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ABSTRACT In this paper, a new application of active chaos is presented. It will be shown how chaotic
behavior allows to address the energy transport in networks of linear oscillators. The paper is focused on RLC
oscillators coupled in a network through links implemented by capacitors. The capacitances are subjected
to an external input which leads to fluctuations in their values. This creates the conditions for the onset of
decoherence, a situation in which a phenomenon called environment-assisted quantum transport occurs in
quantummechanics. From numerical and experimental observations, the use of active chaos to alter the value
of the coupling capacitances reveals to be more effective than the use of random fluctuations. This implies
that an energy control strategy for linear systems based on chaos can be outlined.

INDEX TERMS Chaos, nonlinear circuits, nonlinear dynamics.

I. INTRODUCTION
The topic of chaos has been on the last decades a dominant
theme in nonlinear dynamics, as regards both the discovery
of chaotic behavior in a wide class of systems, from biology
to social dynamics, and the design and realization of analog
electronic devices producing strange attractors, chaotic and
hyperchaotic behavior [1]. Even if a wide literature exists on
this topic, the active use of chaos in real applications has been
mainly described in secure communication [2]–[5] and in the
improvement of motion control performance [6]. The interest
of researchers has been also dedicated to the use of chaos for
the design of random number generators [7], especially in the
discrete-time domain [8].Within these applications, the prob-
lem of chaos synchronization achieved excellent results [9],
as well as the problem of defining anti-chaos control strate-
gies to elicit chaotic behavior for applications [10].

In this paper, a novel active application of chaotic systems
is proposed. It covers the problem of electrical energy dis-
tribution and its flux control in a network, a problem that
is timely also in view of microgrids, where a decentralized
strategy often leads to improved performance [11].

Transport phenomena [12] observed in multiple scientific
field, especially as concern quantum mechanics, have been
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found to be efficiently driven in presence of dephasing and
incoherence [13], a phenomenon called environment-assisted
quantum transport (ENAQT). Evidences of energy transport
driven by intentionally injected noise have been recently
retrieved in different scenarios, not only in quantum environ-
ment, where it is at the basis of novel quantum computing
paradigms [14], but also in classical mechanics, where it is
used to design novel energy harvesting devices [15]. This idea
of using noise for addressing energy has been successfully
applied recently in [16], where coupled linear oscillators are
considered. Numerical and experimental analyses unveiled
the possibility to obtain an improvement of the energy
transport efficiency in networks of electronic oscillators
through a mechanisms similar to that happening in quantum
systems.

More specifically, the experimental results discussed
in [16] are related to a ring of three passive linear identi-
cal RLC oscillators coupled by capacitors, where a random
time-dependent perturbation acts on one of the coupling
capacitance by altering its nominal value. When a limited
amount of energy is injected in the system, the effect of the
random variation of the coupling capacitance is to control
the directionality of the energy transfer among the oscil-
lators. This effect depends on the topological structure of
the network, i.e. which coupling capacitance is randomly
varied, and on the intensity of the noise, i.e. the amplitude
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of the fluctuation around the nominal value of the coupling
capacitance.

As seen in quantum systems, also in electronic oscillators
the key ingredient to obtain the ENAQT effect is a decoherent
environment. This can be associated to dephasing [17] or
broadband oscillations. The stochastic approach considered
in [16], therefore, allows to obtain the decoherent environ-
ment but lacks in controllability, as the stochastic flow cannot
be adaptively fixed to gain specific transport effects. Here,
instead, we focus on deterministic chaotic oscillations to alter
the value of the coupling capacitance, leading to significant
improvements in terms of energy transport efficiency.

The active use of chaos to induce the decoherent environ-
ment leads also to further innovative and promising results.
Chaos shares with noise a broadband spectrum, yet being the
outcome of a deterministic nonlinear process [18]. Even if
the topic of chaos is of wide interest for scientist in several
fields, the active use of chaos has limited practical applica-
tions [19], especially in cryptography [20], pseudo-random
number generators [21] and evolutionary algorithms [22].
The active use of chaos for controlling the flux of energy in a
network is therefore innovative and the numerical and experi-
mental results which will be shown herein will encourage the
research in this direction.

Moreover, by using chaotic signals generated by nonlinear
electronic devices, it is possible to control their characteris-
tics, as regards both their distribution and intensity. Therefore,
in this paper, the importance of using chaos instead of random
signals will be emphasized showing that the efficiency of the
energy transport can be improved.

