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ABSTRACT A Tobit Kalman filter-based guidance system was proposed for expanding the capture region
of missiles with a strapdown semiactive laser seeker. The characteristics of the semiactive laser seeker were
analyzed, and the narrow field-of-view laser seeker model was used based on the analysis. A guidance filter
was designed to utilize the saturated region of the seeker to overcome limited maneuverability arising from
the narrow field-of-view range. A Tobit Kalman filter is adopted, and the prediction stage was modified so
that the Tobit Kalman filter can be applied for nonlinear process models. The filter model for estimating
the look angle, LOS angle, and LOS rate was formulated. The proposed guidance filter can estimate the
state more robustly even if saturated measurements are given. This study showed that widening the available
field-of-view range can lead to the expansion of the capture region. The impact angle control composite
guidance and impact angle control guidance with bearing-only measurement were used for intercepting the
target with the desired impact angle. Numerical simulations were performed to demonstrate the effectiveness
of the proposed method in the saturated region of the seeker and show that the proposed method can expand
the size of the capture region.

INDEX TERMS Capture region, impact angle control guidance, semi-active laser seeker, Tobit Kalman

filter.

I. INTRODUCTION

Recently, various missile guidance laws have been studied to
achieve advanced operational requirements, such as impact
angle and impact time, while successfully intercepting tar-
gets. In particular, impact angle control, one of the areas of
interest, has been actively studied based on various theories,
such as optimal impact angle guidance [1]-[5], proportional
navigation (PN)-based guidance [6]-[8], and nonlinear con-
trol theory-based guidance law [9]-[12].

Additionally, there is an increasing demand for achieving
the mission requirements with low-cost missiles. A strap-
down seeker may be used as part of the guidance system in
low-cost missiles because the strapdown seeker can detect the
target accurately although it has a relatively simple mechan-
ical structure [13], [14]. However, one of the significant
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drawbacks of a strapdown seeker is that the seeker’s field of
view (FOV) is narrower than a gimbaled seeker [15]. In gen-
eral, a highly curved trajectory is generated for the missile
in engagements with the terminal impact angle constraint,
and the target can easily move out of the seeker’s FOV [6].
The narrow FOV restricts the maneuverability of the missile
because the target must always lie within the seeker’s FOV
during the engagement for the successful guidance of the
missile. Consequently, the narrow FOV significantly reduces
the size of the region where the missile can be launched.
Various studies have found the set of initial positions
from which missiles can effectively strike a given target.
The capture region of a guidance law refers to the set of
available initial conditions on which the missile can intercept
the target by following the guidance law. Many researchers
have analytically derived the capture regions of specific guid-
ance laws [16]-[21]. The launch acceptability region (LAR)
denotes the area in a space representing initial launchable
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positions of guided weapons with a high probability of
interception, which is a closer concept to a practically used
decision-making tool, not for analysis [22]. Studies have also
been conducted to estimate the LAR accurately [23]-[25].

A semiactive laser (SAL) seeker was considered the seeker
of the missile in this study. Due to the operation method
of the SAL seeker’s 4-quadrant laser receiver, there is an
area in which only saturated measurement information can
be obtained over the seeker’s FOV [26]. These areas are
called saturated regions. That is, the measurement value of
the seeker was given as a saturated value in this region, and
therefore loss occurs in the target information. A proper filter
design was necessary to consider the measurement in the
saturated region.

Research has been conducted on guidance filters that esti-
mate the line-of-sight rate with strapdown seekers [27]-[30].
Studies such as [28]-[30] are based on the Kalman filter (KF)
but focused on the case in which the target remains in the
region where the measurement is not saturated. Filters based
on the standard KF do not operate well when saturated
measurements are given. However, a guidance filter can still
operate even when the measurement slightly goes out of
the unsaturated region and returns inside that region after
a while.

A Tobit Kalman filter (TKF) is a filter of the standard KF
that fits the specialized purpose [31], [32]. The update stage
of the TKF is formulated based on a measurement model
with saturation, unlike the standard KF. Consequently, the
TKEF can estimate the state well under proper conditions even
if the saturated measurement is given. Theoretical studies
based on the TKF have been conducted to cope with various
problems that may arise in real situations, such as fading
measurement [33] or colored signals [34].

Note that saturated measurement can be thought of as a
particular case of nonlinear measurement. Several nonlinear
filters, such as an unscented Kalman filter (UKF) [35] or
particle filter (PF), can be applied to address the satura-
tion in measurement. However, these filters generally have
heavy computational loads. However, the TKF was shown to
have significant advantages in computational time, whereas
there is no degradation in performance compared to UKF or
PF [32]. Therefore, the TKF is one of the reasonable choices
for the guidance filter that has to be run in real-time while
considering the saturation of the measurement.

In this study, the impact-angle-controlled interception of
missiles with limited performance equipment is considered.
For this problem, guiding a missile to admissible initial
launch positions could be one of the challenging issues in
practice because the capture region might be significantly
small. Therefore, making more initial conditions available,
that is, expanding the capture region, could be one of the
alternatives to relieve this issue. Although there have been
numerous studies on obtaining the capture region [16]-[21],
few studies have been reported about expanding the capture
region. In this aspect, one of the main contributions of this
study is improving the possibility of mission success by
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expanding the capture region with the proposed guidance
filter.

A planar engagement with a terminal impact angle con-
straint was considered. The SAL seeker was simply mod-
eled as a measurement model with additive Gaussian noise
and subsequent saturation. A guidance filter was designed
based on the TKF. The process model of the filter was
derived using the relative kinematics. The basic formulation
of the TKF was modified to incorporate the nonlinear process
model.

