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ABSTRACT The electromagnetic inverse scattering problem for rotating axisymmetric objects is studied.
A modification of a previously proposed two-step algorithm is adopted to obtain the first solutions to the
problems of interest. In the first step, the forward solver is employed assuming zero rotating speed and
the geometric and dielectric parameters are reconstructed by minimizing the cost function. In the second
step, the values from the first step are used to determine the rotating speed. Numerical results for this type
of inverse problems are provided for the first time by considering test cases with rotating homogeneous
sphere and torus. The two-step algorithm is compared against the general inversion algorithm that relies on
global optimization considering all unknown variables simultaneously. It is demonstrated that the proposed
algorithm outperforms the general inversion procedure for all speeds of practical interest. The results are
analyzed for noisy data in the near-field and far-field.

INDEX TERMS Electromagnetic scattering, inverse problems, moving media, stochastic optimization,
remote sensing, rotating axisymmetric objects.

I. INTRODUCTION
The electromagnetic problems involving moving objects are
important in numerous applications like astrophysics, nuclear
physics, plasma physics and engineering [1]–[5]. Although
the most general problems need to be formulated in time
domain [2], there are important applicationswhere themotion
of the objects is such that a frequency domain formulation
is feasible [6]. The moving media behave as bianisotropic
materials in the laboratory frame even when they are isotropic
in the rest frame [7].

A very important class of the problems involves rotating
axisymmetric objects which can be studied using three-
dimensional time-harmonic models [1], [8]. A set of suffi-
cient conditions for well posedness and the finite element
approximability of the forward problem of calculating the
fields were established in [8]. In some of the indicated prob-
lems, the rotating velocity is not known and it is of particular
interest to be able to detect it using inverse scattering proce-
dures. However, to the best of the authors’ knowledge, there
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are no results on the detection of the rotating velocity from
scattered field data.

In [9] the authors developed a two-step algorithm for the
reconstruction of the velocity of two-dimensional problems
involving axially moving cylinders when the speeds are not
too large. The idea was based on the fact that for a particular
polarization of incident field (TM or TE), one of the polariza-
tions (cross-polarized component) is absent in the scattered
field when there is no motion and varies linearly with the
velocity for small speeds. In addition, the other polarization of
the scattered field (co-polarized component) is affected only
slightly (second order effect) due to motion. This led to the
algorithm in which the co-polarized component of the scat-
tered field is used in the first step to reconstruct the dielectric
and geometric properties of the media by ignoring the effects
of motion. The values deduced with the first step were then
used in the second step to find the axial speed from the cross-
polarized component. The authors were able to demonstrate
the efficiency of the two-step procedure over directly using
the whole field in a single step to simultaneously reconstruct
all the unknowns. The better performance of the two-step pro-
cedure stems from the fact that the complexity of the inversion
algorithm increases much faster than linear with the number
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of unknowns and hence the solution using two simpler steps is
much more efficient than solving the full problem in a single
step. Further, in [10], the authors studied the limitations of the
reconstruction algorithm when the measured data are noisy
and the sensors have limited capabilities.

In general three-dimensional problems, the effects of bian-
isotropy aremore complex [8], [11] and it could be difficult or
even impossible to isolate field components able to provide
so clear indication on the velocity field. However, the first
numerical results for the fields in the presence of motion
were presented in [8] and they indicate that the effect due to
motion is not too large even for relatively high values of rotat-
ing speeds. Moreover, even for higher velocity values, the
reconstruction of the geometric and dielectric unknowns by
ignoring the motion can be even better than using the general
algorithm since having a reduced number of unknowns not
only speeds up the solution process but also gives improved
precision. Therefore, in this case, we propose to define a cost
function using all the components of the fields in the first
step which is used to reconstruct the geometric and dielectric
properties assuming that the media are under rest. In the
second step, the values from the first step are used to evaluate
the speed of rotation. For small rotating speed, the numerical
results demonstrate that such an approach is effective and fast
compared to inverting all the unknowns in a single step. The
numerical results are obtained for a test problem involving
a homogeneous rotating sphere which admits an analytic
solution [1]. The robustness of the results is demonstrated
by examining the effect of different levels of noise in the
input data. The results are demonstrated also for different
measurement scenarios with amplitude and phase data from
near-field or from far-field. The effect of using simple sensors
with only amplitude data is also studied. Within the range
of rotating speeds considered, the reconstruction can obtain
accurate values even for large noise levels if the speed is large
enough. In case of small rotating speeds, the inversion can
give correct values if the noise levels can be reduced to lower
levels. Finally, to show the generality of the approach, results
are provided for a test case involving rotating torus. For this
case, the forward solver employed uses the finite element
method in the absence of an analytic solver.

