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ABSTRACT A discrete winding function analysis (DWFA) based approach for the modelling of skewed
rotor cage-type induction motor with minimal simulation time is presented in this paper. The rotor slot
skew has a significant attenuating impact on principal slotting harmonics (PSH) or rotor slotting harmonics
(RSH). These harmonics can play a significant role in sensor-less speed estimation and condition monitoring
of induction machines. The advanced fault diagnostic algorithms are becoming increasingly dependent on
the fast and accurate mathematical models of electrical machines. The most accurate models are based
on the finite element method (FEM), but the computational complexity and the required simulation time
make them unsuitable for model-dependent fault diagnostic algorithms. Moreover, as most models are 2D,
they cannot incorporate axial asymmetries such as rotor slot skews. Furthermore, most analytical models,
such as modified winding function analysis (MWFA), depend upon the continuous integration functions,
increasing complexity while implementing them in the online environment in digital signal processing
boards. To resolve all those issues, DWFA based model is proposed in this paper, which can simulate the
majority of the faults in negligible time compared to the corresponding FEM models. The impact of slot
skews and unbalanced power supply on the current spatial harmonics is studied, and the results are compared
with the practical measurements taken from the laboratory setup.

INDEX TERMS Analytical models, discrete-time systems, condition monitoring, electrical machines,
electromagnetic modeling, fault diagnosis, induction motors.

I. INTRODUCTION
The role of induction machines in modern-day society is
indispensable because of their simple and rugged structure,
low cost, easy maintenance and reliability. Their dominant

The associate editor coordinating the review of this manuscript and

approving it for publication was Dazhong Ma .

and frequent use increases the importance of their mathemat-
ical models not only for design and control but also for their
condition monitoring. As the faults in electrical machines
are degenerative, their detection at the embryonic stage is
of crucial importance to avoid any catastrophic situation.
Varieties of very mature diagnostic algorithms, which do not
depend upon the model of the system, are available in the
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literature. However, with the increasing trend of industrial
inverters, conventional diagnostic algorithms such as MCSA
do not remain straightforward. Moreover, those techniques
may also vary according to the motor working environment.
The common diagnostic techniques that do not depend upon
the motor model are MCSA, thermal analysis, acoustic anal-
ysis, stray flux monitoring, partial discharge analysis, air gap
flux monitoring etc. [1].

The conventional diagnostic techniques related prob-
lems can be avoided by using advanced model-dependent
condition monitoring techniques. The reliable model-based
diagnostic algorithms depend upon the accurate and fast
mathematical models of induction motors. These models
can be used for the fault identification and severity estima-
tion [2], [3], for the training of multi-agent systems [4], for
the development of vector classifiers [5, for the comparison
of fault indexes [6], for online parameters estimation [7], [8],
and motor drives [9, etc. Among several model-dependent
condition monitoring techniques, the artificial intelligence
(AI) based fault diagnostic techniques are gaining height-
ened popularity [10]. The only challenge with AI techniques
is the requirement of big data for training purposes. The
training data set should have as many healthy and faulty
cases as possible for better reliability of the diagnostic
algorithm.

The collection of big data with all possible faulty cases
is very challenging from the industry as well as from the
laboratory environments. From industry, it is difficult because
of the limited number of faulty machines working due to pre-
ventive maintenance. Moreover, the training data set should
have signals with very well-defined types and severity of the
fault so that they can be considered as benchmark signals.
On the other hand, from the laboratory, it is difficult as a
limited number of destructive tests can be performed due to
economic limitations.

The only possible solution is the mathematical model that
can simulate various faults within an acceptable duration of
time. The mathematical models can be broadly classified
into two categories: Analytical and Numerical. A typical
example of numerical models is the finite element method
(FEM) based models. The FEM based models can give
promising results as almost all practical aspects can be
included [11]–[13], making them suitable for design prob-
lems. Those aspects can be related to material, geometry
and winding configuration. The only problem with FEM
modeling is the amount of simulation time that is not fea-
sible for fault diagnostic algorithms. These models cannot
easily become the part of drive because of associated limited
computational resources. Moreover, these models are not
feasible for inverse problem theory where observables are
mapped towards the unknowns. The reason for this is the
FEM solution related large matrices whose inverse solution
cannot give stable and unique results. The most common
example of analytical models is the magnetic circuit cou-
pling (MCC) based models. In these models, the electrical
circuit’s equations are used for the simulation of performance

parameters. The most common MCCmodels are the winding
function analysis (WFA) basedmodels wheremachine design
parameters can be definedwith the help of Fourier summation
or conditional analytical equations.