The designed guidance filter was combined with an impact
angle control guidance law to form a guidance system. Two
different guidance laws that can consider the FOV limit of
the missile were chosen, which were impact angle control
composite guidance (IACCG) laws [6] and impact angle
control guidance with bearing-only measurements (IACG-
BOM) [36]. One advantage of both guidance laws is that
they require only the information that can be estimated from
the seeker measurement. Only bearing measurements such as
the LOS angle and look angle are required for IACGBOM.
In the case of IACCG, an LOS rate is also required in addition
to the LOS angle and look angle.

The contributions of this study can be summarized as
follows. First, the method to expand the capture region of a
tactical missile in engagement with the terminal impact angle
constraint was proposed by designing a guidance filter that
can utilize the characteristics of the SAL seeker based on
the TKF. Second, the basic formulation for the TKF in [31],
[32] was modified to incorporate a nonlinear process model,
and the modification was validated through numerical simu-
lations.

This study is organized as follows. In Section II, the pre-
liminaries on the Tobit Kalman filter and analysis on the char-
acteristics of the SAL seeker are presented. In Section III, the
problem statement is explicitly described, including the pla-
nar engagement geometry, the overall structure of the homing
loop, the SAL seeker model, and the definition of the cap-
ture region. In Section IV, the proposed guidance filter and
adopted guidance laws are explained. In Section V, numerical
simulations are performed to demonstrate the effectiveness
of the proposed method. The proposed TKF-based guidance
filter was compared with an extended Kalman filter (EKF)-
based guidance filter. Additionally, the capture region of the
guidance system was compared for the proposed method and
the EKF-based method. Finally, Section VI concludes this
study.

Il. BACKGROUND

A. TOBIT KALMAN FILTER

In this section, the mathematical formulation of the TKF is
explained. The standard KF cannot be applied to a model
where the measurement may be saturated because the KF
assumes that the distribution of the measurement is Gaussian.
However, the TKF, a modified KF method, can be applied to
a model considering measurement saturation.
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The basic formulation and results of the TKF are reviewed
first [32]. Then, modification for incorporating a nonlinear
process model is introduced.

1) BASIC FORMULATION
Consider the following process and measurement model.

X = Fxp—1 + wi—1 (H

ZZ = Hxp + vy 2)
L, U<Z<T

G%=17, Z =T 3)
Th, =T

where k denotes the time step, x; € R is the state vector,
7z € R™! ig the measurement vector, F € R™" is the
state transition matrix, and H € R™*" is the measurement
matrix. 7, € R”*! is the vector of upper threshold values for
saturation, and 7; € R™*! is the vector of lower threshold
values for saturation. The intermediate variable z,f is called
the latent variable. The process noise wy and measurement
noise vy follow the zero-mean white Gaussian with covari-
ance matrices Q € R"" and R € R™"™, respectively. The
covariance matrix R for the measurement noise is assumed to
be a diagonal matrix having the following form:

R = diag (0(1)2, o(2)?, - ,a(m)z) @

meaning that the measurement noise is independent across
measurements.

The difference between the TKF and the standard KF lies
in the measurement model. In the TKF, the measurement is
obtained by saturating the latent variable, which results in a
different measurement distribution from that of the KF. The
conditional distribution of the measurement z; given xj is
a truncated Gaussian distribution for the TKF, while it is
an ordinary Gaussian distribution for the KF. The mean and
covariance of the measurement also change from those of the
KF.

The update stage of the state estimation should be modified
accordingly. The state estimate is corrected using the current
measurement in the update stage. The update equation to
obtain the current estimate may be written as

Xk =%, + K (z—E [z]) (5)

where &, denotes the prior estimate, X denotes the posterior
estimate, and K denotes the Kalman gain. The optimal value
for K is determined by minimizing the posterior state error
covariance. A diagonal matrix vy € R™*™ is introduced to
concisely express the optimal Kalman gain. Each i th diagonal
element v; (i, 1) (1 <i < m) is defined as a random variable
that follows the Bernoulli distribution given as:

L ) < () < )
0, otherwise

(6)

v (i,0) =

where 7;(i), t;,(i), and z,f(i) denote the i th element of 7;, 17,
and zj, respectively. That is, v (i, i) has a value of 1 only
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when the i th element of the measurement z; is not saturated.
The expectation of vy is given as:

E[vi]
_ diag <® <Th(i) - (HXk)(i)) _ @ <f1(i) - (ka)(i)>>
o (i) o (i)
(N

where & denotes the cumulative distribution function for
the standard Gaussian. Additionally, the variance of v con-
ditioned on the measurements not being saturated can be
expressed as

E [veve () | = diag (Var (i) < 2(0) < ()
®)

Refer to the Appendix for more detailed expressions. The
optimal Kalman gain K} and posterior state error covariance
P can be obtained as

Ki = P HTE [1]
(Enf P HT EW + E [ ]) T ©)
Pr = (Loen = KeE [0 | H) Py (10)

where P, is the prior state error covariance. Now, let us define
Hj and Ry, as

Flsz[va]H (11)
R =E [Vka (Vka)T] (12)
The above expressions can be simplified as
—aT (7 p-5T L5\
Ki = P} (HkPk i +Rk> (13)
Pi = (Inen — Kl ) Py (14)

Note that the above expressions can be thought of as the same
expression in the KF except that the measurement matrix H
and measurement noise covariance matrix R are replaced with
the modified matrix Hy and Ry, respectively.

The prediction of the state estimate was performed in
exactly the same way as the KF. The prior state estimate X,
and prior state error covariance P, at the current time instant
are predicted using the previous state estimate X;—; and state
error covariance Py_1 as

)Ack_ = Fx;_q (15)
P, = FPk,]FT + Or—1 (16)

In (7), (8), knowledge of the actual state value xy, is required
to evaluate the expressions used for the update stage. The
following assumption allows replacing the actual state value
x; with the estimated state value fck_ instead.