The paper is organized as follows: in Sec. II the math-
ematical model of the considered network of oscillators is
introduced, thus allowing for both numerical and experimen-
tal analysis of the setup, in Sec. III a direct comparison with
the results presented in [16] is given focusing, numerically
and experimentally, on the case of a ring of three coupled
oscillators and introducing the chaotic fluctuation in the cou-
pling capacitance. The more general case of networks with a
higher number of nodes or different topologies is dealt with
in Sec. IV by means of numerical simulations. Conclusions
and future directions are discussed in Sec. V.

II. THE MODEL
Let us consider the setup introduced in [16] and schematically
reported in Fig. 1. It consists in N RLC oscillator coupled
through the capacitors Cnm. The mathematical model of the
network can be written as:

dVn
dt
= −

1
C

in + Vn
R
+

N∑
n6=m

Cnm

(
dVn
dt
−
dVm
dt

)
in
dt
=

Vn
L

(1)

where Vn is the voltage across the n-th RLC parallel, in is the
current flowing through the inductor L of the n-th oscillator,
and Cnm is the coupling capacitor between the n-th and the

FIGURE 1. Schematic representation of the setup with N = 3.

m-th oscillator. Let us consider at first the case N = 3, thus
recovering the conditions discussed in [16].

The coupling capacitance C12 is made time-varying as
C12(t) = C12 [1+ φ(t)]. In [16], φ(t) is a random noise
signal characterized by a normal distribution with zero mean,
whose variance σ is the control parameter. In this paper, the
signals derived from a Chua’s circuit, whose implementation
can based on operational amplifiers [18], are used as φ(t).
The Chua’s circuit can be represented by the following

system of nonlinear differential equations:

ẋ = κ [α (y− h(x))]

ẏ = κ [x − y+ z]

ż = κ [−βy] (2)

where h(x) = m1x + 1
2 (m0 − m1)(|x + 1| − |x − 1|) is a

piece-wise linear function and α, β, m0 and m1 are system
parameters and κ is the time-scale of the system.

The chaotic signals produced by the Chua’s circuit are
zero-mean signals whose amplitude is scaled so that it
corresponds to the range of a random signal with normal
distribution and unitary variance. This allows to act on a
single control parameter, namely the variance σ , which scales
both the random signal and the chaotic signal, leading to
a direct and coherent comparison of the results. Moreover,
in the Sec. III, all the parameters of the system have been
chosen consistently with [16] in order to allow for a direct
comparison of the effect of the different choice for φ(t).

Following [16], we define the transport efficiency of the
n-th RLC oscillator as

Wn =
1
N

∫
∞

0

〈
V 2
n (t)
R

〉
dt (3)

whereN is the total energy dissipated by all oscillators, Vn(t)
and R are the voltage across the capacitor and the value of the
resistance of the n-th RLC oscillator.

III. NUMERICAL AND EXPERIMENTAL RESULTS
The numerical and experimental analysis, described in the
following, is performed accordingly to [16], so that a single
input pulse is provided to circuit 1 with a pulse duration of
200 µ s. The numerical integration of system in Eqs. (1) is
not straightforward, as the derivatives of the voltages appear
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in the right hand side of the equations:

C
dV1
dt
= −i1 −

V1
R
− Cx [1+ φ(t)]

(
dV1
dt
−
dV2
dt

)
−Cx

dV1
dt
+ Cx

dV3
dt

L
di1
dt
= V1

C
dV2
dt
= −i2 −

V2
R
+ Cx [1+ φ(t)]

(
dV1
dt
−
dV2
dt

)
−Cx

dV2
dt
+ Cx

dV3
dt

L
di2
dt
= V2

C
dV3
dt
= −i3 −

V3
R
− 2Cx

dV3
dt
+ Cx

dV1
dt
+ Cx

dV2
dt

L
di3
dt
= V3 (4)

where Cx = C12 = C13 = C23 = 39 µ F, R = 1 k�,
L = 1 mH.

Therefore, in order to numerically integrate the system
and also to propose a reliable circuit implementation, the
Eqs. (1) are rewritten isolating the derivatives by subsequent
substitutions. Since the explicit equations are too long to be
reported in the text, we refer the reader to the Appendix where
an algorithm, based on symbolic computation, to determine
them is described. The equations have been integrated by
using the Runge-Kutta method (RK4) with fixed step size
1t = 0.001 s.

