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ABSTRACT Cell free (CF) massive multiple input multiple output (mMIMO) has been suggested as a key
solution to meet the high data rate demands of future wireless communications. Studying the performance of
these systems in practical scenarios such as in the presence of hardware impairments is of vital importance.
In this paper, we study the effect of power amplifier non-linearity on the uplink and downlink sum-rate of
CF mMIMO systems. We derive closed form expressions for the uplink and downlink achievable sum-rates
of orthogonal frequency division multiplexing (OFDM) based CF mMIMO systems. Our results show that
in the uplink the sum-rate does not increase unlimitedly as the number of access points (AP) increases, being
upper bounded, contrarily to the ideal linear case. In fact, the rate of each user is limited by the distortion
signal of its power amplifier. However, in the downlink, the sum-rate of the system with non-linear power
amplifiers is not bounded and increases unlimitedly with the number of APs. Our results also indicate that
for the same signal to distortion ratio (SDR) at the power amplifier output or the same normalized saturation
level of the power amplifiers, the relative downlink sum-rate degradation is lower than the relative uplink
sum-rate degradation (both with respect to their corresponding values in the ideal linear case). In fact, our
results confirm that the user side power amplifier non-linearity has higher impact on the system performance
than the power amplifier non-linearity on the AP antennas.

INDEX TERMS Cell free, hardware impairment, massive MIMO, non-linearity, OFDM, power amplifier,
wireless communications.

I. INTRODUCTION
Cell free (CF) massive multiple input multiple out-
put (mMIMO) has been suggested to overcome the limita-
tions of conventional cellular structures and to reach the data
rate demands of sixth generation (6G) wireless communica-
tions [1]. In the cellular structure, the area of coverage is
divided into many cells and in the center of each cell there
is a base station (BS) which only serves the users in its own
cell. In this structure we have inter cell interference which
limits the performance of the system [2]. Also, the cell edge
and cell-centric users experience different range of signal
to noise ratio (SNR) in this structure [2]. However, in CF
systems there is no concept of cells, and a large number
of distributed antennas connected to a central processing
unit (CPU), serve all the user equipments (UE) in the same
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time-frequency resource via time division duplex (TDD)
mode operation [3], [4]. Therefore, there is no inter-cell
interference in CF mMIMO systems and they have better
coverage and give higher diversity gain [5]. The use of
intelligent reflecting surface technology in combination of
cell free massive MIMO systems has also been proposed to
improve the system performance [6].

CF mMIMO, as any newly suggested technology, faces
many challenges such as downlink power consumption, user
localization and AP selection and hardware impairments.
Some challenges and issues have been studied, however,
some challenges need further investigations. In [7] the
authors minimize the downlink power consumption of cell
free massive MIMO systems through a Lagrange multiplier
based power optimization algorithm. In [8] user localization
in cell free massive MIMO systems has been studied and
a dynamic two-dimensional fingerprint training scheme for
user localization has been proposed. Since there is a large
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number of antennas in cell free massive MIMO systems,
cheaper radio frequency (RF) chains must be used to provide
a cost-effective system [2], [9]. This increases the risk of the
system’s performance being hit by hardware impairments.
Therefore, one of the important challenges in CF mMIMO
systems is the system performance in presence of hardware
impairments.

Most of the previous work on CF mMIMO systems have
considered ideal hardware [9]–[18]. There are limited studies
investigating the effect of possible hardware impairments on
the CF mMIMO systems performance and further studies are
required [19]–[24]. In [19] the effect of hardware impair-
ments on energy and spectral efficiency of CF mMIMO
systems has been studied. The authors in [20] analyzed the
effect of transmitter and receiver hardware impairments on
performance of CF mMIMO systems with low complexity
receiver cooperation between APs. In both mentioned papers,
the exact effect of each hardware impairment such as carrier
frequency offset (CFO), power amplifier distortion (PAD) or
phase noise was not considered and the hardware impairment
is simply modeled by an additive distortion. The authors
in [21] derived closed form expressions for uplink sum-rate
of CFmMIMO systems hit by CFO. The results show that the
sum-rate is upper bounded by the CFO even when the number
of APs tends to infinity. In [22] closed form expressions for
uplink spectral efficiency in presence of phase noise has been
derived for CF mMIMO systems with minimummean square
error (MMSE) combining. In [23], the authors studied the
impact of AP and user phase noise on spectral efficiency of
CFmMIMO systems. They concluded that users’ phase noise
degrades the system’s performance more than APs’ phase
noise. The effect of low resolution analog-to-digital convert-
ers (ADC) on the performance of CF mMIMO systems has
been investigated in [24]. The results indicate that the sum-
rate converges to an upper bound which is independent of the
ADC resolution of the APs. Authors in [25] considered pilot
spoofing attack and imperfect CSI to derive a lower bound
for the secrecy rate of CF mMIMO systems in order to study
the physical layer security of these systems with hardware
impairments.

