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ABSTRACT Many problems in science and engineering can be formulated as nonlinear least-squares (NLS)
problems. Thus, the need for efficient algorithms to solve these problems can not be overemphasized.
In that sense, we introduce a generalized structured-based diagonal Hessian algorithm for solving NLS
problems. The formulation associated with this algorithm is essentially a generalization of a similar result in
Yahaya et al. (Journal of Computational and Applied Mathematics, pp. 113582, 2021). However, in this
work, the structured diagonal Hessian update is derived under a weighted Frobenius norm; this allows
other choices of the weighted matrix analogous to the Davidon-Fletcher-Powell (DFP) method. Moreover,
to theoretically fill the gap in Yahaya et al. (Journal of Computational and Applied Mathematics, pp. 113582,
2021), we have shown that the proposed algorithm is R-linearly convergent under some standard conditions
devoid of any safeguarding strategy. Furthermore, we experimentally tested the proposed scheme on some
standard benchmark problems in the literature. Finally, we applied this algorithm to solve robotic motion
control problem consisting of 3DOF (degrees of freedom).

INDEX TERMS Nonlinear least squares, quasi-Newton, diagonal updating, least change secant, robotic
motion control.

I. INTRODUCTION problems of the following form:
In this research article, we propose generalized structured- m
based quasi-Newton algorithm for nonlinear least-squares . 1 ) 1 2
q & q minf(x), f(0) =35> )= =r@% (1)
xeR” 2 4 ] 2
=
The associate editor coordinating the review of this manuscript and where the residual, r; : R — R is a smooth function for
approving it for publication was Felix Albu " . eachi =1, 2, ---, m. We assume that for higher-dimensional
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problems, i.e., when (n is large), the Jacobian matrix of r,
J (x)T is not stored explicitly; however, we can evaluate the
matrix-vector product say, J7 v, where v € R”™. Moreover, the
gradient, g(x) and Hessian, H(x) of f are defined as follows:

m

g() = > r@)Vrit) = J)T rx), @

i=1

and

Hx) =Y Vi)V + > rix)V2ri)
i=1 i=1

=J) T (x) + 0). A3

Algorithms for solving (1) are paramount because of their
wide range of applications, since problems of the form (1)
arise in robotic motion, imaging, parameter estimation, data
fitting, and also when solving systems of nonlinear equations
(for more information, kindly see [1]-[19]).

In recent times, there are some algorithms developed for
solving (1) considering its structure. The approach adopted
in formulating these algorithms is mostly toward approximat-
ing the action of the Hessian of (1) by a structured vector,
z € R" which can be derived through Taylor series expansion
of i or it’s gradient gi, fori = 1,2, ---,m such that a
secant condition, Hs ~ z or weak secant condition, s” Hs ~~
sTz is satisfied, where s is a difference between successive
iterates. For instance, in [20] the authors approximate the
Hessian in (3) with a scalar multiple of an identity matrix
such that the secant condition is satisfied. They incorporated
this approximation into the well-known Barzilai and Bor-
wein [21] (BB) spectral parameters and their convex com-
binations, as reported in [22]. Similarly, although using a
different paradigm, Mohammed and Santos [23] came up
with diagonal-based approximations of Hessian’s (3) first and
second matrix terms. The derived approximations satisfied
the modified secant condition. However, despite approxi-
mating these matrices in (3), their search directions require
several safeguarding techniques before the sufficient descent
condition is satisfied.

To mitigate some of the shortcomings of their proposal,
recently, Yahaya er al. [24] proposed structured, quasi-
Newton-based algorithms for solving (1). First, the two
formulations of the structured vector were derived. Both
derivations approximate only the second term of (3), where
the first formulation is estimated using first-order Taylor
series expansion. On the other hand, the second term is
approximated to higher-order Taylor series expansion on r!
and its gi foreachi = 1,2, .-, m by using the Richardson
extrapolation technique to get rid of the tensor terms. These
derived formulations are such that a modified weak secant
condition of Dennis and Wolkowicz [25] is satisfied. Thus,
they used the formulations to develop two diagonal updating
schemes. These are then independently used in generating the
search directions. Interestingly, their algorithm requires fewer
user-defined parameters in the search direction.
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This paper used the formulation in [24] to derive a general-
ized diagonal updating mechanism using a weighted Frobe-
nius norm defined as

A%, = r(W—law AT,

for solving (1), where A € R™™ ¢r(-) is trace operator, and W
is a weighted matrix which changes at every update and often
different choices of it, leads to other updates. Some well-
known updates include Davidon-Fletcher-Powell (DFB) and
Powell-Symmetric-Broyden (PSB). Motivated by the previ-
ous works, this paper also aims to fill in the gap of the recent
work [24] by giving the rate of convergence results under
some standard assumptions with the aid of an Armijo line
search strategy.