Assumption 1: State prediction was assumed to provide a
reasonably accurate estimate of the state with small estima-
tion errors.

In other words, the prior estimate obtained from the pre-
diction stage had to be accurate enough for the update stage
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Compute Kalman Gain:
H,=E[J]H
R, =E [vkvk(z/kvk)T]
Ky = P; HF (Hy P HT + Ry,)~

l_ 205 21y oo

Linearize:
Fi_1= of (z,u) Update estimate with
' O #w s measurement:
B PreAdlct: By = 37 + Ki(zk — Elza])
Ly = f (#k—1, uk—1)

I—o Ty Ty e

P =Fy 1P FE +Q

Compute error covariance
for updated estimates:

P, = (I — Ki.Hy) Py

FIGURE 1. The prediction and update stages for the TKF.

to perform as expected. The entire filter’s performance may
degrade if the prior estimate contains a large estimation error.

2) MODIFICATION FOR A NONLINEAR PROCESS MODEL
The guidance filter considered in this study contained a
nonlinear model as the process model. The filter algorithm
described in the previous subsection was modified to incor-
porate a nonlinear process model using linearization as in the
EKEF. Consider the following nonlinear process model

X =f Ok—1, uk—1) +wi—1 (17)

where u; € R/*! is the control vector and function f(-) can
be nonlinear. The predicted state estimate X, and state error
covariance P are given as

=1 %y uwk—1) (18)

Py =F1PiaFl +0 (19)
af (x, u)

Frog = ——— 20

k=1 Bx )Ack_l,uk_l ( )

The prediction equations (15) and (16) are simply replaced
with (18)-(20).

The prediction and update stages for the TKF with the
modification for a nonlinear process model are shown in
Fig. 1.

B. ANALYSIS OF THE CHARACTERISTICS OF SAL SEEKER
In this section, the characteristics of the SAL seeker are
described. A laser-guided weapon is employed based on the
combination of a laser designator and SAL seeker. The laser
designator emits a laser signal consisting of pulses with short
duration and high power toward the target, which can be
located either on an aerial vehicle or the ground. The external
designator illuminates the target. The laser signal is reflected
on the surface of the target and reaches the SAL seeker
mounted on the missile. Once the seeker receives the laser
signal, the information necessary for guidance is estimated
from the detected signal.
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FIGURE 2. SAL seeker plane with 4-quadrant detector.

An SAL seeker with a 4-quadrant detector is widely used in
many laser-guided weapons [26]. The SAL seeker considered
in this study was also assumed to have a 4-quadrant detector.
Fig. 2 shows the seeker plane and the laser spot.

The seeker plane is divided into quadrants, where each
quadrant can measure the power of the received laser signal.
Information on the target can be obtained based on the fact
that the power of the laser signal measured in each quadrant
varies according to the laser spot. The measured location of
the laser spot Ax, Ay can be approximated in the following
form [26].

Ay  (P1+P)—(P3+Py)

= 21
r Protai
A P Py) — (P P
X _ @it Py — (P2t P3) 22)
r Protai

where r is the radius of the laser spot, Py, P>, P3, P4 are
powers received in quadrants 1, 2, 3, and 4, respectively, and
Piotat = P1 + P> + P3 + P4 is the total power received in
the seeker plane. The pitch look angle 6; and the yaw look

angle ¥, to the target can be approximated as 6; = % and

Y = %, respectively, where f is the focal length of the

seeker, assuming that deviations of the laser spot from the
center of the seeker plane are small in both the pitch direction
and the yaw direction.

The typical relation between the actual and measured look
angles is shown in Fig. 3, which was obtained numerically
using (21), (22). Fig. 3a) shows the measured 6; of the laser
spot with respect to its actual 6; and ;. Fig. 3b) shows the
measured 1; of the laser spot with respect to its actual 6; and
Y. Some important characteristics can be inferred from the
figures.

First, the measured 6; depended almost only on the actual 6;
and did not depend on the actual ;. Likewise, the measured
Y; depended almost only on the actual v; and did not depend
on the actual 6;. Therefore, the measurements of look angles
in the pitch direction and yaw direction can be considered to
be independent of each other.

In addition, the results showed that the measurement region
was composed of a linear region and saturated regions. The
measurement for 6; between £7.5 degrees was almost the
same as its actual value (linear region) and was saturated
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FIGURE 3. Relation between the actual and measured look angles.

above £7.5 degrees (saturated region). The small discrepancy
between the measurement and actual value in the linear region
was due to the approximation error in (21). Similar properties
were observed for the yaw angle.

Ill. PROBLEM STATEMENT

This study aimed to propose a guidance system based on the
TKEF that can expand the capture region of the missile. A pla-
nar engagement was considered in this study. The engage-
ment geometry and the equations of the relative kinematics
are given in Section III-A. The overall structure of the homing
loop is explained in Section III-B. Then, a simple mathemat-
ical model for the SAL seeker is given in Section III-C based
on the properties of the SAL seeker. Finally, the definition of
the capture region is presented in Section III-D.

A. PLANAR ENGAGEMENT GEOMETRY

The engagement geometry between a missile and a target is
shown in Fig. 4. The frame X;O;Y; represents the inertial
coordinate frame. Vj; and yu denote the speed and flight
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FIGURE 4. Planar engagement geometry.

path angle of the missile, respectively. The missile angle of
attack (AOA) was assumed to be negligible. A and r are the
line-of-sight (LOS) angle and the relative distance, respec-
tively. ays represents the normal acceleration of the missile.
oy is the look angle defined as the difference between the
LOS angle and flight path angle of the missile under the
assumption of small AOA.

oM =¥Ym — A (23)

A gradually shaded triangle in the figure describes the FOV
range of the missile.