To the best of our knowledge, there is no work studying the
effect of power amplifier non-linearity on the sum-rate of CF
mMIMO systems. A system is affected by power amplifier
non-linearity effects, when the power of the input signal to
the amplifier exceeds the linear range of the power ampli-
fier. Cheaper amplifiers usually have smaller linear ranges,
so this increases the risk of power amplifier distortion. It is
known that waveforms with high peak to average power
ratios (PAPR) such as orthogonal frequency division multi-
plexing (OFDM) are more sensitive to power amplifier non-
linearity [26].

In this paper we derive closed form expressions for the
achievable sum-rate of CF mMIMO systems for both the
downlink and the uplink in the presence of PAD. We derive
the sum-rates considering OFDM waveform at both uplink
and downlik to see how the performance degrades in presence

of power amplifier non-linearity. The derived bounds give
good insight on the impact of PAD on the systems per-
formance. These results can help design a framework or a
technique that is robust to power amplifier non-linearity or
compensates the effect of PAD. Our analysis of the uplink
shows that, unlike the ideal case with linear power amplifiers,
the sum-rate of the users in presence of PAD does not increase
unlimitedly as the number of AP increases. The derived
uplink signal to interference plus noise ratio (SINR) of each
user indicates that the uplink rate of each user is limited by the
distortion signal of its own power amplifier. In the downlink,
our analytical results show that the sum-rate of the system in
the presence of PAD is not bounded and increases unlimitedly
with the number of APs. It can be concluded from the results
that the uplink sum-rate is more sensitive to power amplifier
non-linearity. In other words, for the same signal to distortion
ratio (SDR) at the amplifier output, the degradation of the
uplink sum-rate with respect to the ideal case with no PAD,
is higher than the degradation of the downlink sum-rate with
respect to its ideal case with no PAD. In fact the effect of
PAD in the user side on the system performance is higher
than the PAD in the AP side. This is interesting, since the
users usually have higher power constraint and on the other
hand we can have a better amplifier at the user side and many
low cost amplifiers in the multiple APs which is conceptually
different from fourth generation (4G) cellular systems.

The rest of the paper is organized as follows. Section II
describes the system model and Section III explains the gen-
eral behaviour of a practical power amplifier and presents
an appropriate model of the transmitted signals when a non-
linear power amplifier is considered in our system model.
In Section IV the closed form expressions for the uplink and
downlink achievable sum-rates of the system in presence
of PAD are derived. Section V studies the system perfor-
mance through simulation results and Section VI concludes
the paper.

II. SYSTEM MODEL
We consider a CF system that has L APs, where each AP is
equipped withM antennas. The APs are connected to a CPU
and serve K single antenna users that use simultaneously the
same time and frequency resources. The channel between
each user and each AP antenna is a multi-path channel with
I paths. We assume the paths are independent. Coefficient
h(l)m,k,i is a zero-mean complex Gaussian variable with vari-
ance σ 2

k,i,l and denotes the i-th path of the channel between the
k-th user and the m-th antenna of AP l. Thus, the frequency
domain channel coefficient for subcarrier n is defined as

H (l)
m,k,n =

I−1∑
i=0

h(l)m,k,ie
−
j2πni
N , (1)

where, N is the data block length. The frequency domain
channel coefficients are distributed as zero mean complex
Gaussian with variance of βk,l =

∑I−1
i=0 σ

2
k,i,l . It is assumed

that the channel coefficients of different APs and users are
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independent. However, the channel coefficients of an AP
antennas are correlated. In other words we have

E[H (l)
m,k,nH

(l′∗)
m′,k ′,n] = Cm,m′βk,lδ(k − k

′)δ(l − l ′), (2)

where, Cm,m′ is the correlation between H (l)
m,k,n and H (l)

m′,k,n
normalized by βk,l and δ(.) is the Dirac delta function. There-
fore, we have Cm,m′ = 1 for m = m′ and 0 ≤ Cm,m′ < 1 for
m 6= m′.
Since in TDDmode, due to channel reciprocity, the channel

estimated in the uplink can be used in the downlink process-
ing, we have assumed three phases in the coherence time
of the channel (τc). The first phase is the training signal
transmission for channel estimation in the uplink which has
a duration of τest, and the second and third phases are the
uplink and downlink data transmissions with durations τul
and τdl, respectively. Since the training sequences or pilots for
channel estimation can be designed in a way that the resulting
transmitted training/pilot signals have low PAPR [27]–[29],
allowing the amplifiers to work in the linear region of the
power amplifiers, we assume accurate channel estimation
at the APs, without PAD effects. In fact, we consider a
framework where each AP has full knowledge of the chan-
nel between its antennas and each user, while the CPU and
the users only know the statistics of the effective channel,
to reduce the feedback overheads. Fig. 1 shows the structure
of a typical CF mMIMO system. In the rest of the paper, bold
letters are used to present vectors and matrices.

