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ABSTRACT A novel circuit-based mathematical model of an electric arc heater is presented so that
an arc heater system can be modeled, and a control algorithm can be developed and simulated. Due to
inherent arc nonlinearities and complexities, as well as low amounts of arc heater data, the new model
was developed by establishing a holistic approach to implementing the arc as a circuit element, where
common circuit analysis and control techniques can be easily applied. The response of the arc heater system
was examined at various voltage and current operating points that represent different regions of operation
within the arc’s characteristic curve. The simulated data of the arc heater model were compared to the arc
characteristics of the experimental data. The experimental data set used for comparison was collected at
the Hypersonic Materials Environmental Test System (HyMETS) arc-jet wind tunnel by the NASA Langley
Research Center in Hampton, Virginia. Data analysis and simulations were executed utilizing MATLAB and
Simulink to compare the newly developed model with the experimental data. The simulations demonstrate a
strong correlation between these datasets, indicating the model’s ability to accurately replicate the physical
system, while also allowing initial control system development to beginwith simplistic proportional-integral-
derivative (PID) control of the arc heater.

INDEX TERMS Arc heater, arc heater control, arc heater model, arc heater simulation, arc in a circuit.

I. INTRODUCTION
The occurrence of the electric arc is analyzed from many
areas within industry, academics, and research. In each,
the arc is either considered a nuisance or hazard in which
rapid extinguishment is examined and preferred, or arc sus-
tainment that has been proven useful for an application
is desired. Circuit breakers are one such common area of
research where the arc is viewed from the standpoint of a
quick extinguishment for overcurrent protection. For exam-
ple, the time taken to extinguish an arc is of particular
importance within arc flash analysis where the goal is to
reduce the incident energy in which an employee may be
exposed [1], [2]. The useful areas of the arc include tech-
nologies such as welders, gas lighting, arc furnaces, and
arc heaters. For this paper, arc heater applications are the
primary focus; specifically, the response of the system while
examining the sustainment and stability of an arc. The control
of the arc is important not only for the application through
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modeling and simulation, but the reduction of commissioning
time and risk to the real-world hardware and facility.

Initially it may be helpful to consider a broad categoriza-
tion of the arc models from the perspective of the generic
overviewmentioned above. At a high level, arc models can be
placed into two broad categories: physics/plasma based, and
circuit based. The physics/plasma-based models are mostly
utilized for circuit breaker applications around current-zero
occurrence [5]. The fundamental equations governing these
models are based on the Tseng et al. [3], Cassie [4], Mayr [3],
Amato et al. [15], Cassie-Mayr combinations/hybrids [3],
[6]–[8], [26], or some other black-box type examination of the
arc conductance based on experimental data. Alternatively,
within circuit-based models the arc may be examined and
analyzed as a circuit element. That is, a device within the cir-
cuit that can then be examined using well established circuit
analysis techniques such as Kirchoff’s Voltage and Current
Laws for modeling and simulation. The holistic approach of
implementing the arc as a circuit element is more amenable to
electrical and control engineers when the underlying physics,
power losses, and time constants are mostly irrelevant from
an arc sustainment perspective.
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TABLE 1. Arc heaters from around the world.

FIGURE 1. Diagram of an Arc heater system [9].

Arc heaters, such as those located at NASA, DoD, and arc
heater facilities around the world (Table 1), convert electrical
energy to thermal energy to replicate flight test conditions
where operating parameters are often changed to obtain the
desired environmental conditions. Such heaters can operate
from a few kilowatts to 75 megawatt and are increasing in
size as technology advances. Arc heaters are not commonly
encountered systems. Electric Arc Furnaces are similar, but
have extremely different applications and control algorithms,
and tend to be much more stable in operation.

The overall system is shown in Fig. 1, consisting of an arc
heater and the various subsystems such as the DC Power Sup-
ply/Controller, pressurized air, and heat exchanger. The focus
of this research is on modeling the arc heater to control the
DC Power Supply, for the purposes of maintaining stability,
while alsomaintaining the operating conditions of the system.
In order to develop the control system, a mathematical model
of the entire electric arc heater system was developed for
analysis. In practice, this allows the control system to be
developed in a lab environment which significantly reduces
commissioning times and asset risks.