As concern the experimental circuits, we followed
the approach discussed in the Supplementary Information
of [16]. The circuits, in fact, are not implemented as physical
RLC oscillators, rather they are implemented using properly
wired operational amplifiers TL084 and analog multipliers
AD633with voltage supplyV+ = −V− = 12V. This solution
allows to avoid the use of inductors in the circuit implemen-
tation. The conceived circuitry, even if based on active opera-
tional amplifiers, can be considered as an analogue realization
of the ideal passive RLC circuits. The time-varying coupling
induced by C12(t) in Eqs.(1) is, then, obtained through a cou-
pling circuit based on an analog multiplier (see the Supple-
mentary Information of [16]) that, rather than implementing
a physical time-varying capacitor or a varactor, implements
the coupling coefficient C12(t) as a voltage controlled gain.
The Chua’s circuit is implemented by following the scheme
based on operational amplifiers reported in Fig. 2, which fol-
lows a design approach based on the state-controlled Cellular
Nonlinear Networks (SC-CNN), as described in [18]. The
chaotic variable is then injected in the circuits and through the
coupling circuit modulates the gain implementing the value
of the coupling coefficient C12(t).
In Fig. 3(a), the efficiencies Wn calculated by numerical

integration of the system equations are reported for different
values of the parameter σ , which accounts for the amplitude
of the injected signal, either random (dashed lines) or chaotic
(continuous lines). In particular, when using chaos we have

FIGURE 2. SC-CNN based circuit implementation of the Chua’s
equations (2). Components: R1 = 4 k�, R2 = 13.3 k�, R3 = 5.6 k�,
R4 = 20 k�, R5 = 20 k�, R6 = 380 � (potentiometer), R7 = 112 k�,
R8 = 112 k�, R9 = 1 M�, R10 = 1 M�, R11 = 8.2 k�, R12 = 1 k�,
R13 = 51.1 k�, R14 = 100 k�, R15 = 100 k�, R16 = 100 k�, R17 = 100 k�,
R18 = 1 k�, R19 = 8.2 k�, R20 = 100 k�, R21 = 100 k�, R22 = 7.8 k�,
R23 = 1 k�, C1 = C2 = C3 = 50 nF, Vcc = 12 V.

that φ(t) = y(t) with α = 9, β = 14.286, m0 = −
1
7 and

m1 =
2
7 (i.e. the system is in the so-called double-scroll

attractor [18]). To allow a direct comparison of the effects of
the different choice of φ(t), the range of y(t) has been scaled
so that it is equal to that of a random signal taken from a
gaussian distribution with unit variance (i.e. σ = 1) and the
time-scale κ = 1000 has been adopted, so that the Chua’s
circuit operates around 1 kHz, consistently with [16]. The
corresponding plots obtained from the realized experimental
circuits are reported in Fig. 3(b).

It appears clear that the transport efficiency is impacted
by selecting φ(t) either as a random or a chaotic signal.
Moreover, the specific signal used to make time-varying the
coupling capacitor C12(t) leads to different transport condi-
tions. The improvement introduced by chaos, in fact, is evi-
dent noticing that a narrower fluctuation range for C12(t), i.e.
lower values of σ , leads to a significant increase in the energy
transport from oscillator 1 to oscillator 2.

This effect is arguably linked with the different distribu-
tions of the random signal and of the variable y(t), reported
in the histograms shown in Fig. 4(a). Another advantage of
using chaos hinges on this property. Different variables of the
Chua’s circuit in the same operating conditions are associ-
ated with different distributions and, thus, produce different
effects in terms of energy transport, as shown by the experi-
mental results reported in Fig. 4(b). Moreover, the behavior
of the Chua’s circuit can be modified by acting on one of the
two parameters α and β. In this way, the characteristics of the
signal φ(t) can be suitably adapted to specific situations as its
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FIGURE 3. Efficiency W calculated for each RLC oscillator as a function
of σ when φ(t) is a chaotic (continuous line) or a random (dashed line)
signal: (a) numerical and (b) experimental results. Parameters as reported
in the main text.

histogram and its amplitude can be shaped varying the two
control parameters. This consideration leads us to reinforce
the concept of using nonlinear deterministic analog circuits
in order to control the flux of energy in the network.

