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ABSTRACT Ambient Occlusion (AO) is a widely used shadowing technique in 3D rendering. One of the
main disadvantages of using it is that it requires not only the surface depth but also the normal vector,
which usually causes severe aliasing. This work introduces a novel AO algorithm by applying Chebyshev’s
inequality. Instead of requiring the normal vector, we process the mean (µ) of the distribution of depth
values from the screen space. We can efficiently calculate the variance (σ 2) over any kernel region. Using
the Chebyshev AO, we can get the upper bound on the percentage of the shaded surface that is occluded.
Our proposed method can usually provide a good approximation of true occlusion and can be used as an
approximate value for AO rendering. As a post-processing rending, the time complexity of Chebyshev AO
isO (2k)which is simple to implement on current graphics devices and can be applied to the next generation
of ray tracing technology.

INDEX TERMS Ambient occlusion, Chebyshev’s inequality, post-processing.

I. INTRODUCTION
Local illumination is usually used in real-time rendering,
making it difficult to carry out the requirements of 3D vision.
Especially for lighting and shadows, it is difficult to strike a
balance between visualization and performance. The gaming
industry is thriving thanks to technological advancements in
hardware, processing power, and graphics. With new gen-
eration graphics devices, many gaming companies strive to
deliver increasingly realistic ambient lighting. Many graphics
settings can be used to make the game visually appealing and
more dynamic, such as Ambient Occlusion (AO) [1]. AO is
a compromise method to achieve limited global illumination.
The idea is to measure howmany occludes are in the effective
range of the rendered surface [2]. AO rendering considers
objects within a certain radius and assumes that the wall is
the origin of the ambient light. The result is a non-directional
shadow effect, which casts no clear shadows but will darken
enclosed and obscured areas and may affect the overall tone
of the rendered image. It is usually used as a post-processing
effect for providing realistic simulation of occluded objects.
These occluded objects will block the ambient light from
different light sources and add realism to 3D scenes by
simulating the distribution of light in reality (as indicated
in Figure 1).

The associate editor coordinating the review of this manuscript and

approving it for publication was Wei Wang .

FIGURE 1. The occlusion rendering has considered the floor and a
rectangular object. A hemisphere of sampling rays is emitted above each
surface surround its normal vector (En), and then test the amount of
shadowing each point should receive.

The first introduction of AO in the real-time rendering of
the game industry was in 2007 [3], to approximate the light
intensity of internal parts of the visible light surface. It takes
account into different factors, such as the game environment
and the location of the light source.

A. RELATED WORK
However, considering that shadows are too demanding on
graphics for many games with dynamic scenes, AO still
needs a lot of calculations to achieve its sampling steps.
To achieve this in real-time, one approach proposes to achieve
the sampling of the depth buffer based on the current screen
space, instead of the 3D scene space [4]. This is called Screen
Space Ambient Occlusion (SSAO) [5]. As a post-processing
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rendering, SSAO aims to save processing power. It does not
consider the space and elements that produce shadows from
each other, instead looking at the pixels around the elements
and their depth. Rather than focusing on the entire screen,
it measures the ambient occlusion in pixel depth at a local
range of current screen. However, if the pixels are not mea-
sured correctly, it will bring some defects, such as noise and
potentially inaccurate shadow distribution. In addition, [6]
introduces the Horizon Based Ambient Occlusion (HBAO),
which is an enhanced SSAO based on the horizon in the
3D scene. This approach solves the grain and noise caused by
SSAO pixel depth measurement by considering the ambient
and the environment instead of the depth buffer only, but
it requires more processing power in the CPUs and in the
GPUs. Later, [7] proposed to use a mixture of the HBAO
sampling frommulti-viewport screen space, which achieves a
better render result but requires heavy computation. Further,
[8] introduced the HBAO+ with the interleaved rendering
method, which can render at a decent frame rate 2 to 3 times
faster than HBAO at full resolution and overcomes flickering
at one render-pass. Later, a similar technique High-Definition
Ambient Occlusion (HDAO) was introduced to apply to
graphics devices to compete with HBAO. HDAO increases
the number of samples used when calculating the areas that
should be darkened and renders at full resolution for a more
accurate representation of AO. There is no difference between
HBAO and HDAO from a visual analysis point of view,
but they are native to their respective distributer’s GPU.
In terms of advanced lightening and shadows, Voxel Ambient
Occlusion (VXAO) is the best approximation for realistic
scenes [9]. VXAO is part of the Voxel Global Illumina-
tion (VXGI) [10] surround lighting technology, which more
correctly considers direct and reflected light. Its performance
depends on the total number of triangles, the size of the
triangles, and the number of draw calls required to render
the triangles. Post-processing involves the process of remov-
ing, filtering, and down-sampling voxels. Its performance
depends on the total number of voxels generated during the
voxelization process. Then cone tracking is performed in
screen space, its performance depending on the shading rate
and screen resolution. However, VXAO rendering requires
too many render-passes, which will exceed the limit of the
processor, and few graphics devices can support it in real
time.