II. LITERATURE REVIEW
Literature for this research was collected mostly from the
IEEE and the AIAA, along with textbooks providing exper-
tise in electric arcs, control theory, and also modeling

and simulation. Research of existing arc models indicates
that most models published are not intended for transient
analysis in circuit simulation nor control system develop-
ment [3], [10]. Instead, the models were usually used to
research the interaction between a switching arc and the elec-
trical circuit during the interruption process of circuit break-
ers [1], [3]. The Cassie and Mayr models include differential
equations that depend on a set of parameters which should be
obtained from the experimental data [12]. The Cassie model
is applicable at high currents, while the Mayr model is appli-
cable at low currents near current zero [12]. Some authors
have combined Cassie and Mayr models, or hybrid models as
they’re often referred, to represent the arc characteristics in a
wide current region [13], [26]. The Cassie-Mayr type models
produce good qualitative descriptions of the arc but may not
provide very good quantitative results [6], [7].

Major gaps exist between the available models and the
applications for which they were intended. At present, black
box models are commonly used to describe the interaction of
the arc with the electric network during an interruption pro-
cess [12]. However, these arc models have some voltage inac-
curacies in the high current regions [13], and even when suit-
able parameters are selected, there are still variances between
experimental data and model outputs [14]. Problems with
models focused primarily on circuit breaker operations are
that they never completely predict the behavior of the arc. The
physics do not seem to be scalable from very short contact
gaps to the lengths of several feet inherent to arc heaters.
Further, the temperatures and pressures of circuit breaker
applications do not directly correlate to arc heater operations.
To remedy these nonconformities, researchers often add fit
parameters that modify the models and equations, in such a
way, that the modified model is extremely disassociated from
the fundamental equations. The current-voltage characteris-
tics of the electric arc depend on many parameters such as
electric arc dimensions, material of current carrying parts,
chemical composition, and pressure [27]. In some instances,
over 10 such parameters are applied to describe the specific
arc phenomenon [15]–[18]. Fitting the model’s simulated
results to experimental data is accomplished by selecting
arc parameters such as the time constant and the cooling
power, which are normally a function of the arc current
and voltage [7]. All arcs exhibit a highly complex nonlinear
nature affected by such parameters [11]. Increasing the num-
ber of parameters can lead to difficulties in obtaining their
value [12], while also injecting complexity and uncertainty
into the modeling effort.

III. BACKGROUND
The electric arc is a self-sustained discharge with low resis-
tance and high currents [19]. The electric arc itself can be
considered as a single element of the entire electric power sys-
tem, having a resistive nature (i.e., as a pure resistance) [11].
Due to its nonlinear characteristics and very complex arc
phenomena, the modeling of an arc is additionally a complex

143086 VOLUME 9, 2021



B. R. Brown, S. M. Mahajan: Circuit-Based Mathematical Model of Arc Heater for Control System Development

FIGURE 2. Simplified series circuit.

task [8], [10], [11]. The simplified series circuit of an arc
heater electrical system is shown in Fig. 2.

In Fig. 2, u1 represents the supplied voltage from the
rectifier, Rc the circuit resistance, L the smoothing induc-
tance, I the current through the circuit, and Rarc represents
the resistance of the arc heater. However, this circuit cannot
be easily modeled for control system development utilizing
the existing tools and techniques applicable to Linear Time-
Invariant (LTI) systems. A new approach is to apply circuit
theory with the arc as one of the system elements, and then
linearize the arc characteristic by decomposing the arc into
local elements, thus representing the global model in its
entirety. The variable nonlinear resistor (Rarc) can be replaced
by multiple linearized resistors. The resistance function is a
negative differential resistance dependent on the location and
associated slopes relative to the arc’s characteristic curve.