The article is organized as follows. In Section II the prob-
lem is defined and the two-step algorithm employed for the
inversion procedure is explained in detail. In Section III the
numerical results for the inversion process are provided and
the efficiency and reliability of the two-step procedure are
studied. Finally, the conclusions of the article are discussed
in Section IV.

II. INVERSION PROCEDURE FOR ROTATING MEDIA
As mentioned in the previous section, the reconstruction
of velocity profiles of moving media using electromagnetic
inverse scattering techniques is an important subject. Such
techniques have been exploited for axially moving cylin-
ders in [9], [10]. Here we study the reconstruction of the
rotating speeds of axisymmetric media, which has numerous

practical applications, for example in the tachometry of celes-
tial bodies [1], [2], [8].

The unknown parameters of the inverse scattering prob-
lem may be represented by the algebraic vector u =

(ug,ud ,uv) ∈ RI+J+K , where ug ∈ RI , ud ∈ RJ and uv ∈
RK are respectively the components having the geometric,
dielectric and velocity parameters [9].

A set of S plane wave sources illuminate the scatterer. The
positions of the sources are denoted by an integer parameter
s = 1, . . . , S. The electric and magnetic fields are measured
usingM sensors whose positions are indicated by the parame-
term = 1, . . . ,M . The measured electric and magnetic fields
are denoted respectively byEmeas(s,m,u) andHmeas(s,m,u).

For a trial solution utrial = (utrialg ,utriald ,utrialv ) ∈ RI+J+K ,
we may assume to have a forward scattering procedure (fsp),
either semi analytic [1] or numerical [8], that enables us to
calculate the fields Efsp(s,m,utrial) and Hfsp(s,m,utrial).

The above quantities can be used to define the follow-
ing cost function, which is to be minimized using an opti-
mization algorithm to get the best estimate of the unknown
parameters:

CF(u,utrial)

=

∑S
s=1

∑M
m=1 ||E

fsp(s,m,utrial)− Emeas(s,m,u)||2∑S
s=1

∑M
m=1 ||Emeas(s,m,u)||2

+

∑S
s=1

∑M
m=1 ||H

fsp(s,m,utrial)−Hmeas(s,m,u)||2∑S
s=1

∑M
m=1 ||Hmeas(s,m,u)||2

.

(1)

Here the norms are just Euclidean norms for three-dimensional
complex vectors.

The above steps provide the general way to obtain the
parameters using the inverse scattering algorithm. However,
if the velocity of the rotating objects is small enough, then we
may adopt a two-step procedure for the inversion. Since the
contribution to the fields due to the rotation will be small, the
media may be assumed to be at rest for the reconstruction of
geometric and dielectric data. Thus, the cost function for the
first step will be as follows:

CF1(u,utrial1 )

=

∑S
s=1

∑M
m=1 ||E

fsp,rest (s,m,utrial1 )− Emeas(s,m,u)||2∑S
s=1

∑M
m=1 ||Emeas(s,m,u)||2

+

∑S
s=1

∑M
m=1 ||H

fsp,rest (s,m,utrial1 )−Hmeas(s,m,u)||2∑S
s=1

∑M
m=1 ||Hmeas(s,m,u)||2

.

(2)

Here the vector utrial1 = (utrialg ,utriald ) contains the geomet-
ric and dielectric unknowns and the fields are calculated with
analytic or numerical solvers for the rest case.

In the second step, we estimate the velocity by optimiz-
ing the following cost function that uses forward scattering
procedure for the rotating media along with the approxi-
mate geometric and dielectric data uas1 obtained from the
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previous step:

CF2(u,uas1 ,u
trial
v )

=

∑S
s=1

∑M
m=1 ||E

fsp(s,m,uas1 ,u
trial
v )− Emeas(s,m,uv)||2∑S

s=1
∑M

m=1 ||Emeas(s,m,uv)||2

+

∑S
s=1

∑M
m=1||H

fsp(s,m,uas1 ,u
trial
v )−Hmeas(s,m,uv)||2∑S

s=1
∑M

m=1 ||Hmeas(s,m,uv)||2
.