According to the variables defined in Fig. 4, the nonlinear
equations describing the relative motion of the missile toward
a stationary target can be expressed as

r = —Vy cosoy (24)

. %
A= —Msinoy (25)
r

where the speed Vj; of the missile was assumed to be constant
in this study. aps is applied perpendicular to the missile
velocity vector. Then, the time derivative of the flight path
angle can be written as

. apm

=y (26)
B. HOMING LOOP
Fig. 5 shows the overall structure of the homing loop of
the missile. The homing loop consists of the guidance filter,
guidance law, autopilot, missile dynamics, in which the main
interest of this study was the guidance filter and the guidance
law indicated as the gray-colored blocks in Fig. 5. Addition-
ally, the missile has an inertiaAl navigation system (INS) and an
SAL seeker. In the figure, )AL, A, and Gy represent the estimated
LOS angle, LOS angle rate, and look angle, respectively. 0
and g mean the pitch angle and the angular velocity of the
missile, respectively. 6 can be regarded as the same as yy
assuming a small AOA.

There are several assumptions in this structure of the

homing loop. First, sufficiently accurate information on the
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FIGURE 5. The overall structure of homing loop.

missile’s attitude was supposed to be given from INS. Then,
information on the flight path angle can also be accu-
rately obtained under small AOA assumption. Second, it was
assumed that there was no time delay in the seeker so that
the parasitic effect can be ignored [37]. Finally, the autopilot
is modeled as the first-order lag system with constant time
delay.

Note that information on the relative distance between the
missile and the target cannot be obtained from any of INS
or the seeker. The measurement of the look angle obtained
from the seeker was the only information on the relative
kinematics. Therefore, the proposed guidance filter may not
accurately correct the estimate of the relative distance. The
estimate of the relative distance may diverge slowly due to
the loss of observability.

C. SAL SEEKER MODEL

Based on the observation given in the Section II-B, it was
enough to consider only one of the pitch or yaw angles when
a planar engagement scenario was considered. Therefore, the

mathematical model of the SAL seeker was simplified as
(27), (28).

oy =om+v 27
* *
o for |oyl| < opm sat
*
OM,s = y OM sat» for Oy = OM sat (28)
*
—OM sats for Oy = —OM sat

where oy is the actual look angle, oj’j, is a latent variable for
the look angle, and oy s is the measured look angle from the
seeker. oy sat 18 the saturation threshold of the seeker, and v ~
N (0, R) is the measurement noise following the zero-mean
white Gaussian with variance R.

Note that ojs g5 should not be confused with the seeker’s
FOV limit. oy g4 is the value dividing the linear region and
saturated region where the saturated region is a region inside
the FOV limit. The saturated region originates from the laser
spot reaching only half of the seeker plane, and not from the
laser spot getting out of the FOV limit. The FOV limit is
denoted as oy jim-

D. CAPTURE REGION

The capture region was defined as a set of initial condi-
tions on which the missile can be initiated and then results
in successful interception by following a specific guidance
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law. Although the term capture region is usually used for
describing the result of a guidance law, it is used for the entire
guidance system in this study. Additionally, the capture region
was determined by a numerical method rather than an ana-
lytic method because analytically finding the capture region
was almost intractable when the entire guidance system was
considered.

The initial relative distance ry and the initial LOS angle
Ao were considered components of the initial condition. The
continuous space of initial conditions was discretized into a
finite set that closely approximates the original space, which
was written as ®,. Given an initial condition, the conditions
of successful interception were set as

Tmiss = €r (29)
lym () — val < €y (30)
lom ()] < omiim Yt € [0, #] (31)

where €, and €, are the maximum acceptable miss distance
and terminal impact angle error, respectively. rpyiss denotes
the miss distance, which is the minimum distance between
the missile and target. # is the time when the missile is at the
closest position to the target. ys (tf) denotes the actual flight
path angle of the missile at 7, and y; denotes the desired
terminal flight path angle of the missile. The interception of a
single engagement simulation is considered successful if all
three conditions were satisfied.

The success rate of the interception py (rg, L) for an initial
condition (rg, Ag) is defined as follows:

N
1
PN (o, Ao) = = ;Mm, 20) (32)

where N is the number of trials, and 7;(rg, L) is an indicator
variable that takes 1 when a missile intercepts a target and
0 otherwise in the i th trial ¢ = 1,2,---,N). py (ro, Ao)
can be regarded as a value approximating the probability
of successful interception. Then, the capture region Cy is
defined as the following discrete set.

Cn = {(r0, A0) € Qg : pn(r0, Ao) > 0.8} (33)

IV. GUIDANCE SYSTEM

The guidance system of the missie consists of the seeker,
guidance filter, and guidance law. In this section, the design
for the guidance filter is proposed based on the TKF. Then,
guidance laws adopted in this study are explained.

A. THE PROPOSED GUIDANCE FILTER

The process model of the guidance filter was formulated
based on the relative kinematics. The measurement model of
the guidance filter was formulated based on the seeker model.
The look angle oy and relative distance r were chosen as
the state of the filter. The LOS angle A and LOS rate i were
estimated from the estimated state of the filter.
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1) PROCESS MODEL
The primary role of the TKF was to estimate . Therefore,
oy was chosen as the state. However, not only oy but also
r was included in the state vector because it was required for
estimating .