IV. CONTROL OF ARC HEATERS
Control of arc heaters is of particular importance when
examining the sustainment, stability, and performance of
the system. In order to more adequately match the desired
environments, a thyristor-based power supply is preferred for
system flexibility. These systems are oftentimes prototypes,
experimental, and very costly. For these reasons, the ability
to model and simulate the arc heater and associated power
supply is invaluable for complete system knowledge and
hardware risk mitigation.

Arcmodels do not usually consider the arc within the entire
electrical system but are often developed for specific applica-
tions of plasma physics [6]. Therefore, a better approach for
control design with modeling and simulation, is to examine
the arc within the circuit in which it is applied. Thus, the focus
is shifted from discharge and ignition characteristics, to con-
trol performance and stability. Such a holistic approach may
allow the designer to engineer the optimal components and
control algorithms for the system in which the arc exists,
as part of the overall circuit.

Various types of power supplies are utilized for arc sus-
tainment. The way in which the power supply is designed to
operate will determine, to a great extent, how the arc can be
controlled. One important feature being a determination of

FIGURE 3. A change in operating points based on circuit resistance.

FIGURE 4. A change in operating points based on applied voltage.

FIGURE 5. Control of the Arc around unstable points.

where on the arc characteristic curve the system is to operate.
This selection also determines the stability of the system.
Within [16], [17] it is shown that for a given resistance there
coincides an unsteady operation point and a steady operation
point, both after the arc’s ignition. The first two examples,
Fig. 3 and Fig. 4, are passively stable at the steady operation
point. Whereas, in Fig. 5, the system must be actively sta-
bilized by a controller to operate at the unsteady operating
points.

As shown in Fig. 3, for an applied voltage and various
resistances, there exists unsteady operation points (points α
and β) and their respective steady operating points (α′ and
β ′). By maintaining the supplied voltage (V0) and varying
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FIGURE 6. Plot of the resistance function R (I, V ).

the circuit resistance (R1 to R2), the current in the system
and through the arc can be changed (I1 to I2) by adjusting the
characteristic slope of the power supply impedance. Another
method of operation is to hold the circuit resistance constant
(R1) and vary the voltage (V1 to V2) as in Fig. 4. This
method is more amenable to thyristor voltage control and pro-
vides system flexibility when operating an arc with various
currents.

In Fig. 5 there is shown yet another mode of operation.
The system is operated around the unsteady points, and the
controller must continually bring the process to the desired
setpoint and maintain it. A low impedance power supply
is utilized with a very shallow slope, where V1 (V1 to V2)
determines I1 (I1 to I2) inversely and follows the shape of
the arc characteristic curve.

V. DETERMINING THE CHARACTERISTIC CURVE OF AN
ARC
The arc heater is a nonlinear time invariant system in which
the electric arc is a self-sustained discharge with a low voltage
drop, able to support large currents [19], [20]. One important
arc parameter describing its complex nature is the arc resis-
tance [11]. The variable resistance of the arc was modeled
from the derived equation presented in [11], [21]. The equa-
tion is presented as follows:

Rarc =
2
√
2Varc
π Iarc

(1)

where (Varc) is a function of the arc voltage gradient multi-
plied by the arc length, and (Iarc) is the arc RMS current. This
function is plotted in Fig. 6 over a typical range of values for
voltage and current in an arc heater.

The plot definitely appears to validate that the volt-ampere
characteristics of the arc discharge has a negative slope [19],
and the resistance of the arc, for a given length, decreases as
current increases [22]. This implies the relationship between
voltage and current is not proportional. The arc is considered
non-ohmic and does not obey Ohm’s Law of proportionality
and is thus inversely nonlinear. This research pertains only to
arc characteristics post arc ignition and omits the discharge
processes and starting transients.

FIGURE 7. Resistance function R(I,V) with linear voltage plane.

The first step in analyzing a nonlinear system is usually to
linearize it, if possible, around some nominal operating point
and analyze the resulting linear model [23]. The initial phase
in the linearization process was to take the partial derivatives
of the Resistance function R (I, V ), and determine which
variable has the most effect (or highest rate of change) on the
arc resistance as shown below in equation (2, 3).