Considerable work has already been reported in this
domain. For example, The authors of [14] simulated stator
short circuit faults in squirrel cage induction motor (SQIM)
using winding function analysis (WFA) while the broken
rotor bars were presented in [15]. The authors of [16] used
this approach to analyze various faults, such as stator phase
disconnection, broken bars, and broken end rings. The WFA
approach for the analysis of adjustable speed drive applica-
tions is presented in [17], [18]. The modelling of a permanent
magnet machine with a fractional slot concentrated winding
can be studied in [19]. In most of the WFA based models, the
air gap is considered constant, making the model unsuitable
for implementing eccentricity-based faults. Moreover, the
effects of stator and rotor slot openings cannot be studied.
These studies may also include the effects of general and
local saturations. Furthermore, these models are unsuitable
for sensor-less speed drive systems as the principal slotting
harmonics (PSH) are potentially ignored.

These problems can be solved using the modified winding
function analysis (MWFA) method, where the slot openings
of the stator and rotor can be considered bymaking the air gap
a function of the stator and rotor relative position. The authors
in [20] extended theWFA based method to simulate electrical
machines with a non-uniform air gap. The use of the MWFA
to model the stator and rotor slot effects for speed sensor-less
drive systems is presented in [21]. The static and dynamic
eccentricities are presented in [22] and [23], respectively.
Unlike [21], where the air gap permeance is approximated by
cosine series functions, [24] used the actual stator and rotor
slot opening functions and a medium magnetic equipotential
surface to simulate the machine. By doing so, the authors
obtained results very close to the ones obtained from FEM.
The simulation time was further reduced by exploiting the
symmetry of the rotor cage, however, it is not valid in the case
of faulty machines. The primary approximation frequently
used in all the papers cited earlier is that; the machine is
symmetrical in the axial direction, which is not always true.
In most machines, the rotor slots are skewed to attenuate the
rotor slotting harmonics (RSH). Those harmonics are atten-
uated for the reduction of speed and torque ripples. In this
paper, a novel technique for implementing rotor skews is
proposed. In continuation of [25], this paper has the following
attractive features.
• Unlike most of the papers where an integral function

is solved for the calculation of inductances, in this
research, a discrete mean value equation is proposed.
The derived mean value equation reduces the compu-
tational complexity and the integral calculation-based
approximations.

• The proposed DWFA formula is further extended to
incorporate the machine’s axial asymmetries such as
rotor slots skew.
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FIGURE 1. The equivalent circuit diagram of rotor cage.

• Unlike most of the papers where the spatial harmonics
are defined with the help of Fourier summation of the
selective number of harmonics, in this paper the wind-
ing functions and the air gap is defined with the help of
conditional analytical expressions. The approximations
related to the self-defined number of harmonics and
their amplitude can be avoided by doing so.

• The impact of rotor slot skews on PSH amplitude is
studied, while in most of the papers, it is neglected.

• The impact of negative sequence currents on the devel-
opment of spatial harmonics is investigated.

• The model is divided into online and offline portions.
All the inductances are calculated in the offline portion,
and the results are saved in 3-D lookup tables. Once
the offline calculation is done, most of the faults can be
simulated in the online portion without doing unneces-
sary offline calculations again.

II. THE ANALYTICAL MODEL
The induction machines are magnetically coupled electrical
circuits. Mostly the primary windings are static and asso-
ciated with the stator side, while secondary windings are
associated with the rotor and rotate with it. The magnetic
coupled circuits theory-based voltage equations of a squirrel
cage induction motor are described as;

V s = IsRs +
d
dt

ϕs, (1)

0 = IrRr +
d
dt

ϕr , (2)

whereVs, Is, Ir,Rs andRr are vectors containing stator three-
phase voltage, stator three-phase current, stator resistances,
and rotor resistances. While ϕs and ϕr are the stator and
rotor fluxes, respectively. The voltage matrix on the rotor side
is zero because the end rings are short-circuiting the rotor
phases that are bars in cage-induction machines.