Inspire by the work of Yahaya ez al., [24] this paper gives
the following contributions:

1) We propose a generalized structured diagonal approxi-
mation of the Hessian of the objective function.

2) Under some standard assumptions and with the aid of
the chosen line search technique, we show the R—linear
convergence of the algorithm.

3) We apply the proposed algorithm to a robotic motion
control model with 3DOF.

We divided the remainder of the article into the following
sections: We will state the algorithm’s formulation and its
steps in section 2. Next, we describe the algorithm’s con-
vergence under some conditions in section 3, and finally,
we present experimental results of the algorithm and its appli-
cation in section 4. In this article, ||| means a Euclidean
norm.

Il. DESIGN AND STATEMENT OF THE PROPOSED
ALGORITHM
From the second term of (3), we can observe that computing
the residuals’ second-order derivative is required. This second
term is computationally expensive; thus, approximating the
term may be a reasonable idea since it helps to evaluate the
Hessian of the objective function.

Suppose at an iteration say, k the second term of
equation (3) is as follows:

m

Q1) = Y riCos DK 41), “)

i=1

in which r;(xx4+1), and Ki(xx+1) denote the i"— compo-
nent of the residual vector r(xx4+1), and Hessian of 7j(xx+1),
respectively.

Thus, the goal is to find a diagonal matrix say, B(xx41)
that satisfies the following weak secant condition stated as
follows:

st B(xk11)sk ~ sy H (Xk11)Sk
sTI ()T T oy Dsi + 57 Qg )see > 0,

where sy = Xk+1 — Xk, B(xgy1) denoted by By is
defined using the least change secant condition and the term
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sTICar )T T Dsk = MG D)sell> > 0. Therefore,

we are now left with approximating the term s,{ O(Xk+1)Sk -
Now, post-multiplying (4) by s gives

m

D rios DKo ©)

i=1

Oxp+1)8K =

where for notational simplicity, we represent Q(xg4+1) =
Ok+1, rilxk+1) = rk—i—l’ and Ki(xg4+1) = Kk+17 this is
essentially approximating the action of the second order term
K}, on s; without explicitly computing the K, ,é

Suppose that the gradlent of the residual rk Lpat i"— com-
ponent is denoted by g; ;- We now, use Taylor’s series expan-
sion on gk 1 to approximate the term K ,ﬁ sk as follows:

g ~ g§<+1 _Klé+1sk7 i=1,2,3--m
this implies,
Kl£+1sk ~ g;c+1 — & Q)
Now, we have
m
Ok+15k = Z V/i+1K/é+1Sk~ @)

i=1
Therefore, plugging-in equation (6) into equation (7) and
summing over alli = 1,2, 3, --- , m gives

st Qu18k ~ Sp (Jest — I i1 = rkTH(JkJrl —Ji)sk. (8)

Hence, we aim to obtain diagonal matrix, By which satis-
fies the property that

T ~ I _ T/yT T
Sg Br+1sk = sp Hxer sk = s (1 e+ + S Ok+15k -

Thus, the requirement is that

st Bisisk = sp (JL Jer D)k + 5§ Ok 5k )

The diagonal approximation, By of the Hessian, Hy1
in the above modified weak secant condition is defined as
Bi+1 = Bk + Cg, in which Cy, is a diagonal correction matrix,
where By is a diagonal approximation of Hy and both By and
By are required to positive definite. Next, we state Lemma
with which we derive the diagonal entries of the correction
matrix.

Lemma 1: Let Cy and By be two diagonal matrices con-
taining the elements c}; and b;c fori =1,2,---, m respec-
tively. Then the entries, c; of the solution of the following
optimization problem

1
min = || Ce |13, + tr(Be + Cr), (10)
Ce 2
s.t st (Br + Co)sk = v, (1D
satisfies
| [T W2sk — sTBesi + wl ,
o= |t 6T - )’
Dm0 wp)
i=1,2-,m (12
10818

where
— Ji)Sk, (13)

I-lw, is a weighted Frobenius norm and tr(-) is trace of a
matrix.