FIGURE 1. Architecture of a typical CF mMIMO system.

A. UPLINK TRANSMISSION
The n-th sample of k-th user uplink data block in frequency
domain is denoted by Xul

k,n. The data samples are assumed to
be independent and identically distributed random variables
with zero mean and variance P. Each user passes its data
through an N -point inverse fast Fourier transform (IFFT)
block. Therefore, the q-th time domain sample of the k-th user

signal is given by

yulk,q =
1
N

N−1∑
n=0

Xul
k,ne

j2πnq
N . (3)

Next, cyclic prefix (CP) is added and the signal is sent to
the APs.

At the receiver side, after removing the CP and passing the
received data of each antenna through a fast Fourier trans-
form (FFT) block, the received signal of the n-th subcarrier
at m-th antenna of AP l is given by

Y ul(l)
m,n =

K∑
k=1

H (l)
m,k,nX

ul
k,n + N

(l)
m,n, (4)

where N (l)
m,n is the zero-mean complex white Gaussian noise

with variance σ 2 atm-th antenna of AP l. At each AP the data
of the n-th subcarrier of each user is separated and equalized
in the frequency domain using the K × M detection matrix
V (l)
n . Therefore, we have

X̂ul(l)
u,n =

M∑
m=1

K∑
k=1

v(l)u,m,nH
(l)
m,k,nX

ul
k,n +

M∑
m=1

v(l)u,m,nN
(l)
m,n. (5)

where, X̂ul(l)
u,n is the n-th subcarrier uplink data of user u

estimated at access point l and v(l)u,m,n is the element of row
u and column m of detection matrix V (l)

n . Next, the APs send
their estimated data and the statistics of their effective channel
to the CPU. The CPU makes the final estimation as

X̂ul
u,n =

L∑
l=1

X̂ul(l)
u,n , (6)

where, X̂ul
u,n is the n-th subcarrier uplink data of user u esti-

mated at the CPU.

B. DOWNLINK TRANSMISSION
In the downlink the CPU sends the data that has to be sent
to each user, to the APs. At each AP and for each subcarrier,
the data of the users are precoded to direct the signal of each
user to that specific user. In other words, at AP l, the n-th
subcarrier data of the users are precoded with an M × K
precoding matrix W (l)

n . Therefore, the n-th subcarrier signal
of antenna m at AP l can be written as

Y dl(l)
m,n =

K∑
k=1

w(l)
m,k,nX

dl
k,n, (7)

where w(l)
m,k,n is the m-th row and k-th column of precoding

matrix W (l)
n and Xdl

k,n is the n-th subcarrier downlink data
of user k . The downlink data samples are also assumed to
be independent and identically distributed random variables
with zero mean and variance P. Next, the data of each antenna
is passed through an N -point IFFT block. Therefore, the q-th
time domain sample of signal of m-th antenna at AP l is as

ydlm,q =
1
N

N−1∑
n=0

K∑
k=1

w(l)
m,k,nX

dl
k,ne

j2πnq
N . (8)
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At the user side, the received signal is passed through
an N -point FFT block and, therefore, the received signal at
subcarrier n of user u is

X̂dl
u,n =

L∑
l=1

M∑
m=1

H (l)
m,u,n

K∑
k=1

w(l)
m,k,nX

dl
k,n + Nu,n, (9)

where, Nu,n is the zero-mean complex white Gaussian noise
with variance σ 2 at user u.

III. POWER AMPLIFIER NON-LINEARITY EFFECT
In the previous section an ideal linear transmitter was
assumed. However, in practical systems since OFDM has
high PAPR and the power amplifiers have limited linear
region, the system is effected by power amplifier non-
linearity. In the following two subsections we study the gen-
eral behaviour of a practical power amplifier and present a
suitable model of the transmitted signals when a nonlinear
power amplifier is considered in our system model.

A. GENERAL BEHAVIOUR OF A PRACTICAL POWER
AMPLIFIER
Fig. 2 shows the general characteristics and behaviour of a
power amplifier, regarding its input and output signal power.
As it is clear from this figure, a practical power amplifier
has 3 working regions [30]. The first region which is the ideal
region is the linear region. In this region the input signal is not
corrupted at the output of the power amplifier and only its
amplitude is amplified by a scalar factor. The second region
is the non-linear region. In this region the input is corrupted at
the power amplifier output by the non-linear effects. Finally,
in the third region which is the saturated region, the input
signal is highly corrupted and the output signal power is Psat,
no matter the input signal power level. We should note that
the power amplifier has a non-linear behaviour in this region,
too. There are two input power points, usually named P1dB
and Ps, that determine the region boundaries. Point P1dB is
the input power level where the actual output power is 1dB
lower than what it had to be in an ideal linear power amplifier
case. We should note that usually a compression point of
1dB compression is used to define the linear region. Point
Ps is the smallest input power level where the output power
will be saturated and no longer increase as the input power
increases. For cheaper power amplifiers, the P1dB is small and
consequently the linear region is small and the signal is highly
likely to be effected by the non-linearity.