The following equations present the detailed description of
voltage equations of stator and rotor in the form of matrices
that makes the implementation of the model easier (3) and
(4), as shown at the bottom of the next page.

The matrix elements with subscript ‘‘s’’ and ‘‘r’’ are
respective stator and rotor associated entries. The dimen-
sion of rotor related matrices depends upon the number of
bars in it plus one more which corresponds to the end ring.

The end ring-related rows and columns shown in (4) could
be neglected because their value is minimal and the end
ring current is approximately zero because all rotor phases
are equally mechanically spaced. Nevertheless, neglecting
them can cause the problems of singularities while taking
the inverse of matrices, and the end ring faults cannot be
implemented. The equivalent circuit diagram of the rotor cage
is shown in Figure (1), from where (4) can be written using
simple voltage equations.

The stator flux is the function of stator self and mutual
inductances and their corresponding currents (5).

ϕs = LssIs + LsrIr , (5)

where Lss and Lsr are matrices containing stator and rotor self
and mutual inductances, as presented below:

Lss =

 Laas Labs Lacs
Lbas Lbbs Lbcs
Lcas Lcbs Lccs

 ,
Lsr =

 Lar1 Lar2 . . . Lari . . . Larn Lare
Lbr1 Lbr2 . . . Lbri . . . Lbrn Lbre
Lcr1 Lcr2 . . . Lcri . . . Lcrn Lcre

 ,
Lsr =

 Lar1 Lar2 . . . Lari . . . Larn 0
Lbr1 Lbr2 . . . Lbri . . . Lbrn 0
Lcr1 Lcr2 . . . Lcri . . . Lcrn 0

 ,
The subscripts a,b,c, and r represent entries related to the
stator and rotor phases.

Similarly, rotor fluxes can be represented as:

ϕr = LrsIs + LrrIr = LTsrIs + LrrIr , (6)

Lrr =



Lr1r1 Lr1r2 · · · Lr1ri · · · Lr1rn Lr1re
Lr2r1 Lr2r2 · · · Lr2ri · · · Lr2rn Lr2re
...

...
...

...
...

...
...

Lrir1 Lrir2 · · · Lriri · · · Lrirn Lrire
...

...
...

...
...

...
...

Lrnr1 Lrnr2 · · · Lrnri · · · Lrnrn Lrnre
Lrer1 Lrer2 · · · Lreri · · · Lrern Lrere


The rotor end-ring leakage inductance depends upon the
number of rotor phases (nb), the number of stator phases
(m), the number of pole pairs (P), the bar length (lbar), stator
effective length (ls), a factor (v = 0.18 for P > 1) and the
average ring diameter (Dr) as in (7) [24].

Le = µo
nb

3mP2

(
(lbar − ls)+ ν

πDr
2P

)
, (7)

III. THE FORMATION OF DWFA METHOD AND
INCORPORATING ROTOR SKEW
Other than the leakage, various magnetization inductances
in induction machines can be classified as; stator-stator self,
stator-stator mutual, stator-rotor mutual, rotor-rotor self and
rotor-rotor mutual inductances. The main contributing fac-
tors among many for these inductances are stator and rotor
winding configurations, air gap permeance functions, radius,
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and the machine’s length. According to the winding function
based theory, those inductances can be calculated using (8).

Lij (θe) = µorl
∫ pπ

0
P(θe, α)Ni(θe, α)nj(θe, α)dθe, (8)

where µo is the permeability of the free space, r is the mid-
air-gap radius of the machine, l is the effective length of the
machine, P(θe, α) is the inverse air gap permeance function,
N(θe, α) is the winding function, and n(θe, α) is the turn
function. The theta (θe) and alpha (α) are the rotor and stator
angles from a fixed reference point. These angles can be
electrical or mechanical and will be equal in the case of a
two-pole machine.

The integrator shows the summation of all rotor position-
dependent variables multiplied at each position in the
continuous-time domain. The usual integration calculation is
based on the area under the curve, which can be calculated
using the trapezoidal rule. Unfortunately, this rule not only
increases the error but also increases the complexity of the
integral solution. To avoid those problems, (8) can be reduced
to a mean value function, as shown by (9).