Inspired by these screen space AO methods, this article
introduces a novel consideration scheme by using Cheby-
shev’s inequality with its application results [11], [12]. Our
method does not require the normal vector information about
the surface of the object in the depth buffer, instead it uses
the probability of the occlusive object to approximate the
right brightness in the scene ambient. It is most suitable for
processing those scenes with complexity and dense noise.
The processing time of this render-pass is in O

(
k2
)
for

each pixel, where k is the size in pixel of the local kernel.
Since k is independent of the size of the scene, it can more
effectively enhance the parallelism used by the GPUs while

introducing dynamic rendering to make the ambient more
realistic.

II. CHEBYSHEV AMBIENT OCCLUSION
The main idea of this method is to use a non-linear filter
(applying Chebyshev’s inequality) as post-processing to cal-
culate the shadow intensity. In a depth buffer, the depth value
information in a pixel is presented, and its neighbors can be
grouped as a set of sample data for statistical analysis. These
samples may initially have a completely arbitrary distribu-
tion, except for the mean and variance. We know nothing
else about the pixels and want to find some data samples that
interest us. In general, the probability of a pixel being a part
of the shadow is often less than that of being a part of the light
surface. Therefore, the concept of our proposed method is to
use probability to approximate the shadow intensity.

A. CHEBYSHEV’s INEQUALITY
As discussed in our previous work [12], Chebyshev’s inequal-
ity is not suitable for this kind of pixel domain analysis,
because this inequality usually gives a poor upper bound,
since this bound gets increasingly weaker as the selected
grey-value goes up it will cause the result to exceed the
valid range. Therefore, we make use the variant form of
Chebyshev’s inequality, namely the one-sided Chebyshev’s
inequality [13] or Cantelli’s inequality [14] as:

P (x − µ ≥ λ) ≤ Pmax ≡
σ 2

σ 2 + λ2
(1)

For any λ > 0, where x is a random depth in a pixel of
samples with finite mean µ and variance σ 2. This inequality
gives us a way to handle the extreme situation in which the
only things we know about the samples, or the probability dis-
tribution, are the mean and the standard deviation. It implies
that in any probability distribution, almost all values are close
to the mean, and the chance of a value being outside that
range is no more than σ 2

σ 2+λ2
. The advantage of Equation 1

is that it provides a stronger bound Pmax ∈ [0, 1]. Since the
distribution can be arbitrary, this reason can be applied in
various general situations to obtain results in the valid range.
Beingmore general, let t = λ+ µ and x be a random variable
drawn from a distribution with mean µ and variance σ 2, and
then for x ≥ t , Equation 1 can be rewritten to

P (x ≥ t) ≤ Pmax (t) ≡
σ 2

σ 2 + (t − µ)2
(2)

Suppose that t is the current depth to be considered
about AO, then Equation 2 means there are no more than
probabilityPmax (t) of the samples in which the depth is equal
to or more than t within its kernel range (k). Even for a
scene without a normal vector, since it is just a comparison of
the depth values without considering other information, the
bound can still provide a good approximation of the amount
of interested pixels within a given sample.
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B. COMPARISON OF DEPTH PROBABILITY
Another reason why we do not choose the Chebyshev’s
inequality is that it only reflects the absolute difference. It can
only find the probability of the sample x whose absolute
difference of x is greater than λ, but cannot tell the probability
of x > µ or x < µ. In contrast, the one-sided Chebyshev’s
inequality can clearly tell us the probability that the sample
is larger than t within kernel range (k). Therefore, we can
use the depth value as t in Equation 2 to evaluate the states
of its neighbors, and the result range is [0, 1]. Based on the
discussion above, we can make use of this to find out the
intensity of AO that are clustered around the mean.

For instance, consider the case of the occluded surface at
depth d ; suppose p is the percentage of the occluded surface,
then d≥ and d< denote the depth of unoccluded and occluded
surface, respectively. We have:

µ = E (x) = (1− p) d≥ + pd<
E
(
x2
)
= (1− p) d2≥ + pd

2
<

σ 2
= E

(
x2
)
− E2 (x)

= (1− p) d2≥ + pd
2
< −

(
(1− p) d≥ + pd<

)2
= p (1− p)

(
d≥ − d<

)2
Then we can find the intensity of AO according

to Equation 2 as:

Pmax (d)

=
p (1− p)

(
d≥ − d<

)2
p (1− p)

(
d≥ − d<

)2
+
(
d − pd≥ + (1− p) d<

)2
≥

p (1− p)
(
d≥ − d<

)2
p (1− p)

(
d≥ − d<

)2
+ (1− p)2

(
d≥ − d<

)2 = p

Therefore, by using one-sided Chebyshev’s inequality,
we can obtain a good approximation result: There is at
least p (impact factor) effects into the AO render at the current
depth d . This is also proportional to the percentage of the
occluded surfaces. We can adjust the kernel range (k) to
calculate the percentage in which the depth of the occluded
surface is approximate. In general, it does not provide an
exact value but a close approximation, thus we still use the
Pmax in rendering as an approximation to the true value p.