The relationship between oy, ypr, and X is

oM =VYM — A (34)

The look angle rate o)y was obtained by differentiating (34)
with respect to time as

om = ym — h (35)
Substituting (25) and (26) into (35), we have
V
oy = Msinay + M (36)
r Vi

where V) is constant. According to (36), oy and r should
be known to get o). However, information on r is not easy
to obtain because the missile was assumed not to have any
sensor to measure the relative distance directly. The value for
r should be estimated using the filter. Therefore, the time
derivative of the relative distance was also included in the
process model, which is expressed as

= —Vycosoy 37

Suppose that the normal acceleration aps has additive uncer-
tainty which was modeled as white noise with zero mean and
variance ov%. Then, the continuous-time process model can be
expressed as

. Vi . 1 1

g, ——— _ R

|: ’}‘Vli| _ |: p S oy :| 4 VM ay + VM w (38)
— Vi cosoy 0 0

where w is white noise with zero mean and variance Q = o2

By discretizing (38) using the Euler method, the discrete-
time process model is obtained as

Vm .
OMk+1| _ | OM .k + r_ SN oM k At
Fit1 i k

—Vum cosoum i
At

+ | Vi amx +wr  (39)
0

where At is the discretization time interval, oa k., rr, and
ay i are the look angle, relative distance, and normal accel-
eration at time #¢, respectively. wy is the discrete-time process
noise following a zero-mean Gaussian, whose covariance Qx
will be derived below. The above model is expressed as

X1 =f Ok, ug) + wy (40)

T
where x; = [owm i ] uk = ap .

To derive the expression for Qy, the process model (38) is
linearized around xi. Letting Ax = x — xy,

Ax = FrAx + Gay + Gw 41
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where Fy is a Jacobian matrix consisting of first-order partial
derivatives of (38) evaluated at x; as

09X X1
Fr = 8).” 8)‘c2
3)62 8)62
L dx1 0x2 dyey,
[ Vit COSOM .k —V—M sin oy i
=| n ’ r,? ’ (42)
| Vu sinopy k 0
and G is defined as
1
G=|"m 43
[ 0 ] (43)
The state transition matrix ®(z) = ef*' of the linearized
model (41) can be approximated to the first-order term as
O(r) =
2 n
t Frt
—I+Fkt+(k) (’,;)-i-
~ [ + Fyt (44)

The expression for Oy is obtained from Q and ®(z) [38]

At
O = / @(1)GOGT o(v) d
0

At
A (I + Fr1)GOGT (I + Frt)dr
0
1
= 3Az3FkGQGTFkT
1
—i—EAtZ(FkGQGT + GOG"FI') + GOG" At (45)

Denoting the (i, j) element of Fy as fj;,

Ok —1A3 w|:f11 f11f21:|

v2 L f2
2
2% 2f11 fa1 o, [10
+2A |:f1 O:|+Atvlal|:00
2At
_ UWZ |:6]11 6]121| (46)
Vi L4211 922
where q11, g12, ¢21, g2 are
1
qu = gAf2f121+Atfu+1 (47)
1 1
g = ZACfuf1+ S A (48)
21 = 412 49)
Lo
qn = 3At 51 (50

2) MEASUREMENT MODEL
The look angle measurement is given from the seeker. The
measurement model is constructed as follows:

pq[ }+v (51)

= H_xk + Vi (52)
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% for |z;| < oM sat

Zk = Y OM,sat» for ZZ > OM sat (53)

*
—OM sat» for Zp = —OM sat

where z,’j is a latent variable, v; is the measurement model
additive noise whose mean is zero and the standard deviation
is 0y.

3) ESTIMATION OF THE LOS ANGLE AND RATE

The TKF block in Fig. 5 outputs an estimate of the look angle
6um .« and the relative distancAe 7% at time step ;. The LOS
angle and rate estimates )A\k, ik can be calculated from these
outputs.

The estimate of the flight path angle of the missile P «
has approximately the same value as that of the attitude of
the missile 6 under the small AOA assumption. In this study,
it was assumed that a sufficiently accurate estimate 6y is given
from INS. Then, the LOS angle estimate A is obtained as

Mo=TPMmr—Omk (54)

where py x denotes the flight path angle estimate of the

missile at time step #. The LOS angle rate estimate A is
obtained by using (25) with &) x and 7 as follows:

2 Vm . .
A = ———sinouy (55)
Tk

B. GUIDANCE LAW

Two different guidance laws IACGBOM [36] and IACCG [6]
were adopted. Both guidance laws can impose the terminal
impact angle constraint while considering the seeker’s FOV
limit. The first one, IACGBOM, is a guidance law based on
sliding mode, requiring only the look angle and LOS angle
information. The other one, IACCG, is a composite guidance
law switching between two guidance laws. IACGBOM has
the advantage of requiring less information than IACCG.
However, its application is limited only to a stationary tar-
get, while IACCG can also be applied to a nonmaneuvering
moving target.

1) IMPACT ANGLE CONTROL GUIDANCE WITH
BEARING-ONLY MEASUREMENTS
InIACGBOM, the guidance command is derived based on the
sliding mode technique so that error variables related to the
interception condition and impact angle constraint converge
to zero. The FOV limit constraint is satisfied by introducing
a sigmoid function.

Let us denote the desired terminal flight path angle of the
missile as y;, which is determined by the prescribed impact
angle constraint. Error variables e and e; are defined as

el =A—yy (56)
ey = oy 57
Satisfying both conditions e; = 0 and e; = 0 leads to

interception at the desired impact angle. A sigmoid function
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sgmf () is defined as

sgmf (x) = (¢1 > 0) (58)

X
X2+ ¢12
Let us denote the sliding surface variable S as

S (op, A) = ez — kysgmf (eq) (0 <k < O'M,lim) (59)

where k1, ¢1 are the user chosen parameters. Note that the
value of k; should be chosen to be smaller than oy jim to keep
the look angle within the seeker’s FOV limit for the entire
engagement.