Lij (θe)=pπµol

< rg((θe, α)P((θe, α)Ni((θe, α)nj((θe, α) >, (9)

Since all the inductances are supposed to be calculated at dif-
ferent rotor positions from 0 to 2π mechanical, the problem
is no longer in the continuous-time domain. Instead, it can be
considered in a discrete-time domain where all rotor position-
dependent functions can be defined as vectors having ‘‘n’’
elements. Then, all those vectors can be multiplied in an
element-wise manner. Finally, the average can be calculated
by adding the elements of the resultant vector and dividing
it by the total number of steps as shown by (10). By doing
so, the integral complexity with the increasing number of

rotor position-dependent variables does not remain a problem
anymore. Moreover, the exploitation of constant air gap and
complex analytical representation of various inductances as
in [26], [27] can be easily avoided.

Lij (θe)=
pπµol
n

×

n∑
k=1

(
rg((θe, α)P((θe, α)Ni((θe, α)nj((θe, α)

)
k

(10)

where the element-wise multiplication of all rotor position-
dependent variables will create a vector of ‘‘n’’ elements. All
elements are then added and divided by ‘‘n’’ to get the mean
value.

Till this point, the machine is in two dimensions (x, y)
while the third axial dimension is neglected. Usually, the
induction machines in the axial direction are considered sym-
metrical, which is not always true. The most common reason
for axial asymmetry is the stator and rotor slot skews, which
reduce speed and torque ripples.

The rotor slot skews can be included by introducing a third
angle known as skew angle (αsk). The rotor can be divided
into ‘‘n’’ number of segments in the axial direction, and
the inductances of all segments can be calculated separately.
Since all segments are serially attached, the final inductance
vector will be equal to the sum of all individual segment
vectors, as shown by (11) and (12).

Lij (θe)

=
pπµo
n

×

[
l1

n∑
k=1

(
rg1((θe, α)P1((θe, α)Ni1((θe, α)nj1((θe, α)

)
k

 vasvbs
vcs

 =
Ras 0 0

0 Rbs 0
0 0 Rcs

 iasibs
ics

+ d
dt

 ϕasϕbs
ϕcs

 , (3)



0
0
...

0
0
0


=



2 (Rb + re) − Rb 0 0 . . . 0 − Rb − re
−Rb 2 (Rb + re) − Rb 0 . . . 0 0 − re
0 − Rb 2 (Rb + re) − Rb . . . 0 0 − re
...

...
...

...
...

...
...

...

0 0 0 0 . . . 2 (Rb + re) − Rb − re
−Rb 0 0 . . . − Rb 2 (Rb + re) − re
−re − re − re − re . . . − re − re nbre



∗



ir1
ir2
ir3
...

ir(n−1)
irn
ire


+

d
dt



ϕr1
ϕr2
ϕr3
...

ϕr(n−1)
ϕrn
ϕre


(4)
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+ l2
n∑

k=1

(
rg2((θe, α)P2((θe, α)Ni2((θe, α)nj2((θe, α)

)
k

+ . . .

+ ln
n∑

k=1

(
rgn((θe, α)Pn((θe, α)Nin((θe, α)njn((θe, α)

)
k

]
(11)

Lij (θe)

=
pπµo
n

×

n∑
s=1

n∑
k=1

[
ls

(
rgs((θe, α, αsk)× Ps((θe, α, αsk )

×Nis((θe, α, αsk )× njs((θe, α, αsk )

)]
k

(12)

All rotor position-dependent variables can be defined by
shifting the corresponding reference vector by n elements
for each segment. The number of shifting elements depends
upon the number of segments and the samples per segment,
as shown by (13) and (14).

lseg =
lef
nseg

(13)

samplesseg =

(sampes per skew angle
in terms of stator slots)

nseg
αsk = skew angle = n stator slot pitch (14)

where lseg is the segment length, lef is the rotor effective
length, nseg are the total number of segments in the axial
direction.

All these inductances are saved in 3D tables as a func-
tion of rotor position. To calculate the machine performance
parameters such as currents, fluxes, torque and speed, the
pre-saved matrices are called as a function of rotor position.
In the online simulation environment, the rotor position shall
be used to index the corresponding 2D matrix. The main
equations for the simulation of the machine’s global variables
are shown in (15) and (16).