With the aim of verifying the occurrence of a similar energy
transport phenomenon as a byproduct of varying the RLC
parameters, even in absence of fluctuations of the coupling
capacitor C12, we evaluated the efficiencies of the three
oscillators when the quality factor of the RLC circuits is
varied. In particular, we acted on the value of the resistor R
to change the quality factor simultaneously in all the three
oscillators. We then calculated the efficiencies when σ = 0
and σ = 0.1, with φ(t) = y(t) from the Chua’s circuit.
As shown in Fig. 5, a variation of R leads to a similar effect
of addressing the energy transport between a pair of them.
However, using chaos in modifying the value of the coupling
capacitance leads to the significative capability of addressing
energy transport over the whole network, including the third
oscillator whose efficiency remain unaltered for σ = 0.
Moreover, we observed that the trend of the energy dis-

sipated by resistor R in each circuit decays as a damped
oscillation as shown in Fig. 6, where the transients of V1, V2,
and V3 for one of the experiments conducted are reported,

FIGURE 4. Effect of the different distributions of the signal φ(t).
(a) Histograms of the scaled variable y (t) (in red) and of the random
noise with zero mean and unit variance (in blue). (b) Efficiency W
calculated for each RLC oscillator when φ(t) is the x(t) (square markers)
or z(t) (circle markers); in the insets the distributions of the two Chua’s
circuit variables x(t) and z(t) are reported.

FIGURE 5. Efficiency W calculated for each RLC oscillator as a function
of R when φ(t) is a chaotic signal with σ = 0 (continuous line), i.e.
no fluctuations of the capacitance C12 and σ = 0.1 (dashed line).
Parameters as reported in the main text.

together with the chaotic signal φ with σ = 0.1. In Fig. 7,
the time-constant τE of the energy decay has been evaluated
in the experiment as a function of σ for the three oscillators.
It appears evident that, while the decay for oscillator 3 is
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TABLE 1. Slope of the linear dependence of τE with respect to σ .

FIGURE 6. Transient of the three voltages V1, V2, and V3 for a single
experiment when the chaotic signal φ(t) is selected as the state variable
y (t) of the Chua’s circuit with σ = 0.1.

FIGURE 7. Time-constant τE of the energy decay in each RLC oscillator as
a function of σ . The slope δ(i ) of the linear trend of τE with respect to σ is
also graphically indicated.

not affected neither by the noise, nor by the chaotic signal
driving C12(t), the decays of oscillators 1 and 2 are signif-
icantly modified. Moreover, chaos leads to a decrement of
τE for oscillator 1, and a corresponding increment of τE for
oscillator 2, thus showing that energy is actually transferring
to oscillator 2 that need more time to damp it out.

Since the trend of the time-constant τE for oscilla-
tors 1 and 2 shows a region with a linear behavior with respect
to σ , we can define the slope δ of this linear trend. The value
of δ is therefore a measure of the increase of the energy
transport in a given direction in presence of an increase of σ .
We evaluated experimentally δ in the oscillators 1 and 2 for
different values of α and β, choosing φ(t) = y(t), i.e. the
second variable of the Chua’s circuit, as reported in the Tab. 1.
For the sake of comparison, we also report in the Table the
value of δ obtained using as φ(t) a random signal [16].

It is, therefore, evident that the time-constant of the flux of
energy can be effectively controlled by acting on the parame-
ters of the Chua’s circuit. It is also manifest that the slopes are
sharper when using chaos with respect to the random noise as
considered by [16]. These findings allow to determine that it
is possible to aim at an adaptive control strategy for the energy
dynamics of the network.

IV. ADDRESSING ENERGY IN NETWORKS
OF RLC OSCILLATORS
The encouraging results obtained in addressing energy in
a ring of three RLC oscillators by using chaos, lead us to
attempt a generalization of the concept by considering either
larger rings of RLC oscillator or more complex topologies.
In this Section, we will report two sample cases, namely a
N = 4 ring network and a N = 4 star topology.

A. RING OF N = 4 RLC OSCILLATORS
Let us consider the case of N = 4 RLC oscillators con-
nected in a ring where the capacitor C12(t) = C12 [1+ φ(t)],
thus the capacitance fluctuations occur on the coupling
between the oscillators 1 and 2, as in the case discussed in
Sec. III. The equations of the model can be written in this
case as:

C
dV1
dt
= −i1 −

V1
R
− Cx [1+ φ(t)]

(
dV1
dt
−
dV2
dt

)
−Cx

dV1
dt
+ Cx

dV4
dt

L
di1
dt
= V1

C
dV2
dt
= −i2 −

V2
R
+ Cx [1+ φ(t)]

(
dV1
dt
−
dV2
dt

)
−Cx

dV2
dt
+ Cx

dV3
dt

L
di2
dt
= V2

C
dV3
dt
= −i3 −

V3
R
− 2Cx

dV3
dt
+ Cx

dV2
dt
+ Cx

dV4
dt

L
di3
dt
= V3

C
dV4
dt
= −i4 −

V4
R
− 2Cx

dV4
dt
+ Cx

dV1
dt
+ Cx

dV3
dt

L
di4
dt
= V4 (5)

where Cx = C12 = C14 = C23 = C34 = 39 µ F, R = 1 k�,
L = 1 mH.