There are differentmathematical models used formodeling
the behaviour of practical power amplifiers. One of the most
used model in cellular communications is the Rapp model.
In the Rapp model the relation between the input signal of
the power amplifier and the output is as [31]

yout =
xin

2p

√
1+

(
|xin|
Asat

)2p , (10)

where, yout is the output signal, xin is the input signal, Asat =√
Psat is the saturation level and p indicates the smoothness

FIGURE 2. Typical output power versus input power behaviour of
practical power amplifiers.

of transferring from linear region to saturated region. When
we have a practical power amplifier and the input signal has
high PAPR, the parts of the signal with higher input power
are clipped in time domain and therefore we have out-of-band
radiation in frequency domain [32]. Fig. 3 shows the power
spectrum of the output signal of Rapp model with p = 2
for different normalized saturation levels Ansat =

Asat√
Pin

. As it
is clear from this figure, as the normalized saturation level
decreases the effect of non-linearity and consequently out-
of-band radiation increases. We should note that the analysis
in this paper apply to any bandpass memoryless non-linear
power amplifier model and we have considered the Rapp
model as an example.

FIGURE 3. Out of band radiation analysis for Rapp model with p = 2 and
different normalized saturation levels.

B. SIGNAL MODEL IN PRESENCE OF POWER AMPLIFIER
NON-LINEARITY
In this subsection we will discuss how the power amplifier
non-linearity will effect signals in our system model by using
an appropriate model with the aid of Bussgang Theorem [33].
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According to this theorem, if the input signal (xin) of a
memoryless non-linear function is Gaussian, the output of the
function can be written as a scaled version of the input signal
plus a distortion term, which is uncorrelated with the input
signal. Therefore, we have

yout = αxin + ηdis, (11)

where α is the scalar factor and is equal to the cor-
relation between the input and output signal (α =

E[youtx∗in]/E[|xin|
2]) and ηdis is the distortion signal with zero

mean and variance σ 2
dis. We should note that σ 2

dis = Pout −
α2Pin, where Pout and Pin are the output and input signal
power of the amplifier, respectively. Although the distortion
is not Gaussian in the time domain and its distribution is a
function of the normalized saturation level and the type of
non-linear distortion, in the frequency domain the distortion
is approximately Gaussian [34], [35]. It has been shown that
this model properly fits the non-linear effects of the system on
Gaussian input signals [36]. In the following we will discuss
how the behaviour of the power amplifier in the three different
regions can be interpreted with this model. In the ideal linear
region, since the output signal is only the amplified version of
the input signal, α is the amplification factor which without
loss of generality we have assumed 1 in our system model,
and the power of the distortion signal is σ 2

dis = 0. In the
non-linear and saturated regions we have both terms in the
right hand side of equation (11). As the input power increases
in these regions, α decreases and the power of the distortion
signal increases. Fig. 4 shows the output signal power, α and
distortion signal power versus input signal power for theRapp
model with Asat = 1 and p = 2 and an OFDM input signals
(which is approximately zero mean complex Gaussian). This
figure also confirms the fact that as the input power and the
non-linearity effect increase, α decreases with respect to 1
and the power of the distortion signal increases.

FIGURE 4. Output signal power, α and distortion signal power versus
input signal power for the Rapp model with Asat = 1 and p = 2.

Fig. 5 shows the SDR versus the normalized saturation
level for the Rapp model with Asat = 1 and p = 2 and
an OFDM input signal. We should note that the signal to
distortion ratio is defined as

SDR =
|α|2Pin
σ 2
dis

As expected the SDR increases as the normalized satura-
tion level increases.

FIGURE 5. SDR versus the normalized saturation level for the Rapp model
with Asat = 1 and p = 2.

By using the central limit theorem in our system model,
it can be shown that yulk,q in (3) and ydlm,q in (8) are approxi-
mately Gaussian [37]. We should note that yulk,q and y

dl
m,q are

the input signals of the k-th user power amplifier in the uplink
and m-th antenna of AP l power amplifier in the downlink,
respectively. Therefore, we can use the Bussgang Theorem to
model the output signal of the amplifiers in the uplink and the
downlink as

ỹulk,q =
αk

N

N−1∑
n=0

Xul
k,ne

j2πnq
N + η

ap
k,q, (12)

and

ỹdlm,q =
αm,l

N

N−1∑
n=0

K∑
k=1

w(l)
m,k,nX

dl
k,ne

j2πnq
N + η

ap(l)
m,q , (13)

respectively. In (12), αk is the scalar factor of power amplifier
of user k and ηapk,q is the distortion signal with zero mean and

variance σ 2(ap)
k , which is uncorrelated with the input signal.