Te =
1
2

(p
2

)(
ITr

d
dθ

L
rs
Is + ITs

d
dθ

L
sr
Ir

)
, (15)

J
d
dt
ωm = Te − TL − Bf ωm, (16)

IV. THE PSH GENERATION CRITERIA
The leading causes of high-frequency current harmonics are
the changing air gap and the non-sinusoidal distributed stator
and rotor winding functions. Due to these factors, the air gap
MMF distribution does not remain perfectly sinusoidal but
becomes the function of the rotor position. These frequency
components always remain present in the frequency spectrum
of any healthy induction machine and yield speed and torque
ripples. However, their amplitude can be attenuated by using
an appropriate winding distribution on the stator side and
putting a skewed cage on the rotor side. The eccentricity
and principal slotting harmonics (PSH) or rotor slotting har-
monics (RSH) in a squirrel cage induction machine can be

FIGURE 2. The description of rotor skew angle.

described by the following equation;

fecce =
[
(knb ± nd )

(
1− s
P

)
± v

]
fs, (17)

And the mixed eccentricity by:

fecce = fs ± kfr , k = 1, 2, 3, . . . (18)

where nd is the dynamic eccentricity which is 0 for static
and 1, 2, 3, . . . . for dynamic eccentricity. nb is the number
of rotor bars, s is the slip, P is the number of pole pairs, k is
any positive integer, ν is the power supply based harmonic
order, and fs is the fundamental supply frequency.
Not all combinations of nb and P can produce PSH in

the current and voltage spectrum. The air gap MMF based
harmonics, also known as PSH or RSH, will develop in stator
voltage and current if any element from the set of P(6m ± 1)
is equal to the stator winding based pole pair number of the
space harmonics defined by (Q − Nb − Pn) or (Q − Nb +
Pn) [21].

More precisely, the PSH or RSH will develop in the fre-
quency spectrum if the following equality holds [28].

nb = 2P [3 (m± q)± r] (19)

where m ± q = 0, 1, 2, 3 . . . and r = 0 or 1.
Out of two fundamental PSH components, one is more

significant than the other. The most significant or PSH1
depends upon the winding distributions or air gap MMF
distribution. The least significant component (PSH2) is due
to the reverse rotating field because of the negative sequence
currents. Even if PSH2 is absent in the simulation results,
or the machine is not a PSH machine, the voltage imbalance
and constructional imperfections can generate them in the
healthy practical machine. Moreover, the changing air gap
due to the stator and rotor slot openings also contribute to
the production of PSH2. The following is the list of crucial
factors that can have a direct influence on the presence and
the amplitude of PSH components;
• Stator and rotor MMF
• Slot permeance functions
• Material saturation (flux fringing, rotor bridges)
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FIGURE 3. The air gap function of (a) the stator (gs), (b) the rotor (gr), (c) the net equivalent (gs+gr), and (d) the inverse air
gap function at a specific rotor position.

• Slots skew
• Machine asymmetry (inherent eccentricity, unbalanced
stator windings etc.)

• Unbalanced supply voltages

V. THE AIR-GAP AND WINDING FUNCTIONS

gs (θe)

=

{
rg + h11, 0 ≤ θe ≤ B11
rg, B11 < θe ≤ (B11 + Btt ),

(20)

gr (θe, α)

=

{
rg + h21, 0 ≤ θe ≤ B21
rg, B21 < θe ≤ (B11 + Brt ),

(21)

The stator and rotor slot openings are the main reasons
of the non-uniform air gap. From the air gap mid-point, the
stator gs (θe) and rotor gr (θe, α) associated air gaps with the
inclusion of slot openings can be defined using conditional
analytical expressions.

Where B11, Btt, B21, Brt, h11, h21, rg are the width (in terms
of angle) of the stator slot opening, stator tooth tip, rotor slot
opening, rotor tooth tip, stator slot depth without winding, the
rotor bar depth, and the height of air gap centre respectively.
The geometrical description of the stator and rotor slots can
be found in [25].

The total air gap is the sum of both air gaps and changes
with moving rotor, as shown in Figure (3). The extended lines

in the total and the inverse air gaps are the locations where
stator and rotor slot openings coincide with each other.

Similarly, the stator and rotor winding functions can be
defined. Again, the stator winding function is stepped dis-
tributed, and on the rotor side, each pair of subsequent rotor
bars represent each rotor phase, as shown in Figure (4).