The efficienciesWn calculated by numerical integration of
the system equations (5), rewritten according to the subse-
quent substitutions described in the Appendix, are reported
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FIGURE 8. Ring network with N = 4 oscillators. Efficiency W calculated
for each RLC oscillator as a function of σ when φ(t) is a chaotic
(continuous line) or a random (dashed line) signal. Parameters as
reported in the main text.

for different values of the parameter σ in Fig. 8, considering
a random (dashed lines) or chaotic (continuous lines) fluctu-
ation of C12(t). As in Sec. III, when using chaos we selected
φ(t) = y(t) with α = 9, β = 14.286, m0 = −

1
7 and m1 =

2
7 .

It appears evident that the energy is transferred towards
oscillator 1 and 3 using either chaos or random signals, but
with a higher rate in the case of using the Chua’s circuit
chaotic behavior. Interestingly, the energy transport is con-
trolled not only among the pair directly linked by the time-
varying capacitor, but also among the oscillators symmetric
to that link, i.e. between oscillator 3 and 4. This implies that
the symmetry of the network plays a crucial role in the control
of energy transport.

B. STAR NETWORK OF N = 4 RLC OSCILLATORS
Let us now investigate case in which a different, not-
symmetric, topology is adopted to connect the RLC oscilla-
tors. In Fig. 9, a star network composed by N = 4 oscillators
is shown. In this case, oscillator 1 is the hub of the network,
as it is connected to all the other oscillators, while oscillators
2, 3, and 4 are the leaves, as no direct links are established
among them.

FIGURE 9. Schematic representation of the star network with
N = 4 oscillators.

The equations of the star network can be written as:

C
dV1
dt
= −i1 −

V1
R
− Cx [1+ φ(t)]

(
dV1
dt
−
dV2
dt

)
−3Cx

dV1
dt
+ Cx

dV2
dt
+ Cx

dV3
dt
+ Cx

dV4
dt

L
di1
dt
= V1

C
dV2
dt
= −i2 −

V2
R
+ Cx [1+ φ(t)]

(
dV1
dt
−
dV2
dt

)
L
di2
dt
= V2

C
dV3
dt
= −i3 −

V3
R
− Cx

dV3
dt
+ Cx

dV1
dt

L
di3
dt
= V3

C
dV4
dt
= −i4 −

V4
R
− Cx

dV4
dt
+ Cx

dV1
dt

L
di4
dt
= V4 (6)

where Cx = C12 = C13 = C14 = 39 µ F, R = 1 k�,
L = 1 mH.
The numerical integration of the equations (6), again

rewritten according to the guidelines reported in the
Appendix, allows to evaluate the efficienciesWn for different
values of the parameter σ , as reported in Fig. 10, considering
a random (dashed lines) or chaotic (continuous lines) fluctu-
ation of C12(t), other parameters are set as in Sec. III.

Besides confirming the higher performance linked to the
use of chaos, the results reported in Fig. 10 show that the
energy is transferred between the hub and the leave actually
connected by the time-varying capacitance, while keeping
constant and identical the energy in the other two leaves, thus
confirming the key role of the network topology. This result
can be straightforwardly generalized to star networks with a
single hub and a general number N of leaves, as the time-
varying capacitance acts only between the hub and the given
leaf.

FIGURE 10. Star network with N = 4 oscillators. Efficiency W calculated
for each RLC oscillator as a function of σ when φ(t) is a chaotic
(continuous line) or a random (dashed line) signal. Parameters as
reported in the main text.

VOLUME 9, 2021 153263



M. Bucolo et al.: Chaos Addresses Energy in Networks of Electrical Oscillators

V. CONCLUSION
Starting from the inspiring results shown in [16], it is has
been remarked that chaotic signals can be usefully adopted
for particular applications, such as when energy addressing
in electrical networks is efficiently required. Moreover, the
main advantage of using such type of signals is the capability
of controlling not only the directionality of the energy flux,
but also the time-constant of the energy distribution, by acting
on the parameters of the chaotic system adopted. This occurs
thanks to the fact that the shape of the histograms of the
chaotic signals can be directly tamed.