(3)

Both these steps are much simpler than using the cost
function in (1). For the first step, the forward scattering
procedure is much simpler due to the lack of motion and the
optimization is also simpler because the unknowns related
to the velocity are not present. The second step is simpler
as well, because it requires the optimization for only the
velocity parameters. Since the complexity of the optimization
increases much faster than linear, the two steps combined can
be more efficient than doing the direct optimization of the full
cost function.

For the optimization, here we adopt the differential evo-
lution (DE) algorithm [12]. DE is a metaheuristic algorithm
that starts with a random initial population of size Np in the
search space and keeps on improving the solution by intro-
ducing stochastic variations to the candidate solutions until a
termination criterion is satisfied. Here the condition used for
termination is that either the maximum number of iterations,
Nlim, is reached or the cost function does not improve more
than by a factor of fconv in Nconv consecutive iterations.

III. NUMERICAL RESULTS
In this section, we provide some numerical results for the
reconstruction of the unknown parameters of rotating axisym-
metric objects from the scattered electromagnetic fields. The
simulations are performed on a Intel i7-8565U, 1.8GHz,
4 core machine with 16 GB RAM. It can be noted that for
the proposed two-step algorithm, the first step involves the
traditional problem of recreating the geometric and dielec-
tric unknowns for stationary objects and is already widely
studied in the literature [13]. On the other hand, the sec-
ond step of the algorithm for the recreation of the rotating
speeds is new and therefore is analyzed here more carefully.
In Subsection III-A the proposed two-step procedure is com-
pared to the general algorithm by solving a test case which
has semi analytic solution. For this, a homogeneous rotating
sphere is considered. The measurement of near-field on a full
circle around the scatterer is used for this and the effect of
different noise levels are also studied. The same test case is
used in Subsections III-B and III-C to study the accuracy of
the two-step procedurewith simpler sensors andwith far-field
data, respectively. In particular, Subsection III-B discusses
the effect of having scattered field data with the measurement
restricted to be on an arc in the backscattered direction and
when only the amplitude data is available. Subsection III-C
examines results for the far-field and the effect of uncer-
tainty in knowing the axis of rotation of the scatterer.
In Subsection III-D, the effect of changing the dielectric

parameter on the accuracy of the algorithm is described.
Finally, in Subsection III-E a different test case is considered
for which no analytic solution is available. A homogeneous
rotating torus is studied for this and a numerical forward
solver is exploited in the solution procedure.

A. COMPARISON OF THE TWO-STEP PROCEDURE WITH
THE GENERAL ALGORITHM
We consider a simple configuration of a homogeneous sphere
rotating at a uniform speed. A first order semi analytic solu-
tion is available in the literature for such a problem [1].
We analyze the performance of the general algorithm as well
as that of the two-step procedure for the reconstruction of the
unknown parameters.

A sphere of radiusRs = 1m is considered which is rotating
about the z-axis at angular velocityωs rad/s and is illuminated
by a single plane wave (S = 1) incident along the x-axis with
a frequency of fs = 50 MHz. The incident electric field is
polarized along the z-axis. The geometry of the test case is
shown in Fig. 1. The speed of rotation can be expressed in
terms of the normalized quantity β = ωsRs/c0, where c0 is
the speed of light in vacuum. The results are for εr = 8
and β ∈ {8× 10−3, 8× 10−4, 8× 10−5} and are calculated
at M = 200 points uniformly distributed on a circle on xz
plane of radius Rm = 1.5 m from the center of the scatterer.
The electric and magnetic fields thus obtained are corrupted
with a Gaussian noise of specified signal to noise ratio (SNR).
We consider SNR dB levels in the set {20, 30, 40, 50, 60}
added to each component of the electric and magnetic fields.

FIGURE 1. The geometry of the test case involving homogeneous
spherical scatterer of radius Rs rotating about the z-axis with angular
velocity ωs. It is illuminated by a plane electromagnetic wave of
frequency fs travelling along the x axis, with electric field polarized along
the z axis. The measurement points are located around the sphere on a
circle of radius Rm.