VI. SIMULATION RESULTS
Each rotor segment produces the inductance profile similar
to the adjacent segment but shifted by a specific number of
samples described in equation (14).

The number of samples depends upon the number of sam-
ples per segment. Moreover, the number of shifted copies
of the inductance profile depends upon the number of rotor
segments. Figure 5 (a) shows the stator-rotor mutual induc-
tance as the function of rotor position while the entire rotor is
divided into four equally spaced segments. All shifted copied
of the inductance profile will remain within the skew angle
equal to one stator slot pitch in the motor under investigation.
Since all segments are axially connected, the total inductance
will be equal to the sum of all individual vectors. The final
inductance profile tends to become smooth as the skew angle
is introduced, as shown in Figure 5 (b). Figure 5 (a)-(b)
intends to describe slot-related ripples’ attenuation in the
inductance profile as the skewed bar is considered. However,
the length is taken as constant in all cases until this point for
ease of understanding.
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FIGURE 4. The winding functions (a) a three-phase stator, (b) one loop of the rotor.

FIGURE 5. The stator-rotor mutual inductance, (a) for each segment (4 segments), (b) the final inductance.

Figure (6) shows the smoothing of all inductances with
the inclusion of rotor slot skew. For comparison, the rotor is
initially considered as a single piece without any skew. Then
the rotor core is axially divided into forty equal segments
with slot skew angle equal to one stator slot pitch. The
blue line shows the inductance behaviour with the stepping
rotor by considering it as non-skewed. The red lines show
the smoothing of the inductance profiles when the skew is
considered. The inductance profiles not only increases the
smoothness but also reduce the peak-to-peak ripple magni-
tude. Since the machine has 48 stator slots, 40 rotor slots
and 4 poles, the number of cycles of changing inductance till
120 degrees electrical angle are 8 on rotor-rotor and about
6.67 on stator-stator related inductances. However, the total
number of cycles is 40 in stator related while 48 in rotor
related inductances. The design parameters, such as wind-
ing functions and air-gaps, are defined by the vectors, each
having a size equal to 10 × Qs × nb (19200). The vector
size equal to the integral multiple of the number of stator and
rotor slots avoids the problems of fractional number while
implementing the equations. The rotor step size is equal to
one sample, which corresponds to 0.0375 degrees electrical,
giving better resolution.

The corresponding derivatives are shown in Figure (7),
where it is evident that the rate of change of inductances with
respect to the rotor position decreases significantly with the
inclusion of rotor slot skew. The rate of changing inductances
can be further reduced by increasing the skew angle.

The simulated phase currents with non-skewed and skewed
rotor bars are shown in Figure (8) (a) and (b), respectively.
In both cases, the pre-saved inductance matrices are used
in an online environment. The simulation is performed with
19200 rotor steps equal to ten times the number of stator
and rotor slots. As already discussed, the selection of an
appropriate number of rotor steps is very crucial for simu-
lation without any error. The number of rotor steps should
be such that; it is divisible with the number of stator slots;
it is divisible with the number of rotor bars—otherwise, any
fractional value while calculating samples per slot pitch will
lead to an error. Moreover, the number of rotor segments
should equally divide the number of samples corresponding
to the skew angle. All these conditions can be achieved by
considering the rotor steps equal to ‘‘k’’ times the number of
stator and rotor slots (21). The rotor slot skew based reduction
in torque ripples is shown in Figures (8) (c) and (d). While for
better comparison both skewed and non-skewed rotor based
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FIGURE 6. The calculated inductances with (red) and without (blue) rotor slots skew, (a) stator to stator self (Laa), (b) stator to stator
mutual (Lab), (c) stator to the rotor (Lar), and (d) rotor to rotor (Lrr) concerning the rotor position.

torque profiles are shifted across the zero line.

fs = k × Qs × nb; k = 1, 2, 3, . . . . (22)

The simulated currents are much smoother with a skewed
rotor than the corresponding rotor with non-skewed rotor
bars. It is due to the attenuation of the PSH harmonics,
as shown in Figure (9). In the machine under investigation
with 40 rotor bars, two pole pairs, zero dynamic eccentric-
ity, and 0.0067 slip, the PSH1 and PSH2 components will
develop at 883 Hz and 983 Hz theoretically according to the
equation (17). The machine is a PSH machine as it holds
the equality given by equation (19). Both harmonics are
attenuated from 0.04922 A and 0.0617 A to 0.00398 A and
0.00914 A, respectively while the same Hamming window is
used for all cases.