Proof: The optimization problem (10) can be reformu-
lated as

Vi = S;f(JkTHJkH)Sk + ”1<T+1(Jk+1

min Z(ck) wi)? + Z(bk +ch) (14)

i=1
s.t Z(s;;)z(b;; + ) = . (15)
i=1

Since the problem (10) is convex. So, the Lagrangian function
of (12) is as follows:

1< . ) oo .
5 2 (€W + D (b + ¢

i=1 i=1

+Br (Z(s;;f(b;; +cf) — m) :

i=1

L(ck, Bx) =

in which, B is a Lagrangian multiplier. Now, evaluating ;TL,
k

and setting ;—L, = 0 we have
Ck
o+ 1+ A2 =0 fori=12
o = Wi ()" = fori=1,2,--- ,m
k

this implies,
ch = [—Bep* = NWh)? fori=1,2,---.m (16)

pre-multiplying equation (16) by (s};)2 and calling up the
constraint (15) we have

> G = Z(sk) [—Bi(sp)* — 110w})
= i=1

m
= Yk — Z(s};)zb};, fori=1,2,--- . m
i=1
Therefore, solving for 8 from the above expression gives
[Z:‘n:l(si)zbi — Yk~ i 1(55;)2(“’;;)2]

P = payia l(sk)4(wk)2

)

i=1,2,---,m (17

Thus, plugging equation (17) into equation (16), gives the
entries of the correction matrix, Cy as

o= [ G0°w)? = 20 (50 + Vk](s 21
‘ I P v ’

x (Wi fori=1,2,--- ,m. (18)

Now, by setting Sy = diag(sy) and W = diag(wy) and sub-
stituting these terms in (18), the diagonal correction matrix,
C can simply be written as

Cr = |:(S]{

sk — ST Brsk + Vk)
sT(SZWP)sk

s? I:|sz. (19)
O
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Note: The motivation behind adding the trace operator in
equation (10) is that we intend to find the correction matrix
that clusters the eigenvalues of the updated diagonal matrix,
Bit1, in such away that its condition number is improved.

Moreover, in what follows, we look at some possible
options of the weighting matrix, Wy in (19). Some of the
apparent choices of Wy are as follows:

1) Choice Take W) = I, leads to the standard formulation

proposed in [24].

2) Choice Another alternative choice of Wj, motivated
from Davidon-Fletcher-Powell (DFP) update can be
obtain by setting Wy = By. This will yield the follow-
ing correction matrix

(s Bisk — st Besk + vi)
G = | S2—1|B2. (20
i (S Bk

It can be observed that by choosing a weighting that varies,
the denominator of (20) may become too small as the itera-
tion progresses. To remedy this, as was similarly suggested
in [26], we use the above correction matrix in the update
if sT(S2B2)se > villskll*tr(SZB3), where vy is some small
values in the interval, (0, 1).

Therefore, the search direction say, dy of the propose

method can simply be defined as

—B! 0s fork =0,
di+1 = { 08

~1 (21)
_Bk+1gk+1, fork=1,2,3,---,

where By = diag(bf)), bf) = 1 for all i, and the entries of the
diagonal matrix By are given as follows

b,y = bl +ch, fork=0,1,2,---, (22)

where c}'C is given by (18) and v, € (0, 1). The parameter vy,
is introduce into (22) just to aid in showing the convergence
result.

We employed a monotone line search couple with back-
tracking strategy for selecting a suitable step length. The step
say, o that satisfies Armijo line search conditions together
with backtracking strategy, is computed as follows:

Algorithm 1 Armijo Line Search With Backtracking

Input: Objective function f, the search direction vector,
dy at the point, x; and positive real numbers ¢ € (0, 1)
Step 1: Set o = 1, if

FOx + ady) < fi + saghdy (23)

then ax = «. Else, set « = /2 and test (23) again.
Output: oy

In what follows, we state the steps of our proposed algo-
rithm as follows:

Remark 1: The above Algorithm 2 is composed of two
algorithms depending on the choice of W. If W = [ for all k,
then in evaluating the entries, c}; fori=1,2,---,mof the
correction matrix, C, w}; = 1 for all k, however, if W = B
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Algorithm 2 Generalized Structured Diagonal-Based
Algorithm (GSDA)
Input: Choose an initial approximation xg € R”",
Bo=I1,Wog=1,v€(,1), ¢ €(0,1).Setk =0, and
Tol > 0.
Compute ry, fi and gi; and then compute dy = —Bk_1 8k
Step 1: If ||gx || < Tol, stop. Else, go to Next step
Step 2: Compute o using Algorithm 1.
Step 3: Evaluate the next iterate using

Xk+1 = Xk + ody. 24)

Step 4: Evaluate the update of the entries, bf{ T of the
diagonal matrix, By as follows:

biﬂ = b} + ¢,
where cj; is defined in (18).
Step 5: Update as follows:
Byy1 = diag(b, ).
di+1 = —B,:ilgkﬂ-
Wiy = diag(w}) where wy € Wy
Step 6: Set k := k 4 1 and go to Step 1.

forall k, then the entries c};fori =1,2,---,mare computed
using (20).

IIl. CONVERGENCE ANALYSIS

For the convergence analysis of the proposed algorithm,

we first present the following useful assumption:
Assumption 1: The objective function f is twice continu-

ously differentiable on a set, x = {x € R*|f(x) < f(x,)}.
Assumption 2: There exist some positive constants N1 and

N> where N1 < Nj such that

Nillull* < u? V2 (x)u < Nalul?, (25)

for all u € R" and x € x, holds.

Next, we state an underline assumption on the Jacobian
matrix and residual as follows:

Assumption 3: We also assume that the Jacobian, denoted
by J(x) and the residual r(x) are Lipschitz continuous in
some neighborhood N of x with Lipschitz constants I} >
Oandly > Oie ||J(x) = JWI < Lllx —yll, and |Ir(x) —
rll < Lllx —yll, Vx, y € x.

It can be deduced from the above Assumption 3 that there
exist some positive constants /3, c1, ¢z, ¢3 such that Vx,y €
X, wWe obtain

lgx) — eIl < Lllx —yll,

VI < e, r@ll < c2. N8 < cs.

Lemma 2: Suppose Assumptions 1, 3 and 2 hold,
then there exists some positive constants N1 and N such
that, Vk > 0,

Nillsell> < 1yel < Nl (26)
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Proof: Recall, that y; is defined in (13) as follows

vl = Isf T Tkse + st Ui — T  rieen |

< ISt Il skl + Isf Grgr = 0" re|
Ikt 1P skl + skl 1 — il e I
tllsill® + I sk I 171
ctllsell® + bz llsk 12
(ct + hiea)lIsell?
= Lllsc]I?,

IAIATA

where L := C% + lic.
Now, from (25) and the above inequality, we have

Nilisell* < st yx

= S,{Zk

sTye + vl
(N2 + LIk 1%,

A

where yr = gr—1 — gk and zx is a structured vector. Hence,
by setting N = N + L, the inequality (26) holds. O

Lemma 3: Suppose that the step-size oy is established by
Algorithm 1, and assume that Assumption 2 is satisfied. Then
either oy = 1 or there exist some positive constants p1 and
p2 such that:

S/ZBksk
1 > =
Ikl
Proof: Suppose 23 is satisfied by oy = 1, then the first
segment of the proof is achieved. Let o3 < 1, which simply

mean that the relation (23) failed, for a step-size o < o <
2. This implies

27)

fO +ady) = f () > sagydy.
Then by using mean-value theorem, we can have
S+ adi) = f () = gl + Sradi)! (ady) > cagy dy,
in which &; € (0, 1). Thus, this leads to
g0 + S1ady)’ (ady) — gy dy > sagidi —agidi. (28)
This implies, that

algC + Srady) — gil di > a(s — 1)gf di
Now, using (28) and Assumption 2, yield
a(s — g d < alglu + drady) — gl di < Noarllde)*.
Then,
1 (1 — o)(—gf di)

o = —o >
2 2N |ldi |12
(1= g)siBisk
2N> sell®

Thus, the lower bound on «y is established, when we set
_ (-9
P1= TN,

10820

The condition in (23) gives the upper bound on «, by
Taylor’s theorem, we have

T [
S Or1) —f (k) = gx sk + 5% H()sk,

for some y that lie in the line segment joining x;41 and x;.
Therefore,

1
gb sk + Es,{H(gI/)sk = ft1) —f (k) < 581 Sk,
281 sk + sp HOse < 2684 s,

this implies s; H(¥)sx < 2(s — Dgf sc = 2(1 — $)(—g{ 5k,

sTBys
this implies s7 H()s < 2(c — 1)E—%
s B Ky
this implies & < 2(1 — &)~
s H(Y)sk
YkBkYk
K
<
= 20 = ) T
llse 11
201 —g) 54 Bisk
Nt lsll?
The required inequality in (27) is obtain by setting
_ 20— O
P2=—x§-