The guidance law is given as

ay = — (2—Mf2 (om, 2) + k2> Vytanh(aS)  (60)
f

where Ry is the acceptable maximum miss distance, k; is a
positive constant related to the convergence rate, and

falom, 1) = (1 +k188715gmf(€1)> Isinop|  (61)

i ) .
=|14+k—————= | |sinoy| (62)
( @Ere”?)

In (60), the hyperbolic tangent function tanh(-) is used instead
of the signum function sgn(-) to avoid the chattering caused
by the discontinuity.

2) IMPACT ANGLE CONTROL COMPOSITE GUIDANCE
IACCG is composed of modified deviated pure pursuit (DPP)
for the initial phase and pure proportional navigation (PPN)
for the terminal phase. The guidance command is switched
from DPP to PPN when a specific condition on the LOS angle
is satisfied. The purpose of the initial phase was to guide
the missile until it reaches the point from which the missile
results in intercepting the target at the desired terminal impact
angle when PPN was used. DPP was chosen as the guidance
law for the initial phase because it can directly command the
look angle inside the FOV limit.

The guidance law is given as

for [A] < |Ag]

| VMA 4K (oc —om) ., 63)
for [A] = |2

| NV,
where K is the feedback gain of the look angle error, o,
denotes the look angle command for DPP, N is the navigation

gain for PPN, and A; is the LOS angle condition on which
switching occurs. The expression for Ag is given as

N _1 ( sinyg —nsinyr Yd — O¢
Ay = —— | tan —
N -1 COS Y4 — ) COS yT N

(64)

where y; is the desired terminal flight path angle of the mis-
sile, yr is the flight path angle of the target, and n = V7 /Vy
is the speed ratio of the target and missile. Note that n = 0 in
this study because the target is assumed to be stationary.
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TABLE 1. Simulation parameters.

TABLE 2. Engagement scenario.

7o

OM,0

Values

7,000 m

-27°

50

Category Parameters Values
1%, 200 m/s
Missile Alim 10g
Vd -45°
Seeker T M sat 7.5°
O M,lim 10°
ko 10
IACGBOM Ry 0.5
01 0.15
N 3
IACCG K 300
Py diag(0.0052, 50)
Ow 0.1
EKF/TKF Oy 0.0052
Th 7.5°
Tl -7.5°

V. NUMERICAL SIMULATION

In this section, numerical simulation was performed to
demonstrate the characteristics and benefits of the TKF-based
guidance filter. First, numerical simulation results of an indi-
vidual engagement scenario are presented for the proposed
guidance filter and EKF-based guidance filter. Then, it is
demonstrated that the proposed guidance filter can improve
the success rate of interception of missiles equipped with a
strap-down SAL seeker. Finally, capture regions are com-
pared for the proposed method and EKF-based guidance filter
for various parameters of the guidance laws.

A. SIMULATION SETTING

The parameters summarized in this section are commonly
used in sections V-B and V-C. The common parameters
related to the guidance system are summarized in Table 1.
alim 18 the acceleration limit of the missile. Py is the initial
state error covariance matrix. The initial estimate Xy of the
filter is given by adding the random noise corresponding to Py
to the initial look angle and relative distance. An algorithm is
proposed in [6] for selecting the proper value of K for [ACCG
when an engagement scenario is given. However, in this
study, K is set to be a constant value over all engagement
scenarios for simplicity and consistency.

B. PERFORMANCE OF THE GUIDANCE FILTER

This section shows the estimation performance of the
TKF-based guidance filter in the saturated region. Numerical
simulations were performed at a specific engagement geom-
etry with JACGBOM law. The guidance parameters used in
this simulation are summarized in Table 1. The details for the
engagement scenario are shown in Table 2. The missile was
desired to intercept the stationary target at a terminal impact
angle of -45°. The initial look angle is denoted as oy ¢.
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Fig. 6 shows the history of various variables related to the
guidance filters. Figs. 6a and 6¢ show the look angle esti-
mate and error of the EKF-based guidance filter, respectively.
Figs. 6b and 6d show the look angle estimate and error of the
TKF-based guidance filter, respectively. In Figs. 6a, 6b, the
history for the actual look angle (black line), measurement of
the seeker (blue line), and estimated look angle (red line) are
shown. As soon as the engagement begins, the actual look
angle gets out of the linear region of the seeker, and mea-
surements were saturated at 7.5°. The shaded regions with
gray color in each figure represent the saturated region of the
seeker. It is shown that the look angle estimation performance
of the EKF-based guidance filter rapidly decreases in the
saturated region. However, it was shown that the TKF-based
guidance filter estimates the look angle relatively accurately
even in the saturated region. The TKF was designed with a
measurement model that can handle saturated measurements.
Thus, the performance degradation due to the modeling error
was not significant. Accordingly, the TKF-based guidance
filter can perform well in the saturated region of the seeker,
in which conventional filters cannot operate.

The effective FOV limit of the SAL seeker, which rep-
resents the limit of look angles that the guidance filter can
utilize, was widened when a TKF-based guidance filter is
used since it operates not only in the linear region of the
seeker but also in the saturated region. In other words, the
available region of the SAL seeker guaranteeing estimation
performance can be expanded when the TKF was combined
with the SAL seeker.