Although, the skew angle attenuates the PSH components
quite significantly. It should be appropriately optimized as,
on the one hand, it attenuates the high-frequency compo-
nents, but on the other hand, it decreases the machine power.
Table 1 shows the impact of rotor bar skews in terms of
stator slot pitch. It is clear that with the increase in the slot
skew, the amplitude of PSH components decreases but slip
increases with constant load. Similarly, the mean generated
torque reduces under constant slip conditions. Therefore, the
best practice is to make skew angle equal to one stator slot
pitch as it is in the machine under investigation.

TABLE 1. The effect of slot skew on slip and generated torque.

TABLE 2. The development of PSH with skewed rotor.

It is worth mentioning here that the current spectrum
in Figures 9 and 10 are of phase current that is why
both PSH1 and PSH2 components are visible. However,
in the case of a perfectly symmetrical machine with a bal-
anced supply PSH2 component will disappear from the line
current.

As described by equation (17), the slotting harmonics
are the function of slip in terms of frequency and ampli-
tude. Figure (10) shows the movement of these components
as the slip increases from 0.0030 to 0.05. The skew in
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FIGURE 7. The derivative of the inductances with (red) and without (blue) rotor slot skews (a) stator to stator self (Laa), (b) stator to
stator mutual (Lab), (c) stator to the rotor (Lar), and (d) rotor to rotor (Lrr) with respect to the rotor position.

FIGURE 8. The stator currents with the rotor in (a) 2D without slot skew, (b) 3D with slot skew equal to one stator
slot pitch, (c) the comparison of torque profile with and without rotor slot skews, (d) the zoomed comparison of
torque profile with and without skews.
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FIGURE 9. The development of PSH1 and PSH2 with and without slot skew in phase current.

FIGURE 10. The development of PSH1 and PSH2 with skewed rotor bars while the PSH2 is present because the
phase current is taken into consideration here.

slots changes the rotor winding function, which affects the
PSH1 component while the PSH2 is very prominent here
because the phase currents are considered. The frequency
and amplitude of fundamental slotting harmonics are given in
table 2.

In the line currents, the PSH2 components are cancelled
out as shown in Figure (11). The development of PSH2 in
the line current depends upon the non-linear behaviour of the
magnetic material, local saturation on tooth tips, the fringing
effects, any asymmetry in machine and supply unbalances.

VOLUME 9, 2021 165941



B. Asad et al.: Modeling and Investigation of Slot Skews and Supply Imbalance on Development of PSH

FIGURE 11. The development of PSH1 and cancellation of PSH2 with skewed rotor bars as the line currents are
considered here while the supply is perfectly balanced.

FIGURE 12. The development of PSH2 when the supply is made unbalanced according to the measured voltages from the
supply side given in table 3.
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FIGURE 13. The experimental setup, block diagram (left), test rig (right).

FIGURE 14. The PSH1 and PSH2 in practical measurements.

The tooth tip saturation and flux fringing effects can be
simulated by reducing the height of stator and rotor slot
openings however are neglected here. The development of
the PSH2 component due to unbalanced supply is shown in
Figure (12). For better understanding, the supply voltage in
simulation is made the same as measured from the practical
setup.

VII. PRACTICAL SETUP AND RESULTS
For experiments and measurements, a test rig is prepared,
consisting of two identical motors coupled back to back
as shown in Figure 13. One machine is under investiga-
tion while the other is acting as a load. Both machines are
mounted on the same mechanical base and coupled through
their shafts. The loading machine is fed through the inverters
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TABLE 3. The supply based negative and zero sequence voltages.

TABLE 4. The development of PSH with skewed rotor in practical
measurement.

TABLE 5. The development of PSH with skewed rotor in practical
measurement.

to improve its controllability for various load levels. Grid
feeds themachine under investigation. The stator currents and
voltages are measured using the Dewetron transient recorder.
The measured signals’ sampling frequency is 10 kHz, and
the measurement time is 70 seconds, giving an excellent
resolution of the frequency spectrum. The selection of appro-
priate sampling frequency also reduces the problems related
to aliasing and mirror frequency components. The quality of
supply voltage in the sense of negative and zero sequence
components is presented in Table 3.