We remark that the system results in a time-varying system,
with coupling capacitances varying according to a chaotic
dynamics. While the RLC network remains globally stable,
as all state variables of the RLC oscillators reach the steady
state in a given time, since the chaotic dynamics controlling
the value of the time-varying coupling capacitances is not
affected by the network behavior, it evolves along a chaotic
trajectory. For this reason, the global largest Lyapunov expo-
nent is that of the chaotic system used for controlling the
network.

It has been here reported the case of the chaotic Chua’s
circuit, moreover the findings are quite general and other
chaotic circuits lead to analogue results. If we consider a
ring consisting of more than three oscillators, the energy can
be addressed also involving oscillators not directly coupled
by the time-varying capacitance. In the perspective of com-
plex interconnected networks, it is possible to use synchro-
nized chaos generators acting on different coupling capaci-
tance, thus leading to a generalization of the results which
enforces the concept that chaos can contribute to energy
management.

Even if energy is also partially addressed when the param-
eters of the oscillators are varied, the use chaos in modifying
the value of one or more coupling capacitances allows to
address the energy transport over the whole network.

The energy transport, in fact, occurs as the result of the
interplay among the location of the time-varying capacitors,
the way the time-varying capacitors actually vary and the
topology of the network itself. Symmetries in the network
allow to reflect energy transport control also between oscilla-
tors not connected by time-varying capacitors. This allows
to control the energy among distant pairs in the network
by acting on a single pair, thus reducing the cost of the
control. As concerns not-symmetric parts of the network,
two time-varying capacitors must be used, controlled by two
synchronized chaotic circuits. This represents a further fun-
damental advantage of using chaos, as it can be synchronized
while random signals cannot.

It has been shown that, using chaos, energy can be
addressed with lower amplitude signals with respect to the
use of a random noise, i.e. smaller fluctuations of the time-
varying capacitance. This is in agreement with the concept of
chaos control, where the amplitude of the control signal must
be as small as possible, that is: controlling the behavior of the
system without forcing it.

It is intriguing to note that the flux energy in linear elec-
trical networks can be suitably controlled with a nonlinear
network implementing a chaotic circuit, thus remarking that
this application represents a novel type of active use of
chaos.

APPENDIX
DERIVING THE EXPLICIT FORMULATION
OF NETWORK EQUATIONS
In order to determine an explicit formulation of the Eqs. (1),
a MATLAB code, based on the use of the Symbolic Toolbox,
can be adopted. Here, we report the code used to determine
the explicit formulation of Eqs. (4). The code can be general-
ized by including successive substitutions.
syms C R C12 C13 C23 v1p v2p v3p ...
... v1 v2 v3 i1 i2 i3 phi real
vv1p=solve(C*v1p+i1+v1/R+C12*...
... (v1p-v2p)*(1+phi)-C13*v3p+C13*v1p,
v1p);
vv2p=solve(C*v2p+i2+v2/R-C12

*(vv1p-v2p)...
... *(1+phi))-C23*v3p+C23*v2p,v2p);
vv1p=subs(vv1p,v2p,vv2p);
vv2p=subs(vv2p,v1p,vv1p);
vv3p=solve(C*v3p+i3+v3/R-C13*v3p+...
... C23*v3p+C13*v3p-C23*vv2p-C13*vv2p,
v3p);
vv1p=subs(vv1p,v3p,vv3p);
vv2p=subs(vv2p,v3p,vv3p);
vv3p=subs(vv3p,v1p,vv1p);
vv3p=subs(vv3p,v2p,vv2p);
simplify(vv1p)
simplify(vv2p)
simplify(vv3p)

REFERENCES
[1] M. Bucolo, A. Buscarino, C. Famoso, L. Fortuna, and S. Gagliano, ‘‘Imper-

fections in integrated devices allow the emergence of unexpected strange
attractors in electronic circuits,’’ IEEE Access, vol. 9, pp. 29573–29583,
2021.

[2] G. Kolumbán, M. P. Kennedy, and L. O. Chua, ‘‘The role of synchroniza-
tion in digital communications using chaos. II. Chaotic modulation and
chaotic synchronization,’’ IEEE Trans. Circuits Syst. I, Fundam. Theory
Appl., vol. 45, no. 11, pp. 1129–1140, Nov. 1998.