Lemma 4: Suppose the sequence {By} is generated by
Algorithm 2 and let Assumptions 1 and 2 hold, if the entries
of diagonal matrix By are bounded. Then, there exist some
positive constants A1, Ay and Az such that

tr(Bx+1) < A’f“ for appropriately large k.
Furthermore, if vy < 1, then
tr(By) < Ap  Vk.

Moreover, Bkil >NAsfori=1,2,---,m
Proof: Now, suppose we define o7 = |[Wi|| =

max{|w,;|} fori =1,2,---,m, and also ||sx||> = sTsx =

Z(sk)2 < Z(sma")2 = maz, where 57", is a component of
i=1 i=1
sk with largest term and B ||sk 1> < s Bisi < Ballsll®.

Consider 83 = max{|8i], |B2[}
Now, from the diagonal matrix form of (22) we have,
r(Bj+1)
< watr(By)
(Sk Wksk +SkBksk +Vk) 21,2 2
+ tr(S;Wie) — tr(Dtr(Wy)
|: ST(S2W st KWk k

25k + 5T Bsk + vil
sT(SZWH)si

Is Wesil + Isg Brse| + Iyel
SESEWE)si

IA

vatr(By) + [lsk tr(SgW¢ )}

IA

vatr (Bi) + [ (s,fw,f)] .
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Now, using Lemma (2), we have

tr(Bj+1)
Sk TW2s | + S T Brsi| +
< wotr(By) + | k k| + | 2k kl |yk|tr(S/ng2)
i k(Ska)sk
B 21 w2 T
S WZN + |s; Brsi| +
< otr(B) + [l 111 kTII 2| k2 kSk| Wk'tr(s,%sz)
5 SEWE)sk
M2 2 2
or|ls, + N +
< votr(By) + skl /233|| k2|| - m'tr(S,fsz)
L i [l tr(Ska)
M2 N 2
o+ B3+ N)|s
< woir@By + | TP > 2) | ’;" tr(SEW2)
L VI [l tr(Ska)
=S _
o +B3+N
< watr(By) + ¢}
V1
< o5 1r(Bo) + l—l—Xk:v’ of +B3+N
= r(Bo) ' ) "
j=1
5 _
o +B3+N
Str(Bo)+(k+1)|: L+h }
V1
) _
or+B3+N
<n+@k+1 [¢}
V1
< AR
5 _
where A = max{2,n + W}}
Furthermore, if v» < 1, we have
k 2 x
) ; o+ B3+N
tr(B tr(B 1 1 / S B
B < B0+ | 1+ lim 3] [ o }
J=
) _
- 1 of +B3+N
- 1—v Vi
= Aj.

On the other-hand, we have

B(’)

O =mB = A3, Vi

Hence, the diagonal matrix By) is bounded both above and
below by some positive constants fori = 1,2, - - - m. |

We now state and prove the theorem that shows the con-
vergence rate of the proposed algorithm.

Theorem 1: Suppose the Algorithm 2 generates sequence
{xr+1} using (24) where the search direction, dy = —Bk_l 8k,
whose elements of By are evaluated using (22) and let
Assumptions 1 and 2 hold. Then for any positive definite
matrix By, which possesses bounded diagonal entries, the
Algorithm generate sequence of iterates which converges to
the minimizer say, x* and

o
Dl — x*|l < oo.
k=0

VOLUME 10, 2022

Moreso, there is a positive constant, vz in [0, 1) such that

FOrn) = Fx) < Vi (F o) — (7)),

where xq is a starting point of f .
Proof: Suppose we define 6 to be the angle between
the search direction, d; and negative gradient, —g; stated as

ngk gk
lgx 1By ' gl
s,{Bksk/a,%
Bkl sl /o
S{Bksk
~ lsellIBrsll”

Therefore, using the line-search condition in Algorithm 1, the
lower boundedness of oy in Lemma 3 and the assumptions on
f we have.