The negative sequence components result is flux rotating in
opposite direction to the main flux. It results in the develop-
ment of the RSH2 component with a corresponding increase
in speed and torque ripples. The specifications of the machine
under investigation are given in table 4.

The most prominent causes of current harmonics in induc-
tion machines are; supply, winding and inherent eccentric-
ity based harmonics. Moreover, since both machine and its
supply are not ideal, the factors such as, negative sequence
currents generating reverse rotating field, the material local
saturation points, flux fringing, the stator winding asymme-
try, the skinning and proximity effects, the thermal effects
on the resistance and leakage flux can also affect the slotting
harmonics. As discussed earlier, most of these factors affect
the PSH2 component quite significantly. This is why PSH2

is lower in amplitude than the PSH1 component, as described
in Figure (14) and table 5.

The simulation results are in a very good agreement with
the practical results. The RSH1 components obtained from
simulation have almost same amplitude as the ones obtained
from the practical measurements. However, a slight differ-
ence in RSH2 is due to neglecting the non-linear behaviour
of magnetic material and local saturation of stator and rotor
tooth tips. The material saturation can be included by using
the B-H curve as a lookup table in the online section of
the model, while local saturation can be incorporated by
modulating the air gap and can be considered as future work
in this domain.

VIII. CONCLUSION
A new approach for the modelling of a skewed rotor based
squirrel cage induction motor has been presented in this
paper. The conversion of a 2D continuous integration based
winding function to a 3D discrete mean value equation, the
definition of the air gap and winding functions using condi-
tional analytical expressions and the inclusion of rotor slots
skew are the crucial features of the proposed model.

For implementation, the model is divided into offline and
online portions. All inductances and resistances are calcu-
lated as a function of rotor position in the offline portion,
and results are saved in the 3D lookup table. The pre-saved
results are then used in the online portion for the sim-
ulation of the performance parameters. By doing so, the
offline calculations do not need to be calculated in the online
portion, which decreases the simulation time considerably.
As discussed in [25], the proposed model takes only three
minutes per segment for the offline calculations while the
online section takes only a few seconds to simulate the global
parameters of the motor. This fact makes the model a good
candidate for model-dependent condition monitoring algo-
rithms. In comparison the FEM models can take several days
to simulate the machine in 3D. In the light of the results
and discussion following are the concluding remarks of the
model.

• Since the model considers all design parameters as con-
ditional analytical expressions, it is suitable for analyz-
ing machine under various healthy and faulty scenarios.
The fault cases may include broken rotor bars, broken
end rings, static and dynamic eccentricity and stator
short circuits.

• Since the model takes negligible simulation time com-
pared to the corresponding FEMmodels, it is suitable for
model-dependent fault diagnostic algorithms and drives
where sensor-less speed estimation is required. The loca-
tion of PSH components can be used for the estimation
of slip without speed sensors.

• The transformation of the conventional integration based
winding function formula to discrete mean value equa-
tion reduces the simulation time and computational com-
plexity. Moreover, the integration constant related issues
are also resolved.
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• Unlike conventional winding function-based models
where the harmonics are defined using Fourier series,
the proposed model considers the design parameters
and calculate the performance parameters. Thus, this
approach reduces the problems of self-defined number,
frequency and amplitude of current harmonics.

• Most importantly, the model can incorporate axial asym-
metries in the machine, the rotor slot skews can be easily
simulated. It is observed that with skewed rotor bars, the
PSH has quite a different amplitude, which is impossi-
ble to study using conventional winding function based
2D models. The same is true in the case of 2D FEM
models. Moreover, the 3D FEM models are computa-
tionally so intense that they do not remain suitable for
model-dependent fault diagnostic algorithms and drives.

• It is observed that the PSH1 depends upon the wind-
ing configurations while PSH2 depends upon material,
design and supply related asymmetries.

• The supply based negative sequence currents play a
significant role in the development of PSH2 with the
resultant increase in the speed and torque ripples.

As the model is suitable for the implementation of almost
all faults and can simulate the results in negligible time as
compared to the FEMmodels.With its increased applicability
to incorporate axial asymmetry, it can be a very good choice
for model-dependent fault diagnostic techniques.
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