[3] H. Wen, C. Zhang, P. Chen, R. Chen, J. Xu, Y. Liao, Z. Liang,
D. Shen, L. Zhou, and J. Ke, ‘‘A quantum chaotic image cryptosystem
and its application in IoT secure communication,’’ IEEE Access, vol. 9,
pp. 20481–20492, 2021.

[4] N. V. Giap, H. S. Vu, Q. D. Nguyen, and S.-C. Huang, ‘‘Disturbance
and uncertainty rejection-based on fixed-time sliding-mode control for
the secure communication of chaotic systems,’’ IEEE Access, vol. 9,
pp. 133663–133685, 2021.

[5] B. Liu, X. Ye, and Q. Chen, ‘‘Generating infinitely many coexisting attrac-
tors via a new 3D cosine system and its application in image encryption,’’
IEEE Access, vol. 9, pp. 136292–136301, 2021.

[6] A. Buscarino, L. Fortuna, M. Frasca, and G. Muscato, ‘‘Chaos does help
motion control,’’ Int. J. Bifurcation Chaos, vol. 17, no. 10, pp. 3577–3581,
2007.

[7] N. T. T. Nguyen, T. Q. T. Bui, G. Gagnon, P. Giard, and G. Kaddoum,
‘‘Designing a pseudo-random bit generator with a novel 5D-hyperchaotic
system,’’ IEEE Trans. Ind. Electron., early access, Jun. 16, 2021, doi:
10.1109/TIE.2021.3088330.

153264 VOLUME 9, 2021

http://dx.doi.org/10.1109/TIE.2021.3088330


M. Bucolo et al.: Chaos Addresses Energy in Networks of Electrical Oscillators

[8] F. Yu, Q. Wan, J. Jin, L. Li, B. He, L. Liu, S. Qian, Y. Huang, S. Cai,
Y. Song, and Q. Tang, ‘‘Design and FPGA implementation of a pseudo-
random number generator based on a four-wing memristive hyperchaotic
system and Bernoulli map,’’ IEEE Access, vol. 7, pp. 181884–181898,
2019.

[9] Z. Wu, X. Zhang, and X. Zhong, ‘‘Generalized chaos synchronization
circuit simulation and asymmetric image encryption,’’ IEEE Access, vol. 7,
pp. 37989–38008, 2019.

[10] C. Bai, H.-P. Ren, W.-Y. Zheng, and C. Grebogi, ‘‘Radio-wave communi-
cation with chaos,’’ IEEE Access, vol. 8, pp. 167019–167026, 2020.

[11] Q. Li, Y. Liao, K. Wu, L. Zhang, J. Lin, M. Chen, J. M. Guerrero, and
D. Abbott, ‘‘Parallel and distributed optimization method with constraint
decomposition for energy management of microgrids,’’ IEEE Trans. Smart
Grid, vol. 12, no. 6, pp. 4627–4640, Nov. 2021.

[12] J. L. Plawsky, Transport Phenomena Fundamentals. Boca Raton, FL,
USA: CRC Press, 2020.

[13] P. Rebentrost, M. Mohseni, I. Kassal, S. Lloyd, and A. Aspuru-Guzik,
‘‘Environment-assisted quantum transport,’’ New J. Phys., vol. 11, no. 3,
Mar. 2009, Art. no. 033003.

[14] S. Leontica, F. Tennie, and T. Farrow, ‘‘Simulating molecules on a cloud-
based 5-qubit IBM-Q universal quantum computer,’’ Commun. Phys.,
vol. 4, no. 1, Jun. 2021, Art. no. 112.

[15] M. Romero-Bastida and J. M. López, ‘‘Efficient harmonic oscillator chain
energy harvester driven by colored noise,’’ Sci. Rep., vol. 10, no. 1,
Aug. 2020, Art. no. 14306.

[16] R. D. J. León-Montiel, M. A. Quiroz-Juárez, R. Quintero-Torres,
J. L. Domínguez-Juárez, H. M. Moya-Cessa, J. P. Torres, and J. L. Aragón,
‘‘Noise-assisted energy transport in electrical oscillator networks with
off-diagonal dynamical disorder,’’ Sci. Rep., vol. 5, no. 1, Nov. 2015,
Art. no. 17339.

[17] E. Zerah-Harush and Y. Dubi, ‘‘Universal origin for environment-assisted
quantum transport in exciton transfer networks,’’ J. Phys. Chem. Lett.,
vol. 9, no. 7, pp. 1689–1695, Mar. 2018.

[18] A. Buscarino, L. Fortuna, and M. Frasca, Essentials of Nonlinear Circuit
Dynamics with MATLAB and Laboratory Experiments. Boca Raton, FL,
USA: CRC Press, 2017.