FQagn) —f(*) < fla) —F&*) — cagl By g,

. (T Brsi)? 1l ge |1
< f0w) = f0 = =t

(sT Bisk)? )
=fO)—f ") = spp—5—— llgk|l*,
Il 5 1?11 Bisie 1%

= f(xx) — f(x*) — gpa cos® Ok llgk |1,

cosby =

where, p» = % Now, from Assumption 2 i.e the bound-

edness of sz , we have
Nille — x| < G — x)7 (g(x) — g(x™)).

where g(x*) = 0 and hence, applying the Cauchy-Schwartz,
on the above expression, we have

Nilba = x*1 < b — x*[|llgll- (29)
Hence,

FOa)—f %) < oo —x )T (g0) — g0 <l — x* [l gx -
(30)

Therefore, using (29) and (30), we have

fla) —f@&") <

= Nilf () —fCH] < llgell,
f) —f@) = fl) —f(&*) — gpacos® Ok llgxll”,
< [1 = Nigpacos® GI(f (xi) — f(x*))
31

1 2
]vlllgkll

Now, using the upper bound of o and the inequality which
states that ”B skl < 4 (By).

sl
a P2 Bicsi |l

.Therefo.re, ot = T S patr(By) = paAr = Ag.
Since By is bounded as was shown in Lemma 3, therefore,

we have

k
> < (k+ DAL (32)
=00059
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Now, applying the geometric/arithmetic mean inequality (i.e

dé’t(Bk-i-l)% =< %) to (32) gives
-2
i 08 6

Similarly, using the upper bound for Bg) obtained from
Lemma 4 we have

[ A

sFBuse gl di

< Ajt (33)

< Aj.

Hence, using the above relation, together with bounds of oy,
we have

T
s, Bys
pisg Besk _ p

k> (34)
sl Az

Ok =

Thus, using the relations (33) and (34), we have

1_[ —0 ¥i P1 ke
ncos0 AT > o . (35)

Moreover, when induction is apply to (31), we have

k
Feren) = f&*) < 11 = Nigpa cos® 61 (xo) —f ()
i=0
(36)

Now, re-applying the geometric/arithmetic mean and
using (35), we get

k k+1
1
fOrg) —fx™) < (m ;(1 — Nigp; cos? 91’))
(f (xo) = f(x™))
k k+1
< (1 —ngpz(]_[coszfﬁ)kl')
i=0
(f (xo) = f(x™))
< Vi (F(xo) — F(x™)), 37)

where v3 = 1 —ngpz( Ll ) < 1.

AxA3
Furthermore, with the aid of Assumption 2, we can easily
achieve as follows:

1

Sl — el < FOugr) —F(x)
"*‘(f(xw f&x)

—||gk+1|| . (38)

m

| /\

IA

The above relation (38), together with (37) gives

2
VP (x0) — £ ().

2
llxk+1 — xi |l S
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Hence,
> 2 1 X 1
D ks —xll < (—) D (Fearn) —F @),
m
k=0 k=0
1 o |
( (f (xo) —f (x ))) > ! < 0.
k=0
Therefore, the sequence {x;} is convergent. O

IV. NUMERICAL EXPERIMENTS

This section explores the proposed algorithm’s numerical
performance compared to other recent structured algorithms.
We segmented the experiment into two components. The first
part is composed of/discuss testing the algorithm on some
benchmark test problems. On the other hand, the second
segment comprises applying the proposed algorithm to solve
some data fitting problems in the literature. We conducted
these experiments on a MATLAB R2019b programming
packet installed on a PC with a processor speed of 1.60 GHz,
intel CORE i5-8265U, and 8 GB of RAM.

A. EXPERIMENTATION ON SOME BENCHMARK TEST
PROBLEMS

This subsection presented some numerical results on solving
a set of benchmark test problems. These results verify the
numerical efficiency of the proposed algorithm in comparison
to ASDAI and ASDA?2 (which are essentially the proposed
algorithm when W = ) algorithms developed in [24]. The
extracted problems are from various sources in the literature;
we cited each problem’s reference and their respective stan-
dard initial starting point (see Table 1).