In (13), αm,l is the scalar factor of power amplifier of antenna
m at AP l and ηap(l)m,q is the distortion signal with zero mean

and variance σ 2(ap)
m,l , uncorrelated with the input signal. For

simplicity, and without loss of generality, we assume that
the antennas at an AP use the same type of amplifiers and
therefore their scalar factor and distortion signal variance is
the same (the generalization to other cases is straightforward).
Thus, in the rest of the paper we drop the m index in αm,l
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and σ 2(ap)
m,l . Considering the presented non-linear model, the

estimated signal at AP l in the uplink will change from (5) to

X̂ul(l)
u,n =

M∑
m=1

K∑
k=1

v(l)u,m,nH
(l)
m,k,n

(
αkXul

k,n + N
ap
k,n

)
+

M∑
m=1

v(l)u,m,nN
(l)
m,n. (14)

where, N ap
k,n is the distortion signal of k-th user power ampli-

fier at subcarrier n. And the estimated signal at user u in the
downlink will change from (9) to

X̂dl
u,n =

L∑
l=1

M∑
m=1

H (l)
m,u,n

(
αl

K∑
k=1

w(l)
m,k,nX

dl
k,n + N

ap(l)
m,n

)
+Nu,n,

(15)

where, N ap(l)
m,n is the distortion signal of m-th antenna of AP l

power amplifier at subcarrier n.

IV. ACHIEVABLE SUM-RATE
To have an insight on the effect of power amplifier non-
linearity on the performance of CF mMIMO systems, in this
section we derive closed form expressions for the uplink and
downlink achievable sum-rates of CF mMIMO system in the
presence of power amplifier distortion.

A. UPLINK SUM-RATE
To derive the closed form expression for uplink sum-rate,
we assume matched filter (MF) detection matrix. Therefore,
we have

v(l)u,m,n = H (l)∗
m,u,n, (16)

for m = 1, . . . ,M , k = 1, . . . ,K , l = 1, . . . ,L and
n = 0, . . . ,N − 1, where, H (l)∗

m,u,n is the complex conjugate
of channel coefficient H (l)

m,u,n.
Since the CPU only knows the effective channel statistics,

considering (16) and (14), (6) can be rewritten as

X̂ul
u,n =

L∑
l=1

M∑
m=1

αuE[|Hm,u,n|2]Xul
u,n︸ ︷︷ ︸

Desired signal

+4ul
u,n, (17)

where, E[.] is the expectation function and 4ul
u,n is the uplink

effective additive noise, defined as

4ul
u,n =

L∑
l=1

M∑
m=1

αu

(
|H (l)

m,u,n|
2
− E[|H (l)

m,u,n|
2]
)
Xul
u,n

+

L∑
l=1

M∑
m=1

K∑
k=1
k 6=u

αkH (l)∗
m,u,nH

(l)
m,k,nX

ul
k,n

+

L∑
l=1

M∑
m=1

K∑
k=1

H (l)∗
m,u,nH

(l)
m,k,nN

ap
k,n

+

L∑
l=1

M∑
m=1

H (l)∗
m,u,nN

(l)
m,n. (18)

Then, at the CPU, the SINR of n-th subcarrier of u-th user
is given by

SINRul
u,n =

P

∣∣∣∣ L∑
l=1

M∑
m=1

αuE[|H
(l)
m,u,n|

2]

∣∣∣∣2
P4ul

u,n

, (19)

where, P4ul
u,n

is the power of the uplink effective noise, given
by

P4ul
u,n
= PE

∣∣∣∣∣
L∑
l=1

M∑
m=1

αu

(
|H (l)

m,u,n|
2
− E[|H (l)

m,u,n|
2]
)∣∣∣∣∣

2

+PE


∣∣∣∣∣∣∣∣
L∑
l=1

M∑
m=1

K∑
k=1
k 6=u

αkH (l)∗
m,u,nH

(l)
m,k,n

∣∣∣∣∣∣∣∣
2

+E

∣∣∣∣∣
L∑
l=1

M∑
m=1

K∑
k=1

H (l)∗
m,u,nH

(l)
m,k,nN

ap
k,n

∣∣∣∣∣
2

+ σ 2E

∣∣∣∣∣
L∑
l=1

M∑
m=1

H (l)∗
m,u,n

∣∣∣∣∣
2 . (20)

We assume Cm,m′ = C for m 6= m′ in (2), then with a bit
of effort the uplink SINR is simplified to (21), as shown at
the bottom of the next page. We have removed the index n for
SINRul

u,n in (21), since the derived closed form expression for
the SINR is independent of the subcarrier index n.
Since the desired signal and the effective noise are uncor-

related and the CPU knows the effective channel’s statistics,
the achievable sum-rate of users, using Theorem 1 in [38] and
considering the channel estimation overheads inherent to a
TDD mode, is obtained as