The inversion is carried out with the DE algorithm with a
population size of Np = 10. The parameters related to the
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TABLE 1. Comparison of the results obtained by the general algorithm
and those of the two-step procedure for the reconstruction of the
unknown parameters, εr and β, of rotating sphere. The data is for a SNR
level of 40 dB in each component of the measured data. The sphere
is of radius Rs = 1 m, while the illuminating field has a frequency of
fs = 50 MHz and a direction of propagation which is perpendicular to the
axis of rotation of the sphere. The actual value of εr is 8. Three values of
the speed, β, are considered and the results are averaged over four test
runs.

termination of the algorithm are set as Nlim = 100, fconv =
0.01 and Nconv = 10. The range over which the solutions are
searched for is εr ∈ (1, 20) and β ∈ (−1, 1).
Table 1 summarizes the results for the case SNR = 40 dB

for the three values of β indicated above. The general algo-
rithm tries to find both the unknowns together using the DE
algorithm with the cost function in (1) and with u = (εr , β).
As described in the previous section, the two-step procedure
first tries to find the solution for u1 = εr by minimizing the
cost function in (2) by ignoring any rotation of the media.
The approximate solution thus found in the first step is then
used in the second step to solve for the value of u2 = β by
minimizing the cost function in (3).

Considering the stochastic nature of the optimization algo-
rithm, all the results are averaged over four test runs for each
configuration. As can be seen from the table, for SNR =
40 dB, both the algorithms give good results when the value
of β = 8 × 10−3. The relative errors in εr are 0.0139 per-
cent and 0.0112 percent for the general algorithm and the
two-step procedure respectively. The corresponding relative
errors in β are 0.467 percent and 0.266 percent. However,
the two-step procedure is able to find the solution in 1 hour
and 15 minutes whereas the general algorithm took 2 hours
and 3 minutes to find the solution. The performance of the
two-step procedure improves relative to the general procedure
when the rotating speeds are lower. For β = 8 × 10−4,
the two-step procedure obtains the solutions for εr and β
with relative errors of 0.00374 percent and 2.54 percent
respectively. The corresponding relative errors in the solution
obtained from the general algorithm are 0.0179 percent and
13.4 percent. Finally, when β = 8 × 10−5, the general
algorithm give completely unreliable result for β while the
two-step procedure gives a value with 34.3 percent relative
error.

In conclusion, the two-step procedure provides more accu-
rate solutions than the general algorithm as the rotating speed
gets lower. The time of simulation is much lower for the
two-step procedure than the general algorithm. The solu-
tions are reliable for lower values of speed as long as the
noise level is not too high. It can be noted that although the

two-step procedure is proposed assuming that the speeds are
not too high, the numerical results show that it is applicable
even for the highest of the velocity values that can be of
practical relevance.

To get an indication of how larger values of rotating speed
can affect the accuracy of the two-step algorithm, the error
values from both the algorithms are provided in Fig. 2 for
β values in the set {4 × 10−3, 8 × 10−3, 1.6 × 10−2, 3.2 ×
10−2, 6.4 × 10−2, 1.28 × 10−1}. The results indicate that,
for the homogeneous medium considered (εr = 8), the
two-step algorithm performs better than the general algo-
rithm for values of β that are less than around 2.75 × 10−2.
Although the exact values can change with the dielectric
medium, the results confirm that the two-step algorithm pro-
vides accurate results for all speeds that can be of practical
interest.

FIGURE 2. The mean relative error in the reconstructed value of β vs the
value of β for the rotating sphere. The result obtained from the two-step
algorithm is compared with that obtained using the general algorithm.
The measured fields are corrupted with SNR level of 40 dB.

To better understand how the results of the two-step pro-
cedure are affected by the noise in the scattered field data we
give the effect of SNR values on the error in the reconstructed
speed obtained using the two-step procedure. In Fig. 3 the
mean relative error in the reconstructed value of β is plotted
against the SNR levels in dB. The plots for three rotating
speeds, β ∈ {8 × 10−3, 8 × 10−4, 8 × 10−5}, are shown.
For β = 8 × 10−3, the relative error is just 0.032 percent
for SNR = 60 dB and it increases to 8.2 percent when
SNR= 20 dB.When β = 8×10−4, the average relative error
values are 0.35 percent for SNR = 60 dB and 27 percent for
SNR= 20 dB. Finally, for β = 8×10−5, the average relative
errors are 4.47 percent for SNR = 60 dB and 493.6 percent
for SNR= 20dB. It can be noted that for small values of β the
effects of motion on the electromagnetic field are small and
the noise can easily affect the field more than motion. In these
cases accurate measurements of the field are necessary. It is
interesting to point out, however, that if this is done good
results can be achieved.
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FIGURE 3. The mean relative error in the reconstructed value of β vs the
SNR levels in dB for the rotating sphere. The results are shown for three
different values of β.