[19] M. Bucolo, R. Caponetto, L. Fortuna, M. Frasca, and A. Rizzo, ‘‘Does
chaos work better than noise?’’ IEEE Circuits Syst. Mag., vol. 2, no. 3,
pp. 4–19, 3rd Quart., 2002.

[20] L. M. Pecora and T. L. Carroll, ‘‘Synchronization in chaotic systems,’’
Phys. Rev. Lett., vol. 64, no. 8, pp. 821–824, 1990.

[21] Y.-G. Yang and Q.-Q. Zhao, ‘‘Novel pseudo-random number generator
based on quantum random walks,’’ Sci. Rep., vol. 6, no. 1, Feb. 2016,
Art. no. 20362.

[22] R. Caponetto, L. Fortuna, S. Fazzino, and M. G. Xibilia, ‘‘Chaotic
sequences to improve the performance of evolutionary algorithms,’’ IEEE
Trans. Evol. Comput., vol. 7, no. 3, pp. 289–304, Jun. 2003.

MAIDE BUCOLO (Senior Member, IEEE)
received the M.S. degree in computer science
engineering and the Ph.D. degree in electronic
and control engineering from the University of
Catania, in 1997 and 2001, respectively. During
the Ph.D., she worked as a Research Scholar at
the University of California San Diego (UCSD)
and after that, often, she has been a Visiting
Researcher at the Microhemodynamics Labora-
tory, Department of Bioengineering, UCSD. She

is currently an Associate Professor of control system at the Department of
Electrical, Electronic and Informatics, University of Catania. In 2010, she
established and became responsible of the ‘‘Bio-Microfluidics Laboratory.’’
She has been the Co-ordinator of national projects and international exchange
programs. She worked as an expert in the technology innovation demand
of regional small and medium enterprisers. She is the President of the
master’s course in automation engineering at control of complex systems
at the University of Catania. She has published more than 100 scientific
contributions in peer-reviewed international journals and conferences. Her
research interests include methodologies and low-cost technologies for bio-
microfluidics systems modeling and control. She serves as an Associate
Editor for the IEEE TRANSACTIONS ON BIOMEDICAL CIRCUITS AND SYSTEMS.

ARTURO BUSCARINO (Senior Member, IEEE)
graduated in computer science engineering,
in 2004. He received the Ph.D. degree in elec-
tronics and automation engineering from the Uni-
versity of Catania, Italy, in 2008. He is currently
a Research Associate at the University of Cata-
nia, he teaches modeling and optimization at the
Laura Magistrale in management engineering and
automatic control at the Laurea in electronics
engineering at the University of Catania. He works

on nonlinear circuits, control, and synchronization. He published more than
165 papers on refereed international journals and international conference
proceedings. His research interests include nonlinear systems and chaos,
complex networks, control systems, cellular nonlinear networks, and plasma
engineering.

CARLO FAMOSO (Member, IEEE) received the
M.S. degree in electronic engineering and the
Ph.D. degree in complex systems from the Uni-
versitá degli Studi di Catania, Catania, Italy, in
2012 and 2015, respectively. Since 2012, he has
beenwith the Dipartimento di Ingegneria Elettrica,
Elettronica e Informatica, Universitá di Catania,
where he currently teaches calculus. He has coau-
thored several scientific articles and books. His
current research interests include complex systems
and soft sensors.

LUIGI FORTUNA (Fellow, IEEE) received the
degree (cum laude) in electrical engineering from
the University of Catania, Italy, in 1977. He was
the Co-ordinator of the courses in electronic engi-
neering and the Head of the Dipartimento di
Ingegneria Elettrica Elettronica e dei Sistemi.
From 2005 to 2012, he was the Dean of the Engi-
neering Faculty. He also teaches automatic control
and robust control. He is currently a Full Professor
of system theory with the University of Catania.

He has published more than 500 technical articles and 12 scientific books.
His research interests include robust control, nonlinear science and com-
plexity, chaos, cellular neural networks, softcomputing strategies for control,
robotics, micronanosensor and smart devices for control, and nanocellular
neural networks modeling. He was the IEEE Circuits and Systems (CAS)
Chairman of the CNN Technical Committee, the IEEE CAS Distinguished
Lecturer, from 2001 to 2002, and the IEEE Chairperson of the IEEE CAS
Chapter Central-South Italy.

VOLUME 9, 2021 153265