Rul =
τul

τest + τul + τdl

K∑
u=1

log2(1+ SINRul
u ), (22)

where, SINRul
u is defined in (21). It can be concluded

from (21) and (22) that for the case where we have no PAD

(αk = 1 and σ 2(ap)
k = 0 for k = 1, . . . ,K ), the sum-rate of

the users is as (23), as shown at the bottom of the next page.
By comparing (22) and (23), we can conclude that the

uplink sum-rate in an ideal system with linear power ampli-
fiers increases unlimitedly as the number of APs tends to
infinity. However, for the system with PAD the sum-rate is
limited to

RulL→∞ =
τul

τest + τul + τdl

K∑
u=1

log2

(
1+

P|αu|2

σ
2(ap)
u

)
(24)

as L →∞. This is due to the fact that in (21) the numerator
and the second term of the denominator increase with order 2
of the number of APs (L), while the first and third term of
the denominator increase with order 1. Therefore, at large
Ls the numerator and the second term of the denominator
get dominant and the other terms of the denominator vanish
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as L tends to infinity. From (24), it can be concluded that
the distortion signal at the output of the power amplifier
associated to each user limits the uplink rate of that user at
large number of APs.

B. DOWNLINK SUM-RATE
To derive closed form expression for the downlink sum-rate,
we assume MF precoder. Therefore, we have

w(l)
m,u,n = γ̃lH

(l)∗
m,u,n, (25)

for m = 1, . . . ,M , k = 1, . . . ,K , l = 1, . . . ,L and
n = 0, . . . ,N − 1, where, γ̃l is the normalizing factor of
the precoder to keep the transmit power of AP l at a specific
value, defined as [39]

γ̃l =
1√

M
∑K

k=1 βk,l

. (26)

Since the users only know the effective channel statistics,
by considering (25) we can rewrite (15) as

X̂dl
u,n =

L∑
l=1

M∑
m=1

γ̃lαlE[|H (l)
m,u,n|

2]Xdl
u,n︸ ︷︷ ︸

Desired signal

+4dl
u,n, (27)

where, 4dl
u,n is the downlink effective additive noise, defined

as

4dl
u,n =

L∑
l=1

M∑
m=1

γ̃lαl

(
|H (l)

m,u,n|
2
− E[|H (l)

m,u,n|
2]
)
Xdl
u,n

+

L∑
l=1

M∑
m=1

K∑
k=1
k 6=u

γ̃lαlH (l)
m,u,nH

(l)∗
m,k,nX

dl
k,n

+

L∑
l=1

M∑
m=1

H (l)
m,u,nN

ap(l)
m,n + Nu,n. (28)

Henceforth, the SINR of user u at subcarrier n is obtained
as

SINRdl
u,n =

P

∣∣∣∣ L∑
l=1

M∑
m=1

γ̃lαlE[|H
(l)
m,u,n|

2]

∣∣∣∣2
P4dl

u,n

, (29)

where, P4dl
u,n

is the power of the downlink effective noise,
defined as

P4dl
u,n
= PE

∣∣∣∣∣
L∑
l=1

M∑
m=1

γ̃lαl

(
|H (l)

m,u,n|
2
− E[|H (l)

m,u,n|
2]
)∣∣∣∣∣

2

+PE


∣∣∣∣∣∣∣∣
L∑
l=1

M∑
m=1

K∑
k=1
k 6=u

γ̃lαlH (l)
m,u,nH

(l)∗
m,k,n

∣∣∣∣∣∣∣∣
2

+E

∣∣∣∣∣
L∑
l=1

M∑
m=1

H (l)
m,u,nN

ap
m,l,n

∣∣∣∣∣
2+ σ 2. (30)

As in the uplink case, we consider Cm,m′ = C for m 6= m′

in (2). Then the SINR in (29) can be simplified as, (31), as
shown at the bottom of the next page.