III. IMPLEMENTATION
We now give the implementation of the Chebyshev AO
in detail, on a Nvidia GeForce GTX 1080 graphic device
and OpenGL with GLSL. The proposed method requires
multiple-pass rendering because it is a post-processing tech-
nology. The mean µ and variance σ 2 can be calculated by
using a two-pass order to depth buffer with kernel range (k)
as:

M1 = E (x) =
1
k2
∑
k2

xi

M2 = E
(
x2
)
=

1
k2
∑
k2

x2i

From the above, we can find the mean µ and variance σ 2

by:

µ = E (x) = M1

σ 2
= E

(
x2
)
− E2 (x) = M2 −M2

1

In fact, the mean function E (x) can be achieved by two
mutually perpendicular blur filters, which can reduce the time
complexity from O

(
k2
)
to O (2k). As a result, the variance

can be interpreted as a quantitative measure of the width
of the distribution. It should place a bound on how much
of the distribution can be concentrated far away from the
mean. Therefore, this k should be adjusted according to the
current d , as k ∝ 1

d . Once µ and σ 2 are determined, the
impact factor (p) of AO can be calculated through Equation 2,
but there are some obvious defects as shown in Figure 2d.

A. ADDITIONAL BIAS FOR VARIANCE
The most obvious defect is that there are strange effects like
some stain inside this bowl. This is caused by the denominator
being equal to zero in Equation 2, so its result becomes an
undefined situation. The depth of each pixel on this plane is
the same if its surface is parallel to the viewport screen, which
implies:{
µ = d
σ 2
= 0
H⇒ Pmax (d) =

0

0+ (d − d)2
=

0
0
=Undefined

To overcome this, we recommend adding a bias (ε) to the
variance and the issue can be solved by:{

µ = d
σ 2
= ε

H⇒ Pmax (d) =
ε

ε + (d − d)2
=
ε

ε
= 1

This bias can make it more stable, and the impact factor is
equal to one, indicating that surface is facing to the camera,
and no AO effect will be applied here (see Figure 2e).

B. IGNORE UNOCCLUDED SURFACES
AO is only allowed to be generated on the occluded surface,
but there are some abnormal shadows around the object
boundary in Figure 2e. This is due to the comparison of depth
(t − µ)2 in Equation 2. Because this formula only reflects
the absolute difference in-depth, it does not care which one
is deeper. Therefore, both the occluded surface and the unoc-
cluded surface are considered to have an AO effect (This will
be mistaken for outline rendering). One of the solutions is to
modify the depth comparison as follows,

Pmax (d) ≡

(
σ 2
+ ε

)(
σ 2 + ε

)
+max (µ− d, 0)2

(3)

Equation 3 corresponds to Figure 2f, the unoccluded sur-
faces (d ≥ µ) is no longer affected by AO.

C. RANGE CHECK
The remaining problem is to check the available depth range.
It will also consider the depth value of the surface far away
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FIGURE 2. A bowl rendering with Chebyshev AO.

FIGURE 3. A simple shading pipeline for scene rendering from Figure 3a to Figure 3f.

from the test surface whenever the ambient light occlusion is
aligned near the edge of the surface of the test segment. These
values will (incorrectly) contribute to the blocking factor.
We can solve this problem by introducing range checking,
as shown in the Figure 3c.

As illustrated in Figure 3, Figure 3a is rendered by orig-
inal vertices and textures from the 3D model. Figure 3b
can be obtained from Figure 3a’s geometry information on
the current screen coordinate; Figure 3c is produced from
Figure 3b by processing the Chebyshev AO method we pro-
pose; Figure 3d is derived from the combination of Figure 3a

and Figure 3c; Figure 3e has applied diffuse lighting in the
scene environment; and Figure 3f is the final combined result.
Furthermore, another high-quality deer model is indicated in
the appendix.

IV. CONCLUSION
We have identified the unique challenges in all aspects of the
AO rendering scene and the research opportunities related to
it. We focus on the conversion of the one-sided Chebyshev’s
inequality and how it provides information for the probabil-
ity of approximate shadow intensity; we also consider the

147754 VOLUME 9, 2021



K.-H. Chan, S.-K. Im: Chebyshev Ambient Occlusion

FIGURE 4. Different depth of available ranges.

FIGURE 5. Combine all rendering effects.

performance and quality trade-offs related to the goal of
this algorithm, and discuss the distribution probability that
reflects the Chebyshev AO scene rendering effect. We also
provide the subtleties of applying appropriate solutions.

Furthermore, AO rendering is suitable for real-time and
offline applications, and can also better approximate to the
full global illumination. At the same time, AO can also
be applied to the next generation of ray tracing technol-
ogy, which can greatly reduce the computational cost of

illumination sampling. Using this approach, the scene in the
AO processing can not only understand the changes in depth
of field but also enhance the authenticity of the scene. There-
fore, efficient AO is not only suitable for the end-user appli-
cation environment but also contributes to the design and
development of 3D modeling.

APPENDIX
See Figures 4 and 5.
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