C. COMPARISON OF THE SUCCESS RATE OF THE
INTERCEPTION

This section shows that the TKF-based guidance filter gener-
ally improved the success rate of the interception py (rg, Ao)
over the region. To evaluate py (19, Ag), simulations were
performed at each initial condition of interest. The set of
initial conditions was determined as follows. First, the con-
tinuous space of initial engagement conditions of the missile
and target was discretized into grid points. The set of initial
relative distances between the missile and target, denoted as
L,, was obtained by equally spacing an interval [ 1000, 10000]
m by 250 m. That is,

L, = {1000, 1250, 1500, - - - , 10000} (65)

Likewise, the set of initial LOS angles, denoted as L, was
obtained for the two guidance laws. L) for IACGBOM was
obtained by equal spacing [-70°, -20°] by 1°, and L, for
IACCG was obtained by equal spacing [-60°, -10°] by 1°.
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(a) Look angle trajectory (EKF)
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o
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(c) Look angle error trajectory (EKF)
FIGURE 6. Look angle and look angle error trajectories.
That is,
{-70°, —69°, ... , —=20°}, for IACGBOM
Li={ ) o . (66)
{—=60°, =59°, ..., —10°}, for IACCG
Then, ®, is constructed as follows:
©g4 = {(ro, A0)lro € Ly, ko € Ly} (67)

For each (r9, Ag) € ©y4, numerical simulations were per-
formed 30 times (N = 30) with the same initial conditions
except for the different random seeds. The initial look angle
op .0 of all simulations is set as zero, which means that a
missile is always initially directed toward a target. px (1o, Ag)
was calculated according to (32), where the interception of
the target is considered to be successful if (29), (30), and (31)
are all satisfied. €, is set to 2 m and €,, is set to 2.5°.
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(d) Look angle error trajectory (TKF)

A comparative simulation is conducted on two cases
with different guidance laws. The parameters summarized in
Table 1 were used for both cases.

1) CASE1 - IACGBOM
Fig. 7 shows the distribution of py (rg, Ag) when IACGBOM
was used as the guidance law. The results were investigated
by setting the guidance parameter, k1, which had a significant
effect on the range of look angles, to 7° and 9°, respectively.

In the case when k is set to 7°, it was guaranteed that
oy remains inside the linear region for all times during
the engagement from the formulation of the guidance law.
Therefore, the distribution of py (rp, Lo) was almost the same
for the EKF and TKF-based guidance systems, as shown in
Fig. 7a, 7b.

However, when k; is set to 9°, it is allowed for oy to
exit the linear region. Actually, oy exits the linear region
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FIGURE 7. The distribution of py (ro, 1¢) for IACGBOM.

for some initial conditions although this was not always
the case. For these initial conditions, the TKF-based guid-
ance filter enables the missile to intercept a target while the
EKF-based guidance filter cannot. As a result, the region of
high py (ro, Lo) (yellow region) in Fig. 7d becomes larger
than that of Fig. 7c, which means that the TKF-based guid-
ance filter can expand the region of the high success rate of
the interception.

2) CASE2 - IACCG

Similarly, in IACCG, one of the guidance parameters o, is set
to 7° and 8° to compare the results. Fig. 8a and Fig. 8b do not
show any notable difference in the distribution of py (9, Ao)
of the two guidance filters. According to the IACCG law, the
absolute value of the look angle during the entire engagement
does not exceed that of 0. That is, if the look angle command
o, is set to 7°, o does not get out of the linear region of the
SAL seeker during the engagement. Therefore, the measure-
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Initial LOS angle (deg)
(d) k1 =9° (TKF)

ments of the seeker do not saturate for all engagements, and
the two filters operate identically.

However, if the value of o, is set to 8°, the difference
in the probability distribution for the EKF and TKF-based
guidance systems is significant. Fig. 8c and 8d show that in
the case when o, is 8°, the capture region of the TKF-based
guidance system is much larger than that of the EKF-based
guidance system. In this case, o) goes beyond the limits
of the seeker’s linear region. According to the results in
Section V-B, the performance of the EKF-based guidance
filter may be degraded. As a result, the number of initial con-
ditions for successful interception drastically decreased com-
pared to that of the TKF-based guidance filter. Summarizing
the results, the difference in the distribution of py (rg, o)
occurs due to the performance difference between the two
filters in the saturated region.

Note from Fig. 8a, 8b, that the region of high py (rg, Ag)
(yellow region) in each figure is separated into two parts
by the strip-shaped region of low py (19, A9) (dark blue
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FIGURE 8. The distribution of py (ro, 1¢) for IACCG.

strip). The left and right yellow regions originate for different
reasons. To explain the reasons, (63) and (64) should be

reviewed. The value of A is determined as Ay, = —41.5°
by using (64) in the setting of Fig. 8a and 8b. The location
of the dark blue strip in each figure was near Ay = —41.5°,

which is not a coincidence. Lookinig onto (63), it was evident
that only PPN was used if the LOS angle always satisfies the
condition A < A for Ay < 0. The missile follows the line of
sight straight from start to end when PPN was used, because
oo = 0 in the simulation setting. Therefore, the missile can
intercept the target at y; only when the missile starts the
engagement at that flight path angle. The initial conditions
in the left yellow region correspond to the cases where the
missile begins the engagement at the flight path angle close
to y4 and then uses only the PPN. The left yellow region was
a strip-shaped region rather than just a line since the success
criteria for the interception allow a small terminal impact
angle error. The centerline of the left yellow area corresponds
to the initial condition yp, = yq.
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D. EXPANSION OF THE CAPTURE REGION

This section finally shows that the proposed guidance filter
can increase the size of the capture region over guidance
parameters related to the seeker’s field of view.

Fig. 9 shows the capture regions for the different values
of k1 of IACGBOM. When the value of k; was set to 7°,
the capture regions for the two guidance systems were the
same. When the value of k| was greater than 7°, the capture
regions of both guidance systems become larger than for the
case when kj is 7°. However, when & is 9°, the capture region
of the TKF-based guidance system is slightly larger than that
of the EKF-based guidance system.