The set of problems considered in this experiment
comprises twenty(20) large-scales while the remaining
three (3) are small-scales. Each of these large-scale
problems had varying dimensions. This dimensions are
3000, 6000, 9000, 12000, 15000. The parameters used in
implementing the proposed GSDA algorithm are as follows:

o Algorithm GSDA: ¢ = 1072, ¢ = 107%, ¢ =

1073, Tol = 1074

On the other hand, we took the parameters of ASDAI1
and ASDA2 from [24]. Furthermore, unlike ASDA1 and
ASDA2 algorithms, where a monotone line search strat-
egy is adopted, we used a simple Armijo line search tech-
nique based on Algorithm 1. An approximate solution is
achieved when the stopping criterion ||gx|| < 107 is
satisfied. However, a failure by an algorithm reported as
F occurs when either the number of iteration surpasses
1000 and the stopping criterion mentioned above has not
been satisfied. The standard metrics of comparison used
are the number of iterations, number of functions evalu-
ations, number of matrix-vector products, and computing
time. These are represented by #niter, #nfval, #nmvp and
#ncpu respectively. The results of the numerical experiments
are tabulated and made available in this link: https://github.
com/MAHMOUDPD/Experimental_Results_of_GSDA_Alg
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TABLE 1. List of test problems with references and their respective
starting points.

Problems

Function name

Starting point

Large scale

P1

Penalty function I [28]

P2 Trigonometric function [29] (1/n, -, 1/n)T
P3 Discrete boundary value [29] (,L}r] (ﬁ —1),-- ﬁ("il —1)T
P4 Linear function full rank [29] (1,1,---,1)
Ps Problem 202 [30] 2,2,---,2)T
P6 Problem 206 [30] (1/n,-,1/n)T
P7 Problem 212 [30] (0.5, ,0.5)T
P8 Strictly convex function I [31] (1/n,2/n,---, )T
P9 Sine function 2 [32] (1,1,---, )7

T
P10 Exponential function I [28] (nfl s
P11 Exponential function II [28] (1/n%,1/n?, - 1/n?)T
P12 Logarithmic function [28] (1,1, , 17T
P13 Trigonometric Exponential System [28] 0,0,---,0)T
P14 Extended Powell singular [28] (1.5E —4,--- ,1.58 —4)T
P15 Broyden tridiagonal function [29] (-1,-1,---,—1)T
P16 Extended Himmelblau function [33] (1,1/n,1,1/n,---,1,1/n)T
P17 Function 27 [28] (100,1/n2,1/n2,--- ,1/n?)T
P18 Trigonometric logarithmic function [23]  (1,1,---,1)T

T
P19 Zero Jacobian function [28] ((100(7:;100) RN <n750(22)($;1000))
P20 Exponential function [28] 1,1,---, )T
P21 Brown almost linear function [34] (1/n,1/n,--- ,1/n)T
Small scale

P22 Jennrich and Sampson [29] 0.2,0.2)T
P23 Rank deficient Jacobian [35] (-1,)T
P24 Beale function [34] (1,n7

orithm. It can be observed from the results that our proposed
algorithm GSDA (with W = B) solved all the test prob-
lems successfully. The ASDHAI algorithm subsequently fol-
lows this. However, the ASDHA1 and ASDHA?2 algorithms
recorded some failure cases in problems named P2, P15, and
P20. Moreover, for a concrete visual representation of the
result, each metric considered for all the problems is summa-
rized using the well-known performance profile of Dolan and
Moré [27]. That is, for each algorithm, we plot a fraction, say,
p of problems for which the algorithm performed well within
a factor, say 7. One can easily see from the Figs. 1-4, that the
performance of GSDA is superior to all of its competitors.
Since the curves formed by the proposed GSDA topped all
the algorithms thus, these results indicate that the GSDA
algorithm could provide a better alternative for solving NLS
problems. Thus, this further accentuates the efficiency of the
GSDA algorithm.

Remark 2: To mitigate the possible generation of non-
positive and singular updated diagonal matrix, By41, we
obviously require that the entries, b;'( 4 > 0 for all
i=1,2,---,m. In practical implementation, the direction,
dlé+l = —gi+l/b2+l iJCb2+1 > €*, for every i, else we set
dy | = —8j41> Where €* is a positive parameter.