∂R (I ,V )
∂I

=
−2
√
2Varc

π I2
(2)

∂R (I ,V )
∂V

=
2
√
2

π I
(3)

Substituting a typical operating point of [340, 621] for (Iarc,
Varc) into the partial derivatives from Equations (2, 3) yields:

∂R (I ,V )
∂I

|[340,621] =
−2
√
2 Varc

π I2arc
= −0.0048

∂R (I ,V )
∂V

|[340,621] =
2
√
2

π Iarc
= 0.0026

In the calculation, it is observed that the current has almost
twice greater effect on the resistance rate of change than
that of the voltage, examined at this operating point. This
result agrees with Fig. 6; therefore, it was determined that the
voltage variable would be held constant for the purpose of
linearization in this region. With the voltage held constant,
the partial derivative with respect to voltage goes to zero,
and the tangent line slope of the resistance is now only a
function of current. An experimental operating point was
chosen at V equals 600 volts, that creates a surface plane
through the original 3-D surface plot. The intersection of
these two surfaces creates a curve of the function R(I ) as
shown in Fig. 7, in which now the 2-D curve of the arc is
visible.

The shape of the arc’s characteristic curve was studied
extensively, and it was observed that the documented varia-
tions could be based on the Nottingham equation (4) [3], [10],

Varc = A+
B
Iα

(4)

where A and B are constants, and α is a fit parameter that
is based on experimental data. The constant α cannot be

143088 VOLUME 9, 2021



B. R. Brown, S. M. Mahajan: Circuit-Based Mathematical Model of Arc Heater for Control System Development

FIGURE 8. Generic Arc characteristic curve.

determined with any great degree of accuracy because of
the variable nature of the phenomenon [19]. Since there are
many constants with each specific arc system (column length,
column diameter, pressure, enthalpy, etc. [15]–[18], [27]), the
constants can be combined to produce the well-known and
widely applied Warrington equation for the general formula
for arc voltage:

Varc = AI−α (5)

where the constant A is based on the geometries and other
parameters estimated from system measurements [21], [24].
The plot of such generic arc characteristic curve is shown
in Fig. 8, which agrees with the results and plot from Fig. 7.

VI. MODELING
Modeling has been found to be indispensable for rapid devel-
opment and analysis of new and existing systems, as well
as for monitoring, failure prediction, fault detection, and
the design of process controllers [20]. Modeling the sys-
tem reduces design time and can be continually iterated to
increase accuracy and applicability of the model [28]. Due to
the inherent complexities and nonlinearities of real systems,
the standard approach is to utilize the linearized model (as
extensively discussed in the previous section) to provide a
valid system approximation. It is imperative to obtain a thor-
ough understanding of the system to make sound decisions
pertaining to the applicability of the model, the bounds in
which the approximation is valid, and the regions in which the
model may or may not render useful data for analysis. Specif-
ically, for control system analysis the engineer or designer
must be able to interpret the results of the model compared to
other data and data types. In addition, the engineer or designer
must determine how much the modeling process can deviate
from the actual process for performance or any other analysis.

The state of the system is a set of variables whose values,
together with the input signals and the equations describing
the dynamics, will provide the future state and output of the
system [25]. The state-space representation of the schematic
of the arc system is described in equations (6, 7) as:

ẋ (t) = Ax (t)+ Bu (t) (6)

y (t) = Cx (t)+ Du (t) (7)

and,

1I (0) = 1I0 (8)

1V (0) = 1V0 (9)

where 1I0 and 1V0 are the linearization points.
By Kirchoff’s Voltage Law:

u1 = RcI + L
dI
dt
+ Varc

u1 = RcI + L
dI
dt
+

(
dV
dI
|1I0 I +1V0

)
u1 = I

(
Rc +

dV
dI
|1I0

)
+ L

dI
dt
+1V0

Let:

x1 = I

Then,

ẋ1 =
dI
dt
=
u1
L
−
Rcx1
L
−

(
dV
dI |1I0x1 +1V0

L

)
(10)

Substituting (10) into the state-space equations of (6, 7):

[ẋ1] = −

[
dV
dI |1I0 + Rc

L

]
[x1]+

[
1
L

]
[u1]+

1V0
L

(11)

y = [1] [x1]+
1I0
L

(12)

where,

Ax (t) = −

[
dV
dI |1I0 + Rc

L

]
; Bu (t) =

1
L
,

Cx (t) = 1; Du (t) = 0.