Fig. 10 shows the size of the capture region for different
values of o, of IJACCG. When the value of o, is set to 8°
or 9°, the capture region was significantly smaller than when
o, is 7° for both EKF/TKF-based guidance filters. However,
when the value of o, are 8° or 9°, the size of the capture region
of the TKF-based guidance system was much larger than that
of the EKF-based guidance system. Therefore, the size of the
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FIGURE 9. Capture region over guidance parameters of IACGBOM.
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FIGURE 10. Capture region over guidance parameters of IACCG.

TABLE 3. Comparison of the size of the capture region.

Parameter EKF TKF Expansion rate
IACGBOM

k1 =7.0° | 2623% | 26.23 % 0.00 %

k1 =8.0° | 41.55% | 41.55 % 0.00 %

k1 =9.0° | 60.83 % | 63.33 % 4.11 %

IACCG

0. ="7.0° | 56.65% | 56.75 % 0.18 %

0. =28.0° | 1272 % | 43.14 % 239.15 %
0. =9.0° | 10.65% | 42.02 % 294.55 %

capture region increases when the proposed method was used
for both JACCG and IACGBOM.

Table 3 shows the quantitative results of the size of the
capture regions. The size of capture region is calculated as

C
1Gs0l 100 (%)

68
|©4l ©%)
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where |A| for a set A represents the number of elements in the
set. In all cases, it can be seen that the size of the capture
region of the TKF-based guidance system was larger than
or equal to that of the EKF-based one. In summary, it was
quantitatively shown that the TKF-based guidance system
expanded the size of the capture region.

VI. CONCLUSION

This study proposed the method of designing a guidance
filter that can robustly operate in the SAL seeker’s saturated
region. It was shown that the proposed guidance filter can
appropriately cope with saturated measurements and conse-
quently contribute to increasing the size of the capture region.
The proposed guidance filter not only works well in normal
situations but can also robustly cope with situations in which
saturated measurements are given with affordable additional
computational loads. However, the performance of the filter
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may be degraded if the measurement remains in the saturated
region for too long time, as the estimate of the filter may
diverge due to the loss of observability. Future work includes
analyzing the effect of the residing time in the saturated
region on the performance of the filter. Additionally, verify-
ing the performance of the proposed method in more realistic
3-dimensional engagement scenarios will be meaningful.

APPENDIX
FORMULAS FOR TOBIT KALMAN FILTER
In this section, some formulas for the measurement distribu-
tion and update stage of the TKF are summarized.

The probability density function of the standard normal
distribution is denoted as ¢.

() = ——ex (—’“—2)
~ Vw2

The cumulative distribution function of the standard normal
distribution is denoted as .

P(x) = / ¢()ds

(A1)

(A.2)

First, the measurement model in (2) and (3) is repeated here
for a scalar measurement case.

zp = Hxp + vk (A.3)
., U<Z<T
=17, Z =T (A4)

The 25 = Th

where x;, € R"™1 7 € R H € R and z, 7, 1 €
R. Also, vy ~ N (O, 0’2) where N refers to the normal
distribution and o is the standard deviation of the distribution.

According to the law of total expectation, the expectation
of the measurement z; given x; can be written as

Ezklx] = Elzelt <z < wl Pl <z < )
+E [zklz < ulPlz < 1)

+E [zklze = ] P{zi > 7} (AS)

where the explicit expression for the dependence of variables
on xj is dropped from right-hand side terms for notational
simplicity. The same omission will be used without mention-
ing if there is no confusion from the context. The probability
of z; being unsaturated is given as

Dus = P{u < zx < i}

:¢<Th—ka)_q)<Tl—ka> (A6)
(o2 (o2

The probabilities of zx being saturated from above and below
are given as

ph=Pla=m = (1@) (A7)
—H
p=Pla<ul=>o (”(f—”) (A8)

VOLUME 10, 2022

The expectation of z; when not saturated is

Elz|lu <z < wl = Hxg — oA (tp, 71) (A.9)
where
¢ (‘L’h—ka> _ ¢ (T]—ka)
A(th, ) = ? i (A.10)
Pus
Also,
Elgla <ul=w, Elala=wml=w (A.1D)

Substituting (A.9)-(A.11) into (A.5),
E [zk|xk] = pus (Hxx — oA (T, 7)) + pr7 + patn (A12)
The variance of z; given x; can be written as

Var (zx |ty <zx <) = E [Z%h’l <7k < rh]

—(Elzlu <z < wm])?  (A.13)
Here,

E I:Z%h'l <k < Th] = (Hx;)* 4+ 0% — o Hx A (t, 71)

Tl¢ (‘[l—O{'ka) _ Thd) (Th_GHXk)
Pus

+o
(A.14)

Substituting (A.9) and (A.14) into (A.13),

Var (zx |t < 71 < 1)

=2 (1 —2? (T, ‘L']))

Tl¢ (nfaka) _ fh¢ (thfaka>
Pus

+oHxih (tp, 171) + 0

(A.15)
Note that zz = Hxj, + vi. Therefore,
Var (zx|t1 <z < ) = Var (v|ty <z < 1) (A.16)

Now, consider the general m-dimensional vector measure-
ment case with zj € R™1 H e R™" and z, 1,7, €
R™*1_ Also, assume that vy ~ N (0, R) where

R = diag (0(1)2, o(2)2, - ,a(m)z) (A17)
Then, the variance of the i th element of v,
Var (vi (D) 71()) < zx (D) < Th(D)) (A.18)

can be evaluated by replacing every scalar variable in (A.15)
with the i th element of the corresponding vector variable.
That is, (A.15) is evaluated elementwise for the vector mea-
surement case.
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