B. APPLICATION IN 3DOF MOTION CONTROL OF ROBOTIC
MANIPULATOR

In this segment, we apply the proposed GSDA algorithm
to solve a real-robotic model with three degrees of freedom
(3DOF) that was describe in [36]. We describe the three joint
kinematic model in a planar, and the discrete kinematic model
equation with 3DOF can be represented using the following
equations

r(0) = [11 cos(61)+1> cos(6y + 62) + I3 cos(6y + 62 + 93)]

[y sin(01) + b sin(6 + 63) + I3 sin(6) + 6 + 63)
(39)
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FIGURE 3. Performance profile based on number of matrix-vector
product.

where r(-) is kinematic mapping function which relate the
position and orientation of a robot’s end-effector or any part
of the robot to an active joint displacements, 8 € R3, I; (for
i = 1, 2, 3) denotes the length of each link, and in a context
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T

FIGURE 4. Performance profile based on CPU-TIME.

of robotic motion control, r(0) is an end effector position
vector. Suppose, &;, € R? denotes the desired path vector
at any given time say, #;. We formulated the following least-
squares problem which is solved at every time interval say,
ty € [0, t7]. The problem is stated as follows:

!
min =[|Ir(6) — & |, (40)
9eR3 2
where §;, as reported in [37] is the desired path at #; of a
Lissajous curve express as

. Tk
1.5404 s1n(?)

(Stk = \/5
. T T
— +04 — 4+ =
> 4+ 0.4 sin( 5 + 3 )
It can be observed that the above equation (40) resembles the
structure of (1). Thus the GSDA Algorithm can be used to

solve it.

(41)

Algorithm 3 GSDA for Solving (40)
Input: Initial time duration, fy, Initial joint angle, 6y,
maximum time duration, t,,,y, sampling period, g, and
maximum iteration, K, .
fork =1: K4, do
fx = kg;
Evaluate §,, using (41).
Compute 6, using GDSA(0;,, 8y, ) stated in 2.
Set Opey = [‘gto; etk]
Output: 6,

Now, to solve the model and subsequently simulate the
results, we initialize the joint at time instant, t = 0 to be
6, = [0, % 71, the link length as /; = 1 (fori = 1, 2, 3) and
the maximum duration it takes as, #,,,x = 10s, in the above
Algorithm 3.

Finally, we can observe from the figures that portray
the results obtained from solving (40) using the proposed
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FIGURE 6. Synthesized robot trajectories.
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FIGURE 7. Tracking residual error on the horizontal x-axis.

algorithm. These results are plotted in Figs. 5- 6. It can
be seen that from 6, the task of synthesizing the robot
trajectories is successfully achieved, and the error rate of
the residuals is about 10~® which can be observed from
Figs. 7 and 8.
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FIGURE 8. Tracking residual error on the horizontal y-axis.

V. CONCLUSION

We have proposed an algorithm for computing a minimizer of
nonlinear least-squares problems. The developed algorithm
is essentially based on a standard quasi-Newton class of
algorithms; we called the algorithm ‘generalized structured
based diagonal algorithm’ (GSDA). It was derived based
upon a structured weak secant, the least-change secant updat-
ing scheme coupled with the trace of the correction matrix
of the updated matrix. The least-change secant is under a
weighted Frobenius norm. Thus, the algorithm is matrix-
free and straightforward; this simplicity, of course, yields
its low computational cost in each iteration. Furthermore,
it should be noted; this algorithm is a generalization of the
algorithms proposed in [24]. We have also presented the
convergence result of the proposed algorithm. In addition,
we have shown that the algorithm with monotone(Armijo-
line search) is R—linearly convergent; this fills the gap that
existed in [24] for a convex class of NLS problems. More-
over, the proposal was numerically shown to be efficient
and comparatively better than those proposed in [24] when
the associated weighted matrix, W, is taken as the previ-
ous diagonal update Bj. However, if the weighted matrix
is an identity, /, the proposed structured formulation of the
diagonal update becomes the one presented in [24]. Finally,
we have shown that the algorithm can be applied success-
fully to robotic planar motion control manipulators with
3DOF; this underscores the applicability of the proposed
algorithm. Our GSDA MATLAB codes are available on the
first Author’s GitHub page through this link: https://github.
com/MAHMOUDPD/GSDA_for_Robotic_Arm
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