B. PERFORMANCE OF TWO-STEP PROCEDURE WITH
SIMPLER SENSORS
In the previous, subsection we examined the performance of
the reconstruction algorithm when the measurement of the
complex fields was available on the full circle outside the
scatterer. Now we examine the performance of the two-step
algorithm under limitations introduced by the sensors. First
we study the effect of restricting the measurement points
to only a small portion along the backscattering direction.
After that, we also investigate the effect of having only the
amplitude data for the electromagnetic fields which can allow
us to use much simpler sensors.

FIGURE 4. The mean relative error in the reconstructed value of β vs the
SNR levels in dB for the rotating sphere using data in the backscattered
direction. The results are shown for three different values of β.

The results obtained by considering only the measure-
ment points along the backscattered direction are provided in
Fig. 4. For this we use only the portion of measurement data
that belongs to an arc subtending an angle of 90 degrees along
the backscattering direction. So we considered 50 measure-
ment points on an arc on xz plane of radius 1.5 m from the

FIGURE 5. The mean relative error in the reconstructed absolute value of
β vs the SNR levels in dB for the rotating sphere using amplitude only
data in the backscattered direction. The results are shown for three
different values of β.

center of the scatterer. It is observed that the reconstruction
algorithm still works well with such a restriction. For example
for β = 8 × 10−4 and with SNR = 60 dB, the relative error
in the reconstructed value of β is 0.55 percent as compared
to 0.35 percent obtained previously using the data on the full
circle. For β = 8×10−4 and SNR= 40 dB, the corresponding
values are 3.4 percent and 2.5 percent. With β = 8 × 10−4

and SNR = 20 dB the errors become 108.1 percent using the
data along backscattered direction as opposed to 27.3 percent
with the data on the full circle.

Next, we examine the effect of using sensors that can
measure only the amplitude of the electromagnetic fields. For
this case, we have to modify the cost functions involved so
that only differences in the magnitudes of each component
of the fields are considered. The measurement points used
for the reconstruction are the same as those in the previous
step involving only backscattered fields. In this case, it is
not possible to distinguish between the clockwise and anti-
clockwise rotations and therefore we have to consider only
the absolute value of the reconstructed β. The results are
provided in Fig. 5. As expected, the accuracy is not as good
as that obtained with both amplitude and phase information.
For example, with β = 8× 10−4 and with SNR= 40 dB, the
error in the reconstructed speed is 64.1 percent as opposed to
3.4 percent obtained using both amplitude and phase mea-
surements. However, with less noisy data the accuracy is
acceptable as in the case with β = 8 × 10−4 and with
SNR = 60 dB, where we get an error in the reconstructed
speed of 1.28 percent. Similar comparisons can be made for
the case of β = 8 × 10−3 and β = 8 × 10−5 shown in the
figures and the results are good when the speed is not very
small and the SNR is good enough.

Therefore, in conclusion, we still get good solutions for
the rotating speeds when the measurement is restricted to
the backscattering direction. The results are degraded when
only amplitude data are available but the errors are still small
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provided that the noise does not overwhelm the effects of
motion.

C. RECONSTRUCTION OF THE SPEED OF ROTATION FROM
FAR-FIELD DATA
So far, we concentrated on the performance of the recon-
struction algorithm using the total field data in the near-field
region. Next, let us analyze the performance of the algorithm
with the scattered electromagnetic field in the far-field region.
For this, we consider the measurement arc on xz plane in the
backscattered direction of radius 1.5×103 m from the center
of the scatterer. The results are plotted in Fig. 6.

FIGURE 6. The mean relative error in the reconstructed value of β vs the
SNR levels in dB for the rotating sphere using far-field data in the
backscattered direction. The results are shown for three
different values of β.

The algorithm performs well for β = 8 × 10−3 and the
error for SNR values greater than or equal to 30 dB is less than
2.2 percent and is 13.1 percent for SNR of 20 dB. However,
for β = 8 × 10−4, the error in the reconstructed value of β
is 3.7 percent for SNR of 60 dB and is around 9 percent for
40 dB and rises to 23 percent for 30 dB SNR. Finally, for β =
8× 10−5, the reconstruction algorithm performs very poorly
for the considered values of SNR. The error for 60 dB SNR in
the data is 4 percent while for 50 dB the error is 19.3 percent
and rises to unacceptable levels as the noise increases.