For simplicity, and since the derived closed form expres-
sion for the SINR is independent of the subcarrier index n, the
index n for SINRdl

u,n in (31) was removed. Since the desired
signal and the effective noise are uncorrelated, and noting that
the statistics of the effective channel are known by the users,
by using Theorem 1 in [38], the achievable sum-rate of the
users is given by

Rdl =
τdl

τest + τul + τdl

K∑
u=1

log2(1+ SINRdl
u ), (32)

where, SINRdl
u,n is defined in (31). It can be concluded

from (31) and (32) that for the case where we have no PAD
(αl = 1 and σ 2(ap)

l = 0 for l = 1, . . . ,L), the sum-rate of the
users is given by

Rdlideal =
τdl

τest + τul + τdl
×

K∑
u=1

log21+

M

∣∣∣∣ L∑
l=1
γ̃lβu,l

∣∣∣∣2
(1+ C2(M − 1))

L∑
l=1

K∑
k=1

γ̃ 2
l βu,lβk,l +

σ 2

P

 . (33)

From (33), it can be concluded that in the case where the
power amplifiers at the APs are linear and there is no PAD, the

SINRul
u =

M |αu|2
∣∣∣∣ L∑
l=1
βu,l

∣∣∣∣2
(1+ C2(M − 1))

∑L
l=1

∑K
k=1

(
|αk |2 +

σ
2(ap)
k
P

)
βu,lβk,l +

Mσ 2(ap)u
P

∣∣∣∑L
l=1 βu,l

∣∣∣2 + σ 2

P

∑L
l=1 βu,l

. (21)

Rulideal =
τul

τest + τul + τdl

K∑
u=1

log2

1+

M

∣∣∣∣ L∑
l=1
βu,l

∣∣∣∣2
(1+ C2(M − 1))

∑L
l=1

∑K
k=1 βu,lβk,l +

σ 2

P

∑L
l=1 βu,l

 . (23)
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sum-rate of the users increases unlimitedly as the number of
APs tend to infinity. It can also be concluded from (31) that,
for the casewherewe have PAD the SINR (and, consequently,
the downlink sum-rate of the users) increases unlimitedly as
L →∞, unlike the uplink case.

V. PERFORMANCE RESULTS
In this section we study the effect of PAD on uplink and
downlik sum-rate of CF mMIMO systems through simula-
tions. We assume that each AP has M = 4 antennas and the
correlation between antennas of an AP is C = 0.1. We have
K = 10 users and the data block length is N = 128. The
data variance and the noise variance are P = 1 and σ 2

= 0.5,
respectively, unless otherwise stated. We assume a multipath
channel with I = 15 paths and uncorrelated Rayleigh fad-
ing on the different multipath components. We consider an
exponential power delay profile for the channel between each
transmit and received antenna. For simplicity, we assume that
the power delay profile between each AP antenna and each
user is the same, except in a scalar factor that differs due
to different distances of the users from an AP. Therefore,
we have considered βu,l = γu,l

∑I−1
i=0 e

−i/3 where, γu,l =
1− |l−u|L , unless otherwise stated. We have also assumed that
the training signal transmission duration for channel estima-
tion is 10%of the coherence time of the channel (τest = 0.1τc)
and, to have a fair comparison, we have assumed equal uplink
and downlink data transmission durations (τul = τdl).
Fig. 6 and Fig. 7 show the uplink and downlink sum-

rate of CF mMIMO systems with and without PAD versus
number of APs, respectively. In these figures the scalar factor
is α = 0.9 and the distortion signal variance is σ 2(ap)

= 0.1.
For simplicity, we have assumed the same scalar factor α
and distortion signal variance σ 2(ap) for all the uplink and
downlink power amplifiers in these figures. We have also
assumed βu,l = (1 − |l−u|150 )

∑I−1
i=0 e

−i/3 in these two figures.
As it is clear form Fig. 6, the uplink sum-rate of the system
with PAD, unlike the ideal case with no PAD, is bounded by
the black line even when L → ∞. In Fig. 7, however, the
sum-rate of the system hit by PAD is not degraded much with
respect to the ideal case with no PAD and does not tend to
an upper bound at large Ls. It can be concluded from these
two figures that increasing the number of APs in the system
with PAD has higher impact on the downlink sum-rate than
the uplink sum-rate. For example, if we increase the number
of APs from L = 50 to L = 100 the downlink sum-rate
increases for about 95% while the uplink sum-rate increases
for only 17.5%.

FIGURE 6. Uplink sum-rate versus L for αk = 0.9 and σ2(ap)
k = 0.1.

FIGURE 7. Downlink sum-rate versus L for αl = 0.9 and σ2(ap)
l = 0.1.

Fig. 8 and Fig. 9 show the uplink and downlink sum-
rate of the CF mMIMO system versus SDR for L = 100,
respectively. We have assumed no thermal noise (σ 2

= 0)
in these figures, to study only the effect of power amplifier
non-linearity on the sum-rates. As predicted, the uplink and
downlink sum-rates of the system degrade as the signal to
distortion ratio at the power amplifier output decreases and
the speed of this degradation is higher at smaller SDRs.
These figures also show that when SDR tends to infinity, the
uplink and downlink sum-rates converge to their correspond-
ing values in the ideal case with no PAD. It can be concluded

SINRdl
u =

M

∣∣∣∣ L∑
l=1
γ̃lαlβu,l

∣∣∣∣2
(1+ C2(M − 1))

L∑
l=1

K∑
k=1

γ̃ 2
l |αl |

2βu,lβk,l +
1
P

L∑
l=1
βu,lσ

2(ap)
l +

σ 2

P

. (31)
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from Fig. 8 and Fig. 9 that for a specific SDR, the relative
degradation of the uplink sum-rate is higher than the relative
degradation of the downlink sum-rate with respect to their
corresponding values in the case with no PAD. For example,
for SDR= 10 dB, the uplink sum-rate degrades for about 76%
compared to its value in the case with no PAD, while the
downlink sum-rate only degrades 8.8% compared to the case
with no PAD.