And,

1I0
L
;

1V0
L

are the linearization offsets.
This describes an unstable system with a single pole in the

right-hand plane. The open loop transfer function of the arc
heater is then:

Gp (s) =
1

sL +
( dV
dI |1I0 + Rc

) (13)

The pole is in the right-half plane at
[(
dV/dI |1I0+Rc

)
/L
]

for the arc system when
[
dV/dI |1I0 + Rc

]
< 0, as shown by

the unstable operating points of Fig. 5. This reinforces the
fact that the arc is unstable within the non-thermal operating
region of the arc, where the differential resistance is negative
within a low impedance circuit. Within the system, the circuit
parameter of the inductor (L) was determined to be 30 mH,
and the circuit resistance (Rc) was calculated to be 10 m�.
The arc voltage ranged from approximately 600 VDC to
650 VDC, with current ranging from 200A to 400A. The
circuit parameters of the experimental data were the same as
those implemented within the simulations.
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FIGURE 9. Raw and filtered Data for multiple current changes.

VII. DATA
The utilized data was provided by the Hypersonic Materials
Environmental Test System (HyMETS) arc-jet wind tunnel
at the NASA Langley Research Center in Hampton, Virginia.
The first set of data was utilized to establish system char-
acteristics for the specific heater, heater geometry, and test
condition(s) that ultimately determine the arc’s characteristic
curve (5) as shown in Fig. 8. The focus was the arc’s current
and voltage elements as they change through several setpoint
changes, with electrical currents ranging from 316A to 358A
as shown below in Fig. 9. All data were processed using
MATLAB’s ‘smoothdata’ function, with a 50-sample win-
dow, moving average filter. The solid line indicates filtered
data.

The data shown in Fig. 9 exhibits the inverse relation-
ship between current and voltage. As the supplied voltage
increases the current decreases, and vice versa. This is not the
entire characteristic curve of the arc, but a segment in which
this heater was setup to run. Hardware constraints usually
dictate which segments are feasible to operate relative to
the arc characteristic curve. Subsequently, other operational
segments are integrated to interpolate and extrapolate the arc
characteristic curve in its entirety. Each operational segment
could encapsulate a few hundred amps. Extreme low currents
are undesired due to the increased instability caused by the
high slope on the arc characteristic curve, as well as proving
less useful from the thermal perspective. Oppositely, high
currents are constrained by the limitations of the arc heater,
power supply, and other subsystems. Therefore, only a spe-
cific section of the arc characteristic curve is operationally
valid.

Next the filtered data was utilized to develop the alpha
parameter as explained in (5) by curve fitting to the exper-
imental data shown in Fig. 10 [29]. This approach will allow
the model to predict the arc behavior about a specific lin-
earized operating point while also allowing the engineer or
designer to begin control system development and prelimi-
nary system tuning. As with many systems, the more sup-
plementary data available for this step, the more accurate the
curve fit will approximate the alpha parameter.

FIGURE 10. Curve fit power function to filtered data.

FIGURE 11. Developed Arc characteristic results.

Now that the A and the α parameters are known in (5),
from curve fitting the experimental data, the arc character-
istic curve for the arc heater can be reconstructed as shown
in Fig. 11. The developed arc characteristic curve may not be
operationally obtainable in its entirety based on the physical
system as previously mentioned. However, this curve well
defines how the arc will behave relative to the voltage and
current elements for a designated arc heater and arc heater
configuration.

By taking the derivative of the arc characteristic curve at
a specific current point, the necessary dV/dI |1I0 parameter
is calculated as required in (11, 13), which is utilized in the
model.