Let us also examine the effect of error in the knowledge
of the axis of rotation of the scatterer. For this, we may
generate the measurement data using the forward model on
an arc whose plane is rotated by an angle α from the xz plane
while still using the old set of points for the reconstruction
algorithm. The results with such an approach are shown in
Fig. 7 for α = 10◦. For β = 8× 103, the algorithm is able to
find the value of the rotating speed with an error of less than
1.6 percent for SNR values greater than or equal to 30 dB.
The error for β = 8× 10−4 is 1.3 percent for SNR of 60 dB,
15.1 percent for SNR of 40 dB and 22.8 percent for SNR of
30 dB. Finally, forβ = 8×10−5, the results for the considered
values of SNR are unreliable with a 36 percent error even

FIGURE 7. The mean relative error in the reconstructed value of β vs the
SNR levels in dB for the rotating sphere using far-field data in the
backscattered direction and α = 10◦. The results are shown for three
different values of β.

for SNR of 60 dB, which rises to a 102 percent error for
SNR of 40 dB.

D. THE EFFECT OF DIFFERENT DIELECTRIC MEDIA
Let us also examine the effect of changing the dielectric
parameter, εr , on the accuracy of the reconstructed speed. The
result for a rotating speed of β = 8 × 10−4 is presented in
Fig. 8. The measurements are considered at M = 200 points
on a circle of radius Rm = 1.5 m. The permittivity values
considered are εr ∈ {4, 8, 12, 16, 20}, and the results are
shown for three noise levels, SNR ∈ {30, 40, 50} (dB). The
reconstruction becomes more difficult if the scattering is
weak and therefore we can in general expect a larger error
for smaller values of εr . This trend can be confirmed from the
obtained results. For instance, with SNR= 40 dB, the relative
error is 25.7 percent for εr = 4 while it reduces to 0.37 per-
cent for εr = 20. Similarly, the error goes from 140 percent
to 1.5 percent for SNR = 30 dB and from 2.99 percent to
0.069 percent for SNR= 50 dB, as εr increases from 4 to 20.

E. RECONSTRUCTION OF THE SPEED OF ROTATING TORUS
All the previous results were obtained for rotating sphere
which admits a semi analytic solution for the forward prob-
lem. Now we apply the algorithm to rotating homogeneous
torus for which analytic solutions are not available; a numer-
ical forward solver has to be exploited instead. The direct
solution for the fields is obtained using a finite element
method [8], [14]. The solver is implemented using a
model in the commercial simulator COMSOL Multiphysics
(COMSOL, Burlington, MA). The axis of symmetry of the
torus is taken as the z-axis about which the torus rotates with
an angular velocity of ωs. The major radius, Rtor , and the
minor radius, rtor , of the torus [8] are taken as respectively
0.75 m and 0.25 m. The geometry of the test case is shown
in Fig. 9. We may express the speed of rotation using the
normalized quantity β = ωs(Rtor+rtor )

c0
. The scattering medium
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FIGURE 8. The mean relative error in the reconstructed value of β vs εr
for the rotating sphere with β = 8× 10−4 and the measurements are
considered at M = 200 points on a circle of Rm = 1.5 m. The results are
shown for three different values of SNR.

FIGURE 9. The geometry of the test case involving homogeneous toroidal
scatterer of major radius Rtor and minor radius rtor rotating about the z
axis with angular velocity ωs. It is illuminated by a plane electromagnetic
wave of frequency fs travelling along the x axis, with electric field
polarized along the z axis.

at rest is characterized by εr = 8 andµr = 1. It is illuminated
by a plane wave incident along the x axis, polarized along z-
axis and with a frequency fs = 150 MHz.
The numerical domain is set to Rd = 4 m and the

measurement data are taken at M = 200 uniformly placed
points on a circle in xz plane of radius Rm = 1.5 m. The
variational formulation is implemented in the mathematics
module of the COMSOL Multiphysics using a second order
edge element formulation. A tetrahedral meshing is donewith
241181 elements, 41605 nodes and 9438 boundary elements.
The algebraic solver used is GMRES with a tolerance of
10−4 and a with geometric multigrid preconditioner. The
reconstruction algorithm searches for the optimal value of β
in the range (0, 10−2) and the parameters of the DE optimizer
are the same as before (Np = 10, Nlim = 100, fconv = 0.01,
Nconv = 10). The measured data is corrupted with noise
as before with SNR levels varying from 20 dB to 60 dB.