FIGURE 8. Uplink sum-rate versus SDR for L = 100 and σ2 = 0.

FIGURE 9. Downlink sum-rate versus SDR for L = 100 and σ2 = 0.

Fig. 10 and Fig. 11 show the uplink and downlink sum-
rates versus normalized saturation level of the Rapp model
with p = 2, respectively. We have L = 100 access points in
these figures. These figures indicate that, as the normalized
saturation level decreases and consequently the non-linearity
effect increases, the uplink and downlink sum-rates decrease.
These figures also confirm the fact that the uplink sum-rate
is more sensitive to power amplifier non-linearity than the
downlink sum-rate. For example, for normalized saturation
level Ansat = 1, the uplink sum-rate degrades for about 61%
compared to the uplink sum-rate value in the case with no

PAD (dashed black line in Fig. 8). However, the downlink
sum-rate only degrades for about 4.6%. From the analysis in
this section we can conclude that the user power amplifier
non-linearity has higher effect on the system performance
than the AP antennas power amplifier non-linearity.

FIGURE 10. Uplink sum-rate versus normalized saturation level for
L = 100 and σ2 = 0.

FIGURE 11. Downlink sum-rate versus normalized saturation level for
L = 100 and σ2 = 0.

Fig. 12 and Fig. 13 compare the uplink and downlink sum-
rate of CF mMIMO system with cellular mMIMO system,
respectively. In these figures we have assumed the same
number of users (K = 10) distributed in an area and that
there are two ways to serve them. In the first case the
users are served by a cell free structure and in the second
case they are served by a single mMIMO base station in a
cellular structure. To have a fair comparisonwe have assumed
that the total number of downlink transmit antennas and the
total number of uplink receive antennas are the same in both
structures. In other words in the cell free structure we have L
single antenna APs and in the cellular structure we have one
base station with M antennas, where M = L. In these two
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FIGURE 12. Uplink sum-rate versus total number of uplink receive
antennas for different SDR values, and σ2 = 0.

FIGURE 13. Downlink sum-rate versus total number of downlink transmit
antennas for different SDR values, and σ2 = 0.

figures we have assumed βu,l = (1 − |l−40u|400 )
∑I−1

i=0 e
−i/3.

Fig. 12 shows the uplink sum-rate versus total number of
uplink received antennas for different SDR values for both
structures. As it is clear from this figure cell free structure has
higher sum-rate, specially at large number of receive anten-
nas, due to higher diversity and better coverage. It can be con-
cluded from the figure that the performance gap between the
two structure increases as the number of total uplink receive
antennas increases. It can also be concluded that the per-
formance gap between the two structure is larger for higher
SDR values (i.e., stronger nonlinear distortion effects). For
example for 100 total receive antennas, the performance gap
between the two structures for SDR= 0 dB and SDR= 17 dB
is about 1 (bits/s/Hz) and 16 (bits/s/Hz), respectively. This is
because at higher SDR the difference between the diversity
gain of the two systems gets dominant. However, at small
SDR values the power amplifier distortion effect is dominant.

Fig. 13 indicates the downlink sum-rate versus total num-
ber of downlink transmit antennas for different SDR values

for both structures. As it is clear from this figure, the downlink
sum-rate in cell free structure is also higher than the downlink
sum-rate in cellular structure, specially at large number of
transmit antennas, due to higher diversity and better coverage
of cell free structure. It can be concluded from this that the
downlink sum-rate in the cellular structure, unlike the cell
free structure, is upper bounded, even with a large number
of antennas [37].

VI. CONCLUSION
In this paper, we studied the effect of PAD on the uplink
and downlink sum-rate of CF mMIMO systems. We derived
closed form expressions for the uplink and downlink achiev-
able sum-rates. The results showed that the uplink sum-rate
is upper bounded even when the number of APs tends to
infinity. However, the downlink sum-rate increases unlimit-
edly as number of APs grows. The limiting factor in uplink
rate of each user is the power amplifier distortion signal
of that user. The results also showed that the uplink sum-
rate is more sensitive to power amplifier non-linearity than
the downlink sum-rate. In other words, for the same SDR
and normalized saturation level, the uplink sum-rate degrades
significantly higher than the downlink sum-rate compared to
their corresponding values in the case of ideal linear power
amplifiers.
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