VIII. RESULTS
Simulations of the newly developed mathematical model,
based on the physics previously described, were executed to
analyze the fidelity of the model as compared to the experi-
mental data. Using Simulink software, the model’s simulated
results were compared to the experimental data, as well as
running additional simulations above and below the initial
current data set. The system contained a discretized PID
controller with a sample rate of 1.4 ms, with inputs that
matched the step inputs of the data. Implementing a simple
feedback loop, and lookup tables to calculate the slope and
linearization offset, the block diagram is shown in Fig. 12.

143090 VOLUME 9, 2021



B. R. Brown, S. M. Mahajan: Circuit-Based Mathematical Model of Arc Heater for Control System Development

FIGURE 12. Simulink model control and feedback loop.

FIGURE 13. Comparison of experimental data to simulation.

FIGURE 14. Comparison of simulated data to characteristic curve, with
standard deviation.

The discrete PID controller was tuned in Simulink using
the transfer function as derived in (13). The first simulation
compared a data set that ranged from 316A to 358A to the
mathematical model for validation. The step inputs to the
controller replicated the step inputs of the data set to simulate
the actual system as closely as possible. The current output
produced favorable results where the mathematical model
tracks closely to the data as shown in Fig. 13.

The next simulations compared data that were higher and
lower in current magnitude than the initial dataset, from
275A to 316A in a lower region, and 358A to 400A in
a higher region. It is shown in Fig. 14 that there exists a
high correlation between the simulated data to the developed
characteristic curve in all regions.

FIGURE 15. Comparison of experimental data to simulated data in all
regions.

To quantitatively analyze the accuracy and precision of the
model, the variance and standard deviation of the simulated
data was calculated, relative to the developed characteris-
tic curve. The calculations produced a variance of 9.003V
and a standard deviation of 3.001V, or +/-0.5% of the
smoothed data. These values were plotted with dashed lines
in Fig. 14 for visual comparison.

The final simulation compared the simulated data to the
experimental data for the entire range of data, along with the
characteristic curve. It is shown in Fig. 15 that once again
there exists a high correlation between the simulated data to
the experimental data in this region.

It is discernible that the experimental data and simulated
data begin to diverge slightly from the developed arc char-
acteristic curve at the data extrema. It is up to the designer
or engineer to determine how much divergence or error is
tolerable for the specific application. Further, the additional
data sets could be utilized to develop the arc characteristic
curvemore accurately by refitting the curve to a broader spec-
trum of data. In practice, these simulation results are vital for
establishing the control system algorithm and performance
criteria that ultimately provide the designer or engineer a
baseline for control system development. By showing that
the model accurately replicates the system, a certain level
of confidence can be obtained pertaining to the system’s
response.

IX. CONCLUSION
A holistic approach to modeling an electric arc as an integral
part of the circuit has been presented. A new model for the
V-I characteristics of the arc was developed and compared
to the experimental data. The model seems to fit very well
to the inherently non-linear V-I characteristics obtained from
the experimental data and was supported by multiple sim-
ulations. If one can design and simulate controllability at
these various regions, one can expect stability over the entire
operating region bounded by the constraints of the physi-
cal system. As expected, there will be performance trade-
offs along the various slopes where more complex control
algorithms could be utilized within the linearized regions of
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the new model. The system will be more stable as the slope
decreases, and pole placement will largely depend on the
amount of inductance in the circuit. Since linearization is an
approximation in the area of an operating point, it can only
predict the ‘‘local’’ behavior of the nonlinear system in the
vicinity of that point [23]. Therefore, the question of linearity
and the range of applicability must be considered for each
system [25]. The number of linear sections versus controlla-
bility and performance could also be investigated. It is shown,
however, that the mathematical model, implementing the arc
within the electric circuit, produces favorable results for mod-
eling the electric arc for control system development. Future
work could include a comparison of known arc models such
as Cassie, Mayr, or Cassie-Mayr hybrids, with the linearized
model presented in this work, for a possible inclusion in the
circuit of an arc heater system over an operating range.
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