Compared to the analytical solutions, the numerical solvers
produce additional noise, due to discretization errors and the
tolerance in algebraic solver, which could affect the perfor-
mance of the inverse algorithm.

The results are shown in Fig. 10 for values of β ∈ {8 ×
10−3, 8 × 10−4, 8 × 10−5}. For β = 8 × 10−3, the relative
error in the solution is less than 1.6 percent when SNR in
the measured data is greater than or equal to 30 dB. In the
case of β = 8× 10−4, the relative errors are 2.14 percent for
50 dB SNR, 13.9 percent for 40 dB SNR and 21.6 percent for
30 dB SNR. When β = 8× 10−5, the relative errors are very
high. It is 16.7 percent for 60 dB SNR, 29.9 percent for 50 dB
SNR and more than 100 percent when SNR is greater than or
equal to 40 dB. As mentioned before, the additional noise in
the numerical solver is a reason for the worse performance of
the reconstruction algorithm compared to the case with semi
analytic forward solver. In particular, for small values of the
rotating speed, we need not only to perform very accurate
measurements of the fields but also to reduce numerical errors
in order to get reliable results.

FIGURE 10. The mean relative error in the reconstructed value of β vs the
SNR levels in dB for the rotating torus with measurement data on a circle
of radius Rm = 1.5 m on the xz plane. The results are shown for three
different values of β.

IV. CONCLUSION
In this paper, the electromagnetic inverse problem involving
rotating axisymmetric objects was studied for the first time.
We investigated the reconstruction of the rotating speeds of
axisymmetric objects from the scattered field data. A two-
step algorithm was proposed for the inversion when the
speeds are known to be not too large. In the first step, a for-
ward solver is employed assuming zero rotating speed and the
geometric and dielectric data are reconstructed by minimiz-
ing the cost function. In the second step, the values from the
first step are used to determine the rotating speed. By defining
a test case involving rotating homogeneous sphere, the two-
step procedure is compared with the straightforward inver-
sion procedure which solves for all the unknowns together.
It was established that the two-step procedure is much faster
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and also more accurate if the rotating speeds assume values
of practical interest. The performance of the algorithm was
tested with different types of noisy data: near-field data, far-
field data and amplitude only data were used as inputs to
the two-step procedure to obtain the rotating speeds. The
results show that for relatively small speed values the two-
step procedure can reliably recover the velocity of rotation
provided that the noise does not overwhelm the effects of
the rotation on the field. In addition to rotating sphere, the
algorithm was also applied to a rotating torus to demonstrate
the generality of the results. This article studied only the
test cases with homogeneous velocity profiles to give the
first results on the efficiency and accuracy of the two-step
procedure. However, the proposed algorithm is general and
can be applied to more complex velocity profiles.

REFERENCES
[1] D. De Zutter, ‘‘Scattering by a rotating dielectric sphere,’’ IEEE Trans.

Antennas Propag., vol. AP-28, no. 5, pp. 643–651, Sep. 1980.
[2] J. G. Van Bladel, Electromagnetic Fields, 2nd ed. Piscataway, NJ, USA:

IEEE Press, 2007.
[3] C. Yeh, ‘‘Reflection and transmission of electromagnetic waves by a

moving plasma medium,’’ J. Appl. Phys., vol. 37, no. 8, pp. 3079–3082,
Jul. 1966.

[4] Y. Yan, ‘‘Mass flow measurement of bulk solids in pneumatic pipelines,’’
Meas. Sci. Technol., vol. 7, no. 12, p. 1687, Dec. 1996.

[5] M. Li, Y. Hu, R. Chen, and G. Vecchi, ‘‘Electromagnetic modeling of
moving mixed conductive and dielectric BoRs with an effective domain
decomposition method,’’ IEEE Trans. Antennas Propag., vol. 68, no. 12,
pp. 7978–7985, Dec. 2020.

[6] D. K. Cheng and J.-A. Kong, ‘‘Covariant descriptions of bianisotropic
media,’’ Proc. IEEE, vol. 56, no. 3, pp. 248–251, Mar. 1968.

