shown in tables (17)
up to (24). The tables are designed the same way as the tables
in the previous subsection and the conclusions obtained are
similar.

VI. CONCLUSION

The results of the three simulation studies displayed in the
previous three sections show that the suggested estimation
technique succeeded in estimating the parameters of the
bivariate moving average process of order 1.
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MEDIAN Q2 MAX MAD  MAPE
0.9659 1.2089 2.4223 0.2657 0.2657
0.9725 1.1696 2.0912 0.2077 0.2077
1.0070 1.1137 1.5388 0.1358 0.1358
1.0044 1.0906 1.3977 0.1088 0.1088
1.0037 1.0777 1.3165 0.0944 0.0944
1.0015 1.0638 1.2540 0.0757 0.0757

MEDIAN Q2 MAX MAD  MAPE
1.0158 1.2073 2.5118 0.2368 0.2368
1.0101 1.1434 1.9768 0.1696 0.1696
1.0114 1.1080 1.6668 0.1164 0.1164
1.0099 1.0804 1.4886 0.0912 0.0912
1.0049 1.0708 1.3974 0.0776 0.0776
1.0042 1.0580 1.2896 0.0643 0.0643
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