[7] M. Pastorino and M. Raffetto, ‘‘Scattering of electromagnetic waves from
a multilayer elliptic cylinder moving in the axial direction,’’ IEEE Trans.
Antennas Propag., vol. 61, no. 9, pp. 4741–4753, Sep. 2013.

[8] P. K. Ramakrishnan and M. Raffetto, ‘‘Well posedness and finite ele-
ment approximability of three-dimensional time-harmonic electromag-
netic problems involving rotating axisymmetric objects,’’ Symmetry,
vol. 12, no. 2, p. 218, Feb. 2020.

[9] M. Pastorino, M. Raffetto, and A. Randazzo, ‘‘Electromagnetic inverse
scattering of axially moving cylindrical targets,’’ IEEE Trans. Geosci.
Remote Sens., vol. 53, no. 3, pp. 1452–1462, Mar. 2015.

[10] M. Brignone, G. L. Gragnani, M. Pastorino, M. Raffetto, and A. Randazzo,
‘‘Noise limitations on the recovery of average values of velocity profiles in
pipelines by simple imaging systems,’’ IEEE Geosci. Remote Sens. Lett.,
vol. 13, no. 9, pp. 1340–1344, Sep. 2016.

[11] P. K. Ramakrishnan and M. Raffetto, ‘‘Three-dimensional time-harmonic
electromagnetic scattering problems from bianisotropic materials and
metamaterials: Reference solutions provided by converging finite element
approximations,’’ Electronics, vol. 9, no. 7, p. 1065, Jun. 2020.

[12] R. Storn and K. Price, ‘‘Differential evolution—A simple and efficient
heuristic for global optimization over continuous spaces,’’ J. Global
Optim., vol. 11, no. 4, pp. 341–359, Dec. 1997.

[13] M. Pastorino,Microwave Imaging. New York, NY, USA: Wiley, 2010.
[14] J. Jin, The Finite Element Method in Electromagnetics. New York, NY,

USA: Wiley, 1993.

PRAVEEN KALARICKEL RAMAKRISHNAN
received the bachelor’s degree in electrical and
electronics engineering from the National Insti-
tute of Technology, Calicut, India, in 2010, the
master’s degree in electrical engineering from
the Indian Institute of Science, Bengaluru, India,
in 2012, and the Ph.D. degree in electronics and
telecommunication engineering from the Univer-
sity of Genoa, Italy, in 2018. He worked as a
Research and Development Engineer at Tribi Sys-

tems, from 2012 to 2014, and as a Postdoctoral Researcher with the Uni-
versity of Genoa, from 2018 to 2021. His research interests include direct
and inverse scattering, computational electromagnetics, RF and microwave
engineering, and bioelectromagnetics.

MARIO RENE CLEMENTE VARGAS (Graduate
Student Member, IEEE) received the B.Sc. degree
in electronic engineering from the National Uni-
versity of Engineering, Peru, in 2002, and the
M.Sc. degree from the University of Genoa,
Italy, in 2014, where he is currently pursuing the
Ph.D. degree with the Department of Electrical,
Electronic, Telecommunications Engineering, and
Naval Architecture (DITEN). He worked as a
Technical Support in the field of telecommunica-

tions. He is also working with the Applied Electromagnetics Laboratory,
DITEN, University of Genoa. His research interests include the field of
high-capacity transmission lines for microwave circuits and photobiomod-
ulation therapy.

MIRCO RAFFETTO was born in Genoa, Italy,
in 1967. He received the Laurea degree in elec-
tronic engineering (summa cum laude) and the
Ph.D. degree in models, methods and tools for
electronic and electromagnetic systems from the
University of Genoa, in 1990 and 1997, respec-
tively. After a four-year period spent in a telecom-
munications company, in 1994, he joined the
Applied Electromagnetic Group, University of
Genoa, where, at present, he is a Full Professor

in electromagnetic fields with the Department of Electrical, Electronic,
Telecommunications Engineering, and Naval Architecture. Since 2016,
he has been the Coordinator of the Bachelor of Science course in elec-
tronic engineering and information technology. His research interests include
electromagnetic theory, electromagnetic scattering and computational elec-
tromagnetics. In 2006, he was a recipient of the Emerald Literati Network
Outstanding Paper Award.

168192 VOLUME